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�!(�K 10©)� a0, a1, · · · , an ´ n+1�¢ê, x0 ∈ R,¦ ngõ�ª Pn(x)÷v

P (k)
n (x0) = ak, k = 0, 1, · · · , n.

) d Taylor Ðm, k

Pn(x) =
n∑
k=0

P
(k)
n (x0)

k!
(x− x0)k =

n∑
k=0

ak
k!
(x− x0)k.

�! (�K 24 ©, z�K 6 ©) ¦È©ÚØ½È©

(1) O�

∫
1

sinx
dx

) ∫
1

sinx
dx =

∫
sin2 x

2
+ cos2 x

2

2 sin x
2
cos x

2

dx

=
1

2

∫ (
sin x

2

cos x
2

+
cos x

2

sin x
2

)
dx

= − ln | cos x
2
|+ ln | sin x

2
|+ C

5: e¢¦ C, K� 1 ©.

(2) O�

∫
e

3√x dx

) - t = 3
√
x, x = t3, dx = 3t2dt,∫

e
3√x dx =

∫
et3t2dt = 3t2et − 6

∫
ettdt

= 3t2et − 6tet + 6et + C

= 3
3
√
x2e

3√x − 6 3
√
xe

3√x + 6e
3√x + C

5: e¢¦ C, K� 1 ©.
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(3) O�

∫ 1

0

x2 arctanx

1 + x2
dx

) ∫ 1

0

x2 arctanx

1 + x2
dx =

∫ 1

0

(
arctanx− arctanx

1 + x2

)
dx

=

∫ 1

0

arctanx dx−
∫ 1

0

arctanx

1 + x2
dx

= x arctanx
∣∣1
0
−
∫ 1

0

x

1 + x2
dx− 1

2
(arctanx)2

∣∣1
0

=
π

4
− 1

2
ln(1 + x2)

∣∣1
0
− π2

32

=
π

4
− 1

2
ln 2− π2

32

(4) O� I =

∫ π
2

−π
2

sin2 x

1 + ex
dx.

) �C� x = −t,

I =

∫ π
2

−π
2

sin2 x

1 + ex
dx

= −
∫ −π

2

π
2

sin2 t

1 + e−t
dt

=

∫ π
2

−π
2

ex sin2 x

1 + ex
dx

=

∫ π
2

−π
2

sin2 x dx−
∫ π

2

−π
2

sin2 x

1 + ex
dx

¤±

I =
1

2

∫ π
2

−π
2

sin2 x dx =

∫ π
2

0

sin2 x dx

=

∫ π
2

0

1− cos 2x

2
dx

=
π

4

2



n!(�K 14 ©, z�K 7 ©) ¦)e¡��©�§:

(1) ¦ y′′′ + y′′ + y′ + y = 0 ¢�Ï).

) A��§� λ3 + λ2 + λ+ 1 = (λ+ 1)(λ2 + 1) = 0. kA�� λ = −1, i,−i.
(.......1©)

Ïd��§k¢¼ê) y1(x) = e−x, Ú�éE¼ê) eix, e−ix. (.......2©)

Ï y2(x) = sinx = eix−e−ix
2i

Ú y3(x) = cos x = eix+e−ix

2
´¢¼ê). (.......2©)

du {e−x, sinx, cosx} �5Ã', �, §´��§�Ä�)|. u´��§�Ï)

�

y(x) = C1e
−x + C2 sinx+ C3 cosx,

Ù¥ C1, C2, C3 ´Õá~ê. (.......2©)

(2) ¦

y′ + 2xy = 4x,

y(0) = 0
�).

) Ï�

(ex
2

y)′ = ex
2

(y′ + 2xy) = 4xex
2

(.......2©)

¤±

ex
2

y =

∫
4xex

2

dx = 2ex
2

+ C. (.......3©)

dd

y(x) = 2 + Ce−x
2

.

Ï� y(0) = 0, ¤± C = −2. �, y = 2− 2e−x
2
. (........2©)
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o! (�K 10 ©) � f(x) ´3 [0, π
2
] þ�KüN4O�ëY¼ê. ¦y:

x

∫ x

0

f(t) sin t dt > (1− cosx)

∫ x

0

f(t) dt, (0 6 x 6
π

2
).

y² � g(x) = 1−cosx
x

. -

h(x) =

∫ x

0

f(t) sin t dt− g(x)
∫ x

0

f(t) dt.

�Iy² h(x) > 0. (......2©)

w, h(x) 3 (0, π
2
] þ��, �

h′(x) = f(x) sinx− g′(x)
∫ x

0

f(t) dt− g(x)f(x).

´� g(x) 3 [0, π
2
] þüN4O��, �, xg′(x) + g(x) = sinx. d f �4O5, k

g′(x)

∫ x

0

f(t) dt+ g(x)f(x) 6 g′(x)xf(x) + g(x)f(x) = f(x) sinx.

�, h′(x) > 0. ù`² h(x) 3 [0, π
2
] þ4O. Ï� h(0) = 0, ¤± h(x) > 0.

(.......8©)

Ê! (�K 12 ©) � un(x) = (−1)nxe−nx. y²: (1)
∑∞

n=1 un(x) 3 [0, 1] þ��Âñ;

(2) éu?Û x ∈ [0, 1],
∑∞

n=1 |un(x)| Âñ; (3)
∑∞

n=1 |un(x)| 3 [0, 1] þØ��Âñ.

5: (1) 5©, (2) 2©, (3) 5©

y² (1) Ï�
∑m

n=1(−1)n ��k. (2©), é?¿ x ∈ [0, 1], ê� {xe−nx} ü
N4~, � xe−nx ����´ 1

n
e−1, ù`²¼ê� {xe−nx} 3 [0, 1] þ��ªu 0, ¤

±d��Âñ� Dirichlet �O{, ��
∑∞

n=1 un(x) 3 [0, 1] þ��Âñ (3©).

(2) x = 0 �,
∑∞

n=1 |un(x)| w,Âñ, � x ∈ (0, 1] �, 0 < e−x < 1, �,∑∞
n=1 |un(x)| �Âñ.

(3) O���

S(x) =
∞∑
n=1

|un(x)| =

0, x = 0,

x
ex−1 , x ∈ (0, 1].

(........2©)

Ï� |un(x)| ëY,  S(x) ØëY, ¤±
∑∞

n=1 |un(x)| 3 [0, 1] þØ��Âñ. (...3©)
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8! (�K 10 ©) ¦¼ê f(x) = ln(1 + x) 3 x = 2 ?� Taylor ?êÐm, ¿�ÑÂ

ñ8Ü.

Taylor ÐmÜ©� 4 ©. �«M�, ¦3 x = 2 ?�p��ê, ,�«�{Xe:

- x = 2 + y,

ln(1 + x) = ln(3 + y) = ln 3 + ln(1 +
y

3
) = ln 3 +

∞∑
n=1

(−1)n−1 1
n

(y
3

)n
= ln 3 +

∞∑
n=1

(−1)n−1

n · 3n
(x− 2)n.

Âñ�»� 3. (.....2©)

3mà: x = 5 ?Âñ. (.....2©)

3�à: x = −1 ?uÑ. (.....2©)

Ô! (�K 10 ©) ®�¼ê f(x) 3«m (a, b) þ��, x0 ∈ (a, b). ½Â¼ê

g(x) =


f(x)−f(x0)

x−x0 , x ∈ (a, b) \ x0,

f ′(x0), x = x0.

� g(x) 3 x0 ��, � f(x) 3 x0 ����. ¦y: g′(x) 3 x0 ëY.

y² ¼ê g(x) 3 x 6= x0 ���, �d

f(x) = f(x0) + g(x)(x− x0), (x 6= x0)

��

f ′(x) = g′(x)(x− x0) + g(x), (x 6= x0)

f ′(x0) = g(x0).
(........3©)

�½Â

f ′′(x0) = lim
x→x0

f ′(x)− f ′(x0)
x− x0

= lim
x→x0

g′(x)(x− x0) + g(x)− g(x0)
x− x0

.

dd9 g 3 x0 ��, �íÑ lim
x→x0

g′(x) �3. (.......3©)

d¥�½n,

g′(x0) = lim
x→x0

g(x)− g(x0)
x− x0

= lim
x→x0

g′(ξ) (ξ ∈ (x0, x))

= lim
x→x0

g′(x)

y.. (......4©)
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l!£�K 10 ©¤� f(x) 3 [0, 1] þk��ëY�¼ê, � f(0)f(1) > 0. ¦y:∫ 1

0

|f ′(x)| dx 6 2

∫ 1

0

|f(x)| dx+
∫ 1

0

|f ′′(x)| dx.

y² � M = max
x∈[0,1]

|f ′(x)| = |f ′(x1)|, m = min
x∈[0,1]

|f ′(x)| = |f ′(x0)|. Kk

∫ 1

0

|f ′′(x)| dx >

∣∣∣∣∫ x1

x0

f ′′(x) dx

∣∣∣∣ = |f ′(x1)− f ′(x0)| >M −m.

,��¡, k
∫ 1

0
|f ′(x)| dx 6M

∫ 1

0
dx =M. �, �Iy²

m 6 2

∫ 1

0

|f(x)| dx. (2)

(.........2©)

e f ′(x)3 [0, 1]¥k":,K m = 0.d� (2)w,¤á. y3b� f ′(x)3 [0, 1]

þÃ":, Ø�� f ′(x) > 0, Ï f(x) î�4O. e¡©ü«�/?Ø.

�/ 1. f(0) > 0. d� f(x) > 0 (x ∈ [0, 1]). d f ′(x) = |f ′(x)| > m, �∫ 1

0

|f(x)| dx =

∫ 1

0

f(x) dx =

∫ 1

0

(f(x)− f(0)) dx+ f(0)

>
∫ 1

0

(f(x)− f(0)) dx =

∫ 1

0

f ′(ξ)x dx >
∫ 1

0

mxdx =
1

2
m

�, (2) ¤á. (.........4©)

�/ 2. f(0) < 0. d�k f(1) 6 0, �â f �4O5, k f(x) 6 0 (x ∈ [0, 1]).∫ 1

0

|f(x)| dx = −
∫ 1

0

f(x) dx =

∫ 1

0

(f(1)− f(x)) dx− f(1)

>
∫ 1

0

|f(1)− f(x)| dx =

∫ 1

0

|f ′(ξ)|(1− x) dx >
∫ 1

0

m(1− x) dx =
1

2
m.

d�, (2) �¤á. (.........4©)
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