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.-0/ X, Y ��L���K
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s « c �&M X Æ
Ç � È <��
�����
\���� , Y Æ
Ç �����������
. 0B� D m�S �  Ò ô���������¡
(xi, yi), i = 1, · · · , n, ¢ M���	��ð����� (1.1.3) ,

F�°���g�{
β̂0 = 1608.5, β̂1 = 20.1, � 
 (�) 7�T����
¾
�

Y = 1608.5 + 20.1X.

�
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7�T����
¾
����£ �
� �ð\���� X
n�¤��
�
¦
½�¥
�¦K���������§�Q
é�¤��

20.1
¦ ½�¥ 0`¨�J È <�� É©¨ ¤�� ¶�ª
�«c�e ¶
K
Ö É/¨ ��� Ó 
� ÿ ���
. �
�¦'Â % Sh�'0&Å � X1

Wh�h�'\h�h�
, X2

W È <h� É¬¨ �h� 0&�'� K'Lh�h� ¨ �­ ¥
¦G��§
.
�
�
	����
�
�
¤
Y = β0 + β1X1 + β2X2 + e.

® ¡
� � D���¡
��¯�°���D
�&,
M�N
Ñ
�
�
!
j
K'L�E
��{ βi, i = 0, 1, 2.
F
°�E

��{
�
β̂0 = 320.3, β̂1 = 18.4, β̂2 = 0.2,

� �
��(�) 7�T����
!
D
Y = 320.3 + 18.4X1 + 0.2X2.
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§ Ò ��\�����n�¤�� 1

¦
½�¥
�³���
.�¤��
18.4

¦
½�¥ 0³� Ñ
\���� ��� µ
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� � n
z ,
M�Y��¶µ
µ

�n
¦
7�T����
!
D
J
Ö Q
R §
.^
ô
��·
¿
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.����� a�b 0 F�� S §
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(
p− 1

¦G��§
.
X1, · · · , Xp−1

^
ô }
¨ � « c ¤
Y = β0 + β1X1 + · · ·+ βp−1Xp−1 + e, (1.1.6)

�

 2�¿ �
	����
�
�
� � Y β0

W ¹ ��; , β1, · · · , βp−1

W���� c � , e
W�����$

" 0
F�� �
� w Y, X1, · · · , Xp−1 q�À � n W ¿�C
� (�) n

�
¿�C
±
xi1, · · · , xi,p−1, yi, i = 1, · · · , n,

� � L�M « c �
yi = β0 + xi1β1 + · · ·+ xi,p−1βp−1 + ei, i = 1, · · · , n, (1.1.7)
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ei

W
w
,
������$
" 0&p
q�Á�Â ��Ã

y =




y1

y2
...

yn




, X =




1 x11 · · · x1,p−1

1 x21 · · · x2,p−1

...
...

...

1 xn1 · · · xn,p−1




,

β =




β0

β1

...

βp−1




, e =




e1

e2
...

en




,

(1.1.7)
é��
W ¨ �
¼�Ä����
¤

y = Xβ + e, (1.1.8)���
y
W

n× 1
�
¿�C Õ . 0 X

W
n× p Å�Ï�Á�Â � l
¹ �
W��
� Á�Â
0 w � �
	���
�
�
�:F�Æ õÇ�
� Á�Â
÷ Y�� õÇ�
� ÷ ¥�U�µ
µ�È ­�É�Ê ¸�¹��
�
� ­�Ë � �
�v�w
M
j �/Å�0BÌ �
N
� } �
~
6
v�Í�Î�~
Möõ �
� Á�Â
÷ 0 ²
ékÏ V N�Ð
�ÒÑMöõÇ�
� Á�Â
÷ v�Ó 2 . β

W�� Ï�� � Õ .
� � Y β0

�
W ¹ ��;
� � β1, · · · , βp−1W���� c � 0Ô� e
W

n× 1
����$
" Õ .
� � '
±
W�Õ
�Ô� E(ei) = 0.

« � e
[ ¹M
��F��


¤

(a)
$
"�;
ü }
/ !
"
�B�

Var(ei) = σ2, i = 1, · · · , n,

(b)
$
"

�Ö U µ ê « �
�B�

Cov(ei, ej) = 0, i 6= j, i, j = 1, · · · , n.

l
¹ �
L
ý
¥�×
W Gauss-Markov
F�� 0:�
�
Ï�� �:�
¦����
§
.
�
!
"�Ø�Ù
��K���
§
.�I
±�Ú�Û
D��
�  �Ü � S'U Fh� (a)

%�&
ei / !
"
� Ó é

 %�& µ ® W�
¿�C

yi

� � '
±�Ý O�Þ�ß D��


�
¡
� 0 �
¦ %�& } Ò�à ( ×�á
~ 0 � �
~'¢£�� � � � µ ( µ�â�ã W Var(ei)=σ
2
i , i = 1, · · · , n.

F��
(b) /�ä � %�& µ ® W � ¿C


µ ê « � 0 � n
z ,
M�Y��
¦�F��/��å�æ�ç�L�M 0�
�

(1.1.8)
(

Gauss-Markov
F��
* � �
�
�&K
¼�Ä
< Æ
Ç W

y = Xβ + e, E(e) = 0, Cov(e) = σ2I, (1.1.9)
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���
Cov(e) Æ
Ç ��� Õ . e

�
%
!
" Â
0 (1.1.9)
é

 �
� L
� % d
e
�
[
h _ ��
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�
� 0� �
~ n
z a�b Y�� Var(ei) = σ2

i , i = 1, · · · , n.
���

σ2
i

K
Ö
µ�è ê
/
0 � Ò¿�C Õ . - $
" Õ .
�
%
!
" Â �
W

Cov(e) =




σ2
1 0 · · · 0

0 σ2
2 · · · 0

...
...

...

0 0 · · · σ2
n




. (1.1.10)

� 7'8 ahb Y��
y1, y2, · · · , yn Æ'Ç'È 7'8héhê � n

¦'µ ® Ò Ø'�'¿hC'±'�&�
� ´
´
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ý
��é

�$
"�;
��� ê « 	 0 � s [
¼½
�G� ê «
« c 
�$
"
W
��ëG���������
�B�

ei = ϕei−1 + εi, | ϕ |< 1,

� Y εi, i = 1, · · · , n

�ì�í ® #�Û
�����
§
.

, E(εi) = 0, Var(εi) = σ2
ε .
� Ò

Cov(e) =
σ2

ε

1− ϕ2




1 ϕ · · · ϕn−1

ϕ 1 · · · ϕn−2

...
...

...

ϕn−1 ϕn−2 · · · 1




. (1.1.11)
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1.1.3
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8
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Cobb-Douglas 3�� 
��
W
Qt = aLb

tK
c
t ,���

Qt, Lt

(
Kt

#�H W
t
� � � ± ��ô û�õ Q . (�ö�÷ õ Q
. � a, b ( c

W � � �� ý��
¥�ø�IG�³l
w��
� (�)
ln(Qt) = ln(a) + b ln(Lt) + c ln(Kt) .

Å�ù
yt = ln(Qt), xt1 = ln(Lt), xt2 = ln(Kt) ,

β0 = ln(a), β1 = b, β2 = c ,
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yt = β0 + β1xt1 + β2xt2 + et ,
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Q�� A�� K 9���� :���������� L�M ?�@ Y ��I�J ?�@ X 9��������
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�

1.2.1 ���0g f (one-way classification) Æ�Ç
� i�� 
 Ô ü-ý��
`�������ø
`� �!�ß
|�"�á#�
|�$
¬�%�&
§ Y . '���� 
�(��)�* Ð ��+ A-, ! e
q�.�/ [10�2 � ��`���­13�Q
`�á-4 s ¤ q5.�/ 3�P�! e 2� 3�`���á�©�_ Ð ��� �56 g�É5758�95: Ð ²�³ A '5� � i�N5;�`5�5<�_ n P e

2 � á>= yij §�2 ��? i `���ß ? j P�! e ß���|�@�¬�û�á�í yij

� � ö�§
yij = µ+ αi + eij , i = 1, 2, 3, j = 1, · · · , n, (1.2.1)

O�A µ ¦�§�B F�> á αi

� ö ? i `���ß�|�}�á eij

� ö�C�D�E���á�F > û�§ 0, �
� ¸ n�G�á>H�º�I q n�� A

i�O�P�J�K�­0á>� 
�L�M5N ß Ã�þ ( Ä�¦ Ã M ) ©�_�Q�P�á , ��O�á � _���Pq�õ ß�O�`�á ¦�O���P�O�`�§ Ã M�ß�P F Ä �RQ�S��Ìá Æ�Ç (1.2.1) ¦�§����0g f Æ
Ç ( Ä�� Ã�þ ����g�É�Æ�Ç ), O�W Ã §�� 
 ©�_ �R��O��¯O�Q�P Ã�þ�AUT���V�W =X á�Æ�Ç (1.2.1)

��Y §
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


y11
...

y1n

y21
...

y2n

y31
...

y3n




=




1 1 0 0

...
...

...
...

1 1 0 0

1 0 1 0

...
...

...
...

1 0 1 0

1 0 0 1

...
...

...
...

1 0 0 1







µ

α1

α2

α3




+




e11
...

e1n

e21
...

e2n

e31
...

e3n




.

�
y, X, β

6
e g�» � ö�Ý�a�­0ß�b�P��0¬�Ä V�W á�í�Ý�c�Æ�Ç�^�_�d�a

y = Xβ + e. (1.2.2)

O 6 Ý
Þ
�
�
ß
¢
Åàz-{
Æ
Ç (1.1.8) d�a
Ý�e�f
Q�g
á x q
õ ß
W
á N � i
²�d
á
� � W X ß�h þ © Õ�ú 1

6
0
t P�û A>i�? Q�j�k�á>� � W X ß�;�Q�j�N�}�Q

`���O�á T ø�j�­0ø�P�l�m�W 1 Ä�W 0, í � ö�N�}�ß�O�P�! e 2 � ��Ä�n�2 ��o
j�N�}�ß�p�`�� A ¤�w�W�ä�á>� � W X ­0ß�h þ xij(j > 1) © � ö���N�}�ß Ð �
­0ø�P�Q�S�|�}�ß Â i�� ù A>q�r�s � á�i (1.2.2) ­0á>� � W ß�t rk(X) = 3,

�
ÿ = X ß�j�� 4, � 
 ¦�� � W X W�j�u�t�ß�á�O�W�����g�É�Æ�Ç�ß�Q�P�°�v A

�
1.2.2

t �0g f (two-way classification) Æ�Ç
'���i�Q�w s�r�Ð ��­0á>x�y r O�z�¬�%�& Y ß�_ t P Ã�þ A

6
B. � Ã�þ

A _ a P�P F á Ã�þ B _ b P�P F�A = yij

� ö�i Ã�þ A ß ? i P�P F á Ã�þ B

ß ? j P�P F k s�r ß r O�z�¬�@�¬�û A í yij

� g�U�§
yij = µ+ αi + βj + eij , i = 1, · · · , a, j = 1, · · · , b, (1.2.3)

O�A µ {�§�B F�> á αi § Ã�þ A ß ? i P�P F ß�|�}�á βj § Ã�þ B ß ? j P�PF ß�|�}�á eij §�C�D�E�� A}|�~ � 1.2.1, ����� ¨�V�W = X á Æ�Ç (1.2.3) ¤ ���Y��
(1.2.2) ß�d�a A O�P�������7������ A
C5D5�5�5� � Æ�Ç�¤�^�_5d5a (1.2.3). §���À5�5S�U5� 
5( �5�5� Ð ��ß��

M A '���Q ��� Ð ��­�����k�	�������`�������`�á£i�Y����
`�� D�� á�������ÿ��� �
� � À�� � ���
ê�	����
 ��
ß��
` A � 

�
� ¥
O��
`
ÿ��
`��
ß��� �¡¢ P�G
 ���£�¤
i
n õ ß�¥�¦�á Ë W�§�¨�©�ª � � Ð ��ß�«�	� �¬�­�$ ¸ Q�g A §
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��®�2�O�Q�¯�°�á�� 
 ��¥ Ð � � ß�«�	�g � T�± ÿ�²
á�³�¹ 5 ²�á d ;�Q�ÿ�²�«
	� �¬�­�$
é
ê
Ý
Q�g A i Ð ��� � ­-á£¥
O�`
ÿ�²�¦
§���� (block). ]�´�µ
¥�;
Q�����g � T�± ´�ÿ�ß�²�á£¦�§�������h A � _���`�ÿ���O�` Ô ü0ý
á q�¶ w�¥�;
P�����g � ��P�������h A C�D������ � Ô ï�á£i�;�P�����­-á�;�`�ÿ���`
i�3�Q
P���h�e�f�W�C�D�ß A\T�� yij

� ö ? j P�����` ? i `�ÿ���ß�p�P�������h�ß�ÿ
� r ¬�á�í yij w�_ (1.2.3) g�U�a A O�k αi w�W ? i `�ÿ�� (

, Q�S , treatment)

ß
|
} . βj W ? j P����
ß
|
} A Ã º�C�D������ � Æ
Ç�w�W
Q�P t �0g f Æ�Ç A
i������ � ­0á�����W�Q�P�§�· Ô ß�¸�¹ A §���´�º�»�ß�8�9 � ß
ê�z�á�� 


µ�¼�Q�P���M A '���� 
 � a ` ��½�¾�� Q�� r O�á � i Ô ü¯ý�O a ` ��½ ß��¿�A �
yij

� ö ? i ` ��½�¾�� ß ? j � r O�z�¬ , αi § ? i ` ��½ ß�|�} A p�À
yij

� g�U�§ : yij = µ + αi + eij , i = 1, · · · , a, j = 1, · · · , b. O�W�Q�P����0g f Æ
Ç A Ë W�á ¹�"�� 
 W � b Á���Â�Ã�Ä�@ � 
 ß�z�¬�áÅp�À�w�} o ¥�O b Á���Â�ß
��Æ�Ç�È���Ã A O�g b Á���Â�w � ������á O�k yij w � � ö�§ (1.2.3) ß�d�a�áÅF
­ βj W ? j Á���Â�ß�|�} A

É W�Ê���Ý�c�Ë Ã á�÷�÷�� 
 ¤�¥�Æ�Ç (1.2.3) ¦�§�C�D������ � Æ�Ç�á ¶ ¥
αi

6
βj g�»�Ì�¦�§�Q�S�|�} 6 ����|�} A i�Q�R�²�³�Í�á�O t `�|�} q W õ G sÎ ß A � 
�Ï Ô M�N�Ð i�Q�S�|�}�Ý�á£p�����O�P Ã�þ ß���Ñ
á£÷�÷�W�§���Ò�ÿ�g

É�E�� A�¨ ]�á�¤�_���k�á�i�Q���J�K�­0á>����|�}�¤ ��Õ W�� 
 x�����ß A
�

1.2.3 ^�_�Ó�I�|�}�ß t �0g f Æ�Ç
i¾� 1.2.2 ­ á Ã¾þ A

6 Ã¾þ
B ß¾|¾}¾^¾_ � ¾ Å A�Ã §¾i¾g¾UÔa yij =

µ+ αi + βj + eij ­0á Ã�þ A ß ? i P�P F 6 Ã�þ B ß ? j P�P F N yij ß�Õ���W
αi + βj ,

� W�< [�P F |�} D 6 A¯Ë W�á¯i�Q�� Ð�Ö J�K�­0á¯O�`�²�³ q B�W ��×
ß A ��¹�i�v � ����­0á T�Ã�þ A

� ö�v � B }�ß�Ø�$�á Ã�þ B
� ö�v � B }�ßÙ c�á t 7�N�v � B }�ß�z�¬�Ä r ¬ Y ß�Õ���Q�R q ^�_ � ¾ Å A ¹�"�N�;�Q�P

P F ��� (i, j) · Á c w�����á�O�k�Q�P���S�Æ�Ç�W
yijk = µ+ αi + βj + γij + eijk , i = 1, · · · , a, j = 1, · · · , b, k = 1, · · · , c, (1.2.4)

O�A γij ¦�§ Ã�þ A ß ? i P�P F 6 Ã�þ B ß ? j P�P F ß�Ó�I�|�} A � ß �����Ú � Ã�þ A ß ? i P�P F 6 Ã�þ B ß ? j P�P F N yij ß�����Õ���á ¶�q W αi6
βj ß�Û���n ¾ á3p�W�µ � ��Q�P�Ü�g A §���Ý�c���À�Þ�ß�áà� 
 ¥ αi ¦�§ Ã�þ

A ß ? i P�P F ß Ï |�}�á õ S�¦ βj § Ã�þ B ß ? j P�P F ß Ï |�} A
i�Æ�Ç (1.2.4) ­0á�N Ã�þ A

6
B ß�;�`�P F ��� (i, j), · Á ò @�w�� ¸ W c,

O�g�ß�Æ�Ç�¦�§ F�á Æ�Ç (balanced model). i Ð�Ö ����­0áâÊ���`�` ñ�ò Ë Ã á
��¹�����7�ã � ����á>����P�ä ( å�æ ) ç�è�á�Ä s�r�é�ê p�ë�ì�N�;�`�P F �5�
x�í�î�ß ò @�����P�� q n�G�á�O�k�¦�N�}�Æ�Ç�§ · F�á ß (unbalanced model).
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�

1.2.4 ���0g f (three-way classification) Æ�Ç
��7 q ¨�ï�ð�á ¹�"�����­0_ A,B,C ��P Ã�þ á � 
 ß�P F ��g�»�§ a, b, c.

¹�" � 
 D�ð ¸ n�_�Ó�I�|�}�á>p�À Ã «�¬�ß ò @�û � g�U�§
yijkl = µ+αi+βj+γk+eijkl, i = 1, · · · , a, j = 1, · · · , b, k = 1, · · · , c, l = 1, · · · , d,

O�A αi, βj

6
γk g�»�W Ã�þ A ß ? i P�P F á Ã�þ B ß ? j P�P F 6 Ã�þ C ß?

k P�P F ß Ï |�}�á�N���;�`�P F �5� (i, j, k), ����· Á w�� ¸ W d,
, Æ�Ç�WF�á ß A ¹�"
N�P F ��� (i, j, k) �
��· Á w
�
§ nijk ,

� 

q Ó n�G
áCí
Æ
Ç
w�W· F�á ß A
i������ � ­0á¯_�Q�`�� � ��ñ�ò���� � (latin square design),

� ��� � ö�§
���0g f Æ�Ç A x�y�ñ�ò���á>ó�W � n P�ô�õ ( Ä���ô ) � � ß�Q�P���² A � ß�;
��;�j�ö�÷ n P�ô�õ�­�;�P�ô�õ�Ê�ø�Q5w A ÊU� ¨5ù W � ñ�òÔô5õ��5j�O�`5�5²
ß�áú��W�á	¦�F�§�ñ�ò�� A	� ã���ñ�ò���ß q�õ ô�õ�ß�P���á	¦�§�ñ�ò>��ß�û A �
¹�á

A B C

B C A

C A B

A B C D

B C D A

C D A B

D A B C

g�»�W���û 6 b�û�ñ�ò�� A
ü

1.2.1

ý\þ>ÿ

1 2 3

ý
1 A(1) B(2) C(3)

þ
2 B(4) C(5) A(6)

�
3 C(7) A(8) B(9)

� �ÔûÔñÔò � �¾� �Ô�Ô� Ã¾þ ßÔ�¾� A �¾¹¾á�¥ ? i �¾N¾}Ô� Ã¾þ�� ß ? i

P F á ? j j�N�}5� Ã M��¯ß ? j P F á ­ ð ß5ô5õ A,B,C g�»�N�}5� Ã M��
ß5��P5P F�A O5g�á>� 
 w5� � 9 P5����á�¹ � 1.2.1. � kij = k(i, j)

� ö Ê �
1.2.1 ��Q
	�j�ß�Ê���� {(i, j) : i, j = 1, 2, 3} 

��� {A,B,C} ß�Q�Q ª
� á���¹
k23 = k(2, 3) = A.

T��
yijkij

� ö Ã�þ�� ¡���¡���ß ? i, j, kij P
F Í�ß ò @�û�á�

αi, βj

6
γ
kij
g�» � ö Ã�þ�� ¡���¡���ß ? i, j, kij P

F Í�ß�|�}�á�i q�Â i�Ó

hml
放置的图像
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I�|�}�ß�²�³�Í�á>� 
 _�Æ�Ç
yijkij = µ+ αi + βj + γ

kij
+ eijkij , i = 1, 2, 3, j = 1, 2, 3,

O�W�Q�P����0g f Æ�Ç A
NÔ�Ô´Ô�¾P¾�¾M¾á |Ô~ � 1.2.1 �¾�Ô� ¨ ß VÔW = X á�OÔ�¾Æ¾Ç ¸¾�¾�ÔYÔ�

y = Xβ + e ß�d�a A � 

�
� ��7�Ã5��O5� é A�¨�� e � O�` � ö D ´�á�w����� á � � W X ��� 1.2.1 Q�g�á � ß�h þ xij © ú 0
6

1
t P�û�á ¶
� t rk(X) ÿ

� X ß�j���á , X W>j�u�t�ß A

§1.3 �ØÖØ×ØÙØÚ�Û Ü
� 
 Î � .�/ áZ¢
Åàz-{
Æ
Ç�x
¼�½
ß [C«�¬
Q�R
W ú å�æ
û�ß
��¬ Ã M A �� W
X ß�h þ xij

��ú å�æ�û A p�i�����g�É�Æ�Ç®­0á [£«�¬�W���Å Ã M�á>� �W
X ß�h þ xij © Õ�ú 0 ¡ 1 t P�û A � i�� 
 Ô
�
� ß
������g�É�Æ�Ç�í�W�Ý�ct `
Æ
Ç
ß���� A Æ
Çà­-ß\[£«
¬
 
_
�
Å Ã M
!�_
��¬ Ã M A � � V�W Ê t Ü�g

� � á Q�Ü�g � 0 ¡ 1
t P���§�h þ á p
"�Q�Ü�g�ß�h þ ��ú å�æ�û A � ��� s �

Ê�����g�É�Æ�Ç 6 ¢�Å�z0{�Æ�Ç�ß�� � V�W �
#�p � A
� 
 � Q
P
��$
ß
�
M
ã
�
��O�`
Æ�Ç A '�j�����7 ��% `�&
'�(
)
ÿ
*
á ¶� ÿ
*�ß s
+
, $ (

� ÿ
*�ä�·
- ¾ ¬�ã�$�¬ ) ã�ü0ý
&
'�ß
.� �|�"�á�O�W�Q�P
���-g f J�K A ¹ � x�c
i����à­�� 
 Ô ï i &
'�k
á-F
/ Ã
þ } o
0 ¬�£�¤
i�nõ  �� D Í A£Ë W�á£i�O�A
1�������ß�ÿ
* ù
2 ä�· q�õ á ��Õ N s
+
, $
_�Q�j
x�y A §��
3 i O�`�x�y�á ����(�ú�t `���+�X�F�Q�W��
4�ä�· ¸ Q�g�ß�ÿ�*�ã��
��� A�Ë O�P� ���§
5
6�á�i Ð�Ö ­�: É ��Þ�ã
7�¨�§�Y A "�Q�`���+�W�á\��+�¥
ÿ�* ù�2 ä�·
ß�x�y�3 i�8 á�O É W
�����
g�É
x Ô U
9
ß�J�K A i�O�P
��M�A�á
*�ß
&
'�g % P�O�`�á£W
��Å Ã M�á£¦�§�����g�¬ A ÿ
*�ß ù
2 ä�·�W Ã §�����7
¨ � §�ø�ß�£�¤�p���Ñ�����ß�á�¦�§
��«�¬ ( Ä
:�C�«�¬ ),

� W�å�æ�«�¬ A
�

1.3.1 ����7
;�ü0ý t `
&
'�ß
.� �|�"�á � ;�`
&
'
(
)��
<
* A£Ô Ç
È�ß
��«�¬�W�ÿ
*�ß ù
2 ä�·�á\= yij §
( ? i `
&
'�ß ? j <
*�ß�ä�·
- ¾ ¬�á
í yij

� g�U�§
yij = µ+ αi + γxij + eij , i = 1, 2, j = 1, 2, 3, (1.3.1)

O�A 6 ���0g f Æ�Ç�Q�g�á µ §�B F
= á αi § ? i `
&
'�ß�|�} , xij §
( ? i `
&
'�ß ? j <
*�ß ù
2 ä�· , γ §
��«�¬�ß�����á , z0{���� . eij ß�'�� õ ���0g
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f Æ�Ç A>T =

y =




y11

y12

y13

y21

y22

y23




, X =




1 1 0 x11

1 1 0 x12

1 1 0 x13

1 0 1 x21

1 0 1 x22

1 0 1 x23




, β =




µ

α1

α2

γ




, e =




e11

e12

e13

e21

e22

e23




,

í�Æ�Ç (1.3.1) ^�_�d�a
y = Xβ + e, (1.3.2)

O 6 � t Þ�����ß�¢�Å®z¯{�Æ�Ç (1.1.8)
6 �5��g�É�Æ�Ç (1.2.2) i5d5a�Ý5e5f�Q

g A � ß�°5v�W�X>� � W X ß5Ü¾g5j�ß5h þ © ú 0 Ä 1, >�/5j�ß5h þ í ú å�æ
û�á>� 
 ¥�º f Æ�Ç�¦�§
������g�É�Æ�Ç�á � ¤�W�Q�`�°�±�ß�¢�Å�Æ�Ç A

������g�É�Æ�Ç
?�]�W�¢�Å�z0{�Æ�Ç 6 ����g�É�Æ�Ç�ß�Q�` �@����� á Ë W��
 N�O t Ü g ¶�q�õ G s5Î�A�A ��M®­¯x s 
�ß�á z¯{5Ü g�©�W Ã §�ø5��¬ q�Õ
e5f e §5£5¤�p q î Î �5Ñ�ß A ?�]�N®z¯{�����ß�B � �5Ä���¤�_�Q�j�ß Ð5Ö�CD á Ë B�ß�ä�Þ�ã�á£N
������g�É�Æ�Ç�� 

E ����ß
F�W�����g�É�Ü�g A£Ã p�O�`
Æ�Ç�ß�È � g�É — ������g�É�á0é�ê�Ý�^�_�����g�É�ß�°
G�á , _���|�} Â i�Å
ß�Ä
��H
_�I � 	�l
áZ������g
É�ü0ý�Þ�ã
á�i�������g
É�­ ¶ n
_�����J
K�L�ß
¸�¹
á Ð�Ö Ý � ©
W
Q
` �
� ��+�áNM-i
O � Q
R�����g
É�ß
S�"�§�Û�À�	������
��g�É�Æ�Ç�ß�È � g�É A�P
Q ß
R T
S �0i ?
T
U ��� A

§1.4 VXWXYXZX[]\
^
_
`
a
b
c
d
e
f
g
h
i
j

y = Xβ + U1ξ1 + U2ξ2 + · · ·+ Ukξk , (1.4.1)k�l
y
j

n× 1 m
n�o�p
q X
j

n× p r�s
t
u
v
q β
j

p × 1 w
x
y d
z
{ o
p
q}| j�~��
`
a q Ui

j
n× qi r�s
t
u
v
q ξi

j
qi × 1 x
y�o�p
q}| j x
y `a q f
g
�
�
� t

E(ξi) = 0, Cov(ξi) = σ2
i Iqi , Cov(ξi, ξj) = 0, i 6= j,

�
�
E(y) = Xβ, Cov(y) =

k∑

i=1

σ2
i UiU

′
i , (1.4.2)
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σ2
i | j
�
�
� p
q��
�
q��
�
�
| (1.4.1)

j
�
�
� p b
c
�� b�c
(1.4.1)

l q e���f�� x�y `�a o�p ξk
����� d x�y�� � o�p e, �

Uk = In. � � ^
_
`
a
b
c q ���
d���� � �� 
¡ z�{
¢£~���`�a
¤����
� p�¥¦ u ¤
§
¨ q�©
�
x
y `
a ξk ª
«
¬ n �­
1.4.1  �o � ¡ ^
_
b
c®
¯�°
d
±
² � f
³�´�d�µ�¶
·�¸�� � f
³�´º¹
»

a
�
¼
½
¾ n
p
¿�m
n
Àd
±
² q � t
m
n
Á b

�
° q�Â yij Ã
Ä
Å i
�
¼
½
¾
d Å j

�
°
d
±
² q�Æ yijÇ Ã j
yij = µ+ αi + βj + eij , i = 1, · · · , a, j = 1, · · · , b, (1.4.3)

È
É
αi

j Å i
�
¼
½
¾
d
`
a qËÊ � w
x
y d q � ~��
`
a
� βj

j Å j
�
°
d
�

Ì `
a
��Í
Î È
b
�
° � �
�
Ï
Ð
Ñ
d
Ò
�
d

b
�
°
��Ó
Ô

βj � � w
x
y d q �~��
`
a
� È ¼
b
c
(1.4.3) Õ � ~��
`
a
b
c q È � � §1.2 �
�
Ö
×
Ø
d  �o �

¡ b�c��ÚÙ � q Í�Î�����Û�®
¯
d�Ð�Ñ
Ü ��Ý �ßÞ�à�á
â ¼
½�¾
°
d�±
²�ã
ä�å q
¿
m
n d b

�
° � x
y
æ
ç d q È ¼ βj Õ � x
y µ p
q �
� � È
è
é
ê
ë q�Ê
Õ� x
y `
a
��ì
a
d q b
c (1.4.3) Õ � ^
_
`
a
b
c
�
Thompson íïî ®�¯ Á�Â�ð�ñ�t�ò â ¼ n�p
ó�ô
õ
ö �
���÷� t
ø ¨
ù Â d ó

ô�ú ��û�ü�ý�þ�ÿ d â è ó�ô d�� Ìßl x�y�æ
ç d
��� yij

Ç ������b�c
(1.4.3)

d
h
i q���� � d é
ê q αi

� Å i ñ
t
ò d
`
a q�Ê � ~��
`
a
� βj

� Å j �
ó
ôd
`
a
� � j ó
ô � x
y
æ
ç d q ù�	 Ê � x
y d
� �
� βj

� x
y `
a
�û å�
�d�Ö�×���� Ç 	���� q f���`
a
¯�
�� ¥
x�y d�� � ~ï�
d q È ç�� �®�¯
d�� d�¤���� ç�� d������ Í�Î m�n d�� Ì � x�y
æ�ç�� d q Ó�Ô Ê �
d�`
a
Õ � x
y d q��
Æ
Õ � ~��
d
�� ª���� d�� v ��� q b
c (1.4.3)

Ç 	����
(1.4.1)

d
h
i
���
y = (y11, · · · , y1b, · · · , ya1, · · · , yab)

′,

È �
ab× 1

d o�p �
X = (1ab

... Ia ⊗ 1b), U = 1a ⊗ Ib, γ = (µ, α1, · · · , αa)′,

β = (β1, · · · , βb)
′, e = (e11, · · · , e1b, · · · , ea1, · · · , eab)

′,

k�l
⊗ Ã
Ä � v d Kronecker �� (! Å�"�# ), 1n Ã
Ä n× 1 o�p
q Ê d
ù�$�%�&' j
1. � ¼ q b
c (1.4.3)

µ
h
j
y = Xγ + Uβ + e.
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f�g����/� � � t ù/$ x�y `�a ú � á ì/0�d , Var(βi) = σ2

β ,Var(eij) = σ2. Æ�m
n�o�p d�1
�
� v j

Cov(y) = σ2
βUU

′ + σ2Iab = σ2
β(Ja ⊗ Ib) + σ2Iab,

k�l
Jn = 1n1′

n. σ
2
β

¤
σ2
� �
�
� p �­

1.4.2 Panel
{�2
b
c

È �
b
c �
� � � � u
p
î�3�4 l ��� t �
� � N
�
� Ì

(
Í
�
° q�5�6
q7�8 q�9�:
q�;�5�<�=�>�? ) ª
« Á T

�
¼�@
d m
n
q�m
n {�2 Ç �
j
yit = x′itβ + ξi + εit, i = 1, · · · , N, t = 1, · · · , T, (1.4.4)

k�l
yit Ã
Ä
Å i

�
� Ì Å t
�
¼�@
d ü�A î�3�B�C
q xit

�
p× 1 r�s�o�p
q�Ê @D Á Å i

�
� Ì � ¼�@
t
d
f�EGFIH
Ò�J q ξi

� Å i
�
� Ì d
� Ì `
a q εit

� x
y
� � A �Í�Î�����dK� d � ®�¯ML�� :ON dOP « ·�¸ q�� á � 0OQ È Ò���d N

���
Ì q È N

�
� Ì Ü á Ø �
û � Ì�l æ
ç d x
y ��R q È ¼
� Ì `
a Õ � x
y d q�

y = (y11, · · · , y1T , y21, · · · , yNT )′, X = (x11, · · · , x1T , x21, · · · , xNT )′,

U1 = IN ⊗ 1T , ξ = (ξ1, · · · , ξN )′, ε = (ε11, · · · , ε1T , ε21, · · · , εNT )′.

Æ b
c (1.4.4)
Ç Ã j

y = Xβ + U1ξ + ε.Í
Î
� t Var(ξi) = σ2
ξ ,Var(εit) = σ2

ε ,
ù�$

ξi
¤

εit ú á ì�0 q�Æ
Cov(y) = σ2

ξU1U
′
1 + σ2

εINT = σ2
ξ (IN ⊗ JT ) + σ2

εINT ,

σ2
ξ

¤
σ2

ε Õ � �
�
� p �b
c
(1.4.4) �
| j�S�$�T � ��U�V (nested error structure)

d�W�X
b
c
� Ê
�� � � � ø ¨ t
u�Y�æ ��Z�[ ?
¡ �
� l �� å�\
�
� l q Í
Î
�
��]
¼
½
`
a ��^�_ ª �
q�Æ b
c (1.4.4)
Ç 	�`��
j

yit = x′itβ + ξi + λt + εit, i = 1, · · · , N, t = 1, · · · , T. (1.4.5)

Í
Î
¼
½
`
a
λt � ��� x
y d q�©�a � t Var(λt) = σ2

λ, λt b ù�$
d ξi
¤

εit

á
ì�0 q � U2 = 1N ⊗ IT , λ = (λ1, · · · , λT )′, Æ �
� ��c Í ë b
c

y = Xβ + U1ξ + U2λ+ ε.
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� ¼ q�m
n�o�p d�1
�
� v j
Cov(y) = σ2

ξ (IN ⊗ JT ) + σ2
λ(JN ⊗ IT ) + σ2

εINT ,

σ2
ξ , σ

2
λ

¤
σ2

ε

j
�
�
� p �
g h i

1.1 j*k*)*l*m*n*oqpqrqs µ, µ t*u*v*w*xzy*{q|q}q~q�qxI�qtq�q�q�q�q� n �*xz�*�
�*�*�*s y1, y2, · · · , yn. �*�*�*�*�*�*�*�*�*�q�q�qx�yq{*�q�q�qs yi, i = 1, 2, · · · , n s*���
�*�*�*�*m N(µ, σ2) w*)*�*�*�* *¡*¢z£q�q¤*¥q¦q�q§q¨*©qªq«q¬N���qwq­q®q¢

1.2 ¯*°*±*²*³*)*´*µ*¶*·*£*¸*�*¹*º*»*¼*½*¾*�*¢¿k*À*£*¸*Á*x¿�*�*Â*Ã*w n1 Ä ¼*½*w
¾*�*Å*Æ*�*s y1, y2, · · · , yn1 , �*{*�*Ç*ª*t*���È�*�q�qm N(µ1, σ

2) w*)*�* *¡*¢zÉ*£q¸*Êqx
�q�qÂqÃqw n2 Ä ¼q½qwq¾q�qÅqÆq�Ës z1, z2, · · · , zn2 , �q{q�qÇqªqtq�Ì�È�q�Ë�Ëm N(µ2, σ

2)

w*)*�* *¡*xzs*�*ÍqÎq¤q´*µq¶q·qwN�*�qxIÏqÐ�ÑÈÒ µ1 Ó µ2, Ô*Õ*Ï*Ð*Ö*}*~*�*{q¢
(1) £*�*¤*¥*§*¨*©*ªq«q¬��N�qwq­q®*×
(2) À*o*Ø*Ù e*Ú xz�*� z1, z2, · · · , zn2 w*�*Û�Ñ y1, y2, · · · , yn1 �*Ü*Ý*Þ*ß*xzà*àq�*sq�

{qwqáqâq�qrqãqäqÞqßq¢z�qtqyq{qÞqåqæqjqçq¤qèqéq�Ë�q�qmq�Ë°qêqwqëq�Ë¢z¤qìË�qsq�q{Ëíî �Ì�È�q�q�qm N(µ1, σ
2
1) Ó N(µ2, σ

2
2) ÑÈÒqïqðqxz£qÙq¤qì (1)

Úqñ ©qòqwq«q¬N�N�N�qóq�ô  *w*õ*��ö
1.3 ³÷è÷ø÷ù÷ú÷�÷�÷ß÷)÷û÷ü÷ý÷w÷þ 3 Ä  ÷½÷w÷¯÷ÿ÷ª÷í÷w��÷�÷¢��÷�÷�÷�÷í î s y11 , y12, y13

Ó y21, y22, y23, �È�qèqøqùqúq�qå��qÀ��q¬qå��qwq�qâqxzÀq©qòq¤q¥q§q¨qìqÏqÐqÍ�	qùqúqwN��*x
���*s α1 Ó α2, £*�*¤*¥*�*�*§*¨q©qª*¯qªqí��q� µ Ó α1, α2 w*«*¬����*¢
1.4 
�� � �Ët��Ë©ËòË)��Ë«Ë¬ � � ö � �ËÞ tËxzå���� �Ëï��Ëw á������Ëª sË« ¬ �

��ö
(1) yi = β0 + β1xi1 + β2x

2
i1

+ β3 ln xi2 + ei ;

(2) yi = ei exp(β0 + β1xi1 + β2x
2
i1) ;

(3) yi = [1 + exp(β0 + β1xi1 + ei)]
−1/2 ;

(4) yi = β0 + β1(xi1 + xi2) + β2e
xi1 + β3 ln(x2

i1) + ei .

1.5 Í�	*��
*è*Ô��*k*~N�N�
yij = µ + αi + βj + eij , i = 1, 2, · · · , a, j = 1, 2, · · · , b,

� Ú µ, αi, βj squqv��q§qxz£q�q�q©qòqs����q­q®qwq«q¬N�N� y = Xβ + e , �����q�qkq~��
X.

1.6 ( � î í� *Ù e ã*��!�"*«*¬��N� ) k*�*è*é p #*�*m π1 Ó π2. $*��%*¤*è*é*�*m Ú
Â*Ã*w*�*�* *¡ x

(1)
1 , x

(1)
2 , · · · , x

(1)
n1 Ó x

(2)
1 , x

(2)
2 , · · · , x

(2)
n2 , &*s�'�(* *¡*¢
� î í� qw�)�*

t*x ³*¤*¥�'�(* *¡�+�, p #�� î�- § f(x1, · · · , xp) Ó�.�/ �*¢10*�*)*é�2�3*uqv*wqµ* q¡*x4 ¨*�*w�� î�- § f(x1, · · · , xp) w*�*t��*Ý*� .�/ �q��5�6qó* q¡qtq�Ì� π1 7 t*��� π2.
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8�9 j*á*� Y :*s*Ô*á*�*x
;*ç Y w*Ã*�*s

y
(i)
j =

{
λ1, 0���� á*�*s x

(1)
j , j = 1, 2, · · · , n1,

λ2, 0���� á*�*s x
(2)
j , j = 1, 2, · · · , n2,

¤�< λ1, λ2 s�)�=qèqéqÞ�>qwqoq§qx
?q�q�qÃ λ1 = 1, λ2 = 0. £�@q¤qéqÙ e �qªq«q¬BAC2N�
�*w*­*® . ( �*t*x
� î í� qÙ e �q��Dq«q¬N�N�BAC2qÙ e�E�F�G ¢I�q��H�Iqxz¤q �+�,qw�� î- §�J�K�L*w Fisher � î >�M*¢ )
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� Å f # q �
� � ª Á W�X
b
c
� û W�X
b
c
d Ã\[ i q�]
À á\^\_\` q � WX�b�c�dba ubcbd l q � vbe � f
�\f��\g�Û
dbh�S�� j Á � a
�bi #\j d\k�Û qR # e Ö
×�$�0�� v ×
d
f�E ¬ ò
s\l ��
� Â\m �\n\o A,B, · · · , Ã
Ä � v � m « n p d�� v A | j m×n
� v A,��j

Am×n < A. Â A′ Ã�Ä A
dbqbr�� v � m×1

� v�| j pßoïp�q 1×n
� v�|j « oïp � ��á\s ^bt�d é�ê
ë q 	���� Âbu �bn\o a, b, · · · Ã�Ä pßoïp�q a′ , b′, · · ·

Õ � « o�p �Ë� v A
d\v��
j

rk(A). | � v An×n

d �\w W�%�&\x
¤ ∑n
i=1 aii

j
A
d\y q �
j tr(A). z A

j\{
� �
| � v
q�Æ �
j A > 0. z A
j\|\{
� �
| �

v
q�Æ �
j A ≥ 0.
���

A ≥ B, Ã
Ä A−B ≥ 0. � A > B, Ã
Ä A−B > 0. } Ò~\��� q R\�
ù
Ö
×
d�� v�� j\��� v �R # d\�\� � È �
d : §2.1 Â W�X\�
½
d�� v Ã
Ä q��\�\�\� \�W�X\�
½
d
fE�X\�
�
§2.2 ∼ §2.3

Ö
×�� v d\�\�\� Y���?
v ¤\��� v . §2.4 � \
Ò�J\�
d\�� X\�
¤
f�E\g
Û
d á ? i
� e
�   j q Ö
×�� v d Kronecker �� �Y � v d o�p¶�P\��	\�\�\�\�\�\�

§2.1  ¢¡¤£¦¥
§�¨�©�ª�«�¬�­�®�¯�°�±�²�³�´�µ�¶�·�¸�¹�¯ ����º¼» ²�½¼±�¾�¿¼¶�·�¸¼¹

¯\À\Á\Â\³\Ã\Ä\²�Å\Æ\Ç\À\Á\È\É ��Ê\Ë\Ì\Í\Î ­\®
n× 1 Ï\Ð�ÑÓÒ\Ô\Õ ¯\¶\·\¸¹\²�Ö\×\Ø\Ù\¯\Ú\Û�Ü\Ý ÑÓÒ ¸\¹\¯ßÞáà\â\ã �ä\å ¶\·\¸\¹

S æ × ÑÓÒ ¯\À\ç\è\é\²�Ö\ê ÑÓÒ\ë\ì�í\Ð�î\ï�ð\ñ ��ò\ó�ôõ ·\²�ö
S ÷Óø\ù\ï ç ÑÓÒ\ú\í�ûÓü\ý S ÷ ² S ÷Óø À ÑÓÒ\þ\ø À Ï\Ð ¯ î\ÿ��

übý S ÷ ²������ ëbì Ãbé�� í���	 �b² Ðbî Ãbé�� í�
�� ���bÂ\³b·�
 � È����
n×1 Ï Ñ�ÒbÔbÕ ¯bèbéb§ Rn,

Öb×bÀbçb¶b·b¸b¹ �����
Rn ÷bÑ�ÒbÔ a1, a2, · · · , ak¯\À������\¯\¶\· Ô é�� Õ ¯\è\é

S0 =
{
x =

k∑

i=1

αiai, α1, · · · , αk � § Ï\Ð } ,
������� ²

S0 � ×�¶�·�¸�¹�²���§ Rn

¯���¸�¹ �� �!
a1, a2, · · · , ak " Õ n × k���

A = (a1, a2, · · · , ak), # S0

� º §
S0 = {x = At, t ∈ Rk},

Ö�×
A
¯�$ Ñ Ò% Õ ¯���¸�¹�²�È�§ S0 = M(A).

�����'& ²
Rn

¯ ø À���¸�¹�(�×�)�À ��� ¯$ ÑÓÒ % Õ ¯��\¸\¹ �+* a1, a2, · · · , ak

§
Rn ÷ ¯\À Ô�ÑÓÒ ²  �, ý�- �\§�.\¯ Ï



· 18 · /+0+132+4+5+6+7+8+9+:
Ð α1, α2, · · · , αk, ;�< α1a1 + · · ·+αkak = 0, # � ÑÓÒ\Ô a1, a2, · · · , ak

×\¶\·�=�>
¯�?A@ # �bÖ Ë ×b¶b·�B�>b¯ �AC Ä��b¸b¹ S0 D À Ô ¶b·�B�>b¯ Ñ�Ò a1, a2, · · · , ak% Õ ² # � a1, a2, · · · , ak

§
S0

¯\À Ô Â\² k
�\§

S0

¯\Ý Ð ²�È�E k = dim(S0).ê
Rn F�G ² Ñ Ò�Ô e′i = (0, · · · , 0, 1, 0, · · · , 0), i = 1, 2, · · · , n

§�À Ô Â�²�H�I�² ý
ei ÷ ² 1 J Î�K i

ç J�L ��ä�M , Rn

¯\Ý Ð § n .
È

In = (e1, · · · , en)
§

n N�O�J� ² # Rn =M(In).
*

A = (a1, a2, · · · , ak), B = (b1, b2, · · · , bl), # �����P&
(1) dimM(A) = rk(A) ;

(2) M(A) ⊂M(A
... B), Q�R  bj , j = 1, 2, · · · , l

� º §
a1, a2, · · · , ak

¯\¶\· Ôé\² # M(A) =M(A
... B) .ê

Rn ÷ ¯ ø�ù�ï ç Ñ Ò a′ = (a1, a2, · · · , an), b′ = (b1, b2, · · · , bn), S�T Ö Ë¯PU ÿ § (a, b) = a′b =
∑n

i= aibi.
 

(a, b) = 0, # � a þ b V�� ²�È\§ a ⊥ b .
 

a þ ��¸�¹ S ÷ ¯�W�À�ç Ñ Ò�V�� ² # � a V�� Î S,
È�§

a ⊥ S.
�

(a′a)1/2 =

(
∑n

i=1 a
2
i )

1/2
§ ÑÓÒ a

¯�X�Y\²�È\§
‖a‖.

*
S
§\À��\¸\¹\² �����P&

S⊥ = {x Z x ⊥ S}
� ×�¶�·�¸�¹�²���§ S

¯ V��\[ ¸�¹ ��* A
§

n × k
��� ²�È

A⊥ §�����]�^
A′A⊥ = 0

� ò\ó�_�`�a ¯ �\� ² #
M(A⊥) =M(A)⊥. (2.1.1)

ê Î À\ç\¶\·\¸\¹
S,
C Ä , ý k

ç��\¸\¹
S1, · · · , Sk, ;�< ê ø\ù a ∈ S,

��b\À

�c §

a = a1 + · · ·+ ak, ai ∈ Si, i = 1, 2, · · · , k,

# � S
§

S1, · · · , Sk

¯�Ø í ²�È�§ S = S1 ⊕ · · · ⊕ Sk.
 Ç�À�d�e * ²�ê ø�ù ¯

ai ∈ Si, aj ∈ Sj , i 6= j
ó

ai ⊥ aj , # � S
§

S1, · · · , Sk

¯ V�� Ø í ²�È�§ S =

S1+̇ · · · +̇Sk, Q�R Rn = S+̇S⊥ ,
ê
Rn

¯ ø À��b¸b¹ S Õ�f �g* A = (A1
... · · ·

... Ak),

M(Ai) ∩M(Aj) = {0}, i 6= j, #
M(A) =M(A1)⊕ · · · ⊕M(Ak) .

 Ç\À�d�e *
A′

iAj = 0, i 6= j, #
M(A) =M(A1)

.
+ · · ·

.
+M(Ak) .

H\Á�h Ï ¯ �P&�ikj�l�m E�n�o �p ¬�q\ç�h Ï ² ý «\¬\¯\­\® ÷kr�s�t µ�u �v�w
2.1.1

ê ø\ù�x � A, y ó M(A) =M(AA′).
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��� � à
M(AA′) ⊂ M(A), ��� ° � M(A) ⊂ M(AA′).

h Ï�� ²�ê ø j
x ⊥ M(AA′),

ó
x′AA′ = 0. ��î x, < x′AA′x = ‖A′x‖2 = 0, � A′x = 0.

Î ×
x ⊥M(A).

& ä�� � �
v�w

2.1.2
*

An×m, Hk×m, #
(1) S = {Ax : Hx = 0}

×
M(A)

¯��\¸\¹\²
(2) dim(S) = rk




A

H


− rk(H).

��� K À\Ã\®\¯ �P& ×\½ O ¯\²�� � (2). -�� * rk(H) = k, # , ý m×m��� �
Q, ;�< HQ = (Ik

... 0).
Î ×

dim(S) = dim








A

H


x Z Hx = 0





= dim








A

H


Qx Z HQx = 0





= dim








U1 U2

Ik 0


x Z (Ik ... 0)x = 0





= dim{U2x(2) Z x(2) ø\ù }

= rk(U2) = rk




U1 U2

Ik 0


− rk(Ik) = rk




A

H


− rk(H),

� ÷ (U1
... U2) = AQ, x =




x(1)

x(2)


, x(1)

§
k × 1 ÑÓÒ ² x(2)

§
(m− k)× 1 Ñ

Ò � S�� ��� ����
2.1.1

*
M(A) ∩M(B) = {0}, # M(A′B⊥) =M(A′).��� � §

M(A′B⊥) = {A′x, x = B⊥t, t ø\ù } = {A′x,B′x = 0},
� S�� 2.1.2 � e * ]�^\² ó

dimM(A′B⊥) = rk




A′

B′


− rk(B′) = rk(A

... B)− rk(B) = rk(A) = dim(M(A′)).

�
M(A′B⊥) ⊂M(A′),Î ×
M(A′B⊥) =M(A′).
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S�� ��� �

§2.2 ���������
ã T � x � ¯������ M���� u 1935 � ¯ Moore

¯� �¡\®�¢
[83].
ê ø\ù À\ç

x � A, Moore
µ C�p�£ ç�]�^ Z

AXA = A,

XAX = X,

(AX)′ = AX,

(XA)′ = XA,

S�T ¨ A
¯\ã T � X .

� ×\² ý�¤ «\¯ 20 ��÷ ²¥H ð ã T ��q�¦�§ ó Æ�¨�© Ë ¯ª�«�¬ ù � Ø�u 1955 � ² Penrose[87]
�P& ¨���� � ¿�]�^\¯\ã T � ò\ó b\À\· ú«\²áã T �\¯�����­�® V §�© Ë\ä�¯�°\� Â Î H\ç�± � ²²© Ë�³ ��� � ¿ £ ç�]�^¯bã T ���b§ Moore-Penrose

ã T � � Penrose ´�µ�¶ ¬ ù ub¨bã T � í ¶b·�·�¸
Ô ¯ c\ú ¹\¯�>�¹ �ê Î = � ¶\·�·�¸ Ô

Ax = b, (2.2.1)

H�I
A
×

m × n x � ² � a rk(A) = r ≤ min(m,n). º ä�»�¼ ²�½ r = m = n¾ ²¿·�¸ Ô (2.2.1)
ó b\À c x = A−1b.

à F ²¿½ A - ����À�Á\³ - ×�· � ¾ ²  
(2.2.1)

ó B�Â ª c ² C�Ã µ A í b Ä�Å ½ O ¯�Æ�Ç º�È (2.2.1)
¯���� c ×�É�Ê�Ë¯ �

Penrose[87] Ì�Í ² ý ��� (2.2.1)
¯ c ¾ ² ä ±\µ\¯\ã T � � °\±���� � ¬\¯K À\ç�]�^ �kÎ H M «\²

20 Ï�Ð 50 ��Ñ «�Ò�u 60 ��Ñ�Ó Ò\²k> Î H ð ã T �\¯��� Í �\¨ ` Ò ¯�¢�Ô\²�Å��\µ�H ð ã T ��Õ�Ö c�× ¨�= � ¶\·�·�¸ Ô (2.2.1)
¯

c ¯ º�È�Ø�Ù\��Ê\Ë�³ H ð ã T �\È�E A−.
³�Ú\­\®�H ð ã T �\¯\·�
 � � ý ¶·�·�¸ Ô�� ® ÷ ¯\ª\µ � > Î ã T � x � ¯�Û�Ü\­\® l�m ��Ý�Þ�¢�Ô [16].

2.2.1 ß�à�á A
-

v à 2.2.1
ê x � Am×n,

À�������·�¸ Ô
AXA = A (2.2.2)

¯ x � X ,
�\§ x � A

¯\ã T �\²�È\§ A−.p ¬\¯ S���c�× ¨ A− ¯ , ý · í ��â\· Ø�Ù\�
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v�w
2.2.1

*
A
§

m× n x � ² rk(A) = r.
 

A = P




Ir 0

0 0


Q,

H�I
P í Q 
�R § m×m, n× n

¯���� � ² #
A− = Q−1




Ir B

C D


P−1,

H�I
B, C í D

§\©�½ N\Ð ¯ ø\ù�x �\���� *
X
§

A
¯\ã T �\² # ó

AXA = A⇐⇒ P




Ir 0

0 0


QXP




Ir 0

0 0


Q = P




Ir 0

0 0


Q

⇐⇒




Ir 0

0 0


QXP




Ir 0

0 0


 =




Ir 0

0 0


 .

 È
QXP =




B11 B12

B21 B22


 ,

#�� Ç
⇐⇒




B11 0

0 0


 =




Ir 0

0 0


⇐⇒ B11 = Ir .

Î ×\²
AXA = A⇐⇒ X = Q−1




Ir B12

B21 B22


P−1,

� ÷ B12, B21 í B22 ø\ù �
��� �

���
2.2.1 (1)

ê ø\ù�x � A, A− æ × , ý ¯�?
(2) A− b\À ⇐⇒A §�����· �\� ¤ ¾ A− = A−1;

(3) rk(A−) ≥ rk(A) = rk(A−A) = rk(AA−);

(4)
 
M(B) ⊂M(A),M(C) ⊂M(A′), # C ′A−B þ A− ¯�ç�è�B�> ���� é Ü�]�Ã�® - Ë Î S�� 2.2.1 � ã T ��¯ S�T�< u ��K�£ ] � ± ¬ ùu\²�e * ]�^
M(B) ⊂M(A),M(C) ⊂M(A′) ê�ë�ì ² , ý�x � T1, T2 ;�< B =

AT1, C = A′T2, í � �P& ä ±\Ã\® � ��� �
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���

2.2.2
ê ø À x � A ,

(1) A(A′A)−A′ þ ã T � (A′A)−
¯�ç�è�B�>�?

(2) A(A′A)−A′A = A, A′A(A′A)−A′ = A′.���
(1) D S�� 2.1.1

¼
M(A′) =M(A′A), � , ý�x � B, ;�< A′ = A′AB.Î ×\²

A(A′A)−A′ = B′A′A(A′A)−A′AB = B′A′AB, þ (A′A)−
B�> �

(2)
È

F = A(A′A)−A′A − A, î µ�ã T ��¯ S�T ²�� M ��� : F ′F = 0.
Î ×

F = 0.
K À�Ç < � ��ï ì � � K Ú�Ç �â\®

2.2.2
¯\Ã\®�ð t ¯ ±\² M « Ê\Ë ±�ñ�ò\µ�u �p ¬ ¯ ï ç Só�õô �óö có× ¨ µ ã T � x � º » = � ¶ ·ó·ó¸ Ôóc è ¯ ØÙ �

v�w
2.2.2

*
Ax = b

§\À�= � ·�¸ Ô ² #
(1)
ê ø À\ã T � A−, x = A−b ÷ § c ?

(2) ø�ù ·�¸ Ô Ax = 0
¯ Ä�c § x = (I −A−A)z,

H�I
z
§ ø\ù ¯ ÑÓÒ ² A−§ ø\ùPúkS ¯\À\ç\ã T ��?

(3) Ax = b
¯ Ä�c §

x = A−b+ (I − A−A)z, (2.2.3)

� ÷ A− § ø À úkS ¯\ã T �\² z
§ ø\ù�ÑÓÒ ����

(1) D = � ·�e *�¼ ² , ý x0, ; Ax0 = b. � ê ø À A−, A(A−b) =

AA−Ax0 = Ax0 = b.
ö

A−b
§ c �

(2)
*

x0

§
Ax = 0

¯ ø À c ²�ö Ax0 = 0, û�ü
x0 = (I −A−A)x0 +A−Ax0 = (I −A−A)x0,ö ø À c (�ý (I − A−A)z

¯�Æ�Ç � ñ Å�þ ²�ê ø À\¯ z,
�

A(I − A−A)z = (A −
AA−A)z = 0, � (I −A−A)z ÷ § c �

(3) ø ý S Àbçbã T � A−, D (1)
¼
x1 = A−b

§�·�¸ Ô Ax = b
¯bÀbç Q�c �

D (2)
¼

x2 = (I −A−A)z
§ ø�ù ·�¸ Ô Ax = 0

¯ Ä�c � ��ð ø�ù ¶\·�·�¸ Ô ¯
c Ã�� S�� ¼ ² x1 + x2

§
Ax = b

¯ Ä�c � ��� �v�w
2.2.3

*
Ax = b

§�= � ¶\·�·�¸ Ô ²k� b 6= 0, û�ü ²k½ A− ý�ÿ A
¯

ä\ó ã T � ¾ ² x = A−b
� Õ ¨���·�¸ Ô ¯���� c ���� �P& D ï � 
\Ô\Õ � � À\²�± � ê�W�À�ç A−, x = A−b

§
Ax = b

¯
c ²�H�� ý é À S���÷ �P& Å ¨ � � Ú\²�± � ê Ax = b

¯ ø À c x0, ÷ , ý À\ç
A−, ; x0 = A−b. D (2.2.3)

¼ ² , ý A
¯\À\ç\ã T � G � z0, ;�<

x0 = Gb+ (I −GA)z0.
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�
b 6= 0, � æ , ý�x � U , ;�< z0 = Ub. � C ²���ý U = z0(b

′b)−1b′.
Î ×

x0 = Gb+ (I −GA)Ub = (G+ (I −GA)U)b
4
= Hb,

� ÷ H = G+ (I −GA)U .
�����

H
§\À\ç

A−. S���< � �H\ç S�� × D Urquart
Î

1969 ��� Í ¯ � S�� 2.2.2
¯

(3) í�S�� 2.2.3
j Í¨�= � ¶\·�·�¸ Ô�c è\¯ ï\ð º\»\� ý (2.2.3) ÷ ² A− × úkS ¯\² (I −A−A)z
§

øbù�� � F ý�S�� 2.2.3 ÷ ² A− ×�	b¯b²C× øbù ¯ � H ïbð ºb»�
bó � ·�� ú�� ²
ý M «\¯\­\® ÷ Ê\Ë ± s�t µ�u\Ö Ë\�p ¬ ÊbË ­b® 
�
�x � ¯bã T � � µ�¶ ����� x ��, ý ¯����b² à\« ³�ï�� ¯��� í�������� Ø��\ª\µ�u - ���\¯���� � í�< u 
�
 ã T �\¯\Ã\Ä �v�w

2.2.4
*

A =




A11 A12

A21 A22




��� �� 
|A11| 6= 0, #

A−1 =




A11 A12

A21 A22




−1

=




A−1
11 +A−1

11 A12A
−1
22.1A21A

−1
11 −A−1

11 A12A
−1
22.1

−A−1
22.1A21A

−1
11 A−1

22.1


 .

(2.2.4) 
|A22| 6= 0, #

A−1 =




A−1
11.2 −A−1

11.2A12A
−1
22

−A−1
22 A21A

−1
11.2 A−1

22 +A−1
22 A21A

−1
11.2A12A

−1
22


 , (2.2.5)

� ÷ A22.1 = A22 −A21A
−1
11 A12, A11.2 = A11 −A12A

−1
22 A21.���  

|A11| 6= 0, # ó



I 0

−A21A
−1
11 I







A11 A12

A21 A22







I −A−1
11 A12

0 I


 =




A11 0

0 A22.1


 .

(2.2.6)

¤ Ç �P& ¨ A22.1

¯����\· � ï���� � x � ² ��� < u



A11 A12

A21 A22




−1

=




I −A−1
11 A12

0 I







A−1
11 0

0 A−1
22.1







I 0

−A21A
−1
11 I




=




A−1
11 +A−1

11 A12A
−1
22.1A21A

−1
11 −A−1

11 A12A
−1
22.1

−A−1
22.1A21A

−1
11 A−1

22.1


 .
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µ���� ï�� ¯�· ì � M �P& S�� ¯\«���� 
 �C Ä

A−1 - , ý ² Þáà ��� Ö\¯\ã T � � ê ¤ ² Ê\Ë\ó�C�p Ã\Ä �v�w
2.2.5 ( 
�
�x � ¯\ã T � ) (1)

 
A−1

11

, ý ² #



A11 A12

A21 A22




−

=




A−1
11 +A−1

11 A12A
−
22.1A21A

−1
11 −A−1

11 A12A
−
22.1

−A−
22.1A21A

−1
11 A−

22.1


 . (2.2.7)

(2)
 

A−1
22

, ý ² #



A11 A12

A21 A22




−

=




A−
11.2 −A−

11.2A12A
−1
22

−A−1
22 A21A

−
11.2 A−1

22 +A−1
22 A21A

−
11.2A12A

−1
22


 . (2.2.8)

(3)
 

A =




A11 A12

A21 A22


 ≥ 0,

#
A− =




A−
11 +A−

11A12A
−
22.1A21A

−
11 −A−

11A12A
−
22.1

−A−
22.1A21A

−
11 A−

22.1


 (2.2.9)

À

A− =




A−
11.2 −A−

11.2A12A
−
22

−A−
22A21A

−
11.2 A−

22 +A−
22A21A

−
11.2A12A

−
22


 , (2.2.10)

� ÷ A22.1 = A22 −A21A
−
11A12, A11.2 = A11 −A12A

−
22A21.��� Ê\Ë � �P& (1) í (3),(2)

¯ �P& þ (1) ��� �
¶ � (1).

½
A−1

11

, ý ¾ ² (2.2.6)
Ç ü\Õ�f � Î ×�Á���h Ï : B = PCQ, P

Û
Q���\² # B− = Q−1C−P−1(

�P&�i E�o Ù
),
ó




A11 A12

A21 A22




−

=




I −A−1
11 A12

0 I







A11 0

0 A22.1




−


I 0

−A21A
−1
11 I




=




I −A−1
11 A12

0 I







A−1
11 0

0 A−
22.1







I 0

−A21A
−1
11 I


 ,
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H�I\² Ê\Ë î µ\¨�h Ï�Z 


A−1
11 0

0 A−
22.1




×��\ê�� �



A11 0

0 A22.1




¯\ã T � ��³ � ¬\Ü\ç x � î���þ ²�ö < ä � � �
(3).
�

A ≥ 0, � , ý�x � B = (B1
... B2), ;�<

A = B′B =




B′
1B1 B′

1B2

B′
2B1 B′

2B2


 =




A11 A12

A21 A22


 ,

D â\® 2.2.2
¯

(2),
ó

A21A
−
11A11 = B′

2B1(B
′
1B1)

−B′
1B1 = B′

2B1 = A21, (2.2.11)

A11A
−
11A12 = B′

1B1(B
′
1B1)

−B′
1B2 = B′

1B2 = A12. (2.2.12)Î ×\² í (2.2.6)
= ��� ² ó




I 0

−A21A
−
11 I







A11 A12

A21 A22







I −A−
11A12

0 I


 =




A11 0

0 A22.1


 .

(2.2.13)� ¤ h Ï�� µ þ é ¬�����= ï ¯�· ì ²�� <



A11 A12

A21 A22




−

=




I −A−
11A12

0 I







A−
11 0

0 A−
22.1







I 0

−A21A
−
11 I


 .

! ¤ Ü x � = î ²�ö < ä � � µ ��� · ì � � K Ú ð º�! Ç � S�� ��� �Î S�� �P& Å ¸�� M�" Í ² Ê\Ë\ä � u\¯\ã T � � × A− ¯\À�� 
 � � ¤ ² S
��÷ ¯ A− º�! Ç (2.2.7)∼(2.2.10),

ª ��c § ��# × A
¯\ã T � � H\À�$\Å -�%�&ÊbË «b¬b¯bªbµ � � § ý ¶\·�'�(�)�* � ® ÷ ² Ê\Ëbä >�+b¯ Ò ( þ A− ¯�ç�è�B> �

S�� ¯�]�^ A−1
11

À
A−1

22

, ý À A ≥ 0 ´ � M ÇbÀ�d�,�- � � §b² D M(A12) ⊂
M(A11) í M(A′

21) ⊂ M(A′
11)
��â Í A11A

−
11A12 = A12 í A21A

−
11A11 = A21,

Î
×\²

(2.2.13) Õ�f � � ¤ ² (2.2.9) í (2.2.10) �\Õ�f � ��<
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2.2.3
ê x �

A =




A11 A12

A21 A22


 ,

 
M(A12) ⊂M(A11), M(A′

21) ⊂M(A′
11), # (2.2.9) í (2.2.10) Õ�f �

2.2.2 ß�à�á A
+

Î � Ú\¯\­\® ¼ ²�À�.�/ þ ã T � A− ó B�Â ª ç � ý H�B�Â ª ç A− ÷ ² óÀ\ç
A− 0 ó Q�1 ¯�ö J ²�Ö í ×\³\´\À ��2�� u\¯ Moore-Penrose

ã T � � � ýÊ\Ë j Í V Ç\¯ S�T ²�à\«\­\®\Ö\¯\À\Á\·�
 �v à 2.2.2
*

A
§ ø À x � ²  X

��� p ¿ £ ç�]�^ Z
AXA = A, XAX = X, (AX)′ = AX, (XA)′ = XA, (2.2.14)

# � x � X
§

A
¯

Moore-Penrose
ã T � ,

È�§
A+.

ó ¾ �
(2.2.14)

§
Penrose·�¸ �

3�w
2.2.1( 4�5�6�
�c )

* x � Am×n

¯ a §
r,
È\§

rk(A) = r, # , ý\ïç V�� · � Pm×m

Û
Qn×n, ;

A = P




Λr 0

0 0


Q′, (2.2.15)

� ÷ Λr = diag(λ1, · · · , λr), λi > 0, i = 1, 2, · · · , r. λ2
1, · · · , λ2

r

§
A′A
¯�ð�. Q È Á ���� � §

A′A
§\ê�� � ² � , ý�V�� · � Qn×n, 7

Q′A′AQ =




Λ2
r 0

0 0


 .

È
B = AQ, � Ç\ö\§

B′B =




Λ2
r 0

0 0


 .

H�/ &
B
¯�$ ÑÓÒ�8 = V�� ²�� é r

ç�$ ÑÓÒ X�Y 
�R § λ1, · · · , λr,
«

n− r
ç

$ ÑÓÒ §�. ÑÓÒ ��Î ×\² , ý À V�� · � Pm×m, ;�<

B = P




Λr 0

0 0


 .
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 D B = AQ, f�< (2.2.15).
��� �

Ä�t � λ1, · · · , λr

§
A
¯ 4�5�6 �

î µ�H\ç\Æ � ²�� M ��â\·�ö j Í A+.v�w
2.2.6 (1)

*
A
ó 
�c Ç (2.2.15), #

A+ = Q




Λ−1
r 0

0 0


P ′. (2.2.16)

(2)
ê ø Ã x � A,A+

b\À �
���

(1)
É ��� Ø�� ��� ²

(2.2.16)
¯ ��# ��� (2.2.14).

(2)
*

X í Y
(\×

A+, D (2.2.14)
¯ £ ç�]�^ ¼

X = XAX = X(AX)′ = XX ′A′ = XX ′(AY A)′ = X(AX)′(AY )′ = (XAX)AY

= XAY = (XA)′Y AY = A′X ′A′Y ′Y = A′Y ′Y = (Y A)′Y = Y AY = Y.H í �P& ¨�b\À\· �� §
A+
×\À\ç Q�1 ¯ A−,

� ¤ ²�Ö�9\¨ ò\ó A− ¯����¼·�
�:\² ´ ó�p $·�
 �
���

2.2.4 (1) (A+)+ = A;

(2) (A+)′ = (A′)+;

(3) I ≥ A+A;

(4) rk(A+) = rk(A);

(5) A+ = (A′A)+A′ = A′(AA′)+;

(6) (A′A)+ = A+(A′)+;

(7)
*

a
§\À�ð�. ÑÓÒ ² # a+ = a′/‖a‖2;

(8)
 

A
§\ê���· � ²�Ö�� º §

A = P




Λr 0

0 0


P ′,

H�I
P
§ V�� � ² Λr = diag(λ1, · · · , λr), r = rk(A), #

A+ = P




Λ−1
r 0

0 0


P ′.

H\Á�h Ï ¯ �P& (\Â Î (2.2.16), ; ´ ikj�l�m �
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Î S�� 2.2.2

À
2.2.3

¼ ²�ê�= � ¶\·�·�¸ Ô Ax = b, x0 = A+b ÷ § c ��p ¬¯ S���<�= ¨�H\ç c ¯\·�
 �v�w
2.2.7 ý = � ¶b·�·�¸ Ô Ax = b

¯ c è ÷ ² x0 = A+b
§�X�Y _�> m �

��� D (2.2.3),Ax = b
¯ Ä�c � º §
x = A+b+ (I − A+A)z.

Î ×
‖x‖2 = (A+b+ (I −A+A)z)′(A+b+ (I −A+A)z)

= ‖x0‖2 + z′(I −A+A)2z + 2b′(A+)′(I −A+A)z

= ‖x0‖2 + z′(I −A+A)2z ≥ ‖x0‖2. (2.2.17)

� ¤ (A+)′(I − A+A) = (A+)′ − (A+)′A+A = 0 í z′(I − A+A)2z ≥ 0
ê ø\ù ¯ z

Õ�f � ý (2.2.17) ÷ ²��\É Õ�f ⇐⇒ (I −A+A)z = 0⇐⇒ x = A+b.
��� �

� ¬ Ê�Ë�ä ­�®�¯�ã T � A− í A+,
×����

(2.2.14)
K À�] í �?� £ ]�¯ ïç�@ # ��� � Þ
à ÊbË ´ � M S�T ��� £ ç�]�^ ÷Óø À\çbÛ øbï ç�À ø Übç\¯bã T� � D Î HbÁbã T � ý ¶b·�'�(b¯���� ÷ ªbµ -�A�
 ã�Bb² ¤���í�-  �CbÇ\À�d\¯­\®\¨ � l�m ��Ý�Þ�¢�Ô

[16].

§2.3 DFEHG �
� §�I���·�J í χ2 
�K ó É�L��\¯�>�¹\² � F ý ¶\·�'�( æ�M\Ð���N *\¯ �Ö\À\Á 
�O�÷ ²PI���·�J�( ó À S ¯\ª\µ �PQ\Î ¤ ² Ê\Ë ý H\À\´�R�SÓ­\®�I���·J\¯\À\Á ¯ ±\·�
 �
v à 2.3.1

 ·�J
An×n

���
A2 = A, # � A

§�I���J
(idempotent matrix).v�w

2.3.1
I���J\¯ Q È Á � �\§ 0

À
1.H\ç�h Ï ¯ �P& É ��� ² Î�T\�v�w

2.3.2
ê ø\ù ¯ x J A,

(1) A−A,AA−, I−A−A, í I−AA− (b×�I���J � Q�R ² A+A,AA+, I−A+A,

í I −AA+
(\×�I���J�?

(2)
 

A
§\ê���I���J\² # A+ = A.��� Î S�T ������� (1), î µ S�� 2.3.1 í â\® 2.2.4 ú (8), f�< (2).v�w

2.3.3 (1)
 

An×n

I��\² # tr(A) = rk(A).

(2) An×n

I��
⇐⇒ rk(A) + rk(I −A) = n.
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���
(1)
*

rk(A) = r, # , ý ����·�J P, Q, ;

A = P




Ir 0

0 0


Q.

!
P, Q 
�
�Z P = (P1

... P2),
� ÷ P1

§
n× r

¯ x J\² Q =




Q1

Q2


 ,
� ÷ Q1

§
r × n

¯ x J\² Î × A = P1Q1. Y À�·\¬\² D A2 = A, < u



Ir 0

0 0


QP




Ir 0

0 0


 =




Ir 0

0 0


 ,

� Q1P1 = Ir.
ä�M

tr(A) = tr(P1Q1) = tr(Q1P1) = tr(Ir) = r = rk(A).(1) < � �
(2) ÷ ±\·\× � à\¯ � h Ï�� ² D A

¯�I��\· ¼ ²
I −A � I�� � î µ�Z � Å¯\·�
\² ó

n = tr(In) = tr(In −A+A) = tr(In −A) + tr(A) = rk(In −A) + rk(A).

ñ Å�þ ² * rk(A) = r, # Ax = 0
ó

n− r
ç\¶\·�B�>\¯ c ²�Ö Ë ×\ê\ª Î Q È Á.\¯

n− r
ç\¶\·�B�>\¯ Q È ÑÓÒ � D rk(I −A) = n− r

¼ ²
Ax = x

ó
r
ç\¶\·

B�>\¯ c ²�Ö Ë ×\ê\ª Î Q È Á 1
¯

r
ç\¶\·�B�>\¯ Q È ÑÓÒ � � §�H n

ç Q È
ÑÓÒ ¶\·�B�>\² Î × A

= � Î



Ir 0

0 0


 ,

ö , ý ����J P, ;
A = P




Ir 0

0 0


P−1.

� A2 = A.
��� �

v�w
2.3.4

*
Pn×n

§�ê��?I��?J
, rk(P ) = r, # , ý a § r

¯
An×r, ;

P = A(A′A)−1A′.��� �
P
§\ê���I���J\² � , ý�V�� J R = (R1

... R2), ;�<

P = R




Ir 0

0 0


R′ = (R1 R2)




Ir 0

0 0







R′
1

R′
2


 = R1R

′
1 = R1(R

′
1R1)

−1R′
1,
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H�I\µ�u\¨

R′
1R1 = Ir.

 �[
A = R1, S���< � �� ý Ê�Ë ­�® V��]\?%�í\V��^\?% J ��* x ∈ Rn,S

§
Rn

¯�À�ç�¶�·���¸
¹ � ê

x
E 
�c

x = y + z, y ∈ S, z ∈ S⊥, (2.3.1)

# � y
§

x ý S � ¯ V���\�% �� P
§

n N ·�J\² ;�< ê\À�� x ∈ Rn,(2.3.1) S
T ¯ y

���
y = Px, # � P

§ Ñ S
¯ V���\�% J �Ê�Ë�¼?_ ²�ê

Rn

¯ ø À���¸�¹ S,
(�� M?` u x J An×m, ;�< S = M(A).ä�M ² p ¬\¯ S�� j Í ¨ V���\�% J\¯ º\»\�v�w

2.3.5
*

A
§

n ×m x J\² PA

§ Ñ M(A)
¯ V��?\�% J\² # PA =

A(A′A)−A′.�\� È
B
§¼À x J¼² ;\< M(B) = M(A)⊥, # ê ø À x ∈ Rn,

ó 
\c
x = Aα+Bβ,

H�I
α, β
§b©�½bÝ Ð ¯�$ Ñ�Ò � � S�T ² PAx = PAAα+PABβ = Aα,ê\À��

α, β
( Õ�f � ��V���\�% J PA

��� x J�·�¸ Ô




PAA = A,

PAB = 0.
(2.3.2)

D K Ú�·�¸\â < ² M(P ′
A) ⊂M(B)

⊥
=M(A).

Î ×\² , ý�x J U, P ′
A = AU. Ñ ÜK À�·�¸\² < U ′A′A = A. ¤ ·�¸ Ô ×�= � ¯\² D S�� 2.2.3 ,U = (A′A)−A′.

Î ×
PA = U ′A′ = A((A′A)−)′A′ = A(A′A)−A′.

H�I\ª\µ\¨\â\®
2.2.2 ú (1) � ((A′A)−)′ ü §\À\ç (A′A)−. S�� ��� �� §

PA = A(A′A)−A′ þ ã T ��ç�è�B�>\² ä�M V���\�% J\×�b\À\¯ �v�w
2.3.6 P

§ V���\�% J ⇐⇒ P
§\ê���I���J �

�\� *
P
§ Ñ M(A)

¯ V\�^\]% J¼² D � À S\� ² P = A(A′A)−A′ =

A(A′A)+A′,
ê��\· < � � î µ\â\® 2.2.2 ú (2),

ó
P 2 = A(A′A)−A′A(A′A)−A′ = A(A′A)−A′ = P.

÷ ±\· < � �ba 
 ·\ö S�� 2.3.4.
��� �

v�w
2.3.7 n N ·�J P

§ V���\�% J ⇐⇒ ê ø j x ∈ Rn,

‖ x− Px ‖= inf ‖ x− u ‖, u ∈ M(P ). (2.3.3)

��� ¶ � ÷ ±\· � ø ý u ∈M(P ), v ∈ M(P )
⊥

,
È

y = u+ v, # u = Py.

‖ x− u ‖2 = ‖ x− Py ‖2=‖ x− Px+ Px− Py ‖2



§2.3 UWVWX|4 · 31 ·

= ‖ (x− Px) + P (x− y) ‖2

= ‖ x− Px ‖2 + ‖ P (x− y) ‖2 +2x′(I − P )P (x− y)

= ‖ x− Px ‖2 + ‖ P (x− y) ‖2

≥ ‖ x− Px ‖2 (2.3.4)

�\É Õ�f ⇐⇒ Px = Py,
ö

u = Px. ÷ ±\· < � �a 
 · �� (2.3.3) Õ�f ² Ê\Ë µ�¶ �P&
x′(I − P )′P (x− y) = 0,

ê\À��
x, y Õ�f . (2.3.5)

µ�ñ � ì � e *�, ý x0 í y0, ;�<
x′0(I − P )′P (x0 − y0) = c 6= 0,

� M e S c < 0.
� §  

c > 0, # ý���� x0 − y1 = −(x0 − y0)
¯

y1 Ñ�c y0,
��d

§
c < 0

¯���Æ�e�ý
y
���

x0 − y = ε(x0 − y0) ,
Å\È

u = Py, #
‖ x0 − u ‖2 = ‖ x0 − Py ‖2

= ‖ x0 − Px0 ‖2 + ‖ P (x0 − y) ‖2 +2x′0(I − P )P (x0 − y)

= ‖ x0 − Px0 ‖2 +ε2 ‖ P (x0 − y0) ‖2 +2εx′0(I − P )P (x0 − y0)

= ‖ x0 − Px0 ‖2 +ε2 ‖ P (x0 − y0) ‖2 +2εc.

�
c < 0, � ý ε > 0

a 
 > ²�� ;�� Ç\« ï�� >\Î .�e Î ×
‖ x0 − u ‖2<‖ x0 − Px0 ‖2 .

H þ (2.3.3) f�g ² H í �P& ¨ (2.3.4).
�

(2.3.5)
ê\À��

x í y Õ�f ² � M(P ) þ
M(I − P ) V�� eb� ¤ � â ¼ ² rk(P ) + rk(I − P ) = n.

ä�M ²�ê ø\ù x ∈ Rn ,
ó


�c Ç
x = Px+ (I − P )x, Px ∈ M(P ), (I − P )x ∈M(P )⊥.

� S�T ² P
§ Ñ M(P )

¯ V���\�% J�e S�� ��� eH\ç S���<�= ¨ V���\�% J\¯�h?i _?j ·�²�ö ý ¶\·��\¸�¹ M(P )
¯ ä\ó Ñ

Ò�÷ ² � ó x
¯ V���\�% J Px

u
x
¯�h�i

‖ x − Px ‖
_�j e�H\ç\Ã\Ä ý _�> Ú

î )�* � ® ÷ ó�¯ ±\ª\µ�e
ý À S ¯�]�^ p ² V���\�% J\¯ í ²lk\² ÿ\ü § V���\�% J\²+H\Á\Ã\Ä�m�n ýC�p Ü\ç S���÷ ev�w

2.3.8
*

P1 í P2

§ ï ç V���\�% J\² #
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(1) P = P1 + P2

§ V���\�% ⇐⇒P1P2 = P2P1 = 0;

(2)
½

P1P2 = P2P1 = 0
¾ ²

P = P1 + P2

§ Ñ M(P1) ⊕M(P2) � ¯ V��?\% e ���
(1)
a 
 · ��� ² p � ÷ ±�·?e�e * P

×�À�ç V��?\?% J�²�Á?� S��
2.3.6

¼
P 2 = P .

Î ×
P1P2 + P2P1 = 0, (2.3.6)

µ
P1 
�R�o\î\í��\î (2.3.6) < u

P1P2 + P1P2P1 = 0, (2.3.7)

P2P1 + P1P2P1 = 0. (2.3.8)

³ �\ï Ç�= ë ²�Å î µ (2.3.6), < u

P1P2P1 = 0. (2.3.9)

 D (2.3.7) í (2.3.8),
� < u P1P2 = P2P1 = 0.

(2)
Ê\Ë � ° �P&

M(P ) =M(P1)⊕M(P2). (2.3.10)

ê ø À y ∈M(P ),
, ý x ∈ Rn, ;�< y = Px,

Î ×
y = Px = P1x+ P2x = y1 + y2,

H�I
yi = Pix ∈ M(Pi), i = 1, 2,

� Î
P1P2 = 0

�\â ¼
y1 ⊥ y2. S�� ��� ev�w

2.3.9
*

P1 í P2

§ ï ç V���\�% J\² #
(1) P = P1P2 � § V���\�% J ⇐⇒ P1P2 = P2P1;

(2)
½

P1P2 = P2P1

¾ ²
P = P1P2

§ Ñ M(P1) ∩M(P2) � ¯ V���\�% J�e
¤�S�� ��� ² ikj�l�m E�n�o�ev�w

2.3.10
*

P1 í P2

§ ï ç V���\�% J\² #
(1) P = P1 − P2

§ V���\�% J ⇐⇒ P1P2 = P2P1 = P2;

(2)
½

P = P1 − P2

§ V��?\�% J ¾ ² P
§ Ñ M(P1) ∩M(P2)

⊥ � ¯ V��?\
% e

¤�S�� ¯ �P& ��� Î S�� 2.3.8,
ikj�l�m E�n�o�e
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§2.4 y{z{|{}{~�| ¡�������E��
³\´\­\® Ï ê���J\¯ Q È 6 ¯�@ 6 ·�
 þ q\ç ¯ ± - ��Ç?e * A

§
n× n Ïê��?J�² Ê�Ë µ

λ1(A), · · · , λn(A)
º�»

A
¯ Q È 6 e ý�-?7 Æ�¨?�?� ¾ ² � ½�È§

λ1, · · · , λn.
È

ϕ1, · · · , ϕn

§�ê�ª�¯?�?� V�� d Q È Ñ Ò e Ê�Ë æ e S λ1(A) ≥
· · · ≥ λn(A),

Å��
λi(A)

§
A
¯ K

i
ç���� Q È 6 ep ¬\¯ S���<�= ¨ Q È 6 ¯�@ 6 ·�
�ev�w

2.4.1 (Rayleigh-Ritz)
*

A
§

n× n
ê���J\² #

(1) sup
x6=0

x′Ax
x′x = ϕ′

1Aϕ1 = λ1,

(2) inf
x6=0

x′Ax
x′x = ϕ′

nAϕn = λn.��� È
Φ = (ϕ1, · · · , ϕn), Λ = diag(λ1, · · · , λn).

ê ø\ù x ∈ Rn,
, ý�ÑÓÒ t,

; x = Φt. �
x′Ax

x′x
=
t′Λt

t′t
=

n∑

i=1

λiωi ≤ λ1

n∑

i=1

ωi = λ1,

H�I
ωi = t2i /

∑
t2j ≥ 0,

∑n
i=1 ωi = 1,

Å����\É Õ�f ⇐⇒ω1 = 1, ωi = 0, i > 1 ⇐⇒
x = aϕ1,

� ÷ a
§ Ð e (1) < � eï � � � (2).���

2.4.1
ê ø À n N ê���·�J A = (aij),

æ ó λn ≤ aii ≤ λ1, i = 1, · · · , n.���
2.4.2

*
A
§

n× n
ê���J\² #

(1) sup
ϕ′

i
x=0

i=1,···,k

x′Ax
x′x = ϕ′

k+1Aϕk+1 = λk+1,

(2) inf
ϕ′

i
x=0

i=1,···,k

x′Ax
x′x = ϕ′

nAϕn = λn,

(3) sup
ϕ′

i
x=0

i=k+1,···,n

x′Ax
x′x = ϕ′

1Aϕ1 = λ1,

(4) inf
ϕ′

i
x=0

i=k+1,···,n

x′Ax
x′x = ϕ′

kAϕk = λk .

v�w
2.4.2

*
A
§

n× n
ê���J\²

B
§

n× k
ê���J\² #

(1) inf
B

sup
B′x=0

x′Ax
x′x = sup

Φ′

k
x=0

x′Ax
x′x = ϕ′

k+1Aϕk+1 = λk+1,

(2) sup
B

inf
B′x=0

x′Ax
x′x = inf

Φ′

(k)
x=0

x′Ax
x′x = ϕ′

n−kAϕn−k = λn−k,� ÷ Φk,Φ(k) 
�R º\» Φ = (ϕ1, · · · , ϕn)
¯ é

k
$ í « k

$�e
���

(1)
È

x = Φy, #
sup

B′x=0

x′Ax

x′x
= sup

H′y=0

y′Λy

y′y
≥ sup

H′(y′
1 0)′=0

y′1Λ1y1
y′1y1
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≥ inf
H′(y′

1 0)′=0

y′1Λ1y1
y′1y1

≥ inf
y1 6=0

y′1Λ1y1
y′1y1

= λk+1,

� ÷ Λ = diag(λ1, · · · , λn), H = Φ′B, Λ1 = diag(λ1, · · · , λk+1), y
′ = (y′1 y′2),

y1 Z (k + 1)× 1,
Î ×

inf
B

sup
B′x=0

x′Ax

x′x
≥ λk+1.

 D â\® 2.4.2 ú (1)
¼ ²

sup
Φ′x=0

x′Ax

x′x
= ϕ′

k+1Aϕk+1 = λk+1.

& ä�� � e
(2)
µ þ (1)

ï�� ¯\È\É
inf

B′x=0

x′Ax

x′x
= inf

H′y=0

y′Λy

y′y
≤ inf

H′(0 y′
2)

′=0

y′2Λ2y2
y′2y2

≤ sup
H′(0 y′

2)
′=0

y′2Λ2y2
y′2y2

≤ sup
y2

y′2Λ2y2
y′2y2

= λn−k ,

� ÷ Λ2 = diag(λn−k, · · · , λn), y′ = (y′1, y
′
2), y2: (n− k)× 1. û�ü

sup
B

inf
B′x=0

x′Ax

x′x
≤ λn−k.

D â\® 2.4.2 ú (4)
¼

inf
Φ′

(k)
x=0

x′Ax

x′x
= ϕ′

n−kAϕn−k = λn−k.

H í � Õ ¨ S�� ¯ �P& ep ¬\¯�q\ç S�� j Í ¨ ó >\ê���J\¯ Q È Á\¯\À\Á ¯ ± - ��Ç�ev�w
2.4.3(Sturm 
 i S�� )

*
A
§

n× n
ê���J\²�È

Ar =




a11 · · · a1r

...
...

ar1 · · · arr



, r = 1, · · · , n

§
A
¯���������Ç\² #

λi+1(Ar+1) ≤ λi(Ar) ≤ λi(Ar+1), i = 1, 2, · · · , r.
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��� ¶ � K À - ��Ç\²�È gi

§
Ar

ê\ª Î Q È Á λi(Ar)
¯���� V�� d Q È

ÑÓÒ , i = 1, · · · , r,
�\â\®

2.4.2 ú (1), <
λi(Ar) = sup

g′
j
x=0

j=1,···,i−1

x′Arx

x′x
= sup

yr+1=0

(g′
j
,0)y=0

j=1,···,i−1

y′Ar+1y

y′y
≥ inf

B
sup

B′y=0

y′Ar+1y

y′y
= λi+1(Ar+1),

� ÷ y : (r + 1)× 1, B : (r + 1)× i,
H�I\ª\µ\¨ S�� 2.4.2. � K Ú\ç - ��Ç�e�È ψi, i = 1, · · · , r + 1

§
Ar+1

ê\ª Q È Á λi(Ar+1), i =

1, · · · , r + 1,
¯���� V�� d Q È ÑÓÒ ² ��� ö\² ó

λi(Ar+1) = sup
ψ′
j
y=0

j=1,···,i−1

y′Ar+1y

y′y
≥ sup

yr+1=0

ψ′
j
y=0

j=1,···,i−1

y′Ar+1y

y′y

= sup
ψ̃j

′x=0

j=1,···,i−1

x′Arx

x′x
≥ inf

B
sup

B′x=0

x′Arx

x′x
= λi(Ar),

� ÷ ψj = (ψ̃j
′
r×1 ∗)′, B Z r × (i− 1). S���< � ev�w

2.4.4( Weyl S�� )
*

A í B û § n× n
¯\ê���J\² #

λi(A) + λn(B) ≤ λi(A+B) ≤ λi(A) + λ1(B), i = 1, · · · , n.

��� *
x′x = 1,

� à ó
x′Ax+ min(x′Bx) ≤ x(A+B)x ≤ x′Ax + max(x′Bx),

Á�� S�� 2.4.1
ó

λi(A) + λn(B) ≤ λi(A+B) ≤ λi(A) + λ1(B).

��� e
Weyl S�� j Í ¨ A+B Q È Á\¯ � Û p�� ev�w

2.4.5(Poincare 
 i S�� )
*

An×n

§�ê��?J�²
P
§

n × k
¯�$ V��J\²�ö

P ′P = Ik, #
λn−k+i(A) ≤ λi(P

′AP ) ≤ λi(A), i = 1, · · · , k.

��� !
P � a § V�� ·�J P̃ = (P

... Q),
È

H = P̃ ′AP̃ =




P ′AP P ′AQ

Q′AP Q′AQ,


 ,
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Hk

§
H
¯

k N ��������J�e ¬ ù u Hk = P ′AP,Hn = P̃ ′AP̃ , î µ sturm S�� ²ó
λi(A) = λi(P̃

′AP̃ ) ≥ λi(P
′AP ) = λi(Hk) ≥ λi+1(Hk+1) ≥ · · ·

≥ λi+(n−k)(Hn) = λi+n−k(P̃ ′AP̃ ) = λn−k+i(A),ö
λi(A) ≥ λi(P

′AP ) í λi(P
′AP ) ≥ λn−k+i(A).

��� e
Î H\ç S�� ¯ �P& Å ¸�� M�" Í ² Poincare S�����-�Å × Sturm S�� ¯\À\ç½ O ª�µ�² � ×�² D Î Poincare S��?<?= ¨ x J ÿ ¯ Q È Á�¯�·�
�² � ¤�ý ª�µ

� � <�� ¯ ±\Á�ev�w
2.4.6(Kantorovich - ��Ç )

*
An×n

§ V�S J\² λ1 ≥ λ2 ≥ · · · ≥ λn

§
A
¯ Q È Á\² #

1 ≤ x′Ax · x′A−1x

(x′x)2
≤ 1

4

(λ1 + λn)2

λ1λn
.

��� o�� ¯ - ��Ç ��� Î Cauchy-Schwarz - ��Ç (� ³�����o Ù ) < u�e �� ����- ��Ç\² µ�¶
x′Ax · x′A−1x

(x′x)2
≤ 1

4

(λ1 + λn)2

λ1λn
⇐⇒ x′Ax · x′A−1x ≤ λ1 + λn

2
· λ

−1
1 + λ−1

n

2
,

� ÷ x′x = 1.
*

Q
§ V�� ·�J\² 7 A = QΛQ′, Λ = diag(λ1 ≥ λ2 ≥ · · · ≥ λn).

È
u = Q′x, � Ç ⇐⇒
u′Λu·u′Λ−1u ≤ λ1 + λn

2
·λ

−1
1 + λ−1

n

2
⇐⇒ u′

(
2

λ1 + λn
Λ

)
u·u′

(
2

λ−1
1 + λ−1

n

Λ−1

)
u ≤ 1,

� ÷ u′u = 1. î µ�q Ã�� � >\Î������ � ² #�� Ç\¯\À\ç a 
 ]�^\§\²�ê\À�� u

u′
( ∧
λ1 + λn

+
∧−1

λ−1
1 + λ−1

n

)
u ≤ u′u,

F ¤ Ç��
⇐⇒ λi

λ1 + λn
+

λ−1
i

λ−1
1 + λ−1

n

≤ 1, i = 1, · · · , n.

⇐⇒ (λi − λ1)(λi − λn) ≤ 0, i = 1, · · · , n.& ä�� � e
v�w

2.4.7(Wielandt)
*

A
§

n × n V�S ê���J\² λ1 ≥ · · · ≥ λn > 0
§

A¯ Q È 6 ² # ê ø\ù À\ê V���ÑÓÒ x í y,
ó

| x′Ay |2≤
(
λ1 − λn

λ1 + λn

)2

x′Ax · y′Ay, (2.4.1)

� , ý�V���ÑÓÒ x í y, ; (2.4.1)
¯��\É Õ�f e
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��� � à Ê\Ë � °\ê ‖ x ‖= 1, ‖ y ‖= 1
¯ V���ÑÓÒ �P& (2.4.1).

*
x í y§ ø À\ê���� V���ÑÓÒ ² S�T

B = (x, y)′A(x, y),

H�I
B
×�À�ç

2 × 2 V�S ê��?J�²�È � Q È 6 § µ1 ≥ µ2 > 0.
Á?�

Poincare S
� ² Ê\Ë\ó

λ1 ≥ µ1 ≥ µ2 ≥ λn. (2.4.2)

Y À�·\¬
1− | x′Ay |2

x′Ax · y′Ay = 4
x′Ax · y′Ay− | x′Ay |2

(x′Ax+ y′Ay)2 − (x′Ax− y′Ay)2 =
4 detB

tr(B)2 − (x′Ax − y′Ay)2

=
4µ1µ2

(µ1 + µ2)2 − (x′Ax− y′Ay)2 ≥
4µ1µ2

(µ1 + µ2)2
. (2.4.3)

H�I��\É Õ�f ½�� Ì ½ x′Ax = y′Ay,
�
x, y
§\À\ê���� V���ÑÓÒ e (2.4.3)

� M��
� §

| x′Ay |2
x′Ax · y′Ay ≤ 1− 4µ1µ2

(µ1 + µ2)2
=

(
µ1 − µ2

µ1 + µ2

)2

=

(
µ1/µ2 − 1

µ1/µ2 + 1

)2

,

� § ��# × µ1/µ2

¯ O����\Ð ²�Ã\é (2.4.3), <
| x′Ay |2

x′Ax · y′Ay ≤
(
λ1/λn − 1

λ1/λn + 1

)2

=

(
λ1 − λn

λ1 + λn

)2

,

(2.4.1) < � e  È ϕ1 í ϕn 
�R §\ê\ª Î λ1 í λn

¯
A
¯���� V�� d Q È ÑÓÒ ²

# ������� ²�½ x = (ϕ1 + ϕn)/
√

2, y = (ϕ1 − ϕn)/
√

2,
�\É Õ�f e S�� ��� e

Wang ( ����� ) í Ip[106]
³

Wielandt - ��Ç\â\ã�u x í y
§ x J\¯���Æ\² Åj Í ¨�� ª N *\ª\µ�e

§2.5 �  
*

A, B
§ ï ç n N ê���J\²  B −A ≥ 0,

ö
B −A

§�� V�S J\² # � A ¡Î
B,
È\§

B ≥ A
À

A ≤ B. ��� ² A > B
º &

A− B
§ V�S J�e ������� ²�ê��J\¯�H ð >�¹���� p $\·�
 Z

(1)
Þ²ñ\·

: A ≥ A;

(2) ¢�£ · :
 

A ≥ B,B ≥ C, # A ≥ C;

(3)
 

A ≥ B,B ≥ A, # A = B.H ð >�¹�¤��\§ Lowner ¥ ��e � §\Å�ð ø\ù\ï ç\ê���J�( ó H ð >�¹\² ä�M � �§ ¥ � . Lowner ¥ � ý�N * ÷ ó ã�B\ª\µ�e
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v�w

2.5.1( O�� · )
*

A,B
§ ï ç n N ê���J�e

(1)
 

A ≥ B, # λi(A) ≥ λi(B), i = 1, · · · , n;

(2)
 

A > B, # λi(A) > λi(B), i = 1, · · · , n.

¤ ÃbÄ�� D Weyl S�� Ø�� < u�e ��¬ ù�S�� 2.5.1
¯�� S���¦�÷bÕ�f e � C ²

*
A =




4 0

0 2


 , B =




2 0

0 3


. D ¤�f ö�� < C�p â\® Z

���
2.5.1

*
A ≥ B ≥ 0, #

(1) tr(A) ≥ tr(B),

(2) | A |≥| B |,

(3) rk(A) ≥ rk(B).v�w
2.5.2

*
A í B

§ ï ç n N ê���J\² P
§

n× k x J�e
(1)
 

A ≥ B, # P ′AP ≥ P ′BP ;

(2)
 

rk(P ) = k, A > B, # P ′AP > P ′BP .���
(1) D A ≥ B

¯ S�T ¼ ²�ê ø\ù x ∈ Rn,
ó

x′(A −B)x ≥ 0,
Î ×\²�ê

ø\ù x ∈ Rn,

x′(P ′AP − P ′BP )x = (Px)′(A−B)(Px) ≥ 0,

¤ ö P ′AP − P ′BP ≥ 0.

(2)
*

A > B, rk(P ) = k, # ê ø¼ù x 6= 0,
Ê¼Ë¼ó

Px 6= 0,
� ¤ ê ø¼ù

x ∈ Rk(x 6= 0),
ó

x′(P ′AP − P ′BP )x = (Px)′(A−B)(Px) > 0,

� P ′AP − P ′BP > 0.v�w
2.5.3

*
A ≥ B ≥ 0, #

M(B) ⊂M(A).

��� µ�¶ Î S�T ¼ Z A ≥ B ⇐⇒ ê ø\ù x, x′Ax ≥ x′Bx.
 

x ∈M(A)⊥, #
x′Ax = 0,

Ç F ó x′Bx = 0, ��í × x ∈ M(B)
⊥

,
H í �'& ¨ M(A)

⊥ ⊂ M(B)
⊥

,� ¤ M(B) ⊂M(A).
��� e

� ý ÊbË ÆbÇ�� V�S ·�J\¯ � ·�Á�J�e  A ≥ 0,
� äbó Q È Á λi ≥ 0, # ���� ·�Á

λ
1/2
i

(\× Ï\Ð . Φ
§

λi

ê\ª\¯
n
ç���� V�� d Q È ÑÓÒ §�$ Ô\Õ ¯ x J\²È

Λ1/2 = (λ
1/2
1 , · · · , λ1/2

n ).
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S�T
A1/2 = ΦΛ1/2Φ′,

�
A1/2

§
A
¯ � ·�Á�J�e � ¤

(A1/2)2 = ΦΛ1/2Φ′ΦΛ1/2Φ′ = ΦΛΦ′ = A.

� à\²
A1/2 ≥ 0.C Ä
A > 0, #�- Ë �P& A1/2 > 0.

� ¤ ² Ê\Ë � M � A1/2
¯�� x J\²�È ú §

A−1/2,
ö

A−1/2 = (A1/2)−1. î µ Φ
§ V�� J\²�� M â Í

A−1/2 = ΦΛ−1/2Φ′,

� ÷
Λ−1/2 = diag(λ

−1/2
1 , · · · , λ−1/2

n ).

v�w
2.5.4

*
A ≥ 0, B ≥ 0, # p ¬\¯�§ Ù ��¨�e

(1) A ≥ B;

(2) M(B) ⊆M(A),
ê ø\ù ¯ x ∈ M(A), x′(A−B)x ≥ 0;

(3) M(B) ⊆M(A), λ1(BA
−) ≤ 1,

H�I
λ1(BA

−) þ A− ¯�ç�è�B�>�e
��� D S�� 2.5.3, (1)=⇒(2),

p ¬ �
(2)=⇒(1).

*
x ∈ Rn,

�
x = y + z, y ∈M(A), z ∈ M(A)

⊥
,

# Az = 0, � Bz = 0. D Î y ∈ M(A),
Ê\Ë\ó

x′(A−B)x = y′(A−B)y ≥ 0,

ö
A ≥ B,

� ¤ (2)⇐⇒ (1).
p ¬ Ê\Ë �

(1)⇐⇒ (3).Á�� S�� 2.5.2, 2.5.3,
Ê\Ë - Ë �P&

A ≥ B ⇐⇒ (A+)1/2(A−B)(A+)1/2 ≥ 0, M(A) ⊆M(B).

[
M1 = (A+)1/2A(A+)1/2,

M2 = (A+)1/2B(A+)1/2.

¬ ù u M1 = M2
1 = M ′

1,M(M1) =M(A),
� ¤ M1

§ Ñ M(A) � ¯ V���\�% J�e
D Î (A+)1/2AA+ = (A+)1/2,

� ¤ M1 þ M2

� ��	 ²�ö M1M2 = M2M1 = M2.Î ×
M1 í M2

ó = ï ¯ V���Q È ÑÓÒ ϕ1, · · · , ϕn. -?© À�.\·\² * ϕ1, · · · , ϕr

§
M(A)

¯bÀ Ô ��� V�� Âb² � λ1 ≥ λ2 ≥ · · · ≥ λr

×
M2

êbªb¯ Q È Áb² ¬ ù u M2



· 40 · /+0+132+4+5+6+7+8+9+:
þ BA− ó = ï ¯ Q È 6 ²�� D Î M(B) ⊆M(A), BA− ¯ Q È 6\þ A− ¯�ç�è�B>b² � ¤ λ1, · · · , λr � § BA− ¯ Q È 6 e1È φ1 = (ϕ1, · · · , ϕr),Λ = diag(λ1, · · · , λr),

�
M1 −M2 = φ1(Ir − Λ)φ′1 ≥ 0⇐⇒ λ1 ≤ 1,

� ¤ �P& ¨ (1)⇐⇒ (3).���
2.5.2

*
A ≥ 0, B ≥ 0, #

(1)
 

rk(A) = rk(B), # A ≥ B
½�� Ì ½

B+ ≥ A+;

(2)
 

B > 0, # A ≥ B
½�� Ì ½

B−1 ≥ A−1; A > B
½�� Ì ½

B−1 > A−1.��� Î S�� 2.5.4
â <

A ≥ B ⇐⇒M(B) ⊆M(A), λ1(BA
+) ≤ 1,

B+ ≥ A+ ⇐⇒M(A+) ⊆M(B+), λ1(BA
+) ≤ 1.

Î
rk(A) = rk(B), < M(B) = M(A), M(A+) = M(B+). D Î M(A) = M(A+),

M(B) =M(B+), � (1) < � e (2)
� D (1)

Ø�� < u�e ��� eê\â\®
2.5.2

Ç\À�d\â\ã�u � Ö\ã T �\¯����\² l�m ��Ý � ¢�Ô [116].p ¬ Ê\Ë����
A > B þ A2 ≥ B2

¯�>�¹�e
3�w

2.5.1
*

A
§

n × n Ï ·�J\² λ1(A), σ1(A) 
�R §\Ö\¯ _�` Q È Á í_�` 4�5�6 ² # | λ1(A) |≤ σ1(A).��� *
x
§

A
¯\ê f Î λ1(A)

¯ O�J�Q È ÑÓÒ ² #
(λ1(A))2 = x′A′Ax ≤ λ1(A

′A) = σ2
1(A).

� Æ ��< � ev�w
2.5.5

*
A, B

§ ï ç�� V�S J\² #
(1) A2 ≥ B2 =⇒ A ≥ B;

(2)
 

AB = BA, # A ≥ B =⇒ Ak ≥ Bk ≥ 0, k
§ ø\ù�V�ª\Ð e���

(1)
ª\µ S�� 2.5.4

¼
A2 ≥ B2 ⇐⇒M(B2) ≤M(A2), λ1(B

2(A2)+) ≤ 1.

D Î M(B2) =M(B),M(A2) =M(A), λ1(B
2(A2)+) = λ1(B(A2)+B) = (σ1(BA

+))2,¬ ù u A ≥ 0, B ≥ 0, � σ1(BA
+) > 0.

� ¤ M(B) ⊆M(A), σ1(BA
+) ≤ 1,

�\Æ �
2.5.1,

ó
λ1(BA

+) ≤ σ1(BA
+).

D S�� 2.5.4, A ≥ B.
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(2)
��³

AB = BA, � ,�´�µ�¶ J Q, ·�¸ A,B
ï ¾�¹ ��d�ºb»

A = QΛQ′, Λ = diag(λ1, · · · , λn), λi ≥ 0, i = 1, · · · , n,

B = Q∆Q′, ∆ = diag(σ1, · · · , σn), σ1 ≥ 0, i = 1, · · · , n.
� ¤�¼�½�¾À¿ A+B = BA+ =QΛ+∆Q′≥0, (A+)+B+ = B+(A+)+ =Q[(Λ+)+∆+]Q′

≥ 0, Á
λ1 = ((A+)+Bk) = [λ1(A

+B)]k ≤ 1,

M(Ak) =M(A),M(Bk)M(A),

Â�Ã�Ä
Ak ≥ Bk. ¾�Å eÆ?Ç

2.5.5 È ºbÉ?Ê AB = BA Ë?Ì?Í É?Ê?ÎbÏ?Ð?Ñ?Ò?º A ≥ B Ó?Ô?Õ Æ Ä
A2 ≥ B2 Ö�× ÎØ�Ù�Ú�Û�Ð�Ü�Ý�Þ�ß�à�á�â�ºbã�ä�å�æ�ç�è�é

[50].

§2.6 Kronecker ê{ë{ìîíðï�ñ�ò�ó
ô�õ�ö�÷ Í�ø�ù�ú�û Ð�ü�ý�þ�ÿ������ Kronecker �����	��
�� ����º�
 ÷ ´� Þ�����ºbÝ�����������������Ð�æ������ Ç�� È Ä þ���� Í Ð�á�â�Î� �

2.6.1 ! A = (aij)
à

B = (bij)
� � ³

m × n, p × q
Ð ú?û º Æ " ú

û C = (aijB). #�Ë�Õ�$ mp× nq
Ð ú�û º&% ³ A

à
B
Ð

Kronecker ��� º&' ³
C = A⊗B,

»

A⊗B =




a11B a12B · · · a1nB

a21B a22B · · · a2nB

...
...

...

am1B am2B · · · amnB




.

# ý ����( Ä�)�* Þ�ß��
(1) 0⊗A = A⊗ 0 = 0,

(2) (A1 +A2)⊗B = (A1⊗B)+ (A2⊗B), A⊗ (B1 +B2) = (A⊗B1)+ (A⊗B2),

(3) (αA) ⊗ (βB) = αβ(A ⊗B),

(4) (A1 ⊗B1)(A2 ⊗B2) = (A1A2)⊗ (B1B2),

(5) (A⊗B)′ = A′ ⊗B′,

(6) (A ⊗ B)− = A− ⊗ B−,
à + , Õ - ºbá Ç . ³ � A− ⊗ B− ³ A ⊗ B

Ð /
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" = º&> Ô?Ì?Ë ? @ / " = Îbþ � (A ⊗ B)+ = A+ ⊗ B+. A A, B B å = C º Ä
(A⊗B)−1 = A−1 ⊗B−1.��D

2.6.1 ! A, B
����E

n× n, m×m
Ð�F û º λ1, · · · , λn

à
µ1, · · · , µm����E

A,B
Ð�þ�G�H�º&I

(1) λiµj , i = 1, · · · , n, j = 1, · · · ,m
E
A⊗B

Ð�þ�G�H�ºKJ
| A⊗B |=| A |m| B |n;

(2) tr(A⊗B) = tr(A)tr(B);

(3) rk(A⊗B) = rk(A)rk(B);

(4) L A ≥ 0, B ≥ 0,
I

A⊗B ≥ 0.M�N
(1)
'

A,B
Ð

Jordan O�P�Q ����E

Λ =




λ1

0 λ2 ∗
...

...

0 0 · · · λn




, ∆ =




µ1

0 µ2 ∗
...

...

0 0 · · · µm




.

R
Jordan

� . ºTS ´ å = û P
à
Q, ·�¸ A = PΛP−1, B = Q∆Q−1, U â Kronecker

��� Ð�Þ�ß�º ¸
A⊗B = (PΛP−1)⊗ (Q∆Q−1) = (P ⊗Q)(Λ⊗∆)(P ⊗Q)−1,

»
A⊗ B V�W Ù�X�Y�Z û Λ⊗∆, [ ä�Ð ¹ Z���E λiµj , i = 1, · · · , n, j = 1, · · · ,m,\ +�º #�] λi, µi

E
A⊗B

Ð ?�@ þ�G�^�º&_

| A⊗B |=| Λ⊗∆ |=
n∏

i=1

m∏

j=1

λiµj =

(
n∏

i=1

λi

)m



m∏

j=1

µj




n

=| A |m| B |n .

¾�Å Î `
(1) × ¸ (2)

à
(4), (3)

å `ba Ð Æ�"�c�d�e�f Î
���

2.6.2 ! Am×n = (a1, a2, · · · , an),
Æ�"

mn× 1
Ð �b


Vec(A) =




a1

a2

...

an




.

#�Ë�g�ú�û A h * �b
 R�i�j Ö Ð �b
 º&k�k�% #�$�l Û�E ú�û Ð �b
�� Î
�b
�� ��� ( Ä�)�* Þ�ß��
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(1) Vec(A+B) = Vec(A) + Vec(B);

(2) Vec(αA) = αVec(A), #�p α
E���q

(3) tr(AB) = (Vec(A′))′Vec(B);

(4) tr(A) = tr(AI) = tr(IA) = (Vec(In))′Vec(A);

(5) ! a
à

b
����E

n× 1, m× 1 �b
 º&I Vec(ab′) = b⊗ a;
(6) Vec(ABC) = (C ′ ⊗A)Vec(B);

(7) ! Xm×n = (x1, · · · , xn)
E�r�s ú�û º&J

Cov(xi, xj) = E(xi −Exi)(xj −Exj)
′ = vijΣ.

'
V = (vij)n×n,

I
Cov(Vec(X)) = V ⊗ Σ,

Cov(Vec(X ′)) = Σ⊗ V,

Cov(Vec(TX)) = V ⊗ (TΣT ′),

#�p T
E�t�r�s ú�û Îö�÷�u ¾�¿ (6), v�wyxbz�{�| Î

! Cm×n = (cij) = (c1, · · · , cn), B = (b1, · · · , bm),
R Æ�"

(C ′ ⊗A)Vec(B) =




c11A c21A · · · cm1A

c12A c22A · · · cm2A

...
...

...

c1nA c2nA · · · cmnA







b1

b2

...

bm




=




AΣcj1bj

AΣcj2bj

...

AΣcjnbj




=




ABc1

ABc2

...

ABcn




= Vec(ABC).

¿ \�} ¾ Î

§2.7 ~������
´ � � � È º&E � � ¸ æ �?Ð � � W � � �?º ö?÷ ��� � Í�� W ��� �?Ð��H�º #���Í â�� ú�û���� Î ô ß�X���º ú�û�������Ë�Õ�� Ý�� � ��Ð ��� Î Â�Ã º
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#�p�Ó�Ô � Í�������������� Î�> Ë º�� ú�û�����È ºPþ������ g¡ �¢�
 à ����£¤ â�¥�¦�Ð ú�û�Q�§�¨�© f Ñ�ºPÙ Ë º Ä Õ�]�ª þ�Ð�����«�¬�Î ô�õ�­�� Õ�] � â
£ ¤ ºbÜ�Ýy® ¼ ã�ä�å�+�æ�ç�è�é [82].¯ ! X

E
n×m ú�û º y = f(X)

E
X
Ð Õ�$�° H � ��º ú�û

∂y

∂X

4
=




∂y

∂x11

∂y

∂x12
· · · ∂y

∂x1m

∂y

∂x21

∂y

∂x22
· · · ∂y

∂x2m

...
...

...
∂y

∂xn1

∂y

∂xn2
· · · ∂y

∂xnm




n×m%�E
y
¹

X
Ð ��� Î± Ä þ]ÿ�² ¿ º&+ ) B ¯]Æ ú]û X È Ð mn $�¢�
 xij , i = 1, 2, · · · , n, j =

1, · · · ,m B�Ë�ª ×  �¢�
 Î³
2.7.1 ! a, x ´ E n× 1 �b
 º y = a′x,

I ∂y
∂x = a.³

2.7.2 ! An×n

¹ %�º
xn×1, y = x′Ax,

I ∂y
∂x = 2Ax.³

2.7.3
' ú�û Xm×m

Ð���µ
xij

Ð�¶�� w�·�§ E Xij ,
I

∂ | X |
∂X

= (Xij)m×m =| X | (X−1)′.

£ ¤ ¼�½�¸ | X |=∑m
j=1 xijXij

à
Xij È Ô�¹�º xij

e�f Î
��D

2.7.1 ! Y
à
X
����E

m× n, p× q ú�û º Y
Ð�» $ ��µ yij Ë X

�
µ�Ð � ��º&_ u = u(Y ),

I
∂u

∂X
=
∑

ij

(
∂u

∂Y

)

ij

∂(Y )ij

∂X
,

v�È ( ∂u
∂Y

)
ij
¨�©�ú�û ∂u

∂Y

Ð
(i, j)

��º
(Y )ij ¨�©�ú�û Y

Ð
(i, j)

�
yij .£ � ¼�½�¸�¼�½�� ��Ð � e�¾ I

∂u

∂xkl
=
∑

ij

∂u

∂yij

∂yij

∂xkl
=
∑

ij

(
∂u

∂Y

)

ij

· ∂(Y )ij

∂xkl

¿ ��Î
³

2.7.4 ∂|Y |
∂X =

∑
ij

(
∂|Y |
∂Y

)
ij

∂(Y )ij
∂X =

∑
ij(Ykl)ij

∂(Y )ij
∂X =

∑
ij | Y | (Y −1)′ij

∂(Y )ij
∂X , v�È Ykl ¨�©�ú�û Y

Ð���µ
ykl

Ð�¶�� w�·�§ º (Ykl) ¨�© ` #�] ¶�� w�·§�À Ö Ð ú�û Î #�p�U â���Á 2.7.3.³
2.7.5 ∂ ln|Y |

∂X = 1
|Y |

∂|Y |
∂X =

∑
ij(Y

−1)′ij
∂(Y )ij

∂X .
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ö�÷ â
Eij(m × n) ¨�© (i, j)

��E
1, v�w ��µ ? E�Â�Ð ú�û Î&� Ô�Ã ��Ä ÅÆ Ð�Ç�È )�É ��� g�Ê � m× n Ë�Ì Î U â #�$ '�Í É I Ä

∂y

∂Xm×n
=

(
∂y

∂xij

)
=
∑

ij

Eij(m× n)
∂y

∂xij
. (2.7.1)

³
2.7.6 ∂|AXB|

∂X =| AXB | A′((AXB)−1)′B′.M�N '
Y = AXB, U â�Á 2.7.4,

Ä
∂ | AXB |

∂X
=
∑

ij

| Y | (Y −1)′ij
∂(Y )ij

∂X
=| AXB |

∑

ij

((AXB)−1)′ij
∂(AXB)ij

∂X
.

Â E
∂(AXB)ij

∂X
=

(
∂(AXB)ij

∂xkl

)
= (aikblj) = A′EijB

′,

Ù Ë
∂ | AXB |

∂X
=| AXB |

∑

ij

((AXB)−1)′ij ·A′EijB
′

=| AXB | A′
[∑

ij

((AXB)−1)′ijEij

]
B′ =| AXB | A′((AXB)−1)′B′.

Î [�Õ�§�U â�� ∑

ij

(A)ijEij =
∑

ij

aijEij = A.

³
2.7.7 ∂ ln|AXB|

∂X = A′((AXB)−1)′B′.

#�$�Ï�°�Ð�½�¸ Á 2.7.5
à�Á

2.7.6 Ñ f Î��D
2.7.2( Ò�Ó Æ�Ç ) ! X

à
Y
����E

n×m, p× q ú�û É A,B,C,D
���

E
p×m,n× q, p× n,m× q ú�û (

å�+ Ë X
Ð � � ),

I )�* ü�É Ë ��Ô�Ð
(1) ∂Y

∂xij
= AEij(m× n)B + CE′

ij(m× n)D, i = 1, · · · ,m, j = 1, · · · , n;

(2)
∂(Y )ij

∂X = A′Eij(p× q)B′ +DE′
ij(p× q)C, i = 1, · · · , p, j = 1, · · · , q.

#�p

∂Z

∂t
=




∂z11
∂t

∂z12
∂t

· · · ∂z1n

∂t

∂z21
∂t

∂z22
∂t

· · · ∂z2n

∂t

...
...

...

∂zm1

∂t

∂zm2

∂t
· · · ∂zmn

∂t




m×n

, (2.7.2)
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Zm×n = (zij(t)),


 Ë�ú�û Z = (zij(t)) ÕÖ �¢�
 t
Ð ��� ÎM�N '

e′i = (0, · · · , 0, 1, 0, · · · , 0), × ei Ë�Ø i $ ��µ�E 1, v�w ��µ ? E�ÂÐ �b
 Î&I Eij = eie
′
j .Ù�Ú ��Û��

e′k(AEijB + CE′
ijD)el = e′kAeie

′
jBel + e′kCeje

′
iDel

= e′iAeke
′
lBej + e′iDele

′
kCej

= e′i(Aeke
′
lB +Dele

′
kC)ej

= e′i(A
′EklB

′ +DElkC)ej ,

L (1) Ö�× É I
( ∂Y
∂xij

)
kl

= e′i(AEijB + CEijD)el = e′i(A
′EklB

′ +DElkC)ej .

> Ë É ` (2.7.2),
Ä

(
∂Y

∂xij

)

kl

=

(
∂ykl

∂xij

)
=

(
∂ykl

∂X

)

ij

,

Ù Ë (
∂ykl

∂X

)

ij

= e′i(A
′EklB

′ +DElkC)ej , Õ�Õ�Ü i, j,

Ã × (2). Ý ¾ å ¸ (2)=⇒(1). ¾�Å ÎÞ�ß
2.7.1 ! X,Y

����E
m× n, p× q ú�û É Ak , Bk, Ck, Dk

����E
p×m,

n× q, p× n,m× q ú�û (
å�+ Ë X

Ð � � ),
I )�* ü�É Ë ��Ô�Ð�Î

(1) ∂Y
∂xij

=
∑

k AkEij(m × n)Bk +
∑

l ClE
′
ij(m × n)Dl, i = 1, · · · ,m, j =

1, · · · , n;

(2)
∂(Y )ij

∂X =
∑

k A
′
kEij(p×q)B′

k +
∑

lDlE
′
ij(p×q)Cl, i = 1, · · · , p, j = 1, · · · , q.

¾�¿b� Æ�Ç 2.7.2 V�à�W Î
Ò�Ó Æ�Ç Ë���ú�û���� Ð Õ�$ � Í�á�( É ¸ Æ�Ç 2.7.1

ö�÷�â � É E � ∂u
∂X

�
Í�� ∂(Y )ij

∂X ,
>���ã�Ý�Ç�È )�É #�Ë�ä�å Ð�Î Ò�Ó Æ�Ç�æ�f � U â ∂Y

∂xij
� ∂(Y )ij

∂X

Ð
ç�è É ,�ä�k�k Ëyébê�Ð�½ Ð�Î³

2.7.8
∂ ln | X ′AX |

∂X
= 2AX(X ′AX)−1, v�È A Õ % .M�N R Æ�Ç

2.7.1, ë Á 2.7.3
à�Á

2.7.5,
¿

∂ ln | X ′AX |
∂X

=
∑

i, j

1

| X ′AX | | X
′AX | ((X ′AX)−1)′ij ·

∂(X ′AX)ij

∂X

=
∑

i, j

((X ′AX)−1)′ij
∂(X ′AX)ij

∂X
. (2.7.3)
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Â E
∂(X ′AX)

∂xij
=
∂X ′

∂xij
(AX) +X ′ · ∂AX

∂xij
= E′

ijAX +X ′AEij , (2.7.4)

` Ò�Ó Æ�Ç É á ¿
∂(X ′AX)ij

∂X
= AXE′

ij +AXEij ,¶�ì
(2.7.3),

¿ �
∂ ln | X ′AX |

∂X
=
∑

i, j

((X ′AX)−1)′ij(AXE
′
ij +AXEij)

= AX
[∑

i, j

((X ′AX)−1)′ijE
′
ij +

∑

i, j

((X ′AX)−1)′ijEij

]

= 2AX(X ′AX)−1.

³
2.7.9

∂tr(XAX ′)

∂X
= X(A+A′).

M�N
í�î

=
∂tr(XAX ′)

∂X
=
∑

i

∂(XAX ′)ii

∂X
, (2.7.5)

� (2.7.4) Ý�- Ð�F ¾ å Ñ ¿
∂(XAX ′)

∂xij
= EijAX

′ +XAE′
ij .

` Ò�� Æ�Ç ÉbÄ
∂(XAX ′)ij

∂X
= EijXA

′ +E′
ijXA,¶�ì

(2.7.5)
¿

∂tr(XAX ′)

∂X
=
∑

i

(EiiXA
′ +E′

iiXA) = X(A+A′).

¾�Å Îâ�ï ?�Ý�- Ð�F ¾ å�+ ¾�¿ + ) £ ¤ Î³
2.7.10

∂tr(AXB)

∂X
= A′B′,

þ�� ∂tr(AX)

∂X
= A′.

³
2.7.11

∂tr(X ′AXB)

∂X
= AXB +A′XB′.
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X�ð�Ð ­�� B�Ë ¯�Æ X

Ð�� 
�Ë�ª ×  �¢�
 Î ��ñ ÉPÄ C�ò�ó � X
Ð�� 
�Ô

ª × Ð�Ç�È�Î v�Èbê � Í Ð Ë É X E Õ % û É # C xij = xji. Õ�# ý�Ç�È É ú�û��
��ô�§�Ë�õ�¼�ö Î+ ) '

diag(A) = diag(a11, · · · , ann).³
2.7.12 ! X

E
n× n Õ % û É I

∂ | X |
∂X

=| X | (2X−1 − diag(X−1)).

M�N E � ∂|X|
∂x11

, ∂|X|
∂x1j

, ÷ | X | h�Ø�Õ�ø�ù�ú É ¿

| X |=
n∑

j=1

x1jX1j .

Ù Ë
∂ | X |
∂x11

= X11,

∂ | X |
∂x12

= X12 + x12
∂X12

∂x12
+

∂

∂x12

[
x13X13 + · · ·+ x1nX1n

]
. (2.7.6)

L â Xij,kl ¨�© xij

Ð w�·�§�È (k, l)
��Ð�¶�� w�·�§ É ÷ X1j h�Ø�Õ�ø�ù�ú É ¿

X1j = x21X1j,21 + x22X1j,22 + · · ·+ x2j−1X1j, 2j−1

+x2j+1X1j, 2j+1 + · · ·+ x2nX1j,2n, j = 2, · · · , n.Â E
X1j,2k, j = 2, · · · , n, k = 1, · · · , n B�� x21 û Ø É \ +

n∑

j=2

x1jX1j = x21

n∑

j=2

x1jX1j,21 + ( � x21 û Ø�Ð�ü ).

¶�ì
(2.7.6),

ö�÷ ¿ �
∂ | X |
∂x12

= X12 +

n∑

j=2

x1jX1j,21 = 2X12.

Ý Ç
∂ | X |
∂xij

= 2Xij ,
∂ | X |
∂xii

= Xii.

£ � ¿ ¾ Î
U â #�$�£ ¤ à�Á 2.7.5, × ¿³

2.7.13 ! X
E Õ % û É I
∂ ln | X |
∂X

= 2X−1 − diag(X−1).
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³
2.7.14 ! X

E Õ % û É I
∂tr(AX)

∂X
= A+A′ − diag(A).

M�N Â Õ���Õ�ú�û A,
Ï Ä

A =
∑

i·j aijEij ,
\ +

∂tr(AX)

∂X
=
∑

i·j
Eij

∂tr(AX)

∂xij
=
∑

i·j
Eijtr

(
∂AX

∂xij

)
.

¸ X = X ′,
Ä

tr

(
∂AX

∂xij

)
=





aii, i = j,

aij + aji, i 6= j,¶�ì�X § É ¿
∂tr(AX)

∂X
=
∑

i

aiiEii +
∑

i6=j

(aij + aji)Eij = A+A′ − diag(A).

ö�÷ g X�ð � ��Ð Õ�]�����ô�§ * Ö ) ¨
ý2þ2ÿ������������

y = f(X) ∂y
∂X

a′x a

x′Ax 2Ax

| X |

{
| X | (X−1)′,

| X | (2X−1 − diag(X−1)) (X ��� )

| AXB | | AXB | A′((AXB)−1)′B′

ln | AXB | A′((AXB)−1)′B′

ln | X ′AX | 2AX(X ′AX)−1 (A ��� )

tr(XAX ′) X(A + A′)

tr(AXB) A′B′

tr(X ′AXB) AXB + A′XB′

ln | X | 2X−1 − diag(X−1) (X ��� )

tr(AX) A + A′ − diag(A) (X ��� )

³
2.7.15

∂

∂t
ln | A(t) |= tr

(
A−1(t)

∂A(t)

∂t

)
,
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v�È A(t)

E ú�û É t
E O�
 Î

∂

∂t
ln | A(t) | = | A(t) |−1 ∂ | A(t) |

∂t
=

1

| A(t) |
∑∑

i≤j

∂ | A(t) |
∂aij

∂aij

∂t

=
1

| A(t) |
∑∑

i≤j

(2− σij) | Aij |
∂aij

∂t
=

1

| A(t) |
∑

i

∑

j

| Aij |
∂aij

∂t

=
∑

i

∑

j

| Aij |
| A |

∂aij

∂t
=
∑

i

∑

j

aij ∂aij

∂t

= tr(A−1)′
∂A

∂t
= tr

(
A−1 ∂A

∂t

)
, (2.7.7)

v�È A−1 = (aij).³
2.7.16

∂A−1(t)

∂t
= −A−1(t)

∂A−1(t)

∂t
A−1(t).

M�N ` Ù
A(t)A−1(t) = I , Á Ä

∂A(t)

∂t
A−1(t) +A(t)

∂A−1(t)

∂t
= 0.

Â�Ã
∂A−1(t)

∂t
= −A−1(t)

∂A−1(t)

∂t
A−1(t).

Î [ ö�÷ ¥ Í
	�Õ ) ú�û�Õ�ú�û Ð ��� Î
! Y

à
X
����E

m× n, p× q ú�û É J Y
Ð���µ

yij

E
X
Ð � ��Î&'

∂Y

∂X
=




∂y11
∂x11

∂y11
∂x12

· · · ∂y11
∂xpq

∂y12
∂x11

∂y12
∂x12

· · · ∂y12
∂xpq

...
...

...

∂ymn

∂x11

∂ymn

∂x12
· · · ∂ymn

∂xpq




,

%�E
Y Õ X

Ð ��� Î Ð
� â �
∂Y

∂X
=

(
Vec
( ∂Y

∂x11

)′
,Vec

( ∂Y

∂x12

)′
, · · · ,Vec

( ∂Y

∂xpq

)′)
.


 g�� ∂Y
∂X Ò�� E � ∂Y

∂xij
,
� Õ�] Ç�È )�É # ò
� Ñ Ô

 F
��Î³

2.7.17 ! Y = AXB,
I

∂Y
∂X = A⊗B′.
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M�N Â E
∂Y
∂xij

= AEijB,
Ù Ë

Vec
( ∂Y
∂xij

)′
= Vec(B′EjiA

′) = (A⊗B′)Vec(Eji),

\ +
∂Y

∂X
= ((A⊗B′)Vec(E11), · · · , (A⊗B′)Vec(Epq)) = A⊗B′.

¾�Å Î
L Y,X,A,B

����E
n ×m,n ×m,n × n,m ×m ú�û É I ¢�Ó Y = AXB

Ð
Jacobi ø * § E

| ∂Y
∂X
|=| A⊗B′ |=| A |m| B |n . (2.7.8)

� � �
2.1 � A⊥ ����� A′A⊥ = 0 �����������282426 �"!�# $
(1) I − (A′)−A′ %�&�' A⊥, (�) A− *�+�,�-�.�/
(2)M(A⊥) =M(A)⊥.

2.2 (1) � rk(AB) = rk(A), 0 X1AB = X2AB ⇐⇒ X1A = X2A.

(2) !�# ABB′ = CBB′ ⇐⇒ AB = CB.

2.3 � S1, S2
� Rn 8�1 '�2�3�4�5

(1) !�# S1 ⊂ S2 ⇐⇒ S⊥
1 ⊃ S⊥

2 ,

(2) � Si =M(Ai), S1 ⊂ S2, rk(A1) = rk(A2), 0 S1 = S2.

2.4 62426 A ≥ 0, 426 B � ���2426��7!�# B ≥ BA+B ⇐⇒ λ1(BA+) ≤ 1, B ≥ 0.

2.5 !�#�$7��8�92426 An×n, Xn×p, rk(X) = p, 6 M(X) ⊂M(A), 0 X ′AX > 0.

2.6 !�# Cauchy-Schwarz :�;�<�$
(1) (x′y)2 ≤ x′x · y ′y ;

(2) 6 A > 0, 0 (x′y)2 ≤ x′Ax · y′A−1y ;

(3) 6 A ≥ 0, 0 (x′Ay)2 ≤ x′Ax · y′Ay .

2.7 !�# (Minkowski :�;�< ): 62426 A, B = � n× n 8�>�?26��70
|A + B|1/n ≥ |A|1/n + |B|1/n .

2.8 (1) !�# (Fischer :�;�< ): @�� A =


 A11 A12

A21 A22


 > 0 , A�B A11

%�C 6��70
|A| ≤ |A11| |A22| .
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(2) ��>�?26 A, ��D�E�F�G��7A�B A11

%�C 6��7H
A−1 =


 A11 A12

A21 A22




−1

=


 B11 B12

B21 B22


 .

!�#�$ B11 ≥ A−1
11 .

2.9 � P � ����I�;26�� Q ≥ 0, I − P −Q ≥ 0, 0 PQ = QP = 0 .

2.10 ! # (A − BC)′(A − BC) ≥ A′(I − P
B

)A, J � ; K L M ⇐⇒ BC = P
B

A , ( )
P
B

�ON M(B) 8�>�P�Q�R26 5
2.11 (1) � A S . � x, y ��TONVU �70

(A + xy′)−1 = A−1 −
A−1x · y ′A−1

1 + y′A−1x
.

(2) � x ∈ M(A), y ∈M(A′), W y ′A−x 6= −1 X��
A− −

A−x · y′A−

1 + y′A−x% A + xy ′ 8 &�'�,�-�.�5
2.12 @���Y T�Z�[ 82426 S . �7! # $
(1) (A±B′CB)−1 = A−1 ∓A−1B′(C−1 ±BA−1B′)−1BA−1 ;

(2) (I + AB)−1A = A(I + BA)−1 ;

(3) (A−1 −B−1)−1 = A + A(B −A)−1A ;

(4) @�� rk(A) = 1, 0
(I + A)−1 = I −

1

1 + tr(A)
A .

2.13 6 Ai > 0, i = 1, 2, |A2| > |A1|, 0 tr(A−1
1 A2) > m, (�) m � Ai 8�\�] 5

2.14 � A � m× n 6�� P, Q F�^ m×m, n × n S . 6��7!�#�$
(1) B− = (PAQ)− = Q−1A−P−1 ;

(2) _�`�a�#�$ B+ = (PAQ)+ = Q−1A+P−1 :�b��cJ�!�#�W P, Q � >�P26�X��cd � LM 5
2.15 � An×n ≥ 0, Bn×p, Q = I −BB+, !�# (QAQ)+P

B
= 0 .

2.16 (1) B−A− % (AB)− ⇐⇒ A−ABB− � I�;26 5
(2) (AB)+ = B+A+ ⇐⇒ A+ABB

′ e
A

′

ABB+ ��� 5
(3) � Am×r, rk(A) = r. Br×m, rk(B) = r, 0 (AB)+ = B+A+ .

2.17 6 X ��� Penrose C�f ( g (2.18)) B (1)
e

(2), 0�� X � A 8OhVi ,�-�. �7H� A(1,2). � A ��F�G
A = P


 Ir 0

0 0


Q,
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A�B P, Q � S . 6�� r = rk(A), 0
A(1,2) = Q−1


 I B

C CB


P−1,

(�) B, C ��j W�\�]28�8�926 5
2.18 6 X � � Penrose C f ( g (2.18)) B (1)

e
(3), 0 � X � A 8 � k 1 l , -. �7H � A(1,3).

(1) !�#�$ A(1,3) = A+P
A

+ (I −A+A)U, U 8�9 5
(2) ��8�9 C�f�m Ax = b( S�n�: Z�o ), 6 x0 p

||Ax0 − b||2 = inf
x
||Ax− b||2,

0�� x0
��q�C�f 8���k21�l G �7! # x0 = Gb � ��k21�l�G ⇐⇒ G � A(1,3).

2.19 6 X � � Penrose C f ( g (2.18)) B (1)
e

(4), 0 � X � A 8 � k r ] , -. �7H � A(1,4).

(1) !�#�$ A(1,4) = A+P
A′ + (I −A+A)U, U 8�9 5

(2) � Ax = b ��Z�o�s�t�C�f�m � x0 = A−b ��u�v ��k28�G ⇐⇒ A− � A(1,4).

2.20 !�#�?�w 2.3.8
e ?�w 2.3.9.

2.21 ��1 '�T�� �2426 Ap×q, Bp×(p−q),
��� A′B = 0, !�#���8�928�>�? 6 S, �

S−1 − S−1A(A′S−1A)−1A′S−1 = B(B′SB)−1B′ .

2.22 �2426 A > 0, Xn×p, N = I − P
X

, !�#
X(X ′A−1X)−X ′ = A−AN(NAN)−NA .

2.23 @�� M(A) ∩M(B) = {0}, M(A)⊕M(B) = Rn, !�#�$
P(A B)C = C ⇐⇒M(C) ⊂M(A).

2.24 @�� P1, P2 = � n × n 8�>�P�Q�R26��7!�# $
(1) −1 ≤ λi(P1 − P2) ≤ 1, i = 1, 2, · · · , n;

(2) 0 ≤ λi(P1P2) ≤ 1, i = 1, 2, · · · , n;

(3) λ1(P1P2) < 1⇐⇒M(P1) ∩M(P2) = {0};

(4) tr(P1P2) ≤ rk(P1P2) .

2.25 � A, B = � n × n 82426�� rk(B) ≤ k, 0
λi(A−B) ≥ λi+k(A), i = 1, · · · , n ,

(�)�x�? λi+k(A) = 0, � i + k > n .
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2.26 � A > 0, !�#�$
(1) max

X′X=Ik

tr(X ′AX)−1 =
k∑

i=1

λ−1
n−i+1(A) ;

(2) min
X′X=Ik

tr(X ′AX)−1 =
k∑

i=1

λ−1
i (A) .

2.27 @�� A % n \����2426�� a ∈ Rn
%�&Oy ; NVU � d %�&Oy ;�z�]��7H

M =


 A a

a′ d


 .

!�#
λ1(M) ≥ λ1(A) ≥ λ2(M) ≥ λ2(A) ≥ · · · ≥ λn−1(A) ≥ λn(M) ≥ λn(A) ≥ λn+1(M) .

2.28 !�#�Y T�{�| $
(1) tr(ABC) = (Vec(A′))′(I ⊗B)Vec(C),

(2) tr(AX ′BXC) = (Vec(X))′(A′C ′ ⊗B)Vec(X) .

2.29 !�#�Y T�} z�$
(1)

∂tr(X ′AX)

∂X
= (A + A′)X ,

(2)
∂tr(XAX)

∂X
= A′X ′ + X ′A′ ,

(3)
∂tr(X ′AX ′)

∂X
= AX ′ + X ′A ,

(4)
∂tr(X ′AX)2

∂X
= 4AXX ′AX .

2.30 !�# ∂X−1

∂X
= X−1 ⊗X−1.
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§3.1 ¡£¢îíðï{ì¥¤¥¦¨§ �
� ­�� Ý��
�
���
�
��, É ö�÷�Ú
©
ª Õ�� r�s �b

«
! X = (X1, · · · , Xn)′

E
n× 1

r�s �b

« %
E(X) = (EX1, · · · , EXn)′

E
X ¬�´ H «��D

3.1.1 ! A
E

m× n
t�r�s ú�û É X

à
b
����E

n× 1
à

m× 1
r�s

�b
 É ' Y = AX + b,
I

E(Y ) = AE(X) +E(b).

­¯®±° Ð
�
¬ É x æ ã�ä z�{�|
«
n ² r�s �b
 X ¬
³ F
´ û
� " E

Cov(X) = E[(X −EX)(X −EX)′].

# ° Õ�$ n× n Õ % û É 
 ¬ (i, j)
��E

Cov(Xi, Xj) = E[(Xi −EXi)(Xj −EXj)],þ�� A i = j
C É � ° Xi ¬ F
´ Var(Xi).

\ +
X ¬
³ F
´ û
¬�Õ Z���E X ¬ �



¬ F
´ É ñ t Õ Z���E V á�� 

¬
³ F
´ « L�Õ
µ�$ i
à

j, Cov(Xi, Xj) = 0,
I

%
Xi � Xj

° Ô�V Ø ¬
«
��¶ trCov(X) =

∑n
i=1 Var(Xi), #�p trA ¨�© F û A ¬�· É ×�Õ Z���µ���à «��D

3.1.2 ! X
E
n× 1

r�s ��
 É I�
 ¬�³ F�´ û�¸ E
¹�� �
¬�Õ % û
«M�N Õ %�Þ ° õ��
¬
« ) ð ­¯® 
 ° ¹
� �
¬
« Ï�° X É Õ�� Û n× 1
t�r

s �b
 c,
©
ª r�s ¢�
 Y = c′X ¬ F
´ « ^
º � " É ö�÷ �

Var(Y ) = Var(c′X) = E[(c′X −E(c′X))2]

= E[(c′X −E(c′X))(c′X −E(c′X))]

= c′E[(X −EX)(X −EX)′]c

= c′Cov(X)c.
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Á E íÃÂÃÄ ° tÃÅ ¬ É Ù ° Õ^Õ Ü c, Æ ÂÃÇ ° tÃÅ ¬Ã« ^Ãº � " É #ÉÈ ® ú^û
Cov(X)

° ¹
� �
¬
«O� � ­
Ê «��D
3.1.3 ! A

E
m×n û É X

E
n×1

r�s ��
 É Y = AX ,
I

Cov(Y ) =

ACov(X)A′.M�N �
Cov(Y ) = E[(Y −EY )(Y −EY )′]

= E[(AX −E(AX))(AX −E(AX))′]

= AE[(X −EX)(X −EX)′]A′

= ACov(X)A′.

� � ­
Ê «
! X

à
Y
����E

n× 1,m× 1
r�s �b
 É 
 ÷ ¬
³ F
´ û
� " E

Cov(X,Y ) = E[(X −EX)(Y −EY )′].

��D
3.1.4 ! X

à
Y
����E

n×1,m×1
r�s ��
 É A à B

����E
p×n, q×mt�r�s ú�û É I

Cov(AX,BY ) = ACov(X,Y )B′.

M�N
Cov(AX,BY ) = E[(AX −E(AX))(BY −E(BY ))′]

= AE[(X −EX)(Y −EY )′]B′

= ACov(X,Y )B′.

� � ­
Ê «

§3.2 Ë£Ìîíðï£Í¥Î¥Ï¨Ð
Ñ
Ò

X = (X1, · · · , Xn)′ Ó n× 1 Ô
Õ¯Ö±×
Ø A Ó n× n Ù
Ú
Û
ØOÜ
Ô
Õ
Ý
×
X ′AX =

n∑

i=1

n∑

j=1

aijXiXj

Ú Ó X ¬ �
Þ
ß «áà
â
ã
ä
å Cov(X) æ
ç
Øáç
Ù X ¬
è
é
ê
ë
ì
í
î Ñ
Ò ¬
ïð
ñ ØOà
â
ò
ó
ô
¬
õ
ö
÷
ø
ù
ú
û
ü
ý
þ
ÿ���� X ����������	
è
é
Ø�
��
Ø
X ′AX ��

ì
í
î
ú����
Ø����
ç��������
ÿ
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 �!
3.2.1

Ò
E(X) = µ,Cov(X) = Σ, Ü

E(X ′AX) = µ′Aµ+ tr(AΣ). (3.2.1)

"�# $ Ó
X ′AX = (X − µ+ µ)′A(X − µ+ µ)

= (X − µ)′A(X − µ) + µ′A(X − µ) + (X − µ)′Aµ+ µ′Aµ, (3.2.2)

%�&�'�(
3.1.1, 

E[µ′A(X − µ)] = E(µ′AX)− µ′Aµ = µ′AE(X)− µ′Aµ = 0,

)�*
(3.2.2) þ,+.-�/�0�1�2�3
ú
õ
ö�4�5 )�6 ÿ Ó�7�8,9 (3.2.1), ã�: 8,9

E[(X − µ)′A(X − µ)] = tr(AΣ). (3.2.3)

;�<�=
E[(X − µ)′A(X − µ)] = E[tr(X − µ)′A(X − µ)],

%�&�> Û�?
ú�����@ tr(AB) = tr(BA), A�B�C
å
õ
ö
÷
å�?
ú Þ�D Ø�E
þ
Ý Ó
E[(X − µ)′A(X − µ)] = E[tr(X − µ)′A(X − µ)]

= Etr[A(X − µ)(X − µ)′]

= trAE[(X − µ)(X − µ)′]

= tr(AΣ).

'�( 8�F ÿG ç 'H( 8I9 + ØKJHLHM & 7 í�NHO�P�ä
úHQ�R
ÿK�HS * ØKT�U ;�<�= / Þß
(X − µ)′A(X − µ) ú�?�S * ô
à�V
Ø�W�� %�& ?
ú�X�BYCY� tr(AB) = tr(BA),

B�C A(X−µ) Z (X−µ)′ úH[H\�Ø�]H�H^HB�C
å E(·) ÷ tr(·) ú ÞHD ÿ��H_�íH`�Øa å E[(X − µ)′A(X − µ)] ú�b�c�d�e Ó å�f
ø
ù
Û E[(X − µ)(X − µ)′] = Σ. ��N
Q�R
ç����
ú����,+.g�� Þ & = ÿh�i

3.2.1 ç '�( 3.2.1 ú Ñ
Ò�j�k ñ Ø
(1) l µ = 0, Ü E(X ′AX) = tr(AΣ);

(2) l Σ = σ2I , Ü E(X ′AX) = µ′Aµ+ σ2tr(A);

(3) l µ = 0,Σ = I , Ü E(X ′AX) = tr(A).m
3.2.1

Ñ
Ò í�n�o�p
ú
õ
ö Ó µ, ø
ù Ó σ2. X1, · · · , Xn
Ó ��q�o�p,+.rs ú
Ô
Õ�_
à
Ø�t
å�_
à
ø
ù

S2 =
1

n− 1

n∑

i=1

(Xi − X̄)2
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ú
õ
ö
Ø���� X̄ = 1
n

∑n
i=1Xi.� �

Q = (n − 1)S2,X = (X1, · · · , Xn)′. JYLYTYU a Q �Y� Ó X ú�íYN
/ Þ�ß ÿ & 1n( ç�ê�gY�Y�Y�Y�Y�Y�Y� & 1) �Y�Y�Y
Y�Y� Ó 1 ú n n Ö ×�ØOÜ
E(X) = µ1n,Cov(X) = σ2In. ���

X̄ =
1

n
1′X,

X − X̄1 = X − 1

n
11′X = (In −

1

n
11′)X = CX,

��� C = In − 1
n11′, � * í�N
Ù
Ú���5
Û
Ø�� C2 = C,C ′ = C.

)�*

Q =

n∑

i=1

(Xi − X̄)2 = (X − X̄1)′(X − X̄1) = (CX)′CX = X ′CX. (3.2.4)

M &�'�( 3.2.1, �
E(Q) = (E(X))′C(E(X)) + σ2tr(C) = µ21′C1 + σ2tr(C).

����� 8
C1 = 0, tr(C) = n− 1,

� 

E(Q) = σ2(n− 1).

$��
E(S2) = σ2.

��S�� = 7 �
ä��
ú�e��
ÿ
�YNY�Y� 8�9�7Y� 5Y� (Y� û�+ ú�íYNYP�äY�Y Y@OêY¡YoYp�úY¢Yp�è�éY£�þ

��¤
Ø�_
à
ø
ù�o * o�p
ø
ù
ú
í�N�¥�¦�§
û
ÿ¨ ç�J�L�U�©
ó�/ Þ
ß X ′AX ú
ø
ù
ý
þ
ÿ �!
3.2.2

Ò Ô
Õ
Ý
× Xi, i = 1, · · · , n ª�«�¬�­
Ø E(Xi) = µi, Var(Xi) =

σ2, mr = E(Xi−µi)
r, r = 3, 4. A = (aij)n×n

Ó Ù Ú Û ÿ � X ′ = (X1, · · · , Xn), µ′ =

(µ1, · · · , µn), Ü
Var(X ′AX) = (m4 − 3σ4)a′a+ 2σ4tr(A2) + 4σ2µ′A2µ+ 4m3µ

′Aa,

® + a′ = (a11, · · · , ann), � A ú
Ù�¯���°�±
ú�²¯Ö±×
ÿ"�# T�U ;�<�=

Var(X ′AX) = E(X ′AX)2 − [E(X ′AX)]2, (3.2.5)
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³ '�(
3.2.1, ´ E(X) = µ,Cov(X) = σ2I , J�L�


E(X ′AX) = µ′Aµ+ σ2tr(A). (3.2.6)

��µ�J�L
ú�b�c�¶
ä * û
ü (3.2.5) +±ú�-
í�3
ÿ�� X ′AX ·�¸ Ó
X ′AX = (X − µ)′A(X − µ) + 2µ′A(X − µ) + µ′Aµ,

� ®�¹ ø
Ø�� =
(X ′AX)2 = [(X − µ)′A(X − µ)]2 + 4[µ′A(X − µ)]2

+(µ′Aµ)2 + 2µ′Aµ[(X − µ)′A(X − µ) + 2µ′A(X − µ)]

+4µ′A(X − µ)(X − µ)′A(X − µ).

º
Z = X − µ, Ü E(Z) = 0. ^ Þ %�&�'�( 3.2.1, »��

E(X ′AX)2 = E(Z ′AZ)2 + 4E(µ′AZ)2 + (µ′Aµ)2

+2µ′Aµ(σ2tr(A)) + 4E[µ′AZZ ′AZ].

ñ ��¼�N
û
ü�E
þ���½
ú�¾�N
õ
ö
ÿ ³
(Z ′AZ)2 =

∑

i

∑

j

∑

k

∑

l

aijaklZiZjZkZl

´ Zi ú�¬�­���©
ó
ú��� �@

E(ZiZjZkZl) =





m4, l i = j = k = l,

σ4, l i = j, k = l; i = k, j = l; i = l, j = k,

0,
® ô
Ø

¿ 


E(Z ′AZ)2 = m4

(
n∑

i=1

a2
ii

)
+ σ4


∑

i6=k

aiiakk +
∑

i6=j

a2
ij +

∑

i6=j

aijaji




= (m4 − 3σ4)a′a+ σ4
[
(tr(A))2 + 2tr(A2)

]
, (3.2.7)

�

E(µ′AZ)2 = E(µ′AZ · µ′AZ) = E(Z ′Aµµ′AZ)

= tr(Aµµ′A) · σ2 = σ2µ′A2µ. (3.2.8)
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]��
Ø�l � b = Aµ, Ü
E(µ′AZ · Z ′AZ) =

∑

i

∑

j

∑

k

biajkE(ZiZjZk).

$ Ó
E(ZiZjZk) =





m3, l i = j = k,

0,
® ô
Ø

��µ
E(µ′AZ · Z ′AZ) = m3

∑

i

biaii = m3b
′a = m3µ

′Aa. (3.2.9)

� (3.2.7)∼(3.2.9) À�Á (3.2.6), ^�� (3.2.5) ÷ (3.2.6) À�Á (3.2.4),
¿ � = 7 ä 8 ú

e��
ÿ '�( 8�F ÿ
§3.3 ÂÄÃÄÅÄÆÈÇÊÉ

l
Ô
Õ
Ý
× X ¢�
�Ë�Ì�Í��
f(x) =

1√
2πσ

e−
1

2σ2 (x−µ)2 , −∞ < x < +∞,

Ü�Ú X Ó ¢H
�õ�ö µ, ø�ù σ2 úH�H	�Ô�Õ�Ý�×�Ø � Ó N(µ, σ2). »HÎ = �H��ïH£�Ø
J�L�X�µ
ë�� ñ '�Ï @ �Ð

3.3.1
Ò

n n
Ô
Õ¯Ö±× X = (X1, · · · , Xn) ¢�
�Ë�Ì�Í��
f(x) =

1

(2π)n/2|Σ|1/2
e−

1
2 (x−µ)′Σ−1(x−µ), (3.3.1)

® + x = (x1, · · · , xn)′,−∞ < xi < +∞, i = 1, · · · , n, µ = (µ1, · · · , µn)′, Σ
* � '�>

Û
ØOÜ
Ú X Ó n n���	
Ô
Õ¯Ö±×
Ø � Ó Nn(µ,Σ). ç
ê�Ñ�����Ò�Ó
ú
ï ð
ñ Ø��Ô � Ó N(µ,Σ), ��� µ ÷ Σ è�Õ Ó è
é�Ö��
ÿ
JYLYTYU 8�9 Ø ® + úYÖY� µ Ó X ú�õ�ö Ö ×�Ø Σ Ó X úYf�ø�ù�Û�ÿOç

(3.3.1) +±Ø & = 7 Σ−1,
$ q�J�L Ñ ' Σ

* � ' Û
Ø � Ó Σ > 0.
&

Σ
1
2

�
Σ ú ¹

ø�×
Û
Ø � Σ− 1
2 Ó Σ

1
2 ú�Ø > Û
Ø�� Σ− 1

2 = (Σ
1
2 )−1.

'�Ï

Y = Σ− 1
2 (X − µ), (3.3.2)

�
X = Σ

1
2 Y + µ,

)�*
Y ú�Ë�Ì�Í�� Ó g(y) = f(Σ

1
2 y + µ) | J |, ��� J Ó Ý�C
ú

Jacobi Ù�²
þ
Ø

J =

∣∣∣∣∣∣∣∣∣∣∣

∂x1

∂y1
· · · ∂x1

∂yn

...
...

∂xn

∂y1
· · · ∂xn

∂yn

∣∣∣∣∣∣∣∣∣∣∣

= |Σ 1
2 | = |Σ| 12 .
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� (3.3.1) � = Y ú�Ë�Ì�Í��
g(y) =

1

(2π)n/2
e−

1
2 y′y =

n∏

i=1

1√
2π
e−

y2
i
2 =

n∏

i=1

f(yi),

���
f(yi) =

1√
2π
e−

y2
i
2

*�Ú�Û ��	
è
é
ú�Ë�Ì�Í��
ÿ.��� 9 Ø Y ú n N
è
×
ú�Ü�Ý�Ë�Ì�5 ) ¾�N
è
×
ú
Ë�Ì�Í��
ú�Þ�ß
ÿ )�* Ø Y ú n N
è
×�ª�«�¬�­
Øáà Yi ∼ N(0, 1), i = 1, · · · , n.

$
� 
 E(Y ) = 0,Cov(Y ) = I.

%�&�â�ã
X = Σ

1
2Y + µ ´ '�( 2.1.1 ÷ '�( 2.1.3, �

E(X) = µ,Cov(X) = Σ. ��S�ä�± 7 �
ä
ú 8,9 ÿ
� 'HÏ 3.3.1 XHµHå�ó�Ø��H�H�H	�è�éHäHæ ³ ô�ú
õ�ö¯Ö × µ ÷Hf�ø�ù�Û Σ �ç ' ÿ�è�Õ
Ø�l µ = 0,Σ = I , q��
Ú X ��� Ú�Û ��	
è
é N(0, I), ô
ú�é�ê�Ë�Ì

Í���¢�
�� ñ £
þ
f(x) =

1

(2π)
n
2
e−

1
2

∑
n

i=1
x2
i .

�H� 8,9 Ø"ô
ú n N
è�× x1, · · · , xn ë ��� N(0, 1) àHª�«�¬�­
ÿ '�Ï 3.3.1
* & é

ê�Ë�Ì�Í�� '�Ï è
é
ú
Ø ô�:
ä Ñ
Ò f
ø
ù
Û Σ > 0.
ñ ��J�L��
ì�������	
è
é

ú��
í�ì '�Ï ÿ �Ð
3.3.2

Ò
X Ó n nÃÔÃÕ Ö ×Ãÿ�lÃæÃç n × r ú�²�í�î > Û A, ï��

X =AU + µ, ��� U = (u1, · · · , ur)
′, ui ∼ N(0, 1) à�ª�«�¬�­ÃØ µ Ó n × 1 ðÃÔ

Õ Ö ×ÃØOÜÃÚ X ���ÃõÃö Ó µ 0�fÃøÃùÃÛ Ó Σ = AA′ ú�������	 Ö ×ÃØ � Ó
X ∼ Nn(µ,Σ), ç
ê�Ñ�����Ò�Ó�� Ô � Ó X ∼ N(µ,Σ).

��N '�Ï * ³ J�ñ � û�ò�U�ó�ô�õ • U�ö�÷
ó
ú ( ø�ù�ú [103], p.28), û a �
�Y�Y	 Ö × 'YÏ Ó lYüYNYªY«Y¬Y­�ú�íY� ÚYÛ �Y	�è�é�Ô�Õ�Ý�×�úYýY��ÝYC�ÿOç
��N '�Ï +±Ø Σ X�µ *�þ � ' ú
Ø�� |Σ| = 0, ���
ú
è
é
Ú Ó�ÿ�� ��	
è�é
ÿ �
����� Σ > 0, Ü���N '�Ï Z '�Ï 3.3.1

* 5��
ú
ÿ��� �E
Ø�� (3.3.2) ´ ® �
ú 8
9 J�L�X�µ a X ��� Ó X = Σ

1
2Y + µ, ��� Yi ∼ N(0, 1), i = 1, · · · , n ¬�­
ÿ���q

þ
Ø.2�ì '�Ï ú�5���� *�� W
ú
ÿ '�Ï 3.3.2 ê���� * a ������	
ú '�Ï »�Î = ÿ
� ��	
ú
ï�£
Ø � à�×�����ì '�Ï Ø ��� »�©�������	
è
é
ú
í�	����
ÿ
M &�'�Ï 3.3.2, O ��� 8,9 ñ �
ú '�( ÿ H!

3.3.1
Ò
X ∼ Nn(µ,Σ),Σ ≥ 0, B Ó m×n 
 <   > Û�ØcÜ Y = BX ∼

N(Bµ,BΣB′)."�# Ò
rk(Σ) = r, ×�� '�Ï 3.3.2, æ
ç n× r

> Û A, rk(A) = r, X X����Ó
X = AU + µ, AA′ = Σ, U ∼ N(0, Ir).

wyl
放置的图像

wyl
放置的图像

wyl
放置的图像
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)�*

Y = BAU +Bµ,

^ &�'�Ï 3.3.2,
'�( � 8 ÿ

��N '�( � 9 Ø�������	¯Ö±×
ú�
 < ý��
Ý�C�� Ó ��	¯Ö±×
ÿh�i
3.3.1

Ò
X ∼ Nn(µ,Σ),Σ > 0, Ü

Y = Σ− 1
2X ∼ N(Σ− 1

2µ, In).

;�< Ø.��� X ú��
è
×�X�µ *�
 q�ª â à
ø
ù�«
ê�ª�5
Ø������
Ý�C��
ú Y

ú��
è
×�ª�«�¬�­
Ø�à
ø
ù ë Ó 1. ��N�»���� 9 Ø�J�L�X�µ & í�N�ý��
Ý�C a �
è
×�ª â à
ø
ù
ê�5
ú�������	¯Ö±×
Ý�C Ó ��� Ú�Û ��	¯Ö±×
ÿh�i

3.3.2
Ò

X ∼ Nn(µ, σ2I), Q Ó n× n ��B
Û
ØOÜ QX ∼ Nn(Qµ, σ2I).

��N�»��
ú 8,9 * ��� ú
Ø��±ò����
ë����
ÿ
à�»���� 9 Ø��
è
×�ª�«�¬�­�à�¢�
�5
ø
ù
ú���	¯Ö±×�Ø�������B�Ý�C��
Ø"ÝÓ �
è
×���W�ª�«�¬�­�à�¢�
�5
ø
ù
ú���	¯Ö±×
ÿ¨ çYJYLY`�å X ∼ N(µ,Σ),Σ ≥ 0 úYéYêYËYÌYÍY��ÿ Ò rk(Σ) = r < n, Q =

(Q1
... Q2)

Ó Σ ú Ú�Û ��B���è��¯Ö±×�°�±
ú���B
Û
Ø Q1
Ó n× r

> Û
Ø ® r N
²�ÙYM ) ð 6 è��Y× λ1, · · · , λr , Q2

Ó n × (n − r),
®

n − r NY² ë ÙYM ) è��Y×6 ÿ � Λ = diag(λ1, · · · , λr), Ü
Q′ΣQ =




Q′
1

Q′
2


Σ

(
Q′

1 Q′
2

)

=




Q′
1ΣQ1 Q′

1ΣQ2

Q′
2ΣQ1 Q′

2ΣQ2


 =




Λ 0

0 0


 .

��� ý��
Ý�C
Y(1) = Q′

1X,

Y(2) = Q′
2X,� '�(

3.3.1, 

Y(1) = Q′

1X ∼ Nr(Q
′
1µ,Λ), (3.3.3)

Y(2) = Q′
2X ∼ Nn−r(Q

′
2µ, 0). (3.3.4)

³
(3.3.4) »��
Ø Q′

2X = Q′
2µ, µ�é�ê Ó 1 ±�­
ÿ���5�� ) Q′

2(X − µ) = 0, µ�é�êÓ 1 ±�­
ÿ��
X − µ ∈M(Q1), µ�é�ê Ó 1 ±�­
ÿ (3.3.5)
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$
Σ = Q1ΛQ

′
1, ��µ M(Σ) =M(Q1). J�L�»�� (3.3.4) 5�� )

X − µ ∈ M(Σ), µ�é�ê Ó 1 ±�­
ÿ (3.3.6)

�
í
ø��
Ø�� (3.3.3) �
Ø Y(1) ú�é�ê�Ë�Ì�Í�� Ó
g(y(1)) = (2π)−

r
2 | Λ |−1/2 exp{−1

2
(y(1) −Q′

1µ)′Λ−1(y(1) −Q′
1µ)}. (3.3.7)

� Ý�C x = Qy.
³
Q ú���B��
Ø! 
Ý�C
ú Jacobi Ù�²
þ | Q |= ±1. " y(1) = Q′

1x,

� (3.3.7) � = ú�Ë�Ì�Í��
f(x) = (2π)−

r
2

( r∏

i=1

λi

)−1/2

exp
{
− 1

2
(x− µ)′Q1Λ

−1Q′
1(x− µ)

}

= (2π)−
r
2

( r∏

i=1

λi

)−1/2

exp
{
− 1

2
(x− µ)′Σ+(x− µ)

}
. (3.3.8)

³
(3.3.6) #
Ø (x− µ)′Σ−(x− µ) Z�Î Ï Ø Σ− $�% ¥ â Ø )�*

(x− µ)′Σ+(x− µ) = (x− µ)′Σ−(x− µ).

& Ý (3.3.5) ÷ (3.3.7), J�L�� = � ñ e���@�l X ∼ Nn(µ,Σ), rk(Σ) = r , Ü x − µ
µYéYê Ó 1 '�çY��(�) M(Σ) * Ø�à�çYqY��(�)+*�
YËYÌYÍY� (

â )  Y��(�)�ú
Lebesgue ,�Ì )

(2π)−
r
2

(
r∏

i=1

λi

)−1/2

exp{−1

2
(x − µ)′Σ−(x− µ)}. (3.3.9)

��N�e�� * ³ Khatri( ø�ù�ú [71]) � = ú
ÿa E��
ú�e���d�-���`
Ø�� Ó �!
3.3.2

Ò
X ∼ Nn(µ,Σ), Ü

(1) . Σ > 0 �
Ø X ¢�
�Ë�Ì (3.3.1);

(2) . rk(Σ) = r < n �
Ø X − µ µ�é�ê Ó 1 '
ç���(�) M(Σ) *±Ø�à
ç�q��
(�)/*.¢�
�Ë�Ì (3.3.8).

M &H'HÏ 3.3.2, JHLH�HO �H�10 �H�H�H�H	�è�é�úHè1�HÍH��ÿ JHL1#12 N(0, 1)

ú�è���Í�� Ó
ϕ(t) = e−

t2

2 ,

)�*
U ∼ Nr(0, Ir) ú�è���Í�� Ó

ϕu(t) = e−
t′t
2 , t ∈ Rr.
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�

i =
√
−1, 
�� X = AU + µ ú�è���Í��

ϕx(t) = Eeit′X = E(eit′(AU+µ))

= eit′µE(eit′AU ) = eit′µϕu(A′t)

= eit′µe−
t′AA′t

2

= eit′µ− t′AA′t
2 , t ∈ Rn.

$ Ó ³ éHêH�I+ ú13�íH� 'H( Ø�J�L�#12
ØVÔ
Õ�Ý
×�ú
è�é * ³ ô�ú�è��HÍ��13
íç ' ú
Ø )�* J�L 8,9.7 � ñ '�( @ �!
3.3.3 X ∼ Nn(µ,Σ) .�à���.
ô
ú�è���Í�� Ó

ϕx(t) = eit′µ− t′Σt
2 , t ∈ Rn.

 �!
3.3.4 ¢�

õ
ö¯Ö±× µ, f
ø
ù
Û Ó Σ ú
Ô
Õ¯Ö±× X ����������	
è

é�.�à���.
Ù�
 <  ¯Ö±× c, c′X ∼ N(c′µ, c′Σc), ��� Σ ≥ 0."�# 4 ä�� ³ '�Ï 3.3.2 5�6�»
ó
Ø���X�µ�� '�( 3.3.1 ©
ó
ÿ¨ ç 8,9�7 è��
ÿ�l
Ù�
 < c, c′X ∼ N(c′µ, c′Σc), Ü
Ù
í�8 t ∈ R, 

ϕc′x(t) = eitc′µ− (c′Σc)t2

2 .

è�Õ º t = 1,

ϕc′x(1) = eic′µ− (c′Σc)
2 = ϕx(c),

)�* Ô
Õ¯Ö±× X ú�è���Í��
ϕx(c) = eic′µ− c′Σc

2 .

³ 'H(
3.3.3, �H� * N(µ,Σ) úHè1�HÍH��ÿ � 3�íH� 'H( Ø9# X ∼ N(µ,Σ). 8HF ÿG l X ∼ N(µ,Σ), . Σ > 0 �
ØOÙ�
 < c ∈ Rn, l c 6= 0, c′Σc > 0, Ü c′X* ð1:1��ú�íH�H�H	�Ý�×�ÿ l Σ ≥ 0, rk(Σ) = r < p, � ¿ c 6= 0, X1;H
 c′Σc = 0. �

� P (c′X = c′µ) = 1, c′X
* :1��ú�íH�H�H	�Ô�Õ�Ý�×�ÿ �H HE�Ø Ù1
 < c ∈ M(Σ)⊥,

4�
 P (c′X = c′µ) = 1.m
3.3.1

Ò
X1, · · · , Xn

Ó ����	�o�p N(µ, σ2) r s ú Ô�< Ô
Õ�_
à
ØOÜ�_
à
õ
ö X̄ = 1

n

∑n
i=1Xi ∼ N(µ, σ2

n ).

�Y YE�Ø�l � X = (X1, · · · , Xn)′, c = ( 1
n , · · · , 1

n )′, Ü X̄ = c′X .
�

3.3.4 # X

������	
è
é
ÿ ®�= e��
ú 8,9 * ��� ú
Ø��±ò���� � ���
ÿ
ç '�( + s c′ = (0, · · · , 0, 1, 0, · · · , 0), Ü c′X = Xi, c

′µ = µi, c
′Σc = σii.

)�*
J�L�
�� ñ »���@
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h�i
3.3.3

Ò
X ∼ Nn(µ,Σ), µ = (µ1, · · · , µn),Σ = (σij), Ü Xi ∼ N(µi, σii),

i = 1, · · · , n.

��N�»���� 9 Ø�l X = (X1, · · · , Xn)′ Ó n n���	¯Ö±×
Ø Ü
ô
ú�

í
è
×�� *
�Y	 Ö × ( >�?�:���ïY£ ). ��@��Y`�úYeY��A 4 ±Y­�Ø�� X1, · · · , Xn õ Ó �Y	�Ý×
Ø X = (X1, · · · , Xn)′ A 4 Ó ��	¯Ö±×
ÿ�J�L�X�µ�B
ó�O�����_
ú����
Ø ñ ��S* ® +±ú
í�N
ÿm

3.3.2
Ò

(X,Y) ú�Ü�Ý�Ë�Ì�Í�� Ó
f(x, y) =

1

2π
e−

1
2 (x2+y2)

[
1− xy

(x2 + 1)(y2 + 1)

]
, −∞ < x, y < +∞.

� W��
ê * /�����	
è
é
ú�Ë�Ì�Í��
Ø � X ÷ Y ú�C�D
è
é Ó N(0, 1).

�� �E
f1(x) =

∫ ∞

−∞
f(x, y)dy

=
1

2π

∫ ∞

−∞
e−

1
2 (x2+y2)dy − 1

2π

∫ ∞

−∞

xy

(x2 + 1)(y2 + 1)
e−

1
2 (x2+y2)dy.

E
þ�-�/�3�E�ß�Í��
Ù/F ' ú x
*

y ú ÿ Í��
Ø $ q�-�/�3�ß
è�5 )�6 ÿ )�*
f1(x) =

1

2π

∫ ∞

−∞
e−

1
2 (x2+y2)dy

=
1√
2π
e−

x2

2

∫ ∞

−∞

1√
2π
e−

y2

2 dy

=
1√
2π
e−

x2

2 ,

��� %�& 7 ∫∞
−∞

1√
2π
e−

y2

2 dy = 1.

��S 8,9.7 X ∼ N(0, 1). ç f(x, y) ��G
þ,+ , x, y ú�H�[�ä�æ
Ù
Ú
Ø � Y ∼
N(0, 1) ��±�­
ÿ
��N���� ��� »�Î = ���
ï�£
ÿ Ò X1, · · · , Xn ú�Ü�Ý�Ë�Ì Ó

f(x1, · · · , xn) =
1

(2π)n/2
e−

1
2

∑
n

i=1
x2
i

[
1−

∏n
i=1 xi∏n

i=1(x
2
i + 1)

]
.

� W
Ø X1, · · · , Xn Ü�Ý
è
é
ê * n ����	
Ø!� &�I ��J�_
ú
ø�K
Ø X�µ 8,9 Xi ∼
N(0, 1), i = 1, · · · , n.¨ ç�J�L�`�����������	
ú
ì
í
î����
Ø U�����C�D
è
é�ÿ"ç�µ ñ ���,+±Ø ¥
è�L�M 9 Ø�o Ñ
Ò Σ ≥ 0, � Σ ê 4 * � ' Û
ÿ
� X,µ,Σ ë�� ñ è�N

X =




X1

X2


 , µ =




µ1

µ2


 ,Σ =




Σ11 Σ12

Σ21 Σ22


 , (3.3.10)
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��� X1, µ1 ë Ó m× 1 Ö±×
Ø Σ11
Ó m×m

> Û
ÿ �!
3.3.5

Ò
X ∼ Nn(µ,Σ), Ü X1 ∼ Nm(µ1,Σ11), X2 ∼ Nn−m(µ2,Σ22)."�#

X1 ú�è���Í�� Ó
ϕx1(t) = ϕx(t1, · · · , tm, 0, · · · , 0) = eit′µ1− t′Σ11t

2 .

� '�(
3.3.3 # X1 ∼ Nm(µ1,Σ11), J ( X 8 X2 ∼ Nn−m(µ2,Σ22),

'�( 8�F ÿ;�< @���N '�( ��X�µ &�'�( 3.3.1 ` 8,9 ÿ �!
3.3.6

Ò
X ∼ Nn(µ,Σ), Ü X1 ÷ X2 ¬�­�.�à���. Σ12 = 0."H# Ò

t ∈ Rn, t = (t′1, t
′
2)

′, t1 ∈ Rm, t2 ∈ Rn−m. ϕx(t), ϕx1(t1), ϕx2(t2)è�Õ���� X,X1 ÷ X2 ú�è���Í��
ÿ )�*
Σ12 = 0 ⇐⇒ t′Σt = t′1Σ11t1 + t′2Σ22t2

⇐⇒ ϕx(t) = ϕx1(t1)ϕx2(t2).

%Y& � ñ �Y Y@OÔ�Õ Ö ×Y¬Y­�.Yà���.�ôYL�úYÜYÝYè��YÍY�Y5 ) ôYL�ú�C�DYè��
Í��
ú�Þ�ß
ÿ���S 8,9.7 J�L
ú�e��
Ø '�( 8�F ÿ
� N ' (POPQ 7 � � � 	�è é�ú íHNHP äH� ��Ø ªH« ¬H­HZ êHª â * 5P��ú�ÿ
����� ) ð ÿ�� ��	
è
é
Ø�. Σ12 = 0 �
ØOÜ (3.3.1) X
è�� Ó

f(x) = f1(x1)f2(x2),

® +
f1(x1) =

1

(2π)m/2 |Σ11|
1
2

e−
1
2 (x1−µ1)′Σ−1

11 (x1−µ1),

f2(x2) =
1

(2π)(n−m)/2 |Σ22|
1
2

e−
1
2 (x2−µ2)

′Σ−1
22 (x2−µ2),

��� f1(x1) ÷ f2(x2) è�Õ * X1 ∼ Nm(µ1,Σ11) ÷ X2 ∼ Nn−m(µ2,Σ22) ú�Ë�Ì�Í
��ÿ $ Ó � Σ > 0 XH»�ó Σii > 0 ,

$ qHð ÿ1� �H	�è�é�ú1C1D�è�éH� * ð ÿ1� ú�ÿm
3.3.3 /�����	
è
é

� � 5�é�ê � û�R�S�T�J�L/U���#�2
Ø�/�����	
è
é�Ë�Ì Ó
f(x1, x2) =

1

2πσ1σ2

√
1− ρ2

·exp

{
− 1

2(1− ρ2)

[
(x1−µ1)

2

σ2
1

−2ρ

(
x1 − µ1

σ1

)(
x2 − µ2

σ2

)
+

(x2 − µ2)
2

σ2
2

]}
.

l�¸�± (3.3.1) ú�£
þ
ØOÜ ® +±ú µ ÷ Σ è�Õ Ó
µ =




µ1

µ2


 ,Σ =




σ2
1 ρσ1σ2

ρσ1σ2 σ2
2


 ,
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ô�LÃè�Õ * /�����	 Ö ×ÃúÃõÃö Ö ×Ã÷�fÃøÃùÃÛ , ρ ����ª â�ã �Ãÿ $ Ó |Σ| =

(1− ρ2)σ2
1σ

2
2 , ��µ Ó�7�V�8 Σ X�Ø
Ø�J�L
ä
å |ρ| < 1.

. ρ = 0 �
Ø Σ = diag(σ2
1 , σ

2
2),
� '�(

3.3.6 #
Ø q�� X1 Z X2 ª�«�¬�­
Ø à
Xi ∼ N(µi, σ

2
i ).
â ) ��N��� 
Ø J�L���X�µ���Ë�Ì�Í���� = 8,9 ÿ!. ρ = 0 �
Ø ô

ú�Ü�Ý�Ë�Ì�X
è�� Ó
f(x1, x2) =

1√
2πσ1

e
− (x1−µ1)2

2σ2
1 · 1√

2πσ2

e
− (x2−µ2)2

2σ2
2 .

X�ø Xi ∼ N(µi, σ
2
i ), à�ª�«�¬�­
ÿñ ��J�L�����������	
ú j�k è
é
ÿ H!

3.3.7
Ò
X ∼ Nn(µ,Σ), Ù X,µ,Σ ëH� (3.3.10) ú�è1N�Ø Ü�ò ' X1 = x1

�
Ø X2 ú j�k è
é Ó
X2|X1 = x1 ∼ Nn−m(µ2 + Σ21Σ

−
11(x1 − µ1), Σ22.1),

��� Σ22.1 = Σ22 − Σ21Σ
−
11Σ12."�# º

C =




Im 0

−Σ21Σ
−
11 In−m


 .

ë
Ý�C Y = CX, Ü Y ∼ Nn(Cµ,CΣC ′).
%�&

(2.2.11) ÷ (2.2.12) �
Σ21 − Σ21Σ

−
11Σ11 = 0, Σ12 − Σ11(Σ

−
11)

′Σ12 = 0,

)�*

CΣC ′ =




Im 0

−Σ21Σ
−
11 In−m







Σ11 Σ12

Σ21 Σ22







Im −(Σ−
11)

′Σ12

0 In−m




=




Σ11 0

0 Σ22.1


 ,

�



Y1

Y2


 =




X1

X2 − Σ21Σ
−
11X1




∼ Nn







µ1

µ2 − Σ21Σ
−
11µ1


 ,




Σ11 0

0 Σ22.1





 .
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)�*

X2 − Σ21Σ
−
11X1 ∼ Nn−m(µ2 − Σ21Σ

−
11µ1, Σ22.1),

X1 ∼ Nm(µ1, Σ11),

à�/���ª�«�¬�­
ÿ � ò ' X1 = x1,

X2 ∼ Nn−m(µ2 + Σ21Σ
−
11(x1 − µ1),Σ22.1).

8�F ÿ
����N '�( J�L�X�µ 0 ��� ñ P
ä��� �@
E(X2|X1 = x1) = µ2 + Σ21Σ

−
11(x1 − µ1) = (µ2 − Σ21Σ

−
11µ1) + Σ21Σ

−
11x1,

�
ò ' X1 = x1, X2 ú j�k õ
ö * x1 ú�ý���Í��
ÿ³ 'H(
3.3.2 ú 8I9 Ø JHL1#12�Ø X1−µ1 ∈ M(Σ11)( µHéHê Ó 1),

�
M(Σ21) ⊂

M(Σ11), ��µ
Ø Σ21Σ
−
11(x1 − µ1) Z�Î Ï Ø Σ−

11 ú $�% ¥ â ÿ � '�( ú 8,9 Ø J�L
��X�µ�
�� ñ »���@h i

3.3.4 (1) X1 − Σ12Σ
−
22X2 ∼ Nm(µ1 − Σ12Σ

−
22µ2,Σ11.2) à Z X2 ∼

Nn−m(µ2,Σ22) ª�«�¬�­
Ø ® + Σ11.2 = Σ11 − Σ12Σ
−
22Σ21.

(2) X2 − Σ21Σ
−
11X1 ∼ Nn−m(µ2 − Σ21Σ

−
11µ1,Σ22.1) à�Z X1 ∼ Nm(µ1,Σ11) ª

«�¬�­
ÿ
§3.4 ÂÄÃXWÄÉXY[Z¥Ï¨Ð

Ò
X ∼ Nn(µ,Σ), An×n

Ó  
Ù
Ú
Û
ÿ±à
â
ú]\"ú *�^�_ X ′AX ú����
Ø.è�Õ* ç�`�� j�k ñ Ø�/ Þ
ß X ′AX ��� χ2 è
é
Ø�A���� χ2 è
é
ú
í�	�P
ä����
ÿ
µ ñ J�L�o Ñ
Ò Σ > 0. Y!

3.4.1 (1)
Ò

X ∼ Nn(µ,Σ), An×n Ù�Ú�ØOÜ Var(X ′AX) = 2tr(AΣ)2 +

4µ′AΣAµ,

(2)
Ò

X ∼ Nn(µ, σ2I), An×n Ù
Ú
ØOÜ Var(X ′AX) = 2σ4tr(A2) + 4σ2µ′A2µ."�#
(1)
�

Y = Σ− 1
2X, Ü Y ∼ Nn(Σ− 1

2µ, I), ��µ Y ú
è
×�ª�«�¬�­
Ø�à
Var(X ′AX) = Var(Y ′Σ

1
2AΣ

1
2Y ),

;�<�= Ù���	
è
é
m3 = E(Yi −EYi)

3 = 0,

m4 = E(Yi −EYi)
4 = 3.

M &�'�( 3.2.2,
¿ � = -
í j e��
ÿ

(2) � * (1) ú�è�L
ï ð ÿ '�( 8�F ÿ
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 YÐ
3.4.1

Ò
X ∼ Nn(µ, In). Ô�Õ�Ý�× Y = X ′X ú�è�é�Ú Ódc ³ Ì Ó n,

ð,+�e�Ö�� Ó λ = µ′µ ú χ2 è
é
Ø � Ó Y ∼ χ2
n,λ. . λ = 0 �
ØOÚ Y ú
è
é Ó +

e χ2 è
é
Ø � Ó Y ∼ χ2
n. �!

3.4.2 χ2 è
é�¢�
 ñ�f ����@
(1) ( X�g�� )

Ò
Yi ∼ χ2

ni,λi
, i = 1, · · · , k, à�ª�«�¬�­
ØOÜ

Y1 + · · ·+ Yk ∼ χ2
n,λ,

��� n =
∑
ni, λ =

∑
λi.

(2) E(χ2
n,λ) = n+ λ, Var(χ2

n,λ) = 2n+ 4λ."�#
(1) ×�� '�Ï � �
ÿ ñ 8 (2).

(2)
Ò

Y ∼ χ2
n,λ, Ü � '�Ï , Y X���� Ó

Y = X2
1 + · · ·+X2

n−1 +X2
n,

® + Xi ∼ N(0, 1), i = 1, · · · , n− 1, Xn ∼ N(
√
λ, 1), à�ª�«�¬�­
Ø )�*

E(Y ) =

n∑

i=1

E(X2
i ), (3.4.1)

Var(Y ) =
n∑

i=1

Var(X2
i ). (3.4.2)

$ Ó
E(X2

i ) = Var(Xi) +E(Xi)
2 =





1, i = 1, · · · , n− 1,

1 + λ, i = n.

À�Á (3.4.1), -
í j e���� 8 ÿ�5�6
û
ü�X��
EX4

i = 3, i = 1, · · · , n− 1,

EX4
n = λ2 + 6λ+ 3.

)�*
Var(X2

i ) = EX4
i − (EX2

i )2 = 3− 1 = 2, i = 1, · · · , n− 1,

Var(X2
n) = EX4

n − (EX2
n)2 = 2 + 4λ.

À�Á (3.4.2)
¿ 8,9.7 -�/ j e��
ÿÒ

X ∼ Nn(0,Σ),Σ > 0,
� '�Ï ��� 8,9 / Þ
ß X ′Σ−1X ∼ χ2

n . �� �E
Ø �
Y = Σ− 1

2X , Ü Y ∼ Nn(0, I).
)�*

X ′Σ−1X = (Σ− 1
2X)′(Σ− 1

2X) = Y ′Y ∼ χ2
n.
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Ù ) ��	¯Ö±×
ú
í�h�/ Þ
ß Ø�J�L�
 ñ �
ú '�( ÿ Y!
3.4.3

Ò
X ∼ Nn(µ, In), A Ù�Ú�ØOÜ X ′AX ∼ χ2

r,µ′Aµ ⇐⇒ A �Y5�Ø
rk(A) = r."�# U 8�7 è��
ÿ Ò A ��5�0OÙ
Ú
Ø�à rk(A) = r,

� '�(
2.3.1, A ú�è��

×
ã�; Ó 0 i 1,
)�* æ
ç���B
ø
Û Q, ï��

A = Q′




Ir 0

0 0


Q.

º
Y = QX , Ü Y ∼ Nn(Qµ, In), Ù Y ÷ Q ë
è�N

Y =




Y(1)

Y(2)


 , Q =




Q1

Q2


 ,

® + Y(1) @ r × 1, Q1 @ r × n. )�*

X ′AX = Y ′




Ir 0

0 0


Y = Y ′

(1)Y(1) ∼ χ2
r,λ,

® + λ = (Q1µ)′Q1µ = µ′Q′
1Q1µ = µ′Aµ.

^ 8 4 ä��
ÿ Ò rk(A) = t.
$

A Ù
Ú
Ø � æ
ç���B
ø
Û Q, ï��

A = Q′




Λ 0

0 0


Q,

® + Λ = diag(λ1, · · · , λt). J�L
ã�: 8,9 λi = 1, i = 1, · · · , t, t = r.
º

Y = QX , Ü
Y ∼ Nn(Qµ, In).

�

c = Qµ =




c1

...

cn



,

Ü
X ′AX = Y ′




Λ 0

0 0


Y =

t∑

j=1

λjY
2
j , (3.4.3)

�H� Y ′ = (Y1 · · ·Yn), Yj ∼ N(cj , 1) àHªH«H¬H­�Ø j = 1, · · · , t.
� è1�HÍH��ú 'HÏ Ø

ê�j
ü
ó λjY
2
j ú�è���Í�� Ó

gj(z) = (1− 2iλjz)
− 1

2 exp

{
iλjz

1− 2iλjz
c2j

}
.
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%�& ¬�­
Ô
Õ
Ý
×�k
÷
ú�è���Í���5 ) ô�L
ú�è���Í���k�ß
Ø ³ (3.4.3) � X ′AX

ú�è���Í��
t∏

j=1

(1− 2iλjz)
− 1

2 exp

{
iλjz

1− 2iλjz
c2j

}
. (3.4.4)

J�L�^�`
û
ü χ2
r;λ ú�è���Í��
ÿ Ò u ∼ χ2

r;λ, λ = µ′Aµ,
�

u = u2
1 + · · ·+ u2

r,
® +

u1 ∼ N(λ1/2, 1), uj ∼ N(0, 1), j ≥ 2. ÷�l�m�J�_
ú�2 ( Ø�� u ú�è���Í��
Ø
(1− 2iz)−

r
2 exp

{
iλz

1− 2iz

}
. (3.4.5)

� Ñ
Ò Ø X ′AX ∼ χ2
r;λ.
)�*

(3.4.4) ÷ (3.4.5) M� �ª�5
ÿ�n�o�2��
ú ÿ�p ´ ® N
��#
Ø λj = 1, j = 1, · · · , t, à t = r.

4 ä���� 8 ÿ '�( 8�F ÿh�i
3.4.1

Ò
An×n Ù
Ú
Ø X ∼ Nn(µ, I), 
�� X ′AX ∼ χ2

k, �,+�e χ2 è
é
⇐⇒ A ��5
Ø rk(A) = k,Aµ = 0.h�i

3.4.2
Ò

An×n Ù
Ú
Ø X ∼ Nn(0, I), 
�� X ′AX ∼ χ2
k,⇐⇒ A ��5
Ø

rk(A) = k.hYi
3.4.3

Ò
An×n Ù�Ú�Ø X ∼ Nn(µ,Σ),Σ > 0, 
Y� X ′AX ∼ χ2

k;λ, λ =

µ′Aµ⇐⇒ AΣA = A.'�(
3.4.3 ´ ® »�� a�q ' ��	
Ý
×�/ Þ
ß ��� χ2 è
é
ú�b�c�� Ó ^�_ ª�M

ú�/ Þ
ß > Û
ú�b�c
Ø � ����r�r�O ����s ( ÿ $ q
Ø���	�e�� * q ' χ2 è
é
ú
O�
�t
ú�u�¢
ÿm

3.4.1
Ò

X ∼ Nn(Cβ, σ2I), rk(C) = r.
%�& »�� 3.4.1

��� 8,9 Ø X ′[I −
C(C ′C)−C ′]X/σ2 ∼ χ2

n−r.

�Y YE�Ø� Y/ Þ�ß ú > Û A = I − C(C ′C)−C ′ * �Y5�Û�Ø � 'Y( 2.3.3 , 

rk(A) = tr(A) = tr(I − C(C ′C)−C ′) = n − tr(C(C ′C)−C ′) = n − rk(C(C ′C)−C ′).

^ %�& »�� 2.2.1(3) � rk(A) = n− rk(C ′C) = n− rk(C) = n− r. " $ AC = 0, ×
��»�� 3.4.1,X ′[I − C(C ′C)−C ′]X/σ2 ∼ χ2

n−r. Y!
3.4.4

Ò
X ∼ Nn(µ, I), X ′AX = X ′A1X + X ′A2X ∼ χ2

r;λ, X
′A1X ∼

χ2
s;λ1

, A2 ≥ 0,
® + λ = µ′Aµ, λ1 = µ′A1µ. Ü

(1) X ′A2X ∼ χ2
r−s;λ2

, λ2 = µ′A2µ,

(2) X ′A1X ÷ X ′A2X ª�«�¬�­
Ø
(3) A1A2 = 0."�# $

X ′AX ∼ χ2
r;λ,
³ '�(

3.4.3 #
Ø A ��5
Ø rk(A) = r,
)�* Ø æ
ç��

B
ø
Û P , ï��
P ′AP =




Ir 0

0 0


 .
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$

A ≥ A1, A ≥ A2,
)�*

P ′A1P =




B1 0

0 0


 , B1 @ r × r,

P ′A2P =




B2 0

0 0


 , B2 @ r × r.

³±Ñ
Ò
X ′A1X ∼ χ2

s;λ1
, »�� A2

1 = A1,
)�*

B2
1 = B1.

� æ
ç���B
Û Qr×r, ï��

Q′B1Q =




Is 0

0 0


 .

�

S′ =




Q′ 0

0 In−r


P ′,

Ü S Ó ��B
Û
Ø�à�ï
S′AS = S′A1S + S′A2S

£ Ó 


Is 0 0

0 Ir−s 0

0 0 0




=




Is 0 0

0 0 0

0 0 0




+




0 0 0

0 Ir−s 0

0 0 0



.

ë
Ý�C Y = SX ,
� '�(

3.3.1, 
 Y ∼ Nn(Sµ, I).
)�*

X ′AX = Y ′S′ASY =

r∑

i=1

Y 2
i ,

X ′A1X = Y ′S′A1SY =

s∑

i=1

Y 2
i ,

X ′A2X = Y ′S′A2SY =

r∑

i=s+1

Y 2
i .

$ Ó Y1, · · · , Yn ªH«H¬H­�Ø �Hµ X ′A1X Z X ′A2X ªH«H¬H­�ÿ ^ � 'HÏ Ø X ′A2X ∼
χ2

r−s;λ2
, "

A1A2 = S




Is 0 0

0 0 0

0 0 0



S′S




0 0 0

0 Ir−s 0

0 0 0



S′ = 0,
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(3) � 8 ÿ '�( 8�F ÿh�i
3.4.4

Ò
X ∼ Nn(µ, I), A1, A2 Ù
Ú
Ø X ′A1X ÷ X ′A2X 4���� χ2 è

é
ØOÜ
ô�L�ª�«�¬�­ ⇐⇒A1A2 = 0.
"Y# 7 èY��ÿ º A = A1 + A2.

³
A1A2 = 0, XY»�ó A2A1 = (A1A2)

′ = 0.$ q
Ø ³ A1, A2 ú���5����
A2 = (A1 +A2)

2 = A2
1 +A2

2 +A1A2 +A2A1 = A1 +A2 = A,

� A ��5
ÿ ³ '�( 3.4.4, X ′A1X Z X ′A2X ª�«�¬�­
ÿ4 ä��
ÿ�l X ′A1X Z X ′A2X ª�«�¬�­
ØOÜ X ′AX ����� χ2 è
é
Ø�^ ³ '(
3.4.4(3), e���� 8 ÿ
E���2�N '�( O ��� »�Î = Cov(X) = Σ > 0 ú
ï�£
ÿhYi

3.4.5
Ò

X ∼ Nn(µ,Σ), Σ > 0, X ′AX = X ′A1X + X ′A2X ∼ χ2
r,λ1

,

X ′A1X ∼ χ2
s, λ2

, A2 ≥ 0, Ü
(1) X ′A2X ∼ χ2

r−s,λ3
,

(2) X ′A1X Z X ′A2X ª�«�¬�­
Ø
(3) A1ΣA2 = 0,® + λi, i = 1, 2, 3 Ó ð,+�e�Ö��
ØOê�^�{ ç ¸
ó
ÿhYi

3.4.6
Ò

X ∼ Nn(µ,Σ),Σ > 0, A1, A2 Ù�Ú�Ø X ′A1X Z X ′A2X 4Y�
� χ2 è
é
ÿOÜ
ô�L�ª�«�¬�­ ⇐⇒A1ΣA2 = 0.

ç���N�»��,+±Ø J�L
ä
å X ′A1X Z X ′A2X 4���� χ2 è
é
ÿ �� �E
Ø � ñ í
â�J�L�X�µ�å
ó
Ø���N j�k * X�µ�|�}
ú
ÿ

§3.5 ÂÄÃXWÄÉXY[Z¨Ï¥Ð�~[�[�¨Ð[Y��[�[�
Ò

X ∼ Nn(µ,Σ), A,B ë Ó n �
Ù
Ú
Û
Ø C Ó m× n
> Û
ÿOà
â�����­�/ Þß

X ′AX,X ′BX ÷�ý�� ß CX ª�«�¬�­
ú j�k ÿ���	�e��
ç�ý���� ß ú�Ö���§
û
÷ Ñ
Ò���� +.��
�P
ä�M & ÿ H!

3.5.1
Ò
X ∼ Nn(µ, I), A Ó n×n Ù�Ú�Û�Ø C Ó m×n

> Û�ÿ l CA = 0,

Ü CX ÷ X ′AX ª�«�¬�­
ÿ"�# ³
A ú
Ù
Ú��
Ø�#
æ
ç Ú�Û ��B
Û P , ï��

P ′AP =




Λ 0

0 0


 , (3.5.1)
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��� Λ = diag(λ1, · · · , λr), λi 6= 0, rk(A) = r.
³
CA = 0 X�»�� CPP ′AP = 0. ��5

� )

CP




Λ 0

0 0


 = 0. (3.5.2)

l �

D = CP =




D11 D12

D21 D22


 ,

³
(3.5.2) »�� D11 = 0, D21 = 0.

)�*
D S
Ý Ó

D =




0 D12

0 D22


 4

= (0
...D1), D1 @ m× (n− r).

� P ë
Ù�M
è�N @ P = (P1
...P2), P1

Ó n× r. 
��

C = DP ′ = (0
...D1)




P ′
1

P ′
2


 = D1P

′
2, (3.5.3)

A = P




Λ 0

0 0


P ′ = P1ΛP

′
1. (3.5.4)

�
Y = P ′X ,

� '�(
3.3.1, J�L�#�2

Y =




Y(1)

Y(2)


 =




P ′
1X

P ′
2X


 ∼ Nn(Pµ, I).

� W
Ø Y(1) ÷ Y(2) ª�«�¬�­
ÿ�� ³ (3.5.3) ÷ (3.5.4), 

CX = D1P

′
2X = D1Y(2),

X ′AX = X ′P1ΛP
′
1X = Y ′

(1)ΛY(1).

$
CX ã ��� ) Y(2),

�
X ′AX ã ��� ) Y(1), �Yµ CX Z X ′AX ¬Y­�Ø 'Y( �

8 ÿ m
3.5.1

Ò
X1, · · · , Xn

Ó s c N(0, σ2) ú
Ô
Õ�_
à
ØáÜ�_
à
õ
ö X Z�_
à
ø
ù S2 = 1

n−1

∑n
i=1(Xi − X̄)2 ª�«�¬�­
ÿ
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�H HE�Ø l � X = (X1, · · · , Xn),1 = (1, · · · , 1)′, � 1 Ó �H
�è�×Hæ Ó 1 ú n×1

Ö±×
Ø X ∼ Nn(0, σ2I), Ü
X =

1

n
1′X, (n− 1)S2 = X ′CX,

���
C = In −

1

n
11′.

����� 8 1′C = 0,
³ '�(

3.5.1 # X Z S2 ¬�­
ÿh�i
3.5.1

Ò
X ∼ Nn(µ,Σ), Σ > 0, An×n

Ó Ù
Ú
Û
ÿ�l CΣA = 0, Ü CX

Z X ′AX ª�«�¬�­
ÿ
8,9 �±ò���� � ���
ÿ Y!

3.5.2
Ò

X ∼ Nn(µ, I), A,B ë n × n Ù�Ú�Ø�l AB = 0, Ü X ′AX Z
X ′BX ª�«�¬�­
ÿ"�# ³

AB = 0 ´ A,B ú
Ù
Ú��
Ø�­�� BA = 0,
)�*

AB = BA,
� æ
ç��

B
Û P , X�ï A,B J��
Ù�¯��
Ø��
P ′AP = Λ1 = diag(λ

(1)
1 , · · · , λ(1)

n ),

P ′BP = Λ2 = diag(λ
(2)
1 , · · · , λ(2)

n ).³
AB = 0 =⇒ Λ1Λ2 = 0, �

λ
(1)
i ÷ λ(2)

i ��� 

í�N Ó 0, i = 1, · · · , n. (3.5.5)

º

Y = P ′X =




Y1

...

Yp



,

Ü Y ∼ Nn(P ′µ, I),
)�*

Y ú��
è
× Y1, · · · , Yn ª�«�¬�­
Ø��
X ′AX = X ′PΛ1P

′X = Y ′Λ1Y,

X ′BX = X ′PΛ2P
′X = Y ′Λ2Y.

×�� (3.5.5),X ′AX Z X ′BX � ��� ú Y è�×�ê�J�Ø � X ′AX Z X ′BX ªY«Y¬
­
ÿ '�( � 8 ÿ
�YN 'Y( úYØY� * Ù�ú�Ø�� Ò X ∼ Nn(µ, I), A,B ë n × n Ù�Ú�Ø�l X ′AX

Z X ′BX ª�«�¬�­
Ø Ü AB = 0. ��N��� 
ú 8,9 q s S���� 7 Ø���ø�ù�ú [42] ÷
[88], ����� a '�( »�Î = ÿ�� ��	
è
é
ú
ï�£
ÿhYi

3.5.2
Ò

X ∼ Nn(µ,Σ),Σ > 0, A,B ë n × n Ù�Ú�ÿ�l AΣB = 0, Ü
X ′AX Z X ′BX ª�«�¬�­
ÿ
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� � �

3.1 � X1, X2, · · · , Xn � �á��aá��� Y1 = X1, Yi = Xi − Xi−1, i = 2, 3, · · · , n. �
X = (X1, X2, · · · , Xn)′, Y = (Y1, Y2, · · · , Yn)′.

(1) � Cov(X) = I, �b� I � n �b�b�b�b�9� Cov(Y );

(2) � Cov(Y ) = I, � Cov(X).

3.2 (1) � X   Y �b¡b¢b£b¤b¥b¦ �b§!¨!©!ª�� �!a �!«9¬!­
Cov(X + Y, X − Y ) = 0.

(2) � Xn×1, Ym×1 ®¯� � � � �¯� Cov(X) > 0( ° Cov(X) � {¯±¯� ), �¯²¯³¯´¯� An×m,µb¶
Cov(X, Y −AX) = 0.

(3) ·b¸ (1)   (2), ¹bºb»b¼b½b¾b­b¿ £bÀ � � �!a��!Á �K�!¿bÂ!± £!Ã y!zb«
3.3 � X ∼ N2(µ, Σ), �bÄbÅbÆb³ �

f(x1, x2) = k−1 exp
{
−

1

2
Q(x1, x2)

}
,

ÇbÈ
Q(x1, x2) = x2

1 + 2x2
2 − x1x2 − 3x1 − 2x2 + 4, � µ   Σ.

3.4 �����ba�� X1, · · · , Xn £bÃ ybzb� ¡b¢bÉbÊ � ®!Ë µ   ¥b¦ σ2.

(1) ±bÌ Yi = Xi −Xi+1, i = 1, · · · , n− 1. ¬b­ Yi ®bËb� 0, ¥b¦b� 2σ2.

(2) ±bÌ Q = (X1 −X2)
2 + · · ·+ (Xn−1 −Xn)2, � E(Q).

3.5 ¬b­bÍbÎ 3.3.2.

3.6 � X ∼ Nn(0, I), Ï U = AX, V = BX, W = CX,
ÇbÈ

A,B, C Ð � r×n ´b�b�ÑbÒ � r, � Cov(U, V ) = Cov(U, W ) = 0. ¬b­ U v V + W ybzb«
3.7 � Z1 = X + Y, Z2 = X − Y, � Z1, Z2 � ybz�{�|ba��b��¹b¬!­ X   Y Ób��{�|

a��b«
3.8 �bwbxbÔ�� Y = Xβ + e, E(e) = 0, Cov(e) = σ2V, �bÕ Y ′AY � σ2 �bÖb×bØbÙ (A

�bÚ����b´b� ), A ÛbÜbÝbÞbßbàbá�â
3.9 � X ∼ N2(0, Σ), Σ = (σij), ¬b­

X ′Σ−1X −X2
1/σ11 ∼ χ2

1,

�b� X ′ = (X1, X2).

3.10 � X ∼ N3(0, Σ), �b�

Σ =




1 ρ ρ

ρ 1 ρ

0 ρ 1


 .
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æ ± ρ � Ë � µb¶ X1 + X2 + X3 v X1 −X2 −X3 £bÃ ybzb«
3.11 � X ′ = (X1, X2, X3, X4) ∼ N4(0, I4), ¬b­ Q = X1X2 −X3X4 ¿bçbè χ2 }�~b«
3.12 � X ∼ χ2

r,λ, ¬b­ X �bébêbÆb³ �
(1 − 2it)−r/2 exp(

tiλ

1− 2it
) .

3.13 � X1, X2, · · · , Xn £�Ã y�z�� Ñ�ë ç�è N(0, σ2), ¬�­ X =
1

n

n∑

i=1

Xi v Q =

n−1∑
i=1

(Xi −Xi+1) ybzb«
3.14 � X ∼ Np(µ, I), ¬b­ AX v BX £bÃ ybz ⇐⇒ AB′ = 0 .

3.15 � X ∼ Np(µ, I), Q1 = X ′AX, Q2 = X ′BX, � Q1 v Q2 ybzb� Ñ A ≥ 0, B ≥ 0,ì
AB = 0 .

3.16 � X ∼ Np(µ, Σ), ¬b­bí
(1) E(X − µ)3 = 0,

(2) Cov(X, X ′AX) = 2ΣAµ.

3.17 � X1, X2, · · · , Xn �bî�ï Np(µ, Σ) �����bðbñb� X =
1

n

n∑

i=1

Xi .

(1) � X ��}�~b«
(2) ¬b­ Cov(Xi −X, X) = 0 .

(3) ¬b­ E

(
1

n− 1

n∑

i=1

(Xi −X)(Xi −X)′

)
= Σ .
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§4.1 \^]^_^`^acb
B
C Q ��ü�ý�þ�ÿ

y = Xβ + e, E(e) = 0, Cov(e) = σ2I (4.1.1)

�
�
�
β - σ2

�
�
�
d
e

�?
f
y g n× 1 h
i�j�k , X g n× p

�
l
�
m
n
. β

g p× 1 o�p ��� j�k , e g�q�r�s�t , σ2 g�s�t � t , σ2 > 0. u�v rk(X) = r ≤ p,w
(4.1.1) g�x�y ü1ý1þ1ÿ�
{z�|�
 w g�}
y ü�ý�þ1ÿ
�{B
C�~ Q � β

������d�e��
�
�
�
� j�k �
�
�
�
� L �
	
&
�
�
�
�
	

I�
�
�
& , β

�
�
�
�
�
� s
t�j�k e = y −Xβ �
� �
�

6�
@
&
�
�
�
�
�
�

Q(β) = ‖e‖2 = ‖y −Xβ‖2 = (y −Xβ)′(y −Xβ)

�
� �
�
�6�
�

6B
C
�
�
�
�
� Q(β)
�
�
�
�
�
�

β
�
�
�
�6�
� �

Q(β) = y′y − 2y′Xβ + β′X ′Xβ,

�
� m
n
�
�
�
�
( �
� � M )

∂y′Xβ

∂β
= X ′y,

∂β′X ′Xβ

∂β
= 2X ′Xβ,

!
&
∂Q(β)

∂β
= −2X ′y + 2X ′Xβ.

� �
 
!
0,
� �

X ′Xβ = X ′y, (4.1.2)w
¡ g
¢ |
�
£
�
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� g�j�k X ′y ∈ M(X ′) =M(X ′X),
!
& ¢ |
�
£ (4.1.2)

&
ª
«
�
�6¬
­ G�
2.2.3, ¢ |
�
£ (4.1.2)

�
® g
β̂ = (X ′X)−X ′y, (4.1.3)

?
f
(X ′X)−

&
X ′X

�
¯
�
;
°
±
²
³
�
¬
­
´
�
µ
�
�
�

¶B
C p
· β̂ ¸ &
´
� Q(β)

�
¹
º
�¶B
C
»
¼ 8�9 �
½
¾�
Q(β) �
� �
�
�6¿
¾
À

6Á
¯
�
;
° β,

Q(β) = ‖y −Xβ‖2 = ‖y −Xβ̂ +X(β̂ − β)‖2

= ‖y −Xβ̂‖2 + (β̂ − β)′X ′X(β̂ − β) + 2(β̂ − β)′X ′(y −Xβ̂).

� g β̂ }
Â
¢ |
�
£ (4.1.2),
!
&
À
� �
Ã
Ä
g 0,

J � � Ä
Å &
Æ
Ç
�

6!
&
Q(β) ≥ ‖y −Xβ̂‖2 = Q(β̂). (4.1.4)

�
�
È 9 
 β̂
½
�

Q(β) �
� �
�
�D�û
B
C
É
Ê
;
Ë 8�9 
6� Q(β) �
� �
�
�
Ì
& β̂.
¿
¾
À



(4.1.4)
 
Í
Î

2 
6Ï
Ð
Ñ
Ï
(β̂ − β)′X ′X(β̂ − β) = 0, 
Ò
�

X(β̂ − β) = 0.Ó
Ô 8�9 
6À
�
Õ
 
Ò
!
X ′Xβ = X ′Xβ̂ = X ′y,?
@ 8�9�: 
6� Q(β) �
� �
�
�
�
º
Ì g
¢ |
�
£
�
® β̂ = (X ′X)−X ′y.Ö

rk(X) = p,
|

X ′X
X
³

¶?
×



β̂ = (X ′X)−1X ′y,
Ð
�

E(β̂) = β, Ø β̂
&

β
�
Ù
Ú
�
�
�Û?
×

ÛB
C w

β̂ = (X ′X)−1X ′y g β
�
�
�
�
�
�
�

(least squares

estimate, Ü
Ý
g LS
�
�

).Ö
rk(X) < p,

|
E(β̂) 6= β, Ø β̂

Ó &
β
�AÙAÚA�A�A�6ÞAÊA;AËA
6�A×A¬ L

ÓAß û
β
��ü�ýAÙAÚA�A�A�6¿A¾AÀA
 Ö ß û

p × n
mAn

A,
�A�

Ay g β
��ü�ý

ÙAÚA�A�A
 ØAà � E(Ay) = AXβ = β,
ÁA;Aá

β
Î 2 �6Ì ß û AX = Ip. â �

rk(AX) ≤ rk(X) < p = rk(Ip),
?
@
�

AX = Ip
ª
ã
ä
�å�
�

å?
æ
�
m
n

A
¬ L

Ó
ß û
�6?
È 9 Ï rk(X) < p
×



β ç ��ü�ý
Ù
Ú
�
�

6�
×
B
C w β
& Ó X
�

�
� â &

6è
;
Ë

6B
C
X
é
ê
ë β
��ü�ý
ì
í

c′β,
?
@
î
ï : X
�
� G ²
�ð
ñ

4.1.1
Ö ß û

n× 1 j�k a,
�
�

E(a′y) = c′β
Á
;
á

β
Î 2 
å| w c′β&
X
�
´
�

(estimable function).
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ð
ù

4.1.1 c′β
&
X
�
´
�

⇐⇒ c ∈ M(X ′).úüû
c′β
&üXü�ü´ü�

⇐⇒
ß û

an×1,
�ü�

E(a′y) = c′β,
Áü;üá

β
Î 2

⇐⇒ a′Xβ = c′β,
Á
;
á

β
Î 2 ⇐⇒ c = X ′a. 8
ý �?A° G �AþAÿABACA
6� c′β

XA�A�����
p × 1 j k c � Î������ M(X ′).

!
&

 Ö

c1, c2 g p× 1 j�k 
 � c′1β - c′2β � X
�

	��


 Á
¯
���
°
� α1, α2,
ü

ý
ì
í
α1 · c′1β + α2 · c′2β 
 &
X
�
�
� Ö c1 - c2 g ü�ý
Ù
R

�| w X
�
´
� c′1β- c′2β
&�ü�ý
Ù
R
�
�����

 Á
!
;
°�ü�ý�þ�ÿ

 ü�ý
Ù
R
�
X��
´
�
ì������
�

rk(X) = r
°
X
�
´
�
�����

6Á
!
¯
;
X
�
´
�



c′β̂
�

(X ′X)−
�����
Ù
R



&��
;
�
�6¿
¾
À

 (
c′β
�
X
��ý

 p ß û j�k an×1,

�
�
c = X ′a,

!
&
c′β̂ = c′(X ′X)−X ′y = a′X(X ′X)−X ′y = a′X(X ′X)+X ′y.

?
f �
� : X(X ′X)−X ′ �
±
²
³ (X ′X)−
���
Ù
R

��

c′β̂
�
�

(X ′X)−
�����

Ù
R
�6�
×
»
�
E(c′β̂) = a′X(X ′X)−X ′Xβ = a′Xβ = c′β, Ø c′β̂ g c′β

�
Ù
Ú
�
�
�6!
&

6B
C��
4 u��
G ²
�ð
ñ

4.1.2
Á
X
�
´
�

c′β ,
w

c′β̂ g c′β
�

LS
�
�
�

Á
!�ü�ý�þ�ÿ
(4.1.1), Ý X = (x1, · · · , xn)′,

|
?
°�þ�ÿ
� .
k�� � g
yi = x′iβ + ei, i = 1, · · · , n, (4.1.5)

E(ei) = 0, Cov(ei, ej) =

{
0, i 6= j,

σ2, i = j.

É Ý µi = x′iβ, µ = (µ1, · · · , µn)′ = Xβ = E(y), Ø µ g
h
i�j�k y
� � � j�k � �&

n
°
X
�
´
�

 â ��� ¸ � r = rk(X)

°
&�ü�ý
Ù
R
�
�
µ
�

LS
�
� g

µ̂ = Xβ̂ = X(X ′X)−X ′y = PX y, (4.1.6)?
f
PX = X(X ′X)−X ′ & j M(X)

À
� ¢������ n
� X ��� � j�k µ
�

LS
�
�

@
&
y j M(X ′)

À
� ¢������ �Á
¯
;
X
�
´
�
c′β,  �
�
� LS

�
�
c′β̂
&��
;
�
� â &
�
X�!
��"��
°�üýAÙAÚA�A�A�6¿A¾AÀA
 Ö Ý M(X)⊥ g M(X)
� ¢���# ���A�6l a′y g c′β

�A;
°AÙAÚA�A�A
���
AÁA¯A�

b ∈ M(X)⊥, (a + b)′y
�A&

c′β
�A;A°AÙAÚA�A�A�6�A�

E(a+ b)′y = E(a′y) +E(b′y) = c′β + b′X ′β = c′β.
?
æ
;
�

 Á
¯
��ü�ý
´
�

c′β,�
��ü�ý
Ù
Ú
�
�
�
°
�
� Ã <�$�% : (1)
;
°
� ç � ,

?
×
�
& Ó X
�
�
; (2) ¸�A;A°A
6?A4AD�û

rk(X) = n
��$ � 
6� g �A× M(X)⊥ = 0; (3)

�AÙ�&��A°A�
Ï

c′β
X
�
×

�û
��ü�ý
Ù
Ú
�
�
Ï���
6� t �A�
W w g ��'�ü�ý
ÙAÚ
�A� (best
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linear unbiased estimate)
é �
Ü
Ý
g BLU

�
�
� ��( � G �
È 9 
 LS
�
�
@
&

BLU
�
�
�
ðAù

4.1.2(Gauss-Markov G � )
ÁA¯A�A�AXA�A´A�

c′β,LS
�A�

c′β̂ g ���;
�
BLU

�
�
�
ú
û ) (+*�8 c′β̂ g c′β

�
Ù
Ú
�
�

IJ�ü�ý
&����
�
�ID 8 c′β̂
�
� t ��
��,
~

Var(c′β̂) = Var(c′(X ′X)−X ′y) = σ2c′(X ′X)−X ′X(X ′X)−c.

(
c′β
��X��1ý�
 p ß û j�k α n×1,

���
c = X ′α,

!�&�
 ���
X ′X(X ′X)−X ′ = X ′,� �

Var(c′β̂) = σ2c′(X ′X)−X ′X(X ′X)−X ′α = σ2c′(X ′X)−c.

�
;
� ( 
6l a′y g c′β
�
¯
;
Ù
Ú
�
�

6!
&

a }
Â�- X ′a = c.
?
æ

Var(a′y)−Var(c′β̂) = σ2[a′a− c′(X ′X)−c]

= σ2(a′ − c′(X ′X)−X ′)(a−X(X ′X)−c)

= σ2‖a−X(X ′X)−c‖2 ≥ 0,

. Ð
 
Í
Î 2 ⇐⇒ a′ = c′(X ′X)−X ′ ⇐⇒ a′y = c′β̂. G � 8
ý �?�°0/ à � G ��K G�: LS
���1û1ü1ý1þ1ÿ������
���
�����
�
����(�!
�
E

1�2 �
LS
�
��û�ü�ý
Ù
Ú
�6��3����
�
=�ý

6�
��4
C
��5
é
��6

LS
�
�
Ï�7

ü1ý1þ1ÿ
(4.1.1)

�0��;��08�������� â &�
 ��: 20 "�# 60 009 
;:0�0<0=
È 9 
û�;0>0$0% � LS
�����1ý0? . Ó "08�� u
v0@ � �0�
;
°�� k �
��=�A
�0B�C



LS
�
� . Ó ; G &
�
=
�

6?�> N+D û ��E M�F�G
Q �
�H�I

4.1.1
l
ψ = c′iβ, i = 1, · · · , k 
 &
X
�
´
�

 αi, i = 1, · · · , k

&
¾
�


|

ψ =
k∑

i=1

αiψi

�
&
X
�
�

6Ð
ψ̂ =

k∑
i=1

αiψ̂i =
k∑

i=1

αic
′β̂
&

ψ
�

BLU
�
�
�

H�I
4.1.2

l
c′β - d′β

&��
°
X
�
´
�

6|
Var(c′β̂) = σ2c′(X ′X)−c, (4.1.7)

Cov(c′β̂, d′β̂) = σ2c′(X ′X)−d, (4.1.8)

. Ð
À�J��
�
�
E��
±
²
³
�����
Ù
R
�
?��
°�K
�
� 8�9 � Ó�L
Ô 
 D �
V
W�M
Î
�D�û
B
C Q � s
t � t σ2

�
�
�
� Ý
ê = y −Xβ̂ = (I − PX)y, (4.1.9)
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w

ê g�N
t�j�k � ��7 g
s
t�j�k �
;
°PO �
��Q 
 Á�<�=
R
! s
t�R l
�
í
��ýS 7�/ à 7 � ��«�T 8�9 
 N
t�j�k ê }
Â E(ê) = 0,Cov(ê) = σ2(I − PX).
�
!

êB
C
X
é ��U σ2
� u�� �
�

σ̂2 =
ê′ê

n− r =
‖y −Xβ̂‖2
n− r , (4.1.10)

?
f
r = rk(X).ð
ù

4.1.3 σ̂2
&

σ2
�
Ù
Ú
�
�
�

ú
û �
I − PX g�V  
n

6!
&

ê′ê = y′(I − PX )y,

�
� G � 3.2.1

E(ê′ê) = (Xβ)′(I − PX)Xβ + tr(I − PX )Cov(y) = σ2tr(I − PX ),

?
f �
� : (I − PX )X = 0.
�
��W -�V  
n
��ý�?

E(ê′ê) = σ2[n− tr(PX )] = σ2[n− rk(X)],

9 E�X 8 �
g ��Y
�

6��Z
� w σ̂2 g σ2

�
LS
�
�
�

Á
!�ü�ý�þ�ÿ
(4.1.1),

Ö B
C
Ê
;
Ë R l s
t�j�k e [ H���\ ¢�]
.�^ 
 | wª
�
��þ�ÿ g
¢�] ü�ý�þ�ÿ

 Ý
g
y = Xβ + e, e ∼ N(0, σ2I). (4.1.11)

��( B
C�<�=�û
?
°�þ�ÿ � 
 LS
�
�
��ý�?
�

ð
ù
4.1.4

Á ¢�] ü�ý�þ�ÿ (4.1.11),
l

c′β g ¯
;
X
�
´
�

6|
(1) LS

�
�
c′β̂
&

c′β
�
µ�_�`��
�
�

(maximum likelihood estimate, Ü
Ý
g
ML
�
�

),
Ð

c′β̂ ∼ N(c′β, σ2c′(X ′X)−c);

(2) n−r
n σ̂2 g σ2

�
ML
�
�

6Ð (n−r)σ̂2

σ2 ∼ χ2
n−r;

(3) c′β̂
�

σ̂2
ª�a 1
2 
?
f

β̂ = (X ′X)−X ′y,r = rk(X).ú
û Ý µ = Xβ,
ê
ë

µ - σ2
��`��
´
�

L(µ, σ2) =
1

(2π)
n
2 σn

e−
1

2σ2 ‖y−µ‖2

,
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b Á
�

�c�d�Z
� Ä 
6�
logL(µ, σ2) = −n

2
logσ2 − 1

2σ2
‖y − µ‖2.

Á � � j�k µ
�

LS
�
�

µ̂ = Xβ̂,
B
C
�

‖y − µ̂‖2 = ‖y −Xβ̂‖2 = min ‖y −Xβ‖2 = min
µ=Xβ

‖y − µ‖2.

!
&

6Á�e
;
°+f G � σ2,

logL(µ̂, σ2) ≥ logL(µ, σ2),

J
logL(µ̂, σ2) = −n

2
logσ2 − 1

2σ2
‖y − µ̂‖2,

û
σ̃2 = 1

n‖y − µ̂‖2 �
� ��_
�6!
& µ̂ = Xβ̂ - σ̃2 .
/
g µ - σ2
�

ML
�
�
�

Á
¯
;
X
�
´
�
c′β,
ß û

α ∈ Rn,
�
�

c = X ′α.
!
&



c′β = α′Xβ = α′µ,(
ML
�A�A� Óhg ýA


c′β
�

ML
�A� g αµ̂,

�A� � c′β̂ = α′Xβ̂ = α′µ̂.
?A@

8 9 LS
�ü�

c′β̂ g ML
�ü�ü�6Õü�

c′β̂ = c′(X ′X)−X ′y g y
� ü ýü´ü�ü
6J

y ∼ Nn(Xβ, σ2I), i
G � 3.3.4 p 
 c′β̂ ∼ N(c′(X ′X)−X ′Xβ, σ2c′(X ′X)−c), â (
c′β
�
X
��ý

6«�T�K
4

c′(X ′X)−X ′X = c′,
!
&

(1)
� 8 �

(2)
� � ;�j�k
� *�8 �6� g PXX = X,

E
é
(n− r)σ̂2

σ2
=

ê′ê

σ2
=
y′(I − PX)y

σ2

=
e′(I − PX )e

σ2
= z′(I − PX)z,

� �
z = e/σ ∼ Nn(0, I).

(
I − PX

� V   ýhl rk(I − PX) = tr(I − PX ) =

n− tr(PX ) = n− rk(X) = n− r,
�
� G � 3.4.3, Ø � (n− r)σ̂2/σ2 ∼ χ2

n−r.

g�8 c′β̂
�
σ̂2
� 1�2 ý�
 ¸�à ��� � c′β̂

�
σ̂2 .�/�g�¢0]�j�k y

�1ü1ý1ÿ -��m�ÿ

 ¬
­ G � 3.5.1 - c′(X ′X)−X ′(I −PX) = 0,
k
�
X�n
5�K
�
� G � 8
ý �H�?�° G ��B�C0o�4�
 Á�!
X��
´
� c′β,

���
LS
��� - ML

����&�ª0p����
â &

6Á
! s
t � t σ2,

�
W
@ Ó p : �6�
C ¸
t ;
°
���

�" 9 � ML
�
�

σ̃2&
�
Ú
�


E(σ̃2) = n−r

n σ2 < σ2, Ø û
� � �
²
À�q

 ML
�
�

σ̃2
Ú
�
�

û ) ( � Guass-Markov G � � 
6BAC 8 9 : XA�A´A� c′β
�

LS
�A�

c′β̂
û

ü�ý
Ù
Ú�3���&
� t �
�
�
���
J
Á
! ¢�] ü�ý�þ�ÿ

6B
C
� ��( Þ�r
��k v �ð
ù
4.1.5

Á
! ¢�] ü�ý�þ�ÿ (4.1.11),

(1) T1 = y′y - T2 = X ′y g M���s . P � k 
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(2)
Á
¯
;
X
�
´
�

c′β,c′β̂ g ���
;
�
�
�
� t Ù
Ú
�
� (minimum variance

unbiased estimate, Ü
Ý
g MVU
�
�

), σ̂2 g σ2
���
;

MVU
�
�
�

ú
û h
i�j�k y
��t�u�v
�
´
� g

f(y) =
1

(2π)
n
2 σn

exp

{
− 1

2σ2
(y −Xβ)′(y −Xβ)

}

=
1

(2π)
n
2 σn

exp

{
− 1

2σ2
y′y +

1

σ2
y′Xβ − 1

2σ2
β′X ′Xβ

}
,

Ý θ1 = − 1
2σ2 , θ2 = β

σ2 ,
�
C
&
E�w
�yxz�
�
�

6|
À
�
X�{�| g

f(y) =
1

(−π)
n
2
θn
1 e

1
4θ1

θ′

2X′Xθ2 exp{θ1T1 + θ2T2}.

?
æ

6B
C�6
f(y)

È
Î :�} ��~
�yxz� � �
�6�
�
�����

Θ =





(
θ1

θ2

)
; θ1 < 0, θ2 ∈ Rp




.

i Z
[ [26], p.59, G � 2.2 p 
 T1 = y′y - T2 = X ′y g M���s . P � k �ÁA¯A;AXA�A´A�
c′β,
�

LS
�A�

c′β̂ = c′(X ′X)−T2, sAt � t σ2
�

LS
�A�

σ̂2 = (T1 − T2(X
′X)−T2)/(n − r),

�AC 
 &�M���s . P � k �A´A�A��pA×ABAC p
· 
{��C 
 &�Ù�Ú�����
 i Lehmann-Scheffe G � (

� � Z�[ [26], p.58) 2�Ø K�4�

c′β̂ - σ̂2 .
/ & c′β - σ2

���
;
MVU

�
�
� G � 8
ý �Á�¯�;�X���´��
c′β,
?�° G � - Guass-Markov G � 
0��2�: ��� LS

���
c′β̂��� t ���1ý�
���W��0� / û�!�
 L G �1û s�t0[ H ¢�]�.0^ �0j�� � 
 8�9�: LS�
�

c′β̂
û
E
�
�

(
ü�ý
� - Æ�ü�ý )

Ù
Ú
�
��3���� t �
�
�¶J Guass-Markov G� ¸
8�9�: c′β̂
û�ü�ý
Ù
Ú�3���� t �
��ý
��

4.1.1
l
µ g ;����ø��/ k 
 DøÁø����� iøk n

mø
 � iøk � Ýøg y1 , · · · , yn.��Z
B
C �
y =

∑
yi/n

�
�
�
µ,
D�û
B
C
��<�=
�
�

y
�
=�>�ý
�

u
v
i
k �
£ ç � O
P s
t 
6| yi

X
È�� g
yi = µ+ ei, i = 1, · · · , n.

N ��|
Î�ü�ý�þ�ÿ
�
m
n � �



y1

...

yn




=




1

...

1



µ+




e1

...

en



.
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R l e = (e1, · · · , en)′ }üÂ Guass-Markov R lü�6«hTü�h�ü4 µ
�

LS
�ü�

µ̂ =

(X ′X)−1X ′y =
n∑

i=1

yi/n = y, Ø
h
i �
�����
� � � g ����/ k µ
�

LS
�
�
� .

Ð
H
Guass-Markov G �
B
C p
· 
�û y = (y1, · · · , yn)′

E
��ü�ý
´
�
ì
Î
�
Ù
Ú
���03���


y � ������� t � u�v B
C�Ê
;
Ë R l s
t�[ H���\ ¢�]
.0^ 
���
�ûE
�
Ù
Ú
�
��3���

y � � � �
�
�
� t �6?�>�k v s . ��� : y

7 g µ
�
�
�

�
=�>�ý�?
�

§4.2 ���^\^]^_c`ca b
Á�ü�ý�þ�ÿ

(4.1.1),
ûAÀ��A
6BACAîA4 : XA�A´A� c′β - σ2

� ç �A¯�������0� j0����������������
 .
Q � : ��C
��� L ý�?�
 â &�û0����d
e
� Q ������
�
;�>��
í

6B
C
¼ à ���
; G ��� j��
�
�
�
�
�
�
�
�
R l

Hβ = d (4.2.1)&�;�°�ª�«1ü1ý���£�ì�
 ���
H g k×p

� *�p m�n�
 Ð y�g k,M(H ′) ⊂M(X ′),!
&
Hβ
&

k
°�ü�ý
Ù
R
�
X
�
´
�



d g k × 1 *�p�j�k � L � � Lagrange
�

�
	
��þ�ÿ
(4.1.1) }
Â ü�ý ��� (4.2.1)

�
�
�
�
�
�
�
� Ý

H =




h′1

...

h′k



, d =




d1

...

dk



, (4.2.2)

|�ü�ý ���
(4.2.1)

X
é�{�| g
h′iβ = di, i = 1, · · · , k. (4.2.3)

B
C
�
d
e
&�û
(4.2.3)

�
k
°�j�� � � β

�
Q(β) = ‖y −Xβ‖2 �
� �
�
�
� g

: � � Lagrange
���
	

 ��U���� ´
�
F (β, λ) = ‖y −Xβ‖2 + 2

k∑

i=1

λi(h
′
iβ − di)

= ‖y −Xβ‖2 + 2λ′(Hβ − d)

= (y −Xβ)′(y −Xβ) + 2λ′(Hβ − d),
���

λ = (λ1, · · · , λk)′ g Lagrange
���

IÁ
´
�

F (β, λ)
�
Á

β
�
Ú
î
�

 �
� .

� �
C
 
!�¡

6� �
X ′Xβ = X ′y −H ′λ. (4.2.4)
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��¢
�
®

(4.2.4) - (4.2.1)
ì
Î
��£ 2 �
£
ì

 Ý �
C
�
® g β̂H - λ̂H .� g M(H ′) ⊂M(X ′),
E
é

(4.2.4)
R
!

β
&
ª
«
�

6�
®

β̂H = (X ′X)−X ′y − (X ′X)−H ′λ̂H = β̂ − (X ′X)−H ′λ̂H . (4.2.5)

9�¤ (4.2.1)
�

d = Hβ̂H = Hβ̂ −H(X ′X)−H ′λ̂H , 
Ò
�
H(X ′X)−H ′λ̂H = (Hβ̂ − d). (4.2.6)?ü&ü;ü°üRü!

λ̂H

� ü ýü�ü£üìü�6� g H
� yüg k,

Ð
M(H ′) ⊂ M(X ′),

!ü&
H(X ′X)−H ′ ¥ Eh¦h�ü±ü²ü³ü�h�h�üÙüRü���üX 8 �ü& k × k

�üXü³ümünü
6�üJ
(4.2.6)

���
;
®
λ̂H = (H(X ′X)−H ′)−1(Hβ̂ − d).N

λ̂H 9�¤ (4.2.5)
� �
β̂H = β̂ − (X ′X)−H ′(H(X ′X)−H ′)−1(Hβ̂ − d). (4.2.7)

D1û�B�C 8�9 β̂H

½�¾�&1ü1ý �0�
Hβ = d � β

����������®�� g ��B�C ¸ ¼ 8�9
u�� �
º -

(a) Hβ̂H = d;

(b)
Á
;
á }
Â Hβ = d

�
β, 
 �

‖y −Xβ‖2 ≥ ‖y −Xβ̂H‖2.
¬�­

(4.2.7)
k��

(a)
&0"�«0T0� 8 ��� g�:�8�9 (b),

B�C N ��� - ‖y−Xβ‖27 . ®
‖y −Xβ‖2 = ‖y −Xβ̂‖2 + (β̂ − β)′X ′X(β̂ − β)

= ‖y −Xβ̂‖2 + (β̂ − β̂H + β̂H − β)′X ′X(β̂ − β̂H + β̂H − β)

= ‖y −Xβ̂‖2 + (β̂ − β̂H)′X ′X(β̂ − β̂H) + (β̂H − β)′X ′X(β̂H − β)

= ‖y −Xβ̂‖2 + ‖X(β̂ − β̂H)‖2 + ‖X(β̂H − β)‖2. (4.2.8)

?
f
B
C �
� : (4.2.5)
l
M(H ′) ⊂M(X ′)

î
4
� � J
R O -
(β̂ − β̂H)′X ′X(β̂H − β) = λ̂′H(β̂H − β) = λ̂′(Hβ̂H −Hβ) = λ̂′(d− d) = 0.?
°
 
�
Á
;
á }
Â Hβ = d

�
β 
 Î 2 �

(4.2.8)
�
È 9 
6Á
;
á }
Â Hβ = d

�
β, Å �

‖y −Xβ‖2 ≥ ‖y −Xβ̂‖2 + ‖X(β̂ − β̂H)‖2, (4.2.9)
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Ð� �Í�Î 2 Ï�Ð�Ñ�Ï (4.2.8)
��� ��Ã�Ä  �!0¡�
 ��@�& Xβ = Xβ̂H .

!�&1û
(4.2.9)� �

Xβ̂H 9�§ Xβ,
 
�
Î 2 
 Ø
‖y −Xβ̂H‖2 = ‖y −Xβ̂‖2 + ‖X(β̂ − β̂H)‖2. (4.2.10)

¨
í
(4.2.9) - (4.2.10),

Y 8�9�: k
� (b).ð
ù
4.2.1

Á
!�ü�ý�þ�ÿ
(4.1.1),

l
H g k× p

m
n


rk(H) = k,M(H ′) ⊂

M(X ′),
Ð

Hβ = d
ª
«

6|

(1) β̂H = β̂−(X ′X)−H ′(H(X ′X)−H ′)−1(Hβ̂−d) g β
û1ü1ý �0� j0�

Hβ = d

� � ��� LS
®



Hβ̂H g Hβ
� ���

LS
�
�

6?
f

β̂ = (X ′X)−X ′y.

(2)
Ö

rk(X) = p,
|

β̂H = β̂ − (X ′X)−1H ′(H(X ′X)−1H ′)−1(Hβ̂ − d) g β
�

���
LS
�
�

6?
f

β̂ = (X ′X)−1X ′y.�
4.2.1

û�©
Z i
k ��
¶Á�©���� Ã °�ª
�
º � Î
� Ã�«�� ABC
� Ã °+¬

« θ1, θ2, θ3
Ê�­ i
k 
6� � � i
k � .
/
g y1, y2, y3,

(�! ß û i
k
s
t �6E
é
¼Á
�
C
Ê�­
�
�

 �
� ü�ý�þ�ÿ
È��
�
R
� k�-




y1 = θ1 + e1,

y2 = θ2 + e2,

y3 = θ3 + e3,

θ1 + θ2 + θ3 = π,

���
ei, i = 1, 2, 3

È�� i
k
s
t � R l
�
C }
Â Guass-Markov R l

6?
@
&
;
°�
� ��� j��
��ü�ý�þ�ÿ
� N ��|
Î
m
n � �




y = Xβ + e,

Hβ = b,

���
y = (y1, y2, y3)

′, β = (θ1, θ2, θ3)
′, X = I3, I3

È��
3 ®�¯ �
n

 H = (1, 1, 1)′,

b = π.
�
� G � 4.2.1

X
� � β
� ��� �
�
�
�
�
� g

β̂c = β̂ − (X ′X)−H ′(H(X ′X)−H ′)−1(Hβ̂ − b),
���

β̂ = (X ′X)−1X ′y
&

β
�
Ù ��� �
�
�
�
�
�

�°
���
X
�

β̂c =




y1

y2

y3



− 1

3

( 3∑

i=1

yi − π
)




1

1

1



,
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Ø θ̂i = yi − 1

3 (y1 + y2 + y3 − π), i = 1, 2, 3 g θi

� ��� �
�
�
�
�
�
�
- À���3�`

6B
C
X
é ��U σ2

� ���
LS
�
� u�� 


σ̂2
H =

‖y −Xβ̂H‖2
n− r + k

.

ð
ù
4.2.2

û G � 4.2.1 R l � 
 û
�
����± Hβ = d
À



σ̂2
H

&
σ2
�
Ù
Ú

�
�
�
ú
û (

(4.2.10),
�

E‖y −Xβ̂H‖2 = E‖y −Xβ̂‖2 +E‖X(β̂ − β̂H)‖2. (4.2.11)

(�À�� p E‖y −Xβ̂‖2 = (n− r)σ2.
Á
À
� � � Ä � � G � 3.2.1,

�
E‖X(β̂ − β̂H)‖2

= E(Hβ̂ − d)′(H(X ′X)−H ′)−1(Hβ̂ − d)

= (Hβ − d)′(H(X ′X)−H ′)−1(Hβ − d) + tr[(H(X ′X)−H ′)−1Cov(Hβ̂)]

= δ + tr(σ2Ik)

= δ + kσ2,

?
f
δ = (Hβ − d)′(H(X ′X)−H ′)−1(Hβ − d).

!
&
B
C 8�9�:
E‖X(β̂ − β̂H)‖2 = (n− r + k)σ2 + δ.

���

�û
�
����±
Hβ = d

À


δ = 0. G � 8
ý �

§4.3 ²�³^\^]^_c`ca b
�µ´ ) g0¶ 
 B�C�� Q � 
�R
G�s
t�· � t n g σ2I

�0$ � � â &�
¹¸ h À ßû
7�:���ü�ý�þ�ÿ

¶� s
t�· � t n � � � � σ2Σ,
. Ð

Σ º�º ¦�� o
p �
�
�¼»×
B
C
~ R l Σ
& *�p
¢
G �
n , σ2 g
o
p �
�
�6!
& L � Q ��ü�ý�þ�ÿ -
y = Xβ + e, E(e) = 0, Cov(e) = σ2Σ (4.3.1)

�
�
�
β, σ2

�
�
�
d
e

6���
Σ > 0.� g�R l : Σ > 0,

� ß û��A;A� ¢AG Á w n Σ
1
2 .
�

Σ
− 1

2 ½ � (4.3.1),
. Ý

ỹ = Σ
− 1

2 y, X̃ = Σ
− 1

2 X, u = Σ
− 1

2 e,
|
� �

ỹ = X̃β + u, E(u) = 0, Cov(u) = σ2I, (4.3.2)
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?
@�À g é ) Q �
�
��$ �
: �Á�þ�ÿ
(4.3.2)

� �
�
�
�
	
�
β
�

LS
®

 Ø ® Q(β) = ‖ỹ− X̃β‖2

�
�
�
�
d
e
�6 
Ò
�

6®

min Q(β) = min (y −Xβ)′Σ−1(y −Xβ). (4.3.3)

¢ |
�
£
ì g
X ′Σ−1Xβ = X ′Σ−1y, (4.3.4)!
&



β
�

LS
® g

β∗ = (X ′Σ−1X)−X ′Σ−1y, (4.3.5)w g ±
²
�
�
�
�
®
��Á / 
6Ï Σ = diag(σ2
1 , · · · , σ2

n), σ2
i , i = 1, · · · , n *�p ×

 w

β∗ g�Â�Ã �
�
�
�
®
�å� g (4.3.1) - é ) Q �
��þ�ÿ ¸ & s
t�· � t n Ó p

åJü�ý
´
�
c′β
�
X
��ý
Õ
� · � t n
Ù
R

 !
&

 Á�þ�ÿ (4.3.1),c′β

X
�
��s à j� �
g c ∈ M(X ′).
B
C w

c′β∗ g X
�
´
� c′β
�
±
²
�
�
�
�
�
�

(generalized

least squares estimate), Ü
Ý
g GLS
�
�
� Á
�
�

 Ï

Σ g Á « n
×

 w c′β∗ g X�
´
�
c′β
� Â�Ã �
�
�
�
�
� (weighted least squares estimate), Ü
Ý
g WLS

�
�
� Ï

rk(Xn×p) = p
×



β
X
�

 w

β∗ g β
�

GLS
�
�
� � g î
4 (4.3.5)

�
�
	
&�(

Aitken(1934)
,
~ 3 4
�

6E
é
Z
[���� w c′β∗ - β∗ g Aitken

�
�
�6Á
�
!

Gauss-Markov G �

6B
C
�ð ù
4.3.1

Á ¯ ; X � ´ �
c′β, c′β∗ g �Ä� ; � BLU

� � 
6� � t g
σ2c′(X ′Σ−1X)−c.úAû � g c ∈ M(X ′) = M(X ′Σ−1X),

� ß û j k α
�A�

c = X ′Σ−1Xα.!
&
Var(c′β∗) = σ2c(X ′Σ−1X)−X ′Σ−1X(X ′Σ−1X)−c

= σ2c(X ′Σ−1X)−c.

l
a′y g c′β

�
¯
;
Ù
Ú
�
�

6|
c = X ′a,

�

Var(a′y)−Var(c′β∗) = σ2(a′Σa− c(X ′Σ−1X)−c)

= σ2(a′Σa− a′X ′(X ′Σ−1X)−X ′a)

= σ2(b′b− b′Q(Q′Q)−Q′b)

= σ2b′(I − PQ)b ≥ 0,

���
b = Σ1/2a, Q = Σ−1/2X, PQ = Q(Q′Q)−Q′.

?
@ 8�9�: c′β∗ �
� t �
��ý

ÀA�A AÍAÎ 2 ⇐⇒ (I − PQ)b = 0 ⇐⇒ b = PQb ⇐⇒ a = Σ−1X(X ′Σ−1X)−c ⇐⇒
a′y = c′β∗.

�
;�ý
� 8 . c′β∗ �
Ù
Ú�ý
&����
�
� G � 8
ý �
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¬
­

GLS
®

β∗,
B
C
X
é��
4

σ2
�
Ù
Ú
�
�

 Ý

e∗ = y −Xβ∗ = y −X(X ′Σ−1X)−1X ′Σ−1y = Σ
1
2

(
I − P

Σ− 1
2 X

)
Σ

− 1
2 y,w g�N
t�j�k �6«�T 8�9

E(e∗) = 0,

Cov(e∗) = σ2Σ
1
2
(
I − P

Σ
− 1

2 X

)
Σ

1
2 .

Ý r = rk(X), G ²
σ2∗ = (y −Xβ∗)′Σ−1(y −Xβ∗)/(n− r) =

e∗′Σ−1e∗

n− r .

3�`
! G � 4.1.3, G � 4.1.4 -
G � 4.1.5,
X
é 8�9ð
ù

4.3.2 σ2∗ g σ2
�
Ù
Ú
�
�
�

ð
ù
4.3.3

l
e ∼ N(0, σ2Σ), Σ(> 0) *�p 
6|

(1)
Á�¯�;�X���´��

c′β, c′β∗ g c′β
�

ML
����
 Ð

c′β∗ ∼ N(c′β, σ2c(X ′Σ−1

X)−c);

(2) n−r
n σ2∗ g σ2

�
ML
�
�

6Ð

(n− r)σ2∗/σ2 ∼ χ2
n−r;

(3) c′β∗ � σ2∗ ª�a 1
2�Å
(4)
Ï

rk(Xn×p) = p
×



β∗ g β
�

ML
�
�



β∗ ∼ N(β, σ2(X ′Σ−1X)−1),
Ð

�
σ2∗ ª�a 1
2�Å

(5)
Ö

c′β
X
�

6|

c′β∗ g ���
; MVU
�
� Å

(6) σ2∗ g σ2
���
;

MVU
�
�
�

uAv BAC�Æ�c Cov(e) = σ2Σ 6= σ2I.
J�ÇAé ) �

Cov(e) = σ2I
$ � ��ÈA�A
?
@
î
ï : LS

®
(X ′X)−X ′y,

?
æ
;
�

ÛÁ
¯
;
X
�
´
�
c′β,
B
C
@
� : �
°
�� - LS

�
�
c′β̂ - GLS

�
�
c′β∗,

�
W 
 &
Ù
Ú
�
�

6J�¢
W
& BLU
�
�
�6;

É �
F


c′β̂ 6= c′β∗, Ø LS

�
� - BLU
�
� Ó ; G ª
 

�?
& - Cov(e) = σ2I

$
� E Ó p
�
��Á / 
6Ï rk(Xn×p) = p

×


β
�

LS
�
�

β̂ = (X ′X)−X ′y,
J

GLS�
�
β∗ = (X ′Σ−1X)−1X ′Σ−1y,

�
C 
 & β
�
Ù
Ú
�
�

 â�· � t n .
/
g

Cov(β∗) = σ2(X ′Σ−1X)−1,

Cov(β̂) = σ2(X ′X)−1X ′ΣX(X ′X)−1.

¬
­ G � 4.3.1, 2
Ø X�K
� Cov(β̂) ≥ Cov(β∗), Ø
(X ′X)−1X ′ΣX(X ′X)−1 ≥ (X ′Σ−1X)−1.

?
f
A ≥ B

� g A−B ≥ 0,
�
�
È 9 β∗ =
! β̂.
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�
4.3.1 R lABAC � ;A<�Ê�v�Ë�Ì�û��A°A¾���ÍAÁ�pA;A° k µ .A/ Ê�­ :

n1 - n2

m i
k 
 Ý ?�> i
k � .
/
g y11, · · · , y1n1 - y21, · · · , y2n2 .
6
�
C�|
Î�ü

ý�þ�ÿ � � g
y1i = µ+ e1i, i = 1, · · · , n1,

y2i = µ+ e2i, i = 1, · · · , n2.( !��A°A¾���ÍA��¸ h j���l�Ê�v�Ë�ÌA��ÊA� Ó pA
��A�ACA� iAkAsAt �A� t Ó 
�Il
Var(e1i) = σ2

1 ,Var(e2i) = σ2
2 ,
Ð

σ2
1 6= σ2

2 . Ý e = (e11, · · · , e1n1 , e21, · · · , e2n2)
′,|

Cov(e) =




σ2
1In1 0

0 σ2
2In2


 = σ2

2




θIn1 0

0 In2


 = σ2

2Σ,

?
f
Σ = diag(θIn1 , In2), θ = σ2

1/σ
2
2 . R l θ *�p 
6| Σ *�p �6!
& µ

�
±
²
�
�
�
�
�
�

µ∗ =
(n1

θ
+ n2

)−1




n1∑
i=1

y1i

θ
+

n2∑

i=1

y2i


 .

Ý
y1 =

1

n1

n1∑

i=1

y1i, y2 =
1

n2

n1∑

i=1

y2i,

ω1 =
1

Var(y1)
=
n1

σ2
1

, ω2 =
1

Var(y2)
=
n2

σ2
2

,

|
µ∗ X�{�| g

µ∗ =
ω1

ω1 + ω2
y1 +

ω2

ω1 + ω2
y2,

Ø µ∗ &0��°�¾0�0Í h�i � � ��� Â0Ã � � 
 ��C�� Ã ω1/(ω1 + ω2) - ω2/(ω1+ω2)��Î
¾���Í i
k � s
t � t
-
i
k m
�
�
R

 s
t � t _��

 i
k m
�0Ï
�

ÛÁ
�� Ã @
�
�Ï��


µ∗ ¦�� o
p �
� σ2

1 - σ2
2 ,
�
�
� Ó !�Ð�Ñ
¾�Ò
� � ���
JAÁ
D�ûA�

$ � 
6B
C
X
é
l
	 ��U σ2
1 - σ2

2

�
�
�
�6¿
¾
À

6?��
°
¾���Í
� hAi �A­ .
/�� Î�ü�ý�þ�ÿ

yi = µ1ni + ei, i = 1, 2,?øf
yi = (y1i, · · · , y1ni)

′, 1ni g ni×1
� jåk 
 �øEø��\�ÓÕÔ g 1. ei = (e1i, · · · , e1ni)

′,� g Cov(ei) = σ2
i Ini ,

EAé
ei, i = 1, 2 
A}AÂ Guass-Markov

j��A�6� �
§ 4.1

k
v 
6X
� � σ2

i

�
LS
�
�

σ̂2
i =

1

ni − 1
‖yi − 1yi‖2,
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�
σ̂2

i 90§ µ∗ ��� σ2
i ,
� � S���� Ý�g µ̃,

w g µ
�0��Ë����

(two-stage estimate).

µ̃
Ó É�¦��A¯�� oAp �A�A
6&A;A<AX�­A�A� (feasiable estimate).

RA!A?�3A�A�A�
P ��ý�? N û

§ 4.7
Q �
�

§4.4 \^]^_^`�ÖØ×ØÙÛÚ
Á
!�ü�ý�þ�ÿ

y = Xβ + e, E(e) = 0, Cov(e) = σ2Σ, (4.4.1)

u�v |Σ| = 0,
| w �1þ1ÿ g0Ü0Ý ü1ý�þ1ÿ

 Á
!�?
æ
�1þ�ÿ�
Û� g Σ−1

Ó
ß û�
 E
é�B�C Ó !��������0À

(4.3.3)
E G ²�� Q(β)

�����
β
���������������

20 "�#
60 0�9 é
�

�:�� P �
+
,�<�= : ?
<�þ�ÿ
�A�
�
�A�

 3 4 :�Þ <A�
�A�
	A�û
?�>
�
�
�
	���
6)
* P �
+
,

Rao
� � K
±
�
�
�
�
�
	
E
î
4
�
�
�
éA�

� � Ü�¯ Y
!
�
��<�=
J
� ��ß�à�@ � � L �
� ´ �
& Q �
?
°
�
	
�Á
! Ü�Ý ü�ý�þ�ÿ

6� g Σ−1
ÓAß û

6!
&

(4.3.3)
�

Q(β)
Ù G ²
� u
v �¯
;
±
²
³

Σ− 9�§ Σ−1,
6

Q(β) G ² g Q(β) = (y−Xβ)′Σ−(y−Xβ),
� g ?
æ�

Q(β)
�
E��
�
±
²
³

Σ− �
R

 b Ó p
�
±
²
³
� � Ó p
� Q(β),
�
J

(4.3.3)á d
�
²

 !
&
Á
! Ü�Ý ü�ý�þ�ÿ

 ;
°�â
�
�
d
e
&�ã�ä
;
°�S
m
n T ,
��!�å

s
Ï
(4.3.3)

�
Σ−1

E�æ
Ç
��7 � �
Rao[90]

Î�ç
�
®�è : ?
°
d
e
��é G ²
T = Σ +XUX ′,

���
U ≥ 0, rk(T ) = rk(Σ

... X), (4.4.2)

��¢ G ²
Q(β) = (y −Xβ)′T−(y −Xβ). (4.4.3)� �
��À

Q(β)
�
4
�
�
�
º

β∗ = (X ′T−X)−X ′T−y. (4.4.4)

¢ ( B
C N 8�9 
6Á
¯
;
X
�
´
� c′β,c′β∗ g � BLU
�
�
�6?
°�k
��ê�ë � !
l

�
n
X ì
}
y � ì
x
y ��$ � 
'Õ�ë � ! Σ Ü�Ý �
Æ Ü�Ý ��$ � � ¢ &�(�!
?
°í
�

6��Z�6
?
°�k v w g �
�
�
� P ;
�
�

6� � Z
[ [90].û
T
� G ²���
�¦��
;
°
X
é����A��î ¢
G n U .

¿
¾
À }
Â j��
�
�
n U&�"��
�
��ï u 
6;
° Ü�¯ �����
& U = Ip,
?
&
� g  
�

rk(Σ +XX ′) = rk(Σ
... X)

Á
;
á
Σ - X 
 Î 2 �	���

 Ï Σ > 0

×

 X b
U = 0,

�
×
T = Σ, (4.4.4)

@ g
Î : (4.3.5). g
:
8�9 c′β∗ g c′β

�
BLU

�
�

6~ 8�9�Þ °�ð�ñ
¿
¾
�
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ö
ù
4.4.1

Á
!�ü�ý�þ�ÿ
(4.4.1),

Ó�÷
Σ > 0

�
Σ ≥ 0, y ∈ M(Σ

... X) Å &Î 2 �ú
û � g Σ ≥ 0,
N

Σ . ® g Σ = LL′,
?
f

L g n× t
m
n



t = rk(Σ) =

rk(L). Ý e = Lε,E(ε) = 0,Cov(ε) = σ2In,
|

y
X
È g
u�� S�ø�ù�ú�û
� � � -

y = Xβ + Lε, E(ε) = 0, Cov(ε) = σ2In,

!
&
y ∈M(X : L).

É �
�
M(L) =M(LL′) =M(Σ),

k�ü
� 8 �ö
ù
4.4.2

Á
(4.4.2)

E G ²
� T , Å �
(1) M(T ) =M(Σ

... X).

(2) X ′T−X,X ′T−y - (y −Xβ)T−(y −Xβ) 
�ý ±
²
³ T− �����
Ù
R
�ú
û
(1)
&

(4.4.2)
��n
5�K�ü
�I� g y ∈M(T ), M(X) ⊂M(T ), y−Xβ ∈

M(T ),
É �
� ¿
¾ - Ö M(A) ⊂ M(B),

|
A′B−A ý B− �����
Ù
R

�Y
X 8 �

(2), þ�ÿ
8
ý �?
°�K�ü
È 9 
 (4.4.3)
E G ²
� Q(β) ý E��
�
±
²
³ T− �����
Ù
R

zp
×�
X
é 8�9 
 Á
¯
;
X��
´�� c′β,c′β∗ = c′(X ′T−X)−X ′T−y

� ý E��
�
±
²
³
����
Ù
R
�
ö
ù

4.4.3
Á
!�ø�ù�ú�û

(4.4.1),
X��
´��

c′β
�
;
°
Ù
Ú����

a′y g BLU���

6Ï
Ð
Ñ
Ï
� }
Â
Cov(a′y, b′y) = 0,?
f

b′y g ¡
�
¯
;
Ù
Ú����

 Ø E(b′y) = 0.ú
û l
l′y g c′β

�
¯
;
Ù
Ú����

6|
l
; G X
È�� g l = a + b,

Á��
° }
Â X ′b = 0

�
b.
!
&

Var(l′y) = Var(a′y) + Var(b′y) + Cov(a′y, b′y). (4.4.5)

(
(4.4.5),

s . ù�� . � 8 �
��( ��� 8�� � 8�9 Ì à ù
� l a′y g c′β

�
BLU

���
� Ö ß�� ;
°
b0, }
Â

X ′b0 = 0, â � Cov(a′y, b′0y) = d 6= 0,
Ó
	 l

d < 0.
Ö Ó �

 ¸ ¼ b −b0 9�§ b0,@
X�À g d < 0

��$ � � � b = α b0 9�§ (4.4.5)
���

b,
|

(4.4.5) g α
�
��m Ã

Ä �

�Ð
;�m Ä
g Ç��

��
Ì ß�� α0

�
�
��m Ã
Ä �
��¢ ( � Ä ¡ - b Ç
�
� b
l0 = a+ α0 b0,

Ì
�
Var(l′0y) < Var(a′y),? ý a′y g BLU

���
ª
ã
ä
� þ�ÿ � 8 �D � 8�9�u�� / à
G�ÿ �
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4.4.1
Á
!�ø�ù�ú�û

(4.4.1) - ¯
;
X��
´�� c′β
�

(1) c′β∗ = c′(X ′T−X)−X ′T−y g c′β
�

BLU
���



(2) Var(c′β∗) = σ2c′[(X ′T−X)− − U ]c.úüû
(1)
(

c′β
�üX��hùü
 p ß�� n × 1

� j k t,
�ü�

c′ = t′X .
�ü�

X(X ′T−X)−X ′T−X = X,
!
&

E(c′β∗) = t′X(X ′T−X)−X ′T−Xβ = t′Xβ = c′β,Ù�Ú0ù�� 8 � é � B�C�� � þ0ÿ 4.4.3
� 8�9 c′β∗ � ø0ù�Ù�Ú����03���&�
 t �
��
�6Á
¯
; }
Â X ′b = 0

� j�k b, Å �
Cov(c′β∗, b′y) = σ2c′(X ′T−X)−X ′T−Σb

= σ2c′(X ′T−X)−X ′T−Tb

= σ2c′(X ′T−X)−X ′b = 0,?AfABAC �A� : X ′T−T = X ′ - X ′b = 0.
¬A­ þ�ÿ 4.4.3, c′β∗ g c′β

�
BLU

�
�
�

(2)
,
~
�
� � 
 � È � �

Var(c′β∗) = σ2c′(X ′T−X)−X ′T−ΣT−′
X((X ′T−X)−)′c��


((X ′T−X)−)′ - T−′ X .
/ � (X ′T−X)− - T− E §�9 
6!
&
Var(c′β∗) = σ2c′(X ′T−X)−X ′T−ΣT−X(X ′T−X)−c.É �

T −XUX ′ 9�§ ����� Σ,
� �

Var(c′β∗) = σ2[c′(X ′T−X)−X ′T−TT−X(X ′T−X)−c

−σ2c′(X ′T−X)−X ′T−XUX ′T−X(X ′T−X)−c].É �
�
c′ = t′X - X ′T−T = X ′,

À
����� � ; Ä g g
c′(X ′T−X)−X ′T−X(X ′T−X)−c

= t′X(X ′T−X)−X ′T−X(X ′T−X)−X ′t

= t′X(X ′T−X)+X ′T−X(X ′T−X)+X ′t

= t′X(X ′T−X)+X ′t

= c′(X ′T−X)+c.J
Á���� � � Ä 
 �
� c′ = t′X - X(X ′T−X)+X ′T−X = X ,
�

c′(X ′T−X)−X ′T−XUX ′T−X(X ′T−X)−c

= t′X(X ′T−X)−X ′T−XUX ′T−X(X ′T−X)−X ′t

= t′XUX ′t = c′Uc.
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G�ÿ � 8 �Ö
rk(X) = p,

|
β
�

BLU
��� g β∗ = (X ′T−X)−1X ′T−y.

Ö
X g�ì
x
y 
?�×�¼ à <0=��0��X���´���������� � ?�<�$�% � 
 X�{ g Q ü � � j�k µ = Xβ,?
&
� g ¯
;
X��
´�� 
 X
È g µ

��ø�ù
ì
í 
6«�T 8�9 �
� BLU
��� g

µ∗ = Xβ∗ = X(X ′T−X)−X ′T−y,

Ð
Cov(µ∗) = σ2X [(X ′T−X)− − U ]X ′.

��( ��K�ü
&
;
° � �
±��
� � ��/ à Á���$ � �H0I
4.4.1

Á�!0ø0ù0ú0û
(4.4.1),

Ö
M(X) ⊂M(Σ),

|�Á�¯�;�X���´��
c′β,�
�

BLU
��� g

c′β∗ = c′(X ′Σ−X)−X ′Σ−y, (4.4.6)

Var(c′β∗) = σ2c′(X ′Σ−X)−c,

. ÐøEø�øÈ � � ý E�¦����ø±ø²ø³0���øÙ�Rø
 Á / , Ï rk(X) = p
×
, β∗ = (X ′Σ−X)−1

X ′Σ−y g β
�

BLU
���

6�
� · 
 t n g Cov(β∗) = σ2(X ′Σ−X)−1.ú
û � g � j�� M(X) ⊂ M(Σ) � 
 � (4.4.2)

���
U
X b g ¡
m
n

6?×

T = Σ. 8
ý �B
C p
· 
6Ï Σ > 0
×

6Á
¯
;
X��
´��

c′β,
�
�

BLU
��� g

c′β∗ = c′(X ′Σ−1X)−X ′Σ−1y,

Var(c′β∗) = σ2c′(X ′Σ−1X)−c,

ý (4.4.6)
ª����

'B
C
T
D

'Ï

|Σ| = 0
×

 ¸
à M(X) ⊂M(Σ), Σ− @�!�å�æ
ÇS

Σ > 0
×

Σ−1
E S ��7 � �

�
1
j��

M(X) ⊂ M(Σ)
&A¯A;AX
�A´
�

c′β
�

BLU
�
� g (4.4.6)

�
s . j��

 â � . Ó Ì à ��ï u 
 � ø�ù�ú�û (4.4.1) ��� Ö X = (1n

... X1),
?
f

1n = (1, · · · , 1)′, Ø n
°�\�Ó+Ô g 1

�
n ��j�k�� X1 g ¯
�
� n× (p− 1)

m
n �
Σ = In − 1n1′

n/n, Ø Σ g�� ��À
m
n � ?
&
;
° V  An ��¯ �An In - Σ
L�� 
&

Σ � ±
²
³������ ÿ 4.5.1 � é� �! � ��" °�ú�û�# �%$�&�� ��'�� � LS
���

(�)�* � BLU
��� � "�+�,�-�� (4.4.6) ��. Σ− / In, 0 )�1�2 M(X) ⊂M(Σ)3�4�5�6 �

7�8
4.4.2

σ2∗ = (y −Xβ∗)′T−(y −Xβ∗)/q
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/ σ2 ��C�D ��� �FE�� q = rk(T )− rk(X).G�H I /

E(y −Xβ∗)′T−(y −Xβ∗)

= tr[T−E(y −Xβ∗)(y −Xβ∗)′],

J�K�L�M
E(y−Xβ∗)(y −Xβ∗)′

3�N�O�P�Q�R�S�T � Σ U T −XUX ′ V�W�XZY�[
U�\�] S

X(X ′T−X)−X ′T−X = X, X ′T−T = X ′

P�^

E(y −Xβ∗)′T−(y −Xβ∗)

= σ2tr[T−T − T−X(X ′T−X)−X ′].

_�` ^
T−T a (X ′T−X)−X ′T−X

(�)�b�c�d Xe[ U b�c�d ��f�g�hei A / b�cd XFj rk(A) = tr(A), k�l�m�$ `�n d B, o rk(B−B) = rk(B),
- ) o

E(y −Xβ∗)′T−(y −Xβ∗)

= σ2[rk(T−T )− rk((X ′T−X)−X ′T−X)]

= σ2[rk(T )− rk(X ′T−X)]

= σ2[rk(T )− rk(X)]

= σ2q,

��p� �q��
r

2 m�$�&���s '�t c′β,
* � BLU s L c′β∗ l�E�u�v�k�l�s L σ2∗ (�wO�x ��y�z�{�C�\ X I�| ( ��k�U�m�}�� Moore-Penrose y�z�{ V�W�XF~

c′β∗ = c′(X ′T+X)+X ′T+y,

Var(c′β∗) = σ2c′[(X ′T+X)+ − U ]c,

σ2∗ = (y −Xβ∗)T+(y −Xβ∗)/q.

��� X "�� Q�R�S���(�w T ������C�\ X���� *���� (4.4.2). /���� L�� . U = I,"��
T = Σ +XX ′. ��� , M(X) ⊂M(Σ)

� X . U = 0, ~ T = Σ,
- )

c′β∗ = c′(X ′Σ+X)+X ′Σ+y,

Var(c′β∗) = σ2c′(X ′Σ+X)+c.
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�
4.4.1 Panel ������������ f�����h

yij = β0 + xit1β1 + · · ·+ xitkβk + µi + eit,

i = 1, 2, · · · , N ; t = 1, 2, · · · , T, (4.4.7)

" #
yij

Q
 
¡
i ¢
¢
£
¤ �
¥ t ¦
§
¨
© X xitj

Q
 
¡
i ¢
¢
£
ª ¡ j ¢¬«®­¯ ¤ ��¥ t ¦�.�© X β1, · · · , βk

/�° � ¦²±%³�] t X µi
/ ¡ i ¢�¢�£�¦�´�}�µ��¶ "

N ¢�¢�£ )�· &�¢�¸�¦�¢�£�¹�£ T�º�»�¼ .�¦ X�½�¾ ¢�£�´�} )�º�» ¦ X
eit
/ º
»
¿ v
µFÀ
Á O o
¦ µi a eit

(
Â
4 + \ XFÃ E(eit) = 0,Var(eit) = σ2
e ,

E(µi) = 0,Var(µi) = σ2
µ.Ä
y = (y11, · · · , y1T , y21, · · · , y2T , · · · , yNT )′,

X = (x11, · · · , x1T , x21, · · · , x2T , · · · , xNT )′,

β = (β1, · · · , βk)′,

µ = (µ1, · · · , µN )′,

e = (e11, · · · , e1T , e21, · · · , e2T , · · · , eNT )′,

E T xit = (xit1, · · · , xitk)′,
- ) ��� (4.4.7) Å�k�Æ /

y = 1Ntβ0 +Xβ + u, (4.4.8)

E T u = (IN ⊗ 1T )µ+ e, Ç�ÈÊÉ ⊗ Ë Q�  Kronecker Ì�Í�µFÎ�Ï�Ð�Ñ
Cov(u) = σ2

1P1 + σ2
eQ+ σ2

1JNT ,

E T σ2
1 = Tσ2

µ + σ2
e ,

P1 = P − JNT ,

P = IN ⊗ JT ,

Q = INT − P,

JT = 1T 1′
T /T.

��Ò�Ó�Ô�Õ�Ö
β ¦�×�Ø�s L X k�Ù Ó�Ô ¹�À�Ú rk(X) = k.Û
8

4.4.4 (1) P , Q, P1 a JNT

(
) m
Ü b
c
d X E
Ý
Þ�� / N ,N(T −
1),N − 1 a 1.

(2) P1, Q a JNT ß�ß�à�á XF~ P1Q = 0, P1JNT = 0, QJNT = 0.
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(3) PQ = 0, PJNT = JNT , PP1 = P1P = P1.â ��ã�ä ¦�Ñ�å 3�4�æ�ç X 0 *�Ô m�Ù Ò�è�Ö ¦�Ñ�å )�é \�ê�¦�µ
À�Ú σ2

µ a σ2
e ë�ì XFj β ¦ BLU s L Å Q�  /

β∗(σ2) =

(
X ′P1X

σ2
1

+
X ′QX

σ2
e

)−1(
X ′P1y

σ2
1

+
X ′Qy

σ2
e

)
. (4.4.9)

σ2 = (σ2
1 , σ

2
e )′,
* ¦�í�u�v d /

Cov(β∗(σ2)) =

(
X ′P1X

σ2
1

+
X ′QX

σ2
e

)−1

. (4.4.10)

0 ) X ¤ ä�î }�U T X I / σ2
µ a σ2

e

(�)�ï ì ¦ X I�| β∗(σ2)
3�4�ð�ñ�ò }�U�µ â� Ó�Ô o ß Ø�ó p u�ô�hõ&�Ø )�ö Á�ô�÷ P σ2

µ a σ2
e ¦�ø�Ø�s L Xõù Ù V�ú (4.4.9).° ��û�O�P ¦�s L Ü / ß�ü s L µý\ - â Ø�s L X Ó�Ô�N ¤�Ù Ò�Õ�Ö µ � &�Ø�u�ô)�þ�ÿ�4���x

σ2
µ a σ2

e ¦�s L X�� � X LS s L
β̂ = (X ′P1X +X ′QX)−1(X ′P1y +X ′Qy) (4.4.11)

a Within s L
β̂W = (X ′QX)−1X ′Qy (4.4.12)

k�l Between s L
β̂B = (X ′P1X)−1X ′P1y. (4.4.13)

���
(4.4.11) a (4.4.9) ì , LS s L Å�k���	 ) ¤ (4.4.9)

T�

σ2

1 = σ2
e , ~

σ2
µ = 0

����� ¦�µ�
 Within s L a Between s L ¦�÷ P�������� &�� X���� m ß
¢�­�������}�U�������Ì���& p Ö���ð ÷ P µ

m���� (4.4.8) Þ�����Ì P1 a Q,
P�^

P1y = P1Xβ + u1, (4.4.14)

Qy = QXβ + u2, (4.4.15)

â #
u1 = P1u,u2 = Qu. u1 a u2 ¦���©�� /���X *�Ô ¦�í�u�v d Þ�� /

V1 = Cov(u1) = σ2
1P1, (4.4.16)

V2 = Cov(u2) = σ2
eQ. (4.4.17)

I / P1 a Q
(�)�b�c�d X O k â ß ¢��
� (
)! �"
� f��
�
µ I / M(P1X) ⊂

M(P1),M(QX) ⊂M(Q), #%$'& Ö 4.4.1 Î�Ï�Ñ å β̂W a β̂B Þ�� )�· ��� (4.4.14)

a (4.4.15)
ÿ
^ ¦ β ¦ BLU s L µ â # Ó
Ô ¹ ) À
Ú (X ′P1X)−1 a (X ′QX)−1)�( ¤�¦ X â ¤�)�* t�+ Þ�, T ¹ )�5�6 ¦�µ Î�Ï�Ð�Ñ X β̂W a β̂B ¦�í�u�v d Þ

� /
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Cov(β̂W ) = σ2
e (X ′QX)−1

a
Cov(β̂B) = σ2

1(X ′P1X)−1.

§4.5 LS 24345464798
: ù�;�< f (robustness)

â Ø�� L�=�> ¤�� L�?�@�T $BA ëBC X 3 Ã · 20 DE
20 F V!G!H!I!J ^ � L!K!L ¦!M!N X 0ÊÉ ;!< f
ËF&!O � )
^!P 1953 F � $

G.E.P.Box
¡ &�Q�åBR�S�T�A�µ J §�U�V X.;�< f )�W � L &�X�\ - � L ��� ~ À

Á 1�2�Y o + m ; Ú�f�µ â G )�Z X , ����À�Á�[ � ø�Ø � ��­�\ � X + }]U�� L
&!X � o � �!^
­
µ â � X Ó
Ô G Z � L &�X
\ - â Ø � �
­�\ Y o ;!< f
µ �� X�_�`�H�a ×�b�¦ Õ�Ö�T X \ - � f�����o�&�¢�M � ¦�À�Á ) Cov(e) = σ2I. ¤| 1�2�� X Ñ å P Å�s '�t c′β ¦ LS s L c′β̂

)
BLU s L µ 0 ) ¤�}�U�ª Ó�Ô�4

Å ð � ÿ &�¢ ä�î�c�d�e�e�f�f ����â &�À�Á�µ ã�ä ª X Ó�Ô]g�h _ C�ô ì�i X *
R ä ����â�1 À�Á�µ � ð °�j Þ�,�k�l
Ð X�m X�À
Á Cov(e) = σ2I

)�n ¸�o�ª�Å
k K J µ I�| X Ó�Ô ¹ )�p�q ,�ä
î ¦ Cov(e)

w
σ2I
+ v 4�)�r�s � X LS s L

c′β̂ t ù�u�v�w A�¦���x�f�k ~�y 4�) ��x�¦ X 0 4 � ­ P�é�z X ¸�£�ª � É j P{ Ë µýi )�â]| ¦]} X Ó�Ô G Z LS s L \ - í�u�v d�) ;]< ¦�µ +]~ X ��¶ T��������� X.� ����� ¦���� X â ¢�s L G 4�Y o ;�< f X }�U���A G P ��������µ ;
< f�¹ ) + m - ����¦�ø�Ø�­�\�
���¦�µ � � X ª Ò�� ¦ ��� ) LS s L \ - í�u
v d ­]\�¦ ;]< f�µ Ó�Ô « ù g Å�k Õ�Ö�* \ - Á L�d ¦ ;�< f X k]� * ¦�ø]� 1
f�g�\ - ¿ v�Þ���¦ ;�< f c�c µ

}�� Z X�;�< f )�� ��Ø�� L &�X ( } , Y o�¦�f�g�µ I�| X � L�?�@ T o P
;�< Á L X�;�< l�Ð c���� µ ��� ;�< f�¦���� ë )���� ^ � L]K ¦ é�� Þ���µ��Ò ë ) Z j�X ¤�ø�Ø ` z�ª�V X.;�< f G ) ; Ú�f�µ;¤ t K ¦�E * Þ�� X Ó�Ô�g Å
k�� ^�w � +�, ¦ ��� µ � � X ��� Þ�u�  TB¡ Þ�M � ¦ ; Ú�f p Ö X¢G )�£%¤ �
��u] �¦]¥�\ -]¦ I 1�2 ¦ ; Ú�f�µ¨§ � ¤]© � f�ª]« T X g o�¬�­�¦�¥�¦ ; Ú�f��� µ â ��b Ó�Ô�® � Õ�Ö LS s L \ - í�u�v d ¦ ;�< f�µ����� f����

y = xβ + e, E(e) = 0, Cov(e) = σ2Σ, (4.5.1)

â �
Σ ≥ 0 ë�ì µFm�¯���Å�s�° t c′β,

* ¦ LS s L /
c′β̂ = c′(X ′X)−X ′y.
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Ó�Ô ì]i X , Cov(e) = σ2I

� X *�) BLU s L µ±��¤]²�³�í�u�v d Cov(e) = σ2Σ 6=
σ2I ,

Ó�Ô�p�q
c′β̂ \ - ¿ v�í�u�v d ¦ â Ø�­�\ Y o ;!< f XF~ c′β̂ t ù ) BLU

s L h
c′β̂ = c′β∗, (4.5.2)â �

β∗ $�ª�b�������Ì���� p Ö�´ T (
� Ú p 4.4.4).

��Ò ß ¢�Ú p ±Bµ P�â ¢ cd µ Ä
Z / n× (n− r) Ã Ý / n− r ¦ n d X ��� X ′Z = 0,

â �
r = rk(X).

4 �
��¶�f X k ��Õ�Ö�T À�Á σ2 = 1.7
8

4.5.1 m - � f
�
� (4.5.1) a!¯!�
Å
s!° t c′β,(4.5.2)
5
6 , Ã!· ,��¸�1�2 � � 5�6 µ

(1) X ′ΣZ = 0, (4.5.3)

(2) Σ = XΛ1X
′ + ZΛ2Z

′, (4.5.4)

(3) Σ = XD1X
′ + ZD2Z

′ + I, (4.5.5)

E T Λ1, Λ2, D1 a D2
/ ¯ ` m�Ü d X 0�¹ Σ ≥ 0.G�H

(1) º�Ú p 4.4.3,
Ó�Ô ��� Ñ�å X ¤���� (4.5.1)

� X m�¯ ` b = Zt,t /
¯ `�» ¯ X ¹�o Cov(c′β̂, b′y) = 0. $ c′β ¦�Å�s�f ì X ( ¤ » ¯ α, ¹ P c = X ′α,

#
Cov(c′β̂, b′y) = 0

⇐⇒ α′X(X ′X)−X ′ΣZt = 0, m���¼ α a t
⇐⇒ X(X ′X)−X ′ΣZ = 0

⇐⇒ PXΣZ = 0⇐⇒ X ′ΣZ = 0,

â �
PX = X(X ′X)−X ′,

è�Ö
(1)
P Ñ�µ

(2)
I / X a Z ¦ ¸ » ¯ Â + à�á XFÃ Rn =M(X)

.
+M(Z), #�m�¯�� n d

An×n,
( ¤ n d T1,T2, ¹ A = XT1 +ZT2. $ Σ ≥ 0 ì X ( ¤ Qn×n, ¹ P Σ = QQ′,N

Q
Q / Q = XU1 + ZU2,

- )
Σ = XΛ1X

′ + ZΛ2Z
′ +XΛ3Z

′ + ZΛ′
3X

′, (4.5.6)

E T Λ1 = U1U
′
1,Λ2 = U2U

′
2,Λ3 = U1U

′
2.
I /

X ′ΣZ = X ′XΛ3ZZ
′ = 0

⇐⇒ X(X ′X)−X ′XΛ3Z
′Z(Z ′Z)−1Z ′ = 0,

⇐⇒ XΛ3Z
′ = 0 ( [ U X(X ′X)−X ′X = X)

⇐⇒ Σ = XΛ1X
′ + ZΛ2Z

′ ( [ U (4.5.6)),
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â G Ñ�å P (1) a (2)
c�½ µ

(3) $ Z ¦�Ú�z ì I − PX = PZ = Z(Z ′Z)−1Z ′,
- )

I Å Q /
I = PX + (I − PX) = X(X ′X)−X ′ + Z(Z ′Z)−1Z ′.

N ª S ß�¾ · (4.5.4)
TB¿�{ X P

Σ = X(Λ1 − (X ′X)−)X ′ + Z(Λ2 − (Z ′Z)−1)Z ′ + I

4
= XD1X

′ + ZD2Z
′ + I.

â G · (2) ⇒ (3).
~ j A X [ U I = X(X ′X)−X ′+Z(Z ′Z)−1Z ′,

6 ~ Å · (3)⇒ (2).

Ú p Ñ q µ�
4.5.1

¿ v���À + \���� (error uniform correlation models)

y = Xβ + e, E(e) = 0,

¿ v » ¯ e ¦�í�u�v d�Y o ����Á�S

Cov(e) = σ2




1 ρ · · · ρ

ρ 1 · · · ρ

...
...

. . .
...

ρ ρ · · · 1




,

~ O o�§�¨�o c u�v σ2, Ã O o�§�¨ �]Â o +]Ã ¦ + \�] t µ â ¢�í�u�v d Å]^�Æ/
Cov(e) = σ2[ρ1n1′

n + (1− ρ)In].

À�Á X ¦ ¡ � ¸ f / 1, ~ ��� ��x�� t�Ä XFj Ú p T�O Ú�z�¦ Z
���

1′
nZ = 0.-�Å Î�Ï�Ð�Ñ

X ′Cov(e)Z = 0.

I�| m - â ¢���� X ¯���Å�s�° t c′β ¦ LS s L t / BLU s L µ7�8
4.5.2 m - � f���� (4.5.1) a�¯���Å�s�° t c′β, (4.5.2)

5�6 , Ã�· ,��¸�1�2 � � 5�6 µ
(1) ΣX = XB, m�ø n d B,

(2) M(X) $ Σ ¦ r = rk(X) ¢���Æ » ¯�Ç 5 X
(3) PXΣ / m�Ü d X E T PX = X(X ′X)−X ′.G�H

(1)
h +

(4.5.3),c′β̂ / c′β ¦ BLU s L ⇐⇒ X ′ΣZ = 0⇐⇒M(ΣX) ⊂
M(X)⇐⇒ ΣX = XB m�ø�¢ n d B.
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(2)
Ó�Ô Ñ�å (1)⇐⇒ (2).

ö Ñ�å (1)⇒ (2).

Á ξ / Σ ¦�m�} - ��Æ h λ ¦���Æ » ¯ X m ξ È à�á Þ�¥
ξ = ξ1 + ξ2, E T ξ1 ∈ M(X), ξ2 ∈M(Z). (4.5.7)h + à�á�É�Ê ¦�Ú�z X ξ1

G Å ξ ¤ M(X) ª�¦ à�á�É�Ê µ Y · Σξ = λξ,
P

Σξ1 − λξ1 = −(Σξ2 − λξ2). (4.5.8)

i (1)
5�6 XFj Σξ1 ∈M(X),

-�Å ª S � ¾
Σξ1 − λξ1 ∈M(X). (4.5.9)� ��u Ò X (1)X ′ΣZ = 0⇐⇒M(ΣZ) ⊂M(Z)⇐⇒ ΣZ = ZA, m�ø�¢ n d A. ¬]­

ª Ò ¦ Õ�Ö X Å�k�Ñ å h Σξ2 −λξ2 ∈M(Z).
è]Ë

(4.5.8) a (4.5.9) Å ì X Σξ1−λξ1
= Σξ2 − λξ2 = 0, ~ Σξ1 = λξ1.

-�Å
ξ1 i 4 Å ��XFj�Ì�/ Σ / ��Æ » ¯ µ O k X

ξ ¤ M(X) ª�¦ à�á�É�Ê ξ1 k�� / 0 k���t / Σ ¦���Æ » ¯ X ß � Ì�Í E���µ;Á
ξ1, · · · , ξn / Σ ¦ n ¢�Î�Ï à�á \���Æ » ¯ µ η1 , · · · , ηn

/ *�Ô ¤ M(X) ª�¦ à�á
É�Ê XF~

(η1, · · · , ηn) = PX(ξ1, · · · , ξn). (4.5.10)

$ ë Ñ ã�ä ì η1, · · · , ηn

T ¦�© 0
» ¯ / Σ ¦���Æ » ¯ µ _�` ^ (ξ1, · · · , ξn) / à

á d X I
M(η1, · · · , ηn) =M(PX) =M(X). (4.5.11)

# η1, · · · , ηn
� o r ¢ � f�C�\ XFÃ *�Ô Ç 5�P M(X).

â G Ñ�å P (1)⇒ (2).~ j A X Á M(X) $ Σ ¦ r ¢
�!Æ » ¯ ξ1, · · · , ξr
Ç 5 µ j ( ¤ n d C, ¹P

X = (ξ1, · · · , ξr)C = QC, E T Q = (ξ1, · · · , ξr).
-�Å

ΣX = ΣQC = QΛC,

Λ = diag(λ1, · · · , λr).
· 
 X ′ΣZ = C ′ΛQ′Z = 0, $ | Å P (1).

-�Å
(2)
P Ñ�µ

(3) $ (4.5.6), PXΣ m�Ü ⇐⇒ XΛ1X
′ +XΛ3Z

′ m�Ü ⇐⇒ XΛ3Z
′ = 0⇐⇒ Σ =

XΛ1X
′ + ZΛ2Z

′,
| ~ (4.5.4). Ú p Ñ q µ�

4.5.2 � » Þ�¬ º�» ������ � » Þ�¬ º�» ���
yij = µ+ αi + eij , i = 1, · · · , a, j = 1, · · · , b,

â �
µ /ÑÐ Ú
´
} X αi

/ º
» ´
} X eij
/ º
»
¿ v
µ O o αi a eij Ò Â
4 +

\�µ Var(αi) = σ2
α, Var(eij) = σ2

e ,
N�* Æ 5 n d�Á�S

y = Xµ+ Uα+ e,

â �
n = ab,X = 1n, U = Ia ⊗ 1b.

Cov(y) = σ2
αUU

′ + σ2
eIn

= σ2
α(Ia ⊗ 1b1

′
b) + σ2

eIn
4
= Σ(σ2).
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h + n d
Z ¦�Ú�z X ′Z = 1′

nZ = 0,
O k X ′ΣZ = 0. º�Ú p 4.5.1, Ð Ú�´�} µ ¦

LS s L µ̂ = 1
n

∑
i,j

yij = y..

Å
µ ¦ BLU s L µ

}�U�Ú p 4.5.2,
g Å�k é Î�Ï�Ñ å â �]��µ ã�ä ª X Ó�Ô �]� Ñ�å X = 1a⊗1bÅ

Σ ¦���Æ » ¯ µ�Ö ù
ΣX = bσ2

α(1a ⊗ 1b) + σ2
e (1a ⊗ 1b)

= (bσ2
α + σ2

e )(1a ⊗ 1b) = (bσ2
α + σ2

e )X,

å O�× Ñ�µØ�Ù m � » Þ�¬ º�» ��� X µ ¦ LS s L µ̂ = y..

Å
µ ¦ BLU s L µ

§4.6 ÚÜÛÝ2Ü3
À�Á � f�����¦�§�¨ » ¯ y ¦�í�u�v d Cov(y) = σ2Σ, Þ P σ2

� � Ò Å�e�f
ë�ì ¦ X â � }�U�������Ì�ô�÷ P ¦�Å�s�° t ¦ GLS s L Å ��ß � f�C�D�s L µ
0�¤�� ��ä�î�c�d T X Þ P σ2, Σ

����x i�à ï ì�á t X Ä / θ. � � X ¤ � f�âË ´�}���� T â � á t G Å u�v�Þ ¯ k]ã Ô ¦�ä�µ ¤]� L]K�T X m â�| ¦���� á t
s L ¦�å _ u�ô Å X ¡ � ü X ö À�Ú â � á t Å ë�ì ¦ X }�U����]��Ì�ô�÷ P ±�³
á t ¦ GLS s L X , ù â � s L�TB�
x!P�ï ì!á t θ.

¡ � ü X Á�ô�� ^ θ ¦�ø
¢�s L θ̂, ù Ù�¤�±�³�] t ¦ GLS s L�T U θ̂ V�W θ,

O�P�^ ¦�s L Ü / ß�ü s L
(two-stage estimate) k�Å�æ�y�z�������Ì�s L (feasiable GLSE).

_ b
¦èç®¦ Å �!� ß
ü s L ¦
f
g
µ I / ß
ü s L!é!é Å §
¨ » ¯ ¦ é!�!�
¦]© � f]° t X I�| \ - ã�¦�� L f�g�¦]��� ç]ê�ë ¸�µì��¢]å _ ¦ c�d]Å ß�ü sL ¦�C�D�f�µ Kackar a Harville[69] m â ¢ c�d 	 P�í Ú�f�¦�î�È X S�T P C�D�f
¦ é ��¶�¦ 1�2 µ ��� X�_ b ��N�Õ�Ö ß�ü s L í�u�v d ¦���¢ Q�R�S µ��� ��¶ � f����

y = Xβ + e, E(e) = 0, Cov(e) = Σ(θ), (4.6.1)

â �
y / n× 1 §�¨ » ¯ X X / n× p Á L�d X β / p× 1

ï ì�á t » ¯ X e /
n× 1

º�»�¿ v X θ = (θ1, · · · , θm)
g Å ï ì]á t » ¯ µ Á Σ(θ) > 0 m]�]¼ θ

5�6 µÄ
β̂(θ) = (X ′Σ−1(θ)X)−X ′Σ−1(θ)y.

m�¯���Å�s�° t c′β,
,

θ ë�ì � X c′β̂(θ) G Å ã�¦ GLS s L X g Å BLU s L µ��¶
θ
Å ï ì ¦ X Á θ̂ / ã�¦���¢�s L X j c′β̂(θ̂) G Å c′β ¦ ß�ü s L µ Ó�Ô�ö Ñ

å X ¤���Ú 1�2�� X c′β̂(θ̂) G Å c′β ¦�C�D�s L µ
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Ó�Ô�ö�ï�ð � � ��� µ
Á W / ��ñ Â X i�m�¯�� y ∈W , � L ¯ S(y)

���
S(−y) = S(y), j Ü S(y)

m y ∈W
Å�ò ° t µ i�m y ∈ W, S(−y) = −S(y), j 5 S(y) m y ∈ W /  ° t µ

m - ��� (4.6.1), i�m���¼ y a α, � L ¯ S(y)
���

S(y −Xβ) = S(y), (4.6.2)

j Ü S(y)
Å ­�� 4 ­�¦�µÛ�8
4.6.1 Á u / � º�» » ¯ X E�Þ���\ - w � Å m�Ü�¦ X Ä / u

d
= −u, §

g(u)
Å

u ¦  ° t XFj g(u) ¦�Þ���\ - w � g Å m�Ü�¦�µG�H I / u
d
= −u,

-]Å
g(u)

d
= −g(u), 0 Å g(u) /  ° t X # g(−u)=−g(u),â�| G o

g(u)
d
= g(−u) = −g(u),

â G Ñ�å P g(u) ¦�Þ���\ - w ��m�Ü�µ ï p Ñ q µ
\ - w ��m�Ü�¦�Þ�� Å é�� ¦�µ ��Ò Å � � ��� µ�

4.6.1 (1) m]¯ ` Σ > 0,
�]ó à]ô Þ]� Np(0, σ

2Σ) Ò Å \]õ w ��m�Ü�¦�µ
(2) o�ö�÷�¦ à�ô Þ���ø (1− ε)Np(0, I) + εNp(0, σ

2I), ã�¦�ù ê ° t ø
f(x) = (1− ε) 1

(2π)p/2
e−

1
2 x′x + ε

1

(2πσ2)p/2
e−

x′x

2σ2 .

(3) «B$ ê ø n ¦ ��ó t Þ�� X ã�¦�ù ê ° t ø
Γ(n+p

2 )

Γ(n
2 )(nπ)p/2

(
1 +

1

n
x′x
)−n+p

2

,

â �
p ø�ú t µ�û n = 1

� X ã G Å ��ó Cauchy Þ���µ7�8
4.6.1 m�õ � f���� (4.6.1), À�Á e ¦�Þ���\�õ w � Å m�Ü�¦�µFÁ θ̂ =

θ̂(y)
Å

θ ¦���¢�s L X ã Å y ¦ ò ° t Ã Y o�­�� 4 ­�f�µFÁ c′β ø�¯���Å�s�°t X i E(c′β̂(θ̂))
( ¤ XFj ß�ü s L c′β̂(θ̂)

Å
c′β ¦�C�D�s L µG�H I ø c′β Å�s X # ( ¤ α ¹ P c = X ′α. õ Å

c′β̂(θ̂)− c′β = α′[X(X ′Σ−1(θ̂)X)−X ′Σ−1(θ̂)y −Xβ]

= α′X(X ′Σ−1(θ̂)X)−X ′Σ−1(θ̂)(y −Xβ)

= c′(X ′Σ−1(θ̂)X)−X ′Σ−1(θ̂)e.

·
θ̂ ¦ 4 ­�f�Å P

θ̂ = θ̂(y) = θ̂(y −Xβ) = θ̂(e),
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I 

c′β̂(θ̂)− c′β = c′(X ′Σ−1(θ̂(e))X)−X ′Σ−1(θ̂(e))e.

Ä
u(e) = c′β̂(θ̂) − c′β.

I ø θ̂ = θ̂(y) = θ̂(e)
Å

e ¦ ò ° t X · ª S Î�Ï�&�T
u(−e) = −u(e), ~ u(e) ø e ¦  ° t µ [ U ï p y ì X u(e) ¦�Þ���\�õ w � Å m
Ü�¦ X #�o

E(u(e)) = E(c′β̂(θ̂)− c′β) = 0.

Ú p Ñ q µ
± ^ § 4.4 ¦ Panel ����µ���¤�ü�U ½ � ¦ Ä È�µFm�õ Ð Ú
´�} β, ¤ § 4.4 ë´ T P ×�Ø�M � s L X ��ý LS s L β̂,Within s L β̂w, Beteen s L β̂B k�l�û�u

v�Þ ¯ σ2
µ a σ2

e ë�ì � ¦ BLU s L β∗(σ2). ��¤ Ó�Ô�ï�ð ß�ü s L µ
¤ Panel ��� Õ�Ö�T X ¹ Å À�Á X ′P1X a X ′QX Ò Å Å�{�¦�µ m�õ���¶ ä�îc�d X â � À�Á é�é Å ��� ¦
µ · ��� (4.4.14) ¦�þ�v » ¯ û1 = P1(y −Xβ̂B) Å

k�ÿ�� σ2
1 ¦���¢�C�D�s L

s21 = û′1P
−
1 û1/n, (4.6.3)

â �
n = rk(P1)− rk(P1X) = N − k − 1. (4.6.4)

I ø M(P1X) ⊂M(P1), ì s21
w y�z�{ P−

1 ¦�����C�\ X § I P1

Å m�Ü b�c�d XI 
�ã Å «���¦���¢�y�z�{ X I�| (4.6.3)
T ¦ P−

1 Å ��� U���ø P1,
P

s21 = û′1P1û1/n. (4.6.5)

¬�­�U X · ��� (4.4.15) ¦�þ�v » ¯ û2 = Q(y−Xβ̂W ) Å�k�ÿ�� σ2
e ¦���¢�C

D�s L
s22 = (y −Xβ̂W )′Q(y −Xβ̂W )/m, (4.6.6)

E T
m = rk(Q)− rk(QX) = N(T − 1)− k. (4.6.7)

4�ç Ñ�å ��� ã�ä hÛ�8
4.6.2 (1) X ′P1X ,X ′QX ,s21,s

2
2 Ò�� Â���6 µ

(2) ns21/σ
2
1 ∼ χ2

n,ms22/σ
2
e ∼ χ2

m.G�H Ä
σ2 = (σ2

1 , σ
2
e),
N ��� (4.4.14) a (4.4.15) � 6�3 [ U u1 a u2

��6
f�Å�k û BLU s L β∗(σ2)

Q�  ø β̂W a β̂B ¦�k n d ø���¦
	�� Ë�Á�S
β∗(σ2) = W1(σ

2)β̂B +W2(σ
2)β̂W , (4.6.8)
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â � � n d

W1(σ
2) =

(
B

σ2
1

+
W

σ2
e

)−1
X ′P1X

σ2
1

,

W2(σ
2) =

(
B

σ2
1

+
W

σ2
e

)−1
X ′QX

σ2
e

,

B = X ′P1X, W = X ′QX.

¤�}�U�ª X û ù σ2
1 a σ2

e � ï ì X â � Å�k�U�� Ò�O�P�^ ¦�ã Ô ¦�s L s21 a
s22 A V�W�X â G ��� P β ¦���Ø ß�ü s L

β̂(s2) =

(
B

s21
+
W

s22

)−1(
X ′P1 y

s21
+
X ′Q y

s22

)
,

â �
s2 = (s21, s

2
2)

′. Ö ù
β̂(s2) = W1(s

2)β̂B +W2(s
2)β̂W ,


 LS s L Å Q ø
β̂ = (B +W )−1(X ′P1X +X ′QX).

7�8
4.6.2 β̂(s2)

Å
β ¦�C�D�s L µG�H I ø

β̂(s2)− β =

(
B

s21
+
W

s22

)−1(
X ′P1 u1

s21
+
X ′Q u2

s22

)
,

[ U ï p 4.6.2 ¦ (1) Å P E(β̂(s2)− β) = E(E(β̂(s2)− β)|s21, s22) = 0, Ñ q µ
_ b���Ù���� ß�ü s L ¦�í�u�v d µF¤ ��Ò ¦ Õ�Ö�T X ¹ Å À�Á rk(X) = p,θ

¦�s L θ̂
Å å�õ�þ�v » ¯ ê = Ny 
�	�T�¦ X â � N = I −X(X ′X)−1X ′. ø�Ç�È��� L X Ä Σ(θ) = Σ, j

β∗ = (X ′Σ−1X)−1X ′Σ−1y,

β̃ = (X ′Σ−1(θ̂)X)−1X ′Σ−1(θ̂)y,

ã Ô Þ�� Å β ¦ GLS s L ( À�Ú Σ ë�ì � ) a ß�ü s L µ ��Ò�Ó�Ô ��� ß�ü s L
β̃ ¦���u ¿ v n d (mean square error matrix, � Ä ø MSEM) MSEM(β̃) ¦�� � M� f�g�µ�
�����a�����z [11] m���� c�� Þ���Ñ�å P���Ò ¦�Ú p µ¢ø P�4�� T _��
¦��
� X Ó�Ô � m ��ó à�ô Þ���¦���� ´�� Ñ�å�µ7�8

4.6.3 Á e ∼ Nn(0, σ2Σ), j
MSEM(β̃) = Cov(β∗) +E(bb′), (4.6.9)
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b = β̃ − β∗.G�H m ¿ v » ¯ e È�Þ�¥
e = (y −Xβ∗) + (Xβ∗ −Xβ)

4
= u1 + u2,

â �
u1 = y −Xβ∗ 4

= (I −M)e,

u2 = Me,

M = X(X ′Σ−1X)−1X ′Σ−1.

I ø



u1

u2


 =




I −M

M


 e,

Cov




u1

u2


 = σ2




(I −M)Σ(I −M)′ (I −M)ΣM ′

MΣ(I −M)′ MΣM ′


 4

= σ2∆

= σ2




∆11 ∆12

∆21 ∆22


 .

$ ¡ � ` ì



u1

u2


 ∼ Nn(0, σ2∆).

_�` ^
∆21 = 0, õ Å Ó�Ô o

E(u1|u2) = ∆21∆
−1
11 u1 = 0. (4.6.10)

� ��u Ò

MSEM(β̃) = Cov(β∗) +E(bb′) +E(β̃ − β∗)(β∗ − β)′

+E(β∗ − β)(β̃ − β∗)′.

Ö ù�XF��� Ñ�å
E(β̃ − β∗)(β∗ − β)′ = 0. (4.6.11)
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I ø

Cov(θ̂) = Cov(Ny) = Cov(N(I −M)y) = Cov(Nu1),

[ U β̃−β∗ = X(X ′Σ−1(θ̂)X)−1X ′Σ−1(θ̂)u1, β
∗−β = X(X ′X)−1X ′u2 k�l (4.6.10)P

E(β̃ − β∗)(β∗ − β)′

= E[(X ′Σ−1(θ̂)X)−1X ′Σ−1(θ̂)u1u
′
2X(X ′X)−1]

= E[(X ′Σ−1(θ̂)X)−1X ′Σ−1(θ̂)u1E(u′2|u1)]X(X ′X)−1

= 0.

â G Ñ�å P (4.6.11), Ú p Ñ q µ� Ù
4.6.1 Á e ∼ Nn(0, σ2Σ(θ)), Σ(θ̂)

Å
ê ¦ ò ° t XFÃ E(β̃)

( ¤ XFj β̃Å
β ¦�C�D�s L XFÃ

Cov(β̃) = Cov(β∗) +E(bb′). (4.6.12)

G�H I ø�þ�v » ¯ ê \�õ�­�� y → y +Xt
Å 4 ­�¦ X }�U�Ú p 4.6.1

P
β̃

¦�C�D�f X E�� è�Ö Å Ö ù ¦�µFÑ q µ
(4.6.9) a (4.6.12) ��� ¡ � Ä Q = E(bb′)

Q� �P U�s L Σ(θ̂) V�W Σ(θ)
O�ï

��¦�s L ¯ ¦�í�u�v d ¦���¸�µ���¢ « ù § é M � ¦ c�d�Å s L Q ¦�ª� �µ"! Å
¤���¶���� � X â Å ��¢ é�æ�ç ¦ c�d µ Toyooka a Kariya[104] ��� P θ ø � át ¦�����µ

§4.7 #%$%&%'%(*)
¤�� L á t s L p Ö�T X ��+�����u�v�,�-�s L (minimum variance unbiased

estimate, � Ä ø MVU s L )
â �ÕM � �Õ� X o/. �/0 o t K21 §@o]� L p Ö@w }�U½ ©�¦]M � è�¶ X43 T � � G Å O25 ¦ MVU s L ¦ m Ú�Ú p h g(θ) ¦]��¢2,2-�sL

T (x)
Å

MVU s L X û Ã]· û�m � ¦]¯]�2,2-�s L h(x) , o Cov(T (x), h(x)) = 0

m!�!¼ θ ∈ Θ 687 X â � Θ ø á t ñ Â XFÃ O89 l
¦!� L ¯ Ò À
Ú
u
v
o8: ( á; ?!@
[26]).

â G Å Z X �
¢8,8-
s L � Y o!�!�
u
v!û Ã!· û!ã8< � ¦ O o8,
-�s L Ò�=�� \�µ�> | X i ( ¤ � ¦���¢�,�-�s L h0(x), ã�< T (x)

Å � \�¦ X�~
Cov(T (x), h0(x)) 6= 0, j T (x) G = Å ã�¦���©�¦ MVU s L µ ��¢�M � c�d�Å X �? [ U h0(x)

w
T (x) ¦ � \
f X ÿ8�!�
¢ � T (x)

Y o8@!�
u
v
¦8A
¦8,8-8B8CDFEHG õ â �!�8I��8C8B8C8J Ö8K!£8LNM ­8O8P8Q8R8S . Rao[92]
ï!ð8T8U8V8W!ð

X
(covariance adjustment approach), ã�Y�Z h0(x) [ T (x)

K � G�\ I"]�^�_ K�T
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U8V =8f8g8h I"P8i8j8k8l8m h0(x) [ T (x)
K8n \8o8p I"^8q8rNs T (x) t8u8@v2U2V2K A K ,2-2B2C2wyx2z�{2|�}�~2Iy.��2��C2���2���2�����2��Z g���� n \������� I�� p ��� I���S����
� n ��� w���� T�U�V X�������� W�� B�C K u��� t�I"�� �¡�¢ [3][17][18]. £�¤ K¦¥�K�§�¨�n \ ��� K�©�ª�« R T�U�V�W�� X w¬ _�� T�U�V�W�� X ��­ ��®�¯�° J�w±�²

4.7.1 ³ θ
�
p× 1 ´�µ���¶�I T1 · T2 ¸�¹ � p× 1 · q× 1 ��C�º�I»

E(T1) = θ, E(T2) = 0. ¼

Cov




T1

T2


 =




Σ11 Σ12

Σ21 Σ22


 4

= Σ. (4.7.1)

½ °
Σ > 0,Σ12 6= 0. ¾/¿ n \ B/C/À A = {T = A1T1+A2T2, A1 · A2

��Á�Â�Ã�Ä I
E(T ) = θ}

M I θ
K

BLU B�C
θ∗ = T1 − Σ12Σ

−1
22 T2, (4.7.2)

»
Cov(θ∗) = Σ11 − Σ12Σ

−1
22 Σ21 ≤ Σ11 = Cov(T1). (4.7.3)

Å�Æ Ç�° J K�È�É Z n \ ����Ê�Ë I"] �



T1

T2


 =




I

0


 θ + e, e ∼ (0,Σ),

Ì�Í�Î
θ∗
��Ï ��� M

θ
K

BLU Ð�Ñ�w"Ò�^�Ó�R�Ô�Õ�I ° J Î�Ö w
� ¯�× (4.7.2) Ø °�Ù K Ð�Ñ θ∗

� T�U�V�W�� Ð�Ñ , (4.7.3)
Ê
Ú T�U�V�W�� Ð

Ñ θ∗ s T1 u8Û v8K8T8U8V Ä I"Ü8Ý T8U8V Ä8Þ V � Σ12Σ
−1
22 Σ21. ^ § �8Z8ß T2

· T1

K�à G�\ Ø�á�~�â�ã�ä�å K Ó�æ�w ® æ Σ12 = 0, ç�è�Ü�� T�U�V Ä�� h Ié�ê
T2 [ T1 ë à�ì Iîí�Õ T2 ï�ð�ñ u�ò�ó W�� T1

K â�ã�ä�å�w ��ô�õ U�ö�÷ ¡
¢ M u ê × T2

� T�ø º�wù
1 ú Σ ≥ 0, û ê Σ22 ü�ý §�þ�ÿ Ä ÷ � ê ¿ (4.7.2) · (4.7.3)

M Ç
Σ−1

22W �
Σ22

K ò�� � Ù�� Σ−
22,
°���� Õ ��� w�

4.7.1
n \ �������

��	 ��
 n \ �������
y = Xβ + e, E(e) = 0, Cov(e) = σ2Σ,
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�
���������
��� y

�
n× 1 ������º ÷ X

�
n× p

K ³�Ñ�� Ä ÷ rk(X) = p,e
�

n× 1
Â�Ã��

V2÷
Σ > 0. �2Ø��2µ ÷ β K BLU Ð2Ñ · LS Ð2Ñ ¸2¹ � β∗ = (X ′Σ−1X)−1X ′Σ−1y,

· β̂ = (X ′X)−1X ′y.® æ�¿ °�� 4.7.1
M�÷ �

T1 = β̂,T2 = Z ′y, ��� Z
�

n × (n − p) � Ä ÷ !�"
X ′Z = 0,

»
rk(Z) = n− p, ¾

E(T1) = E(β̂) = β,

E(T2) = 0,

»

Cov




T1

T2


 =




(X ′X)−1X ′ΣX(X ′X)−1 (X ′X)−1X ′ΣZ

Z ′ΣX(X ′X)−1 Z ′ΣZ


 .

½ °
X ′ΣZ 6= 0, �8Z °#� 4.7.1, ¾8�#$ T8U8V8W8� Ð8Ñ β̃ = β̂ − (X ′X)−1·

X ′ΣZ(Z ′ΣZ)−1Z ′y. Y�Z ®�¯�% r
(X ′Σ−1X)−1X ′Σ−1 = (X ′X)−1X ′ − (X ′X)−1X ′ΣZ(Z ′ΣZ)−1Z ′,

ö u β̃ = β∗. � ð §�&�÷ β
K

BLU Ð�Ñ β∗ ï §�T�U�V�W�� Ð�Ñ ÷ ^ §�' LS Ð�Ñ(�) ��* T�U�V�W�� ��$ K w�
4.7.2 á n \�+�, K�n \ ���������	 ®�¯ ���





y = Xβ + e, E(e) = 0, Cov(e) = σ2I,

Hβ = d,

��� H
�

m× p � Ä ÷ rk(H) = m,
»
Hβ = d

§�à�-�K�÷ Ò�| ½ ³�.�/ 4.7.1.
�

β∗ = (X ′Σ−1X)−1X ′Σ−1y, · β̂ = (X ′X)−1X ′y.
�

T1 = β̂,T2 = Hβ̂ − d. ¿ +�, �
¶�0�1 Hβ = d 2 ÷ E(T2) = 0.

Cov




T1

T2


 = σ2




(X ′X)−1 (X ′X)−1H ′

H(X ′X)−1 H(X ′X)−1H ′


 .

¨ ��3 °�Ù K T1 · T2 ��Z °�� 4.7.1, ��$ T�U�V�W�� Ð�Ñ
β̂H = β̂ − (X ′X)−1H ′(H(X ′X)−1H ′)−1(Hβ̂ − d),

^�4 § β
K +�,

LS Ð�Ñ ( 5 § 4.2).
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�
4.7.3 á Â�Ã ª�<�K â�ã�ä�å K�n \ ���������	�n \ �������

y = Xβ + e, E(e) = 0, Cov(e) = σ2I,

½ ³�u�â�ã�ä�å
u = Hβ + ε, E(ε) = 0, Cov(ε) = W, (4.7.4)

��� W > 0
§�= µ�� Ä w ε · e ë à�ì w Â�Ã â�ã�ä�å K ����/�> §�÷ ½ ³ '�?@ ¶�A = ( ��$ β

K ����Ð�Ñ β̃, ¾ β̃ = β + ε, E(ε) = 0. ^ § (4.7.4)
M
H = I

K
B /�w�¿ °�� 4.7.1

M�÷C�
T1 = β̂,T2 = u−Hβ̂, ¾�Ø���$ K�T�U�V�W�� Ð�Ñ�t�u ª<

β∗(σ2) = β̂− (X ′X)−1H ′(W
σ2 +H(X ′X)−1H ′)−1(Hβ̂ −u), ��� ½ ° σ2

= µ�wHY
Z�� Ä�Þ · K�D ��E < (A+BCB′)−1 = A−1−A−1B(B′A−1B+C−1)B′A−1, ë�FÎ Ú

β∗(σ2) =
(X ′X

σ2
+HW−1H ′

)−1(X ′y

σ2
+HW−1u

)
.

� ð §�G�H�K � p Ð�Ñ�w I�û ÷ ¬ _ Î Ú ß�� p Ð�Ñ ï §�T�U�V�W�� Ð�Ñ�w' 2�J�K2��/�> ü ��L�M ÷ ¨ g n \ �é����� ' LS Ð2Ñ�M�N�O2Z�K2� ë . KT�ø º ( ^�_�P Ê K ��ë .�~�Q K â�ã�ä�å ) ð�ü ����K � T�U�V�W�� Ð�Ñ ÷ ^�_R�§ ¬ _�S�µ K Ð�Ñ�w
¿�r�T���Z M�÷ Σ U�U�´�µ ÷ V ¬ _ ü�ý ³ X l�m Σ

K ����Ð�Ñ
S =




S11 S12

S21 S22


 .

¿ (4.7.2)
M�÷ ¸�¹ Z S12 · S22 P�W Σ12 · Σ22, ��$

θ̃ = T1 − S12S
−1
22 T2,

×8� Ü#X T8U8V8W8� Ð8Ñ8w �8�#Y#Z#[#\ § θ̃ ]8�8Ñ \#^ ® ó#_a` ¿8�#� U J =
u2ß���b�c�X�d�e�Ó2æ2w ��f ¸hg -�i M2ß�£�j�]�k�l ÷nm�o�p ]�q2Ý ü �� 2¡�¢
[29], p.101.

§4.8 rtstutvtwyx
z J � ¤8Ø «#{ ] n \ �8� R#|#}#~ �8�#I ø º8w / ® ÷ d#e����#]#�#���\ ý���� Y1 [������ ~ º ÷ ã � È�É X1, · · · , Xp−1

Þ�� ] ì���÷���� ß�����I ø
º Y1

¨ ���¦í ø º X1, · · · , Xp−1 ] n \ ��� w V�§�÷ r�T���Z�2 ÷�� _ ï H�H��
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���������
� $ ~ ����I ø º�]�[�\�w�/ ® ÷ ® æ ¬ _�. ê�¨ ����]���� ��� Y1, · · · , Yq

m�o
p8÷ � ê ð u q �#I ø º ÷ �#�Fí�Õ8k �#� ß ¨ �8�#I ø º8[8�8�Fí ø º#] n \�2� ]�d�e2w � ß &��2U2ö2÷ ¬ _��2� z�«�{ ]�� ~ ����I ø º�] n \ �2� ×2� �� n \ �2� ÷n� � ~ �2��I ø º�] n \ ��� ×�� � � n \ ��� w��2Õ�� � |�� I ø
º���� ¨ ��� ��� ¸ À�] U X ë�� p � ÷ V ¬ _�� §���  � � = ( ª � ]�¡�¢�w
£8¤ G ) � � n \ �8� �8¶8Ð8Ñ#[#\#] «#{8÷�£ ¿#¤#¥#� � �8� � n \ �8�

[�\�¦ � � � n \ ��� [�\�] U X w
��
 ÷ ½ ³�d�e q ��I ø º Y1, · · · , Yq · p− 1 �¦í ø º X1, · · · , Xp−1

Þ�� ]ì���÷ ú Yj [ X1, · · · , Xp−1 u n \ ì���§
Yj = β0j + β1jX1 + · · ·+ βp−1jXp−1 + εj , j = 1, · · · , q, (4.8.1)� ß�Ð�Ñ � ¶ βij ,

¨
Y1, · · · , Yq · X1, · · · , Xp−1 ¨ n *���� ÷ ��$�¶�A

yi1, · · · , yiq , xi1, · · · , xip−1, i = 1 · · · , n.

^�_ !�"
yij = β0j + β1jxi1 + · · ·+ βp−1jxip−1 + εij , i = 1 · · · , n, j = 1, · · · , q. (4.8.2)

ú�© � � Ä ¼�ª

Yn×q =




y11 y12 · · · y1q

y21 y22 · · · y2q

...
...

...

yn1 yn2 · · · ynq




= (y1, y2, · · · , yq),

Xn×p =




1 x11 · · · x1p−1

1 x21 · · · x2p−1

...
...

...

1 xn1 · · · xnp−1




,

Bp×q =




β01 β02 · · · β0q

β11 β12 · · · β1q

...
...

...

βp−11 βp−12 · · · βp−1q




= (β1, β2, · · · , βq),
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εn×q =




ε11 ε12 · · · ε1q

ε21 ε22 · · · ε2q

...
...

...

εn1 εn2 · · · εnq




= (ε1, ε2, · · · , εq).

�#� Â8Ã#� V � Ä ε ] ë . �8¨ � g8ë .#*#�#� ÷ ¬ _ ½ ° ^8_ ë à8ì8÷ «#¬ �
h ÷ u E�­ T�U�V Ä�� Σ > 0.B

� ´�µ���¶ Ä ÷¯® ��° ¨ � g ����I ø º�w Y
�

I ø º Â�Ã ��� Ä ÷ ^�] ë . ��¨ � g�ë .�*���� ( ±�² Í ),
® ��° ¨ � g ����Iø º�w ½ ³ rk(X) = p. g § (4.8.2)

ø �




Y = XB + ε,

ε ] � ��º�³ ë à�ì�÷ «�¬ � h ÷"T�U�V Ä�� Σ.
(4.8.3)

¬ _ × (4.8.3)
� � � n \ ��� w´ ¿ «#{ (4.8.3) µ ´8µ8�8¶ B · Σ ]8Ð8Ñ#[#\8w ¶8£ U X § �8Z#� Ä � º

¦�·�¸ ÷ � (4.8.3) ¹�¦ � � � n \ ��� ÷ Õ�º���Z z J�]�Ó�æ ÷»� M B · Σ ]�Ð
Ñ�w
��Z Vec(ABC) = (C ′ ⊗A)Vec(B), u

Vec(Y ) = (I ⊗X)Vec(B) + Vec(ε). (4.8.4)

I �
Cov(yi, yj) = σijIn, i, j = 1, · · · , q,

��� Σ = (σij )q×q , ¼�½ Cov(Vec(ε)) = Σ⊗ In, � � n \ ��� (4.8.3) ¦ ��®�¯ � �n \ ���




Vec(Y ) = (I ⊗X)Vec(B) + Vec(ε),

Cov(Vec(ε)) = Σ⊗ In,

E(Vec(ε)) = 0.

(4.8.5)

��Z�� � n \ ��� ]�Ó�æ · Kronecker ¾�¿�] \�^ ÷ β
4
= Vec(B) ] BLU Ð�Ñ �

β∗ = Vec(B∗)

= [(I ⊗X)′(Σ⊗ In)−1(I ⊗X)]−1(I ⊗X)(Σ⊗ In)−1Vec(Y )

= (Σ−1 ⊗X ′X)−1(Σ−1 ⊗X ′)Vec(Y )

= (I ⊗ (X ′X)−1X ′)Vec(Y ) (4.8.6)

= Vec((X ′X)−1X ′Y ),
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g § B ] BLU Ð�Ñ �

B∗ = (X ′X)−1X ′Y. (4.8.7)

ú�¼ B∗ = (β∗
1 , β

∗
2 , · · · , β∗

q ), ¾
β∗

i = (X ′X)−1X ′yi, i = 1, · · · , q,

û�] ' � � n \ ���
yi = Xβi + εi, i = 1, · · · , q (4.8.8)� M�] LS Ð Ñ w"� � Ó æ Ê Ú § q ��I ø º�] � � n \ � � ] � ¶�� Ä B ]

BLU Ð8Ñ ü � ' q �#� � n \ �8� (4.8.8) �#$8w ¨ � � n \ �8� (4.8.5) �8Z °�
4.5.2

Þ
(3), ï8ü � Î Ú ÷ Vec(B∗) ] BLU Ð8Ñ · LS Ð8Ñ à . ÷ [#À U8V Ä

Cov(Vec(ε)) = Σ⊗ In Á ì w- Ì�Î Ú ÷
Cov(Vec(B∗)) = Σ⊗ (X ′X)−1, (4.8.9)

g §
Cov(β∗

i , β
∗
j ) = σij (X ′X)−1, i, j = 1, · · · , q.

´ ¿ «�{ Σ ]�Ð�Ñ ÷ °�Ù
Y ∗ = XB∗ = X(X ′X)−1X ′Y

4
= PXY,

ε̂ = Y − Y ∗ = (I − PX )Y.

��Z % r § E(x′Ay) = tr[ACov(y, x)] + [E(x)]′A[E(y)], u
E[y′i(I − PX)yj ]

= σij tr(I − PX ) + β′
iX

′(I − PX )Xβj

= σij tr(I − PX ) = (n− q) σij .

g §
E(ε̂ ′ε̂) = E[Y ′(I − PX )Y ] = (n− p) Σ.

x�º ÷ ¬ _���$ Σ ]���� Á�Â Ð�Ñ
Σ∗ =

1

n− p Y
′(I − PX)Y. (4.8.10)

® æ � ��X ½ ³ (4.8.3) µ ε ] � ��º�Ã ' 4�Ä ¸�Å ÷ ¾ ü � Î Ú B∗ [ Σ∗ à
³�Æ � w % r�2 ÷ ¿�4�Ä ½ ³ ¯

Vec(Y ) ∼ Nnq(( I ⊗X)Vec(B), Σ⊗ In). (4.8.11)
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¼ Σ∗ = (σ∗
ij), ¾

(n− p)σ∗
ij = y′i(I − PX)yj

= Vec(Y )′[Eij(q × q)⊗ (I − PX )]Vec(Y ),

�#� Eij(q × q)
Ê

q Ç#È Ä ÷ É (i, j)
� �

1 Ê ÷ Ò8| « � h w ' (4.8.6) · 2 <µ ÷ (n− p)σ∗
ij · B∗ ¸�¹ § 4�Ä���º Vec(Y ) ]�Ë�* � · n \ � w I �

(I ⊗X(X ′X)−1X ′)(Σ⊗ I)(Eij (q × q)⊗ (I − PX))

[ΣEij(q × q)]⊗ [X(X ′X)−1X ′(I − PX )] = 0,

µ σ∗
ij [ B∗ à ³�Æ � ÷ » ¨ ��Ì i, j = 1, · · · , q

R�¨�÷ g § Σ∗ [ B∗ à ³�Æ � w
2�J «�{ ] § rk(Xn×p) = p ] ©�Í w"ú rk(Xn×p) < p, û ê ¿ (4.8.6) µ ÷"W

(X ′X)−1
� � Ù��

(X ′X)−, ¾ β∗ = Vec(B∗) ± f�Î k
B∗ = (X ′X)−X ′Y (4.8.12)

ð § B ] GLS Ï�w"³ A
� ò�� p × q � Ä ÷ ¾���¶�� Ä B ]�ò�� n \�Ð ¶ ü Ê�

ϕ = tr(A′B). I �
ϕ = tr(A′B) = Vec(A)′Vec(B),

' ���
(4.8.5) ü�Ñ µ ÷ û Ð ¶ ü Ð�Ò » ��Ò

Vec(A) ∈ M(I ⊗X ′)

⇐⇒ Ó�¿ Tn×q, ��� Vec(A) = (I ⊗X ′)Vec(T )

⇐⇒ A = X ′T. (4.8.13)

g §�÷"¨ ò�� A = X ′T , ü Ð Ð ¶ ϕ = tr(A′B) ] BLU Ð�Ñ �
ϕ∗ = tr(A′B∗). (4.8.14)

¨ g Σ ] Á�Â Ð2Ñ ÷Ô|�Õ Ç (4.8.10) µ PX = X(X ′X)−1X ′ W � PX = X(X ′X)−X ′,

Ë�* � ]�I�>�µ p
W �

r = rk(X) ] ü w"¿ ��Ö 4�Ä ½ ³ ¯ ÷ ϕ∗ [ Σ∗ ]�Æ � \� Õ ��� w
.�3�]�× ��Ø�X ï�ü ��Z g�Ù ��
�]�� � n \ ��� §





Y = X1BX2 + ε,

ε ] � ��º�³ ë à�ì�÷ «�¬ � h ÷ À�È Ö�Ä�� Σ,
(4.8.15)
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��� Y

���
n× q

Â�Ã ��� Ä ÷ X1 · X2 ¸�¹ � n× p · k × q
= µ�� Ä ÷ B

�
n× q ]�´�µ���¶ Ä ÷"ì g ε ] ½ ³�. ��� (4.8.3). ��À ��� ] ë ��/�>�~¦í���Ú
����[�\ ÷ Û �����
� n ��� (growth–curve model)

Þ�Ü w¬ _�Ý�Ü���/�>�� & Ú ��À ��� ]�r�T�Þ�ß�w�
4.8.1 �#Ú8�8�#à#d#eâá#ã¯]#�8� B#ä Â ê � ø ¦ ©#Í8÷ Â8Ã O8Z n

|
v á�ãæå�² Í w"¿ ê�ç t1, · · · , tp

¨�®�|�v á�ãæ��� Ï B�ä ] ¬ w"³�è i
|�v á�ã

] p *���� ¬ � yi1, · · · , yip, i = 1, · · · , n.
½ ° ë .�á�ãæ]���� ¬�§ ë à�ì ] ÷é�

.�� | á�ã�] p *�����ê §2à2ì ] ÷ » À�È Ö�Ä�� Σ(> 0).
' � { ¸�ë�ì � ÷ ��b

��� ¬ [���� ê � t ] ì�� � k − 1 Ç���� <�§
Y = f(t) = β0 + β1t+ · · ·+ βk−1t

k−1, (4.8.16)

� ð § Ø�í � { ���
� n w"��Ú�����] ¥ ] § Ð�Ñ β0, β1, · · · , βk−1, ����$ (�Í �
�
� n w"ú�� εij ¼ yij Ø ~ ] ��Ö ÷ ¾ ¨ ����¶�A yij ,

¬ _�u ���



y11 y12 · · · y1p

y21 y22 · · · y2p

...
...

...

yn1 yn2 · · · ynp




=




1

1

...

1




(β0, β1, · · · , βk−1)




1 1 · · · 1

t1 t2 · · · tp
...

...
...

tk−1
1 tk−1

2 · · · tk−1
p




+ (εij).

^�t�u (4.8.15) ] ª�< w » ε ï !�" Ø�å�] ½ ³�w�
4.8.2 d�e#]�[�\ · 2�/ à .�w V�§�÷ ´ ¿�à�î � m � (�Í ���
� n w½ ³ ¨ n
|�v á�ãæï�� � ±�Ò�^ ����¸ � m � v o ÷ è i

o u ni

|�÷
n =

m∑
i=1

ni.

· 2�/���3 ÷ ¿ ê�ç t1, · · · , tp
¨�®�|�v á�ãæ] B�ä��#� �#��w�¿ � { 2 ÷"¨#®8vo u�� È ���
� n

Y = fi(t) = βi0 + βi1t+ · · ·+ βik−1t
k−1, i = 1, · · · ,m. (4.8.17)

¼ yij l

� ¿ ê�ç ti
¨ è i

o ]�è j
|�v á�ãæ]���� ¬�÷ © � ¯ °�� Ä §

Yi = (yij l)ni×p, i = 1, · · · ,m,

Yn×p =




Y1

...

Ym



,
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X1 =




1n1 0 · · · 0

0 1n2 · · · 0

...
...

. . .
...

0 0 · · · 1nm




,

X2 =




1 1 · · · 1

t1 t2 · · · tp
...

...
...

tk−1
1 tk−1

2 · · · tk−1
p




,

Bp×q =




β10 β11 · · · β1k−1

β20 β21 · · · β2k−1

...
...

...

βm0 βm1 · · · βmk−1




,

ε =




ε1

ε2
...

εm




, εi = (εij l)ni×p,

��� 1n

Ê�Ë
n � 1

o � ] n× 1 ��º�w ¬ _ ð u
Y = X1BX2 + ε,

»
ε
!�"

(4.8.15) ] ½ ³�w
��Z�� Ä ��º�¦�È X ÷ (4.8.15)

ø �




Vec(Y ) = (X ′
2 ⊗X1)Vec(B) + Vec(ε),

E(Vec(ε)) = 0,

Cov(Vec(ε)) = Σ⊗ I.

(4.8.18)

Y2Z (4.8.18) ë�F Î Ú ÷ n \�Ð ¶ ϕ = tr(A′B) ü Ð�]�ð�Z È2É2§2÷ Ó2¿�� Ä Tn×q,���
A = X ′

1TX2. (4.8.19)
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ú Σ

= µ ÷ ¾ β∗ = Vec(B∗) ] GLS Ï �
β∗ = Vec((X ′

1X1)
−X ′

1Y Σ−1X ′
2(X2Σ

−1X ′
2)

−), (4.8.20)

f�Î k
B∗ = (X ′

1X1)
−X ′

1Y Σ−1X ′
2(X2Σ

−1X ′
2)

−. (4.8.21)

��Ü���2 < ] Î Ú�òæó q�Ý�å�ô�¡�w
¿ Σ

= µ�] È�É ¯ ÷ ¨ ò�� !�" (4.8.19) ] A, ü Ð Ð ¶ ϕ = tr(A′B) ] BLU

Ð�Ñ �
ϕ∗ = tr(A′B∗). (4.8.22)- Ì L�$ ÷ Ò k = q, X2 = Iq

ê�÷ ���
(4.8.15)

ø � ���
(4.8.3),

à ��k (4.8.19) ·
(4.8.21) ð ø � (4.8.13) · (4.8.12). · �2� (4.8.3) Ø ë .�] §2÷ ¿ (4.8.21) µ ÷ B∗Ê�õ < [ Σ u ì wöÒ Σ ´�µ ê�÷ (4.8.22) ð�ë ¼ § ϕ = tr(A′B) ] BLU Ð�Ñ�ß�w
· § 4.3 ��3 ÷CÕ Z�÷ ¨ Σ ¨ M�Ð�Ñ ÷ Õ�º�¿ (4.8.21) µ�Z�Ò�Ð�Ñ�P�W Σ, ��$�Ü�X
Ð�Ñ�w
ë�F Î Ú

S =
1

n− rk(X1)
Y ′(I −X1(X

′
1X1)

−X ′
1)Y (4.8.23)

§
Σ ]#�8� Á#Â Ð8Ñ8w Ò n − rk(X1) > q

ê8÷ ^8�#ø#ù � 1 ]#4 ° w Ç S P#ú
(4.8.21), ��$

B̃ = (X ′
1X1)

−X ′
1Y S

−1X ′
2(X2S

−1X ′
2)

−, (4.8.24)×��
B ]�Ü�X GLS Ï�w ¨ ò�� ü Ð Ð ¶ ϕ = tr(A′B), Ò�Ü�X�Ð�Ñ �

ϕ̃ = tr(A′B̃). (4.8.25)

Ò ε ] � ��º�] ¸�Å ì g ��û ¨ × ê�÷ ^ § ϕ ] Á�Â Ð�Ñ ÷ ] E(ϕ̃) = ϕ.' £8¤#] «#{ ¬ _ ü �#L#M ÷ � � n \ �8� �8¶8Ð8Ñ � { · È#ü � �#
8� �n \ �2� ��ý2�2� � n �2� ]�d�e#þ�ÿ2ß�¶���w ì g ��b ��� ]���ú «�{2÷ q2Ý ü
�� �¡�¢ [84] · [73].

£�� «�{ ß n \ �2� LS Ð2Ñ�]���b�¶2£ \�^ w ì g ��b � ��X�d�e�]�[�\ ÷®
LS Ð�Ñ�] à�¨�� ù ÷ ü -�� \ ÷�à p�\ f ÷�� g £�j \�^ ý�	�
 ÷ ë ¼���� «{�÷ V j�º ó M�ß ý���
�� ��b���1�]�d�e ´�� ]�z���Y�Z�¡�¢ ÷ ÿ�q�Ý�� � w

� � �

4.1 �
8
9
:
;
y1 = β1 + β2 + e1,
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y2 = β1 + β2 + e2,

y3 = β1 + β2 + e3,

��� 3∑
i=1

ciβi � � ⇐⇒ c1 = c2 + c3.

4.2 �»8»9»:»; y = Xβ + e, e ∼ (0, σ2I), 8»9��»� β1 − β2, β1 − β3, · · · , β1 − βp

� � ⇐⇒ ���� �!�" p∑
i=1

ci = 0 # c1, · · · , cp,
p∑

i=1

ciβi � ��$
4.3 �»8»9»:»; y = Xβ + e, e ∼ (0, σ2Σ), Σ > 0. Aβ∗ % � ���»� Aβ # BLU �

��&('�) A * n× p #�+�,�$(- By % Aβ #�.���/�0
�
��$ ���
Cov(By) ≥ Cov(Aβ∗).

'�) M1 ≥M2 1�2 % M1 −M2 ≥ 0.

4.4 ��8�9�:�; y = Xβ + e, e ∼ (0, σ2I), rk(Xn×p) = p, β̂ = (X ′X)−1X ′y,σ̂2

= ‖y −Xβ‖2/(n − p).

(1) 3 Var(σ̂2).

(2) - A = (I −XX+)/(n− p + 2), ��4 E(y′Ay − σ2)2.

(3)
�5� & y′Ay 6 % σ2 #5�57 � �5&98 σ̂2 :5;5< #5=5>5?5@5&BA MSE(y′Ay) < MSE(σ̂2).

4.5 C�D�-»��E(F�-�G�HJIJKJLJCJDJMJNJO % β1, · · · , βp # p P�Q�R�&(S�T�C�U�VJPJW� $('�X�C�Q�>�Y � I»8»9
:»;
Y = β1X1 + · · ·+ βpXp + e

Z�[�\ &('�)

Xi =





1, U
� i P�Q�R�]�^�K�L�#�_�`�&
0, U
� i P�Q�R�a : C�&
−1, U
� i P�Q�R�]�^�K�L�#�b�`�&

Y c�d�e�f�#�g�h�D�M�$(U�g�h�]�^�K�L�#�b�`�&ji�k�l�&(m�n�i�o�l�& e c�d�?�@�$(F 1 G
H�S�T�p���q�N�Q�R�]�^�K�L�_�`�&(r�s�t�#���q�N�u�v�q�]�^�K�L�b�`�&jw�x�C�y n T�&(S
T�e�f�#�g�h�#�D�M % y1, · · · , yn. z�*�{�|�}
;




y1

y2

...

yn




=




x11 · · · x1p

x21 · · · x2p

...
...

xn1 · · · xnp







β1

β2

...

βp




+




e1

e2

...

en




.

~
X = (xij), ��� %�� T�C�Q�������������$jz��JG�H ���J� '�7J}��J{�|J# p P�Q�R�D�M

β1, · · · , βp # LS ��� β̂1, · · · , β̂p.
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(1)
���

Var(β̂i) ≥ σ2/n, i = 1, · · · , p. ����� i = 1, · · · , p ��|�� < l�#�������P % #����� i ±1, � X #�.����� �¡�k�¢�$
(2) £�¤�S�T � C���P�Q�R�& % y���| (1) ¥�¦�§�¨ ( A�����¦�>�@ ), w�x���C np T�©
ª E¬«�7 n ­�>�® X U�¯ ����� i ±1, ��°�����±�k�¢�²¬³�´ X µ n ­ Hadamard ®�©¶�·
(1) c�d�²(¸ n ≥ p ¹�²»º n ­ Hardamard ®�¦�° p ��¼�µ�½���®�²(¾�¿ Var(β̂i) ��|

��À�©
4.6 Á�Â�Ã�}�� y = Xβ + e, e ∼ (0, σ2I),rk(Xn×p) = p, Ä�Å

Var(β̂i) ≥ σ2/x′

ixi, 1 ≤ i ≤ p,

Æ�Ç
xi c�d X ¦�� i ��©(��È�É�Ê�� ⇐⇒ x′

ixj = 0 Á�«�Ë i 6= j.

4.7 Á�Ì�Í�Â�Ã�}�� y = Xβ + e, e ∼ (0, σ2Σ),Σ ≥ 0. ½ β̃ µ X ′Σ−Xβ = X ′Σ−y ¦
°�«�Î�©(Á�«�Ë�¾���Ï�� c′β, c′β̃ µ�¯�Ð�Ñ���� ⇐⇒ rk(X ′Σ−X) = rk(X).

4.8 Ä�Å�Ò�Ó 4.4.4.

4.9 Ô Panel }�� (4.4.8) Õ�²(Ö�Ä β ¦ BLU ����µ (4.4.9).

4.10 Á�Â�Ã�}�� y = Xβ + e, e ∼ (0, σ2Σ), Ä�Å�× Σ = XD1X
′ + Σ0ZD2Z

′Σ0 + Σ0

¯�¥�² D1 ≥ 0, D2 ≥ 0, Σ0 > 0, ³�Á�z�°�«�¾���Ï�� c′β, Ø�¦ BLU ����µ c′β∗(Σ0).
Æ�Ç

β∗(Σ0) = (X ′β∗Σ−1
0 X)−X ′Σ−1

0 y. ( Ù�Ú�Û(Ü�Ý�Þ�Ó 4.5.1.)

4.11 Á�ß�àâáãÂ�}�� (4.8.15), Ä�Å
(1) Â�Ã�Ï�� ϕ = tr(A′B) ¾���¦�������ä�µ�å�Ô Tn×q ¿�æ A = X ′

1TX2.

(2) Ä�Å (4.8.20) ç (4.8.21).

(3) ×�è�é�®�¦�êìëîíJ¦�ïJðJñJòJóJôJÁJ´J²j³JÁJ°J«J¾J�JÏJ� ϕ = tr(A′B), ��õ����
ϕ̃ = tr(A′B̃) µ ϕ ¦�Ð�Ñ�����² Æ�Ç B̃ º (4.8.24) Þ�ö�©
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	�����
��������������������������������������� !��"�#�$

���
%���&�'�(�)�*�������+�,�-�.���
���/�0��
)�1�2�����3�4�5�6�7
8�9�:
; 7=<?>?8?9?@?A?7=B?C?D?�?E?F?G?�?H?4?�? =B?I?)?J?-?.?�?
K�?/?0KL?M?N?O
P FRQSD?�?T?U?�VB?"?�VW?X?Y?N?<?�?Z?�V�?%?�?�?�R[S�V	?�?\?]?^?3?_?�?�?`
a?b?c?d?e?f?g?T?U?�ih?j?I?k?l?m?n?�?�io?�?�?`?a?p?q?a?r?s?t?-?.

σ2I . uZ?�
	?�?&?^?�?�?�?�?�?�?�?I
y = Xβ + e, e ∼ Nn(0, σ2I). (5.0.1)

v?w N?x?y?z?�S{ u Cov(e) = σ2Σ, Σ |?}R~S� �?�?-?�S�?�?�?�?�?�?q?�?�S�?�
Σ

− 1
2 � ���������
������� (5.0.1).

B�"�%�������t���������������x���/����
Cov(e) = σ2Σ, Σ |?}R~S� �?�?-? 

§5.1 �������������
	?�?�?m?^?�?�?�?�?�? ?¡R¢S5?6?�?�?�
¡?£?¤�,?¥?� u �?� (5.0.1)

�?�?�
3?4?5?6? 
4?¦?§RQSD

y
b?c?¨?©?I

θ ∈ Θ
�?ª?«?T?U?¬?�
­?®?¨?©?5?6?¯?°?±

H0

±
θ ∈ Θ0

{
H1

±
θ∈̄Θ0,

)?²
Θ0

I
Θ
�?�?³?´?µ? 
¶

L(θ; y)
I? ?¡?·?©?�

θ̂
I

θ
�

ML
�?�

. θ̂H

Z?�?3?4
H0

±
θ ∈ Θ0

�?¸?>
θ
�?¹?º

ML
�?�? u Z

sup
θ∈Θ

L(θ; y) = L(θ̂; y),

sup
θ∈Θ0

L(θ; y) = L(θ̂H ; y),

 ?¡R¢S_?»?I
λ(y) =

sup
θ∈Θ

L(θ; y)

sup
θ∈Θ0

L(θ; y)
=

L(θ̂; y)

L(θ̂H ; y)
.

¼ ¡
, λ(y) ≥ 1,

B?I
L(θ̂H ; y)

Z?�?3?4?�?¸?>?� P?½ �?¾?%?¿
y
�?�?À?�?�?�?³

Á D��
Â��
λ(y)

¢ÄÃ�Å�>��
Æ
L(θ̂H ; y) Ç {�Ã����
����3�4���¸ P�½ ��¾�%�¿

y
�?�?À?�?Ã?�?�ÉÈ=¡?���
�

λ(y)
Ã?Å?>?Ê?Ë?�?3?4?� u Z?Ì�5�6?��Ê�Ë?Í�-�I

{y
±
λ(y) ≥ c},

)?²
c
Z?�?³?Î?_?Ï?©? 
�?s?Ð?¯?°R[S�
I?�?q?Ñ?Ò?5?6?
?�?D?�

TKUK�ÔÓKÓKÕK^KÒKTKU×Ö � � λ(y)
�KnKØK·K©

G(y). ÙKÚ �ÔÛK
K�KD G(y)
Z

λ(y)�?n?Ø?Ü?·?©?�ÝÆ?5?6?�?Ê?Ë?Í?Ì?I
{y
±
G(y ≥ c}.

)?¾?Þ?�?�?5?6?ß?I? ?¡R¢S5
6

(likelihood ratio test).
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{ u f?g?�?�?�?� (5.0.1),

­?®?è?é?�?�?3?4
Hβ = 0 (5.1.1)

�?5?6?¯?°?�Ä)?²
rk(Hm×p) = m,M(H ′) ⊂M(X ′),

�
Hβ
I

m
³?�?�?�?ê?�?�

�K·K©K ë�K�K£K�K�Kì×[í	K�?&Kî?y?�K�ðïKñ?¥K�R[íò?dKó?ôKõ?�K¯?°?LK�?�Kö?�
I?- Ú (5.1.1)

�?3?4?5?6?¯?°? 
÷ � ¨?© θ = (β, σ2)

�? ?¡?·?©?I
L(θ; y) = L(β, σ2; y) = (2π)−

n
2 σ−n exp

(
− 1

2σ2
‖y −Xβ‖2

)
,

ø �
§4.1
W
§4.2
¶?l?�
¶

β̂ = (X ′X)−X ′y, σ̃2 =
‖y −Xβ̂‖2

n
,

β̂H = β̂ − (X ′X)−H ′(H(X ′X)−H ′)−1Hβ̂, σ̃2
H =

‖y −Xβ̂H‖2
n

,

,?�?T?ù?Z?{?¥?¨?©?�
ML
�?�?W?¹?º

ML
�?�? =)?²?^?úRûS�=�

β̂H

[S�?ü?�?ý
r
H(X ′X)−H ′ ZK�KþK�K Ô)KZKBKIK	K�K3?_?� rk(Hm×p) = m,M(H ′) ⊂M(X ′),ÿ
H(X ′X)−H ′ � �?ü?�?»?þ����?�?ê?� u Z?	?�?�?Ì?�?³?�?þ?�?�?»?þ? {? ?¡?·?©

L(θ; y) = L(β, σ2; y)
{?¥?�����?¯?°

sup
β, σ2

L(β, σ2) = L(β̂, σ̃2; y) =

(
2πe

n

)−n
2

‖y −Xβ̂‖−n, (5.1.2)

sup
Hβ=0, σ2

L(β, σ2; y) = L(β̂H , σ̃
2
H ; y) =

(
2πe

n

)−n
2

‖y −Xβ̂H‖−n, (5.1.3)

 ?¡R¢SI

λ(y) =

sup
β, σ2

L(β, σ2; y)

sup
Hβ=0, σ2

L(β, σ2; y)
=

L(β̂, σ̃2; y)

L(β̂H , σ̃2
H ; y)

=

(
‖y −Xβ̂H‖2

‖y −Xβ̂‖2

)n/2

.

¶
SSe = ‖y −Xβ̂‖2, ��� �?���?a�	?q?W?�
SSHe = ‖y −Xβ̂H‖2, ��� �?�?�?¹?º Hβ = 0 
 ���?a�	?q?W?�

F =
n− r
m

(
(λ(y))2/n − 1

)
=

(SSHe − SSe)/m

SSe/(n− r)
. (5.1.4)

¼ ¡?�
F ����
?u λ(y)

j?I
λ(y)

���?Ü?·?©? 



§5.1 Â�ÃVã�½�¦VåVæ · 123 ·

���
5.1.1

4
Hβ
I

m
³?�?�?�?ê?�?�?�?·?©?�
Æ

(1) SSe ∼ σ2χ2
n−r,

+R[
r = rk(X);

(2) SSHe − SSe = (Hβ̂)′(H(X ′X)−H ′)−1(Hβ̂) ∼ σ2χ2
m,δ ,

+ [�� [���¨�©
δ = (Hβ)′ (H(X ′X)−H ′)−1(Hβ)/σ2;

(3) SSHe − SSe
� SSe Ç���� ¸��

(4)
Â?�?�?3?4

Hβ = 0
I��?>?�

F ∼ Fm, n−r.���
(1)
�?_?�

4.1.4
Ö��? 

(2)
¶

PX = X(X ′X)−X ′, A = X(X ′X)−H ′(H(X ′X)−H ′)−1H, � � β̂H

�?_
»?G

(I − PX)A = 0,
t

SSHe = ‖y −Xβ̂H‖2

= ‖y −Xβ̂ +Aβ̂‖2

= ‖y −Xβ̂‖2 + 2(y −Xβ̂)′Aβ̂ + β̂′A′Aβ̂

= ‖y −Xβ̂‖2 + 2y′(I − PX )Aβ̂ + β̂′A′Aβ̂

= SSe + β̂′A′Aβ̂.

B?I
M(H ′) ⊂M(X ′), u Z A′A = H ′(H(X ′X)−H ′)−1H .

�?.?C?I
SSHe = SSe + (Hβ̂)′(H(X ′X)−H ′)−1(Hβ̂).

"?�
(2)
�?X����?T?  � u SSHe − SSe

�?T?U�!?c
Hβ̂ ∼ N(Hβ, σ2H(X ′X)−H ′),

rk(H(X ′X)−H ′) = m
�?G?_?�

3.4.3
/?z? 

(3)
B?I

SSe

W
SSHe − SSe

�?�?T?ù ��� I
SSe = y′(I − PX)y,

SSHe − SSe = y′X(X ′X)−H ′(H(X ′X)−H ′)−1H(X ′X)−X ′y
4
= y′By,j

(I − PX)B = 0, � �?_?� 3.5.2
¸?Þ

SSe

W
SSHe − SSe Ç���� ¸? 

(4)
Z

(1)∼(3)
G

F
T?U?_?»?��"�#?/?�? 
_?����$? 

u Z?�?�?3?4 Hβ = 0
�? ?¡R¢S5?6?
?�?D?��%?�?³ ��& .?I

F =
(SSHe − SSe)/m

SSe/(n− r)
=

(Hβ̂)′(H(X ′X)−H ′)−1(Hβ̂)/m

SSe/(n− r)
. (5.1.5)

�  ?¡R¢S5?6?q?�?� { u�' _?� ¼�( ��)�	 α(0 < α < 1),
Û
F > Fm, n−r(α),Æ?Ê?Ë?3?4

Hβ = 0;
Û

F ≤ Fm, n−r(α),
Æ�#�*?3?4

Hβ = 0,
)?²

Fm, n(α) ���
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È�+ Á I

m, n
�

F
T?U?�?��,

α
T?¿? 
�?£?	?�?ß

(5.1.5)
�

F
I

F

?�?D?�

ß?{?¥?�?5?6?I
F
5?6? 

Ì?_ ¼�( ��)�	
α(0 < α < 1),

�?Y?�
F
5?6?��-�.?·?©

(power function)
I

ψ(β, σ2) = P (F > Fm, n−r(α)|Hβ 6= 0) = 1−
∫ Fm, n−r(α)

−∞
fm, n−r, δ(x)dx,

)K²
fm,n−r,δ(x) �/� È0+ Á I m, n− r

71�×[0�K¨K©KI
δ
�
F
TKUK�KªK«/2 Á ·

©  { ' _ � m
W
n−r,

) ³3-3. · © o �3
 u � [4� ¨ © δ = σ−2(Hβ)′(H(X ′X)−

H)−1Hβ,
j?Z?,?�?n?Ø?Ü?·?©? 

c?�?�?�?�?���RûS± { ' _?� ¼�( ��)�	 α,
�?�?_?�?5?6�5R[S�

F
5?6?��6

�KsKtK�KÅ/-/.K·K©K�Ô�K,?Z?�/6?�KH?5?6
(uniformly most powerful test).

�/7/8
9?)?³?¯?°?�?Z?	�: (�; 
?��< w ò�= • >�? � ò?�?��@?£�A�BC+ Wald D�E  tê?)?q?Y?�?�?�?�
�?¨?­�F�G

[27], p. 474
G�F�G

[38], p. 106.�KYK�K�K�KZKèKéK�K�K3K4K�K5?6K¯?°K�ë{ u �?�K���Kè?éK�?�K3?4 Hβ = d,H !���I�è�é�����-� 
)�²JI�3�_
rk(Hm×p) = m, M(H ′) ⊂ M(X ′),

j
Hβ = d

Ç H  �K?ï?�?�S4 β0

I
Hβ = d

��L?��M�N?�S¶
θ = β − β0,

&
β = θ + β0 O (?��?�?�
Þ?��P?�?�

z = Xθ + e, e ∼ Nn(0, σ2I),

+R[
z = y −Xβ0.

¼ ¡
Hβ = d Q�R?u Hθ = 0, � �?X?Y?�?��@?N?x?/?z Ú�
 ��? 

S/T
5.1.1

{ uKÇ H �KèKéK�K�K3K4 Hβ = d, rk(H) = m,M(H ′) ⊂M(X ′),t
(1) SSHe − SSe = (Hβ̂ − d)′(H(X ′X)−H ′)−1(Hβ̂ − d) ∼ σ2χ2

m, δ ,
+R[��R[��

¨?©
δ = (Hβ − d)′(H(X ′X)−H ′)−1(Hβ − d)/σ2.

(2)
Â

Hβ = d
I��?>?�

F =
(Hβ̂ − d)′(H(X ′X)−H ′)−1(Hβ̂ − d)/m

SSe/(n− r)
∼ Fm, n−r, (5.1.6)

)?²
r = rk(X).�?£?� 	?�?�?�?ê u F


?�?D?�?��U?¯?°? { u F

?�?D ��& .R[S� SSe

W
SSHe,

ï?ñR[Sd ø � 
 Y?�?��U�V?.?±
SSe = ‖y −Xβ̂‖2 = y′y − β̂′X ′y, (5.1.7)

SSHe = ‖y −Xβ̂H‖2 = y′y − β̂′
HX

′y. (5.1.8)
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(5.1.7)
���Rû?¢SÃ?m?n?� 
 � (5.1.8).

c
§4.2 � � β

��W�X
Hβ = 0 
 �?¹?º LSN

β̂H Y�Z q�[�\ 



X ′Xβ̂H +H ′λ̂ = X ′y,

Hβ̂H = 0,

+R[
λ
I�]C^S�?´? � �?"�K?ï?�
t

SSHe = ‖y −Xβ̂H‖2 = (y′y − β̂′
HX

′y) + β̂′
HX

′Xβ̂H − β̂′
HX

′y

= (y′y − β̂′
HX

′y) + β̂′
H(X ′Xβ̂H −X ′y) = (y′y − β̂′

HX
′y) + β̂′

HH
′λ̂

= y′y − β̂′
HX

′y.

(5.1.8)
Þ��? 

(5.1.7)
. [

β̂′X ′y Q�u ÷ � ¨�© β
�

LS
N � f�Æ�qJ[J_J` QÄD X ′y

�ba
c � ��� �?©�d�	?q?W y′y

[SÀ�eb+SB?C?D
y � È=C?D X1, · · · , Xp

�?�?�?ê?�?�
ÀJNJf��J� T��
ß�IbgÄöJ	�q�W

(regression sum of squares,
m�¶�I

RSS).
)�³Jh

i A È ���bgÄö������
I�q�Ñ����
������������������>�	��Jj ø ��)�³Jh i  
u Z�¶ RSS(β) = β̂′X ′y,

Û�Õ ûlkJm�z�Z�ê uJn J�¨�©��bgÄöJ	�q�W�>�� j�¶�I
RSS(β1, · · · , βp). u Z (5.1.7)

�?� D�o I
SSe = y′y −RSS(β), (5.1.9)

�3� a3	 q W Q u3p 	 qKW/q3rsg ö/	Kq WK t5  K�K� β̂′
HX

′y
ß I ¹ º3W3X

Hβ = 0


 �CgSö�	?q?W?�
¶?I RSSH(β) u RSSH(β1, · · · , βp). Ç ¥?�?� (5.1.8)
C?-?I

SSHe = y′y −RSSH(β). (5.1.10)

v�w
(5.1.9)

W
(5.1.10), F


?�?D
(5.1.5)

s?t?-?.
F =

(RSS(β) −RSSH(β))/m

SSe/(n− r)
. (5.1.11)

u Z F

?�?D?�?T?´?I?Ü�x?�?¹?º�W�X

Hβ = 0 y £?�zgSö�	?q?W?��q�{?�?D�|�
m, } m ~ I?T?´?� È�+ Á � Q?u �?�?3?4 Hβ = 0

�?ü?� � ¸?q�[?�?³?©? %/�K� ê u ¹Kº/�Ka/	KqKW SSHe

�K�/UK� 	K�/�/�KÏ ø �K¤K¹Kº/W/X
Hβ = 0��� (��=�?�?�?�?�=c } ¤?�?�?�?�?I?�?³?�?¹?º?�?�?�?�?�K�=ß?+?I?¹?mK�?�? ¹�m�����W�tJ�Jx�¹�º�������� QJR �
+J��aJ	�q�W Q�u ��������¹�ºJ��aJ	�qW? 
s?Ð?q?�?¨�� Ù 5.1.1.�

5.1.1
<?�?�?�?5?6
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3?4?	?�?{?B?C?D

Y
W È=C?D

X1, · · · , Xp−1

t���� � ¸?� P?½ ©�d? S{��?��?©�d?�
t?�?�CgSö?�?�
y
(1)
i = β

(1)
0 + β

(1)
1 xi1 + · · ·+ β

(1)
p−1xi,p−1 + ei, i = 1, · · · , n1.

} {��?���?©�d?� j?t?�?�CgSö?�?�
y
(2)
i = β

(2)
0 + β

(2)
1 xi1 + · · ·+ β

(2)
p−1xi,p−1 + ei, i = n1 + 1, · · · , n1 + n2,+R[S�?t?`?a

ei

L � ¸?�
j?b?c N(0, σ2). � �?�?¯?°?Z?�
­ ½ )����?©Jd?�J�� �?B?C?D
Y � È=C?D X1, · · · , Xp−1 y A?� ��
 ê?�?Z?N?Z |?} �?¾? �j?�?Z?^5?6?�?�R[S�?�?©?Z�� |?}?Ç�Q �
�?5?6 β

(1)
i = β

(2)
i , i = 0, 1, · · · , p− 1.)�³�¯�°�s�t��J����¥��J�J�� Ù�Ú �
)J�J��©Jd�����Z�<��JVJ���J��³�N<?>?A��?�?�?©�d?�

Y
Z�� � V�������.��?������m��?� } È=C�D X1, · · · , Xp−1ZJ�J�JVJ�J.J���baÄ��WJ����BJ��  �J �	�����^J¡���5�6���Z�­ ½ VJ�J.J�Jm

��{J¢�BJ��� �J
 ê����J��³�>�AJ����ZJ��t���C���� j���Z��J£J�J���J¤���C�? ¥B�¦ Ú �=��§�¨�<�8�9R[St�©?d�ª?6�«�¬?>?AR¢SÃ�­?� } I?�/®��?�?�K�?��¯�?��B�°?Õ�¡?�?_?©?D?��ª?6? VI?"?��©?d�ª?6?^?T�±?��²?³?ï?6�³?<?> E�´  V)>K�ëXKYK�K�K�/�/�K©/dK�K�?�Ky ~ A È=N?<KïK6�³K� PK½ ©/d?� } 	?�K5?6K�¶µ�?Z?­ ½ �?³?ï?6�³?�?Þ?�?�?t�·?t?a�¸?  5? ?� Ù ´��?�?��¹?z�©?d? I�º�»?z?�?Õ?^�¼?5?6�½�¾?D�¿ À�Á�Â?�?¤�Ã�Ä�¼��?³�Å�Æ o�Ç ý�È�É�Ê?±
y1 = X1β1 + e1, e1 ∼ N(0, σ2In1),

y2 = X2β2 + e2, e2 ∼ N(0, σ2In2).ËCÌ�Í ü?ý�È�¼�Î?»�Ï�Ð�Ñ ÈSû�¼�¿ Ò�Ó�Á�w�Ô�¿
Ñ?Þ�Õ Ú�
 Å�Æ�Ö



y1

y2


 =




X1 0

0 X2







β1

β2


+




e1

e2


 ,




e1

e2


 ∼ N(0, σ2In1+n2).

(5.1.12)À�Á�×�Ø�Ù�¼�Ú�Û�Ü

H




β1

β2


 = (Ip

... − Ip)




β1

β2


 = 0, (5.1.13)

ËCÌ Ü
H = (Ip

... − Ip). Ý�Þ β̂1, β̂2

Ü�ß�Å�Æ
(5.1.12) à Õ�¼ LS á ¾�¿ â




β̂1

β̂2


 =




X ′
1X1 0

0 X ′
2X2




−1


X ′
1 0

0 X ′
2







y1

y2



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=




(X ′
1X1)

−1 0

0 (X ′
2X2)

−1







X ′
1y1

X ′
2y2


 =




(X ′
1X1)

−1X ′
1y1

(X ′
2X2)

−1X ′
2y2


 ,

ê Ï
β̂1 = (X ′

1X1)
−1X ′

1y1, β̂2 = (X ′
2X2)

−1X ′
2y2. (5.1.14)

ë�ì�í Ê
(5.1.7), à Õ�î�ï�ð�ñ�ò

SSe = y′1y1 + y′2y2 − β̂′
1X

′
1y1 − β̂′

2X
′
2y2. (5.1.15)

ÜJºJóJôJõJöJ÷
(5.1.13) ø ¼JîJïJðJñJò SSHe,

ÀJÁ ëJìJù ÄJúJÕJ¼JûJôJõ
ö�÷ýü�þ�ÿ�� Å�Æ�¼�ñ������

(5.1.13) Ç���� ¿ β1 = β2, Þ Ó�Á�¼ í���	 Ü β, 
ÿ���Å�Æ
(5.1.12), à Õ�ô���Å�Æ




y1

y2


 =




X1

X2


β +




e1

e2


 ,

ß�
��/Å/Æ/ó à ¼ β
¼��/ô/õ/¼

LS á ¾/¿����/Ï��/Å/Æ Ì βi � ô/õ/ö/÷ (5.1.13)

ø ¼ LS á ¾�Ö
β̂H = (X ′

1X1 +X ′
2X2)

−1(X ′
1y1 +X ′

2y2).� ��Å�Æ�¼�ô�õ�î�ï�ð�ñ�ò�Ü
SSHe = y′1y1 + y′2y2 − β̂′

H(X ′
1y1 +X ′

2y2). (5.1.16)

ß
(5.1.15)

ò
(5.1.16) à Õ

SSHe − SSe = β̂′
1X

′
1y1 + β̂′

2X
′
2y2 − β̂′

H(X ′
1y1 +X ′

2y2)

= (β̂1 − β̂H)′X ′
1y1 + (β̂2 − β̂H)′X ′

2y2.��� ¿ À�Á�ó�Õ�º�Ø�Ù�½�¾��
F =

(SSHe − SSe)/p

SSe/(n1 + n2 − 2p)

Ì ¼�����������¼������� �Ê��"! � ¿ À�Á�#�$�%�Ú�Û
β1 = β2 &�' Ø�Ù��"%�(�)¼+*Jð

α, Ý F > Fp, n1+n2−2p(α),
â+,+-+�JÚJÛJ¿�.+/JÜ+0+1+2+!JÐ+3Jß+4+5+�

6�798;: Å�Æ���<�â�¿ À�Á�/�Ü�Ó�Á�3�ß�4�5�� 6�798;: Å�Æ��
=

5.1.2
0���>�?�@���A 	�B�C ¼�Ø�Ù

Û
u1, · · · , un1

ò
v1, · · · , vn2

��D�Ü�EGF�>�?�@��
N(µ1, σ

2)
ò

N(µ2, σ
2)
¼

��H�I�J�K�L�¿�M�» ' Ø�Ù�Ú�Û µ1 = µ2

¼�½�¾����
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U Ò

u1, · · · , un1

ò
v1, · · · , vn2

��V�Ü 6�7 Å�Æ�É�Ê�Ö
ui = µ1 + ei, ei ∼ N(0, σ2), i = 1, · · · , n1,

vi = µ2 + en1+j , en1+j ∼ N(0, σ2), j = 1, · · · , n2.ì�W È���V�Ü




u

v


 =




u1

...

un1

v1
...

vn2




=




1 0

...
...

1 0

0 1

...
...

0 1







µ1

µ2


+




e1
...

en1

en1+1

...

en1+n2




.

)�X

y =




u

v




(n1+n2)×1

, X =




1n1 0

0 1n2


 , β =




µ1

µ2


 .

ø Ä�À�Á�Ø�Ù Hβ = (1, −1)β = µ1 − µ2 = 0,

�Y

H = (1, −1).Z Ü
rk(X) = 2,

Í $
β
# á ¿ Ë LS á ¾�Ü

β̂ =




µ̂1

µ̂2


 = (X ′X)−1X ′y =




ū

v̄


 ,


�Y
ū =

1

n1

n1∑

i=1

ui, v̄ =
1

n2

n2∑

j=1

vj .

[ Ã�\�¼�]�^�_�¿
ū
ò

v̄
��D�Ü

µ1

ò
µ2

¼
MVU á ¾��Z

Hβ̂ = µ̂1 − µ̂2 = ū− v̄, SSe = y′y − β̂′X ′y =
∑

i(ui − ū)2 +
∑

j(vj − v̄)2
$

`
(H(X ′X)−1H ′)−1 = ( 1

n1
+ 1

n2
)−1,
��a

(5.1.5) à Õ Í ó�b�Ø�Ù�½�¾���Ü

F =
(ū− v̄)( 1

n1
+ 1

n2
)−1(ū− v̄)

(
∑

i(ui − ū)2 +
∑

j(vj − v̄)2)/(n1 + n2 − 2)

=
n1n2(n1 + n2 − 2)

n1 + n2

(ū− v̄)2∑
i(ui − ū)2 +

∑
j(vj − v̄)2

.

�
µ1 = µ2 � ¿ F ∼ F1, n1+n2−2,

C�c�d ¿
t = F 1/2 ∼ tn1+n2−2.
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§5.2 oqpqrqsqtvuxwyozpv{y|
%�(�)�b�*�ð�¿�}�~ 6�7 Ú�Û

Hβ = 0
b

F
Ø�Ù�Ï�����b�¿�
��9��ß����+2

!�������Ð�������Ú�Û
Hβ = 0.

� ��� ���GF���������� m
��# á�� 2 h′iβ, i =

1, · · · ,m
b+4 �+�+�+�+� 
+Y H ′ = (h1, · · ·hm).

L+�+�+^+�+� �+�+� b+�+�+� ìb�ñ����
5.2.1 �������
��� >�? 6�7 Å�Æ

y = Xβ + e, e ∼ Nn(0, σ2I), (5.2.1)


�Y
rk(X) = r.

Ú�Û
Φ = Hβ = (h′1β, · · · , h′mβ)′

Ü
m
� 6�7 �� �b�# á�� 2 � Í$

rk(H) = m, M(H ′) ⊂M(X ′). Þ β̂ = (X ′X)−X ′y,
â

Φ̂ = Hβ̂
Ü

Φ
b

BLU á¡ ��¢
Φ̂ ∼ Nm(Φ, σ2V ),
�Y

V = H(X ′X)−H ′ > 0. £ !�¤�^ 3.4.3,
�

(Φ̂− Φ)′V −1(Φ̂− Φ) ∼ σ2χ2
m.¥ 5�ñ�Ä � [ )�] 4.1.4

_ � % σ2
b

LS á ¡ σ̂2 = ‖y −Xβ̂‖2/(n− r),
�

(n− r)σ̂2

σ2
∼ χ2

n−r,

¢ � Φ̂
B�¦�§ � � ê Ï

(Φ̂− Φ)′V −1(Φ̂− Φ)

mσ̂2
∼ Fm, n−r. (5.2.2)

� %�¨�Î�b
0 < α < 1,

�
P

(
(Φ̂− Φ)′V −1(Φ̂− Φ)

mσ̂2
≤ Fm, n−r(α)

)
= 1− α. (5.2.3)

Z Ü
Hβ
Ï

m
� 6�7 �� �b�# á�� 2 � ß�© V = H(X ′X)−H ′ > 0.

�
D =

{
Φ
Ö
(Φ̂− Φ)′V −1(Φ̂− Φ) ≤ mσ̂2Fm, n−r(α)

}
(5.2.4)

Ï+5+� Ì«ª � Φ̂
b+¬+­ � [ (5.2.3)

Ê+_JÓ+®+¯+°+_+b
Φ = Hβ

b+±+²JÜ
1 − α.³

(5.2.4)
)+X+b

D
Ü

Φ
b �+�+´ 2JÜ 1 − α

b �+� ¬+­+��µ+5+¶ � Ò Φ = Hβ,

Φ̂ = Hβ̂,
`

V = H(X ′X)−H ′ 
 ÿ (5.2.4), ��� ¬�­�#�·�Ü
(Hβ −Hβ̂)′(H(X ′X)−H ′)−1(Hβ −Hβ̂) ≤ mσ̂2Fm, n−r(α). (5.2.5)
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¸ D � � m = 1 ����¹�Þ h = h1,

Ã�Ê�º�Ü
(h′β − h′β̂)2 ≤ h′(X ′X)−hσ̂2F1, n−r(α). (5.2.6)

» ÎJÕ
F
�+¼+�

t
�+¼+½+¾+b+  ´ Ö F1, n−r = t2n−r,

Ô Þ tn−r(
α
2 )
Ü¿F [«À Ü

n− r
b

t
��¼�Ã�Á

α
2

��Â � ß (5.2.6) ��à H���# á�� 2 h′β
b ����´ 2�Ü 1− αb ����Ã ¾

(
h′β̂ − tn−r

(α
2

)
σ̂
√
h′(X ′X)−h, h′β̂ + tn−r

(α
2

)
σ̂
√
h′(X ′X)−h

)
. (5.2.7)

» Î�Õ � Ã�Ê Ì Var(h′β̂) = σ2h′(X ′X)−h,
ê Ï

σ̂
√
h′(X ′X)−h

Ï
h′β̂
b�Ä�Å

ï�b á ¡ � Z © Þ σ̂h′β̂ = σ̂
√
h′(X ′X)−h,

Ã�Ê Ã ¾�º�Ü
(
h′β̂ − tn−r

(α
2

)
σ̂h′β̂ , h′β̂ + tn−r

(α
2

)
σ̂h′β̂

)
. (5.2.8)

� � � Þ Ü h′β̂ ± tn−r(
α
2 )σ̂h′β̂ .=

5.2.1
°�_�Æ�2�b ��� ¬�­ ` A 	 � 2�b ����Ã ¾% ê >+? 6+7 ÅJÆ

(5.2.1),
Û

rk(X) = p,
. 6+7 ÅJÆJÛ ¡+W ÈJÜ+Ç+È+É+� �

(5.2.5)
Ì;Ê

H = Ip,
����È�Ë�ö�÷

M(H ′) ⊂ M(X ′),
a

(5.2.5),
°�_�Æ�2

β
b �

��´ 2�Ü 1− α
b ��� ¬�­�Ü

(β − β̂)′X ′X(β − β̂) ≤ pσ̂2Fp, n−p(α).

a
(5.2.7),

A 	 � 2 f(x) = x′β
b ����´ 2�Ü 1− α Ã ¾ á ¡ Ü

(
x′β̂ − tn−p

(α
2

)
σ̂
√
x′(X ′X)−1x, x′β̂ + tn−p

(α
2

)
σ̂
√
x′(X ′X)−1x

)
. (5.2.9)

ß���Ì�b�Í�Â�� � }�~ ì f1(x)
ò
f2(x)

��D Þ (5.2.9)
Ê Ì b Ã ¾�b/Ã ø 0��Î Â � â�� x � Rp Ï;Ð�Ñ ��� Rp+1

Ì b�Â
(x′, f1(x))

ò
(x′, f2(x))

��D�Ò '9ÓÔ
l1
ò

l2, Ó Ô l1
ò

l2
û�Õ�Ù�ð Ô

y = x′β̂ Ö � � Ì �× ¸ D�Ø ' b�Ï �ÚÙ Ï�%9Û;)�b x, x′β Ü � Ã ¾ (5.2.9) Ï b�±�²�Ü 1− α. Ý% ê�Þ �
x
	 � x′β

4 ��Ü ��ß F�% ë b Ã ¾ (5.2.9) Ï b�±�²�Ò�Ð�à�Ü 1− α,
©

á�â ê
1−α.

. � ð Ô f(x) = x′β Ö �ãÓ Ô l1
ò
l2 ä ¾�b�±�²/×�å ê 1−α. Ý�æç�è�é 
�5�±�² � â�ê�ë�û Ã ¾ (5.2.9) ì�í�� .�û Ó Ô l1

ò
l2
��D�î�ï�ò ø ï��

ø Ô ��E���^ ��ð�ñ �
5.2.2 ò�ó�����ô�õ
� 4+5+� 6+7+ö+÷ ø+� � �+ø % Þ �+# á+� 2 & 4 �+Ã ¾ á ¡ ( ù ³+ú �+Ã¾ á ¡ ), ø Ô�û�ü 0���ó�4 ������Ã ¾�b�ñ����
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1. Scheffè Ã ¾ý�þ
5.2.1 ÿ a

ò
b
A�Ü

n× 1
b��;� � A

Ü
n× n

>�)�ñ�� � â
sup
b6=0

(a′b)2

b′Ab
= a′A−1a.

� ]���ß
Cauchy-Schwarz � C�� (a′b)2 ≤ a′A−1a · b′Ab

¤ ' �
� (5.2.3) ä	� Φ̂− Φ

ò
V
��D�Ü � ]

5.2.1 ä b a
ò

A,
�

1− α = P
(
(Φ̂− Φ)′V −1(Φ̂− Φ) ≤ mσ̂2Fm, n−r(α)

)

= P
(

supb6=0

(b′(Φ̂− Φ))2

b′V b
≤ mσ̂2Fm, n−r(α)

)

= P
( |b′(Φ̂− Φ)|

(b′V b)1/2
≤ (mσ̂2Fm, n−r(α))1/2,

%�5�

b 6= 0

)
.

= P
(
|b′Φ̂− b′Φ| ≤ (mFm, n−r(α))1/2σ̂(b′H(X ′X)−H ′b)1/2,

%�5�

b 6= 0

)
.

(5.2.10)

Ý�Þ l = H ′b,
â

b′Φ = l′β, b′Φ̂ = l′β̂, (5.2.10)
� º���Ü

1− α = P
(
|l′β̂ − l′β| ≤ (mFm, n−r(α))1/2σ̂(l′(X ′X)−l)1/2,

%�5�

l ∈M(H ′)

)

= P
(
l′β ∈ l′β̂ ± (mFm, n−r(α))1/2σ̂(l′(X ′X)−l)1/2,

%�5�

l ∈ M(H ′)

)
.

[ � à�� $ ø )�]��
+þ
5.2.1

% ê >+? 6+7+ö+÷
(5.2.1), Ý rk(H) = m, M(H ′) ⊂ M(X ′),

â
%�5�
�# á�� 2 l′β, l ∈M(H ′), ������´ 2�Ü 1− α

b�4 ������Ã ¾�Ü
l′β̂ ± (mFm, n−r(α))1/2σ̂(l′(X ′X)−l)1/2. (5.2.11)

� ' (5.2.11)
bJñ+��� [

Scheffè
ê

1953 � ú ' b ��� $ (5.2.11) � � ³ Ü
Scheffè Ã ¾�� ¸ D � Ý m = r = rk(X),

â���� à���� ��# á�� 2 l′β
b�4 �����

Ã ¾
l′β̂ ± (rFr, n−r(α))1/2σ̂(l′(X ′X)−l)1/2. (5.2.12)

× ¸ D���� b�� � Scheffè Ã ¾�� � � 5 � ù Ý�� � # á � 2 b 4 � Ã ¾ á¡ � ©������ Þ ��# á�� 2 l′β, l ∈ M(H ′)
b�4 ��Ã ¾ á ¡ � ��� ����� ë�ì î �� � � � Ù %�� !���# á�� 2 " # $ � 
 �/Ý % ì Scheffè Ã ¾ � ����á & � '�í �

Scheffè
ñ���b�(�Â�� �*)�+ ì ê � ��b 6�7�ö�÷ (5.2.1),

% ÿ ¡ ����¨�Ì�!�, � ëì�-�.	/�0 �
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2. Bonferroni Ã ¾ó

m
��# á�� 2 h′iβ, i = 1, · · · ,m

b�4 ��Ã ¾ á ¡ b ¥ 5�����H�ñ���� Bon-

ferroni
ñ����

ì�í��
(5.2.8)

%�1��
h′iβ & ����´ 2�Ü 1− α

b ����Ã ¾
Ii =

(
h′iβ̂ − tn−r

(α
2

)
σ̂h′

i
β̂ , h′iβ̂ + tn−r

(α
2

)
σ̂h′

i
β̂

)
, i = 1, · · · ,m. (5.2.13)

2���1�� Ã ¾ Ii
®�¯

h′iβ
b�±�²��

1− α, Ý � h′iβ ∈ Ii, i = 1, · · · ,m
4 ��3�� b±�²

(
. ����´ 2 ) 4�� à�� 1− α,

5�5�6
1− α ø å��7 � î � ÿ Ei, i = 1, · · · ,m

Ü
m
��I�J 7 ÷ � P (Ei) = 1−α, i = 1, · · · ,m.

â

P
( m⋂

i=1

Ei

)
= 1−P

( m⋂

i=1

Ei

)
= 1−P

( m⋃

i=1

Ēi

)
≥ 1−

m∑

i=1

P (Ēi) = 1−
m∑

i=1

αi. (5.2.14)


�� � C���³ Ü Bonferroni � C�� �
Ý Ê Ei = {h′iβ ∈ Ii},

â
αi = α,

ê � [
(5.2.14) à��

P (h′iβ ∈ Ii, i = 1, · · · ,m) ≥ 1−mα.
�
m
/ 8 ��� 
���±�²�b ø 9 #�$ :�å��<; = >�3�
�5 ? @ � 5�� A�� � � (5.2.13)� ä	B α
;

α
m ,
. Ê

Ii =
(
h′iβ̂ − tn−r

( α

2m

)
σ̂h′

i
β̂ , h′iβ̂ + tn−r

( α

2m

)
σ̂h′

i
β̂

)
, i = 1, · · · ,m, (5.2.15)

C © 1�� Ã ¾ Ii
®�¯

h′iβ
b�±�²/ú D � = 1− α

m ,
a

Bonferroni � C � (5.2.14),
�

P (h′iβ ∈ Ii, i = 1, · · · ,m) ≥ 1− α.

� � ³ (5.2.15)
;

Bonferroni Ã ¾ ù Bonferroni t Ã ¾ � ) b � � ´ 2 C ê 1−α.�
m
6 / 8 ��� tn−r( α

2m )
�E6 / 8 � ê � 1�� Ã ¾ Ii

6 / í�� 
 � Bonferroni Ã¾�b�5���?�Â����
m
: 8 ��� Bonferroni Ã ¾�á í�F�G�H ë�ì�c�	 � 
 � # ì�IJ

α
E�K�L Ã ¾ ��Ý � ��Ã ¾�M ¡ b�#�N À ø�O �û

Bonferroni
��ò

Scheffè
��6 /�P E � 2�0�Q�A�# ì ê /�0�R b 6�7�ö�÷ �

Ý 5�5���E ��S Q�( ê ù Q�����© m
/ å ��� Bonferroni Ã ¾ ø�T�U ��
�0���ñ� � S Ô ��\ ä	V Þ�W ì � �

§5.3 X Y
��Z�[�\�� ����%�Ø�)�bGF�º���b 	 �][�\ % ë b Z º�� � #�� Ê b 	 � C�^5�\�����_ _ � � 6�7�ö�÷ ä � F º�� ��� 
 ��5�`�M a�ö/÷ ù�b c ö/÷ ù�d á�Õ
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g ö/÷ � [ ê M a ù b c C ñ Ô b h ì ù M�a i�j í b�� Z � � ��� £ !�$�� k�lb�2�!�m F Õ�a ö�÷ S�� ����%�5 U "�#�$�b�M�a�n b�c ö�÷ ��o > H�p M�a � ©q ì Õ a ö�÷ ��% ë b Z º���b Ê�	 p '�r ]�b M ¡ ò�� s � #�t �u[�\ ��v w�x
� y b�5�� :�� z�X�b � � ð�ñ � ò�M ¡ 5�K �{[�\ ����Â [ \ ò Ã ¾ [ \ ½�� �����|���^�Â [�\ �

5.3.1 }�~��
� _�����2�!�3 C $ ø 6�7�ö�÷

y = Xβ + e, E(e) = 0, Cov(e) = σ2Σ, (5.3.1)


�Y
y
;

n× 1
Í \ �;� � rk(Xn×p) = r, Σ

; � _�>�)����*� ÿ ��� ø�[�\ m
�

Â
x0i = (x0i1, · · · , x0ip)

′, i = 1, · · · ,m � % ë b Z º�� y0i, i = 1, · · ·m
b 	 ��¢ �_

y0i

ò�����2�!�3 C 4�5�� 6�7�ö�÷ � .
y0i = x′0iβ + ε0i, i = 1, · · · ,m.

% ì�W ��� � ��� 
�� ö�÷ º�;
y0 = X0β + ε0, E(ε0) = 0, Cov(ε0) = σ2Σ0, (5.3.2)


�Y

y0 =




y01
...

y0m



, X0 =




x011 . . . x01p

...
...

x0m1 . . . x0mp



, ε0 =




ε01
...

ε0m



.

L�������@�� ÿ M(X ′
0) ⊂M(X ′).

C � ø E�b���^���Q�#�$9���;
�5�� ÿ b�ê ø7 �
1. ��[�\ ��������2�! � B  ������� | ��� � [ \ � y0

� � ��2�!
y � B  �b���H � � � 
 � Cov(e, ε0) = 0.Z ;

E(ε0) = 0, � $+5+��:¿F �+b p ��� � ì E(y0) = X0β
b�M ¡ & ; y0

b [
\�� . ì

y∗0 = X0β
∗ = X0(X

′Σ−1X)−X ′Σ−1y (5.3.3)

[�\ y0,

�Y

β∗ = (X ′Σ−1X)−X ′Σ−1y
� C

(5.3.1)
� ' b β

b
GLS � � Z ;����� ÿ = M(X ′

0) ⊂ M(X ′), � $ X0β
��#�M�b�� ¢ (5.3.3)

ò � ¯ 0 X���b������ ��
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[�\ � (5.3.3)

��$ ø 7����
(1) [�\ y∗0

��� '�[�\ ��
�Y ü � ' ��b�¯�X�� [�\ ��� ��[�\ ����� B 4�bA 	 � . E(y∗0 − y0) = 0,

 � 4�� ù Ô � Æ�2�M ¡ �+^ ä b�� ' 7 � Z ; � ���

[�\ ������I�J�º����
(2) � Cov(e, ε0) = 0, � y∗0 � 5�
 6�7 � '�[�\ ä ������å [�\ A������ ( ��	t ø�� ).
�Y × ø ¸ D�����b�� � 2�� C � � î�� � y0

b [�\ � y∗0 = X0β
∗ ��Æ�2 �2

µ0 = X0β � ö�÷ (5.3.1) ø b���å��� �M ¡ µ∗
0 = X0β

∗ ¡�¢ B 4 ��Ý�) ��b �
� z�X 4�� 4�� � ��� � µ [�\�' � z = y∗0 − y0, £ M ¡ ' � d = µ∗

0 − µ0,
� ¡�¤

) ��b�¥������ � ��#�$�¦�§�
�5�Â�� Z ; Cov(e, ε0) = 0, � $
Cov(z) = Cov(y∗0) + Cov(y0) = σ2(Σ0 +X0(X

′Σ−1X)−X ′
0).

¥ 5�� Ô
Cov(d) = Cov(µ∗

0) = σ2X0(X
′Σ−1X)−X ′

0.

Z � � @�� Cov(z) > Cov(d).

�K�b���D�E�¨�� ��[�\ � y0

;�I�J�º�� � © � M¡ �
µ0

;�©�I�J�º����
¸ D � � Σ = I ��� ù Σ

°�_�©�ª
I 
�«���� ª LS � β̂ = (X ′X)−X ′y 
�«

β∗, (5.3.3)
º�;

ŷ0 = X0β̂ = X0(X
′X)−X ′y,

) ����� '�[�\ �
2. ��[�\ ��������2�! B  ���� —

��( [�\ù Ô ������)�=
y0
�

y � B   ��Ý ��¬ U ��­ ø�� y0
�

y ® � ����5�)�bB   7 � 
�� B   7 #�$�ª Cov(e, ε0) = σ2V ′ 6= 0
E À ����
 �

Cov




y

y0


 = σ2




Σ V ′

V Σ0


 . (5.3.4)

ø Ô ������^�}�Ì q ª�
�� B   7 ��¯�F���°�T b [�\ �
ÿ ỹ0 = Cy

;
y0
b�5�� 6�7 � ' [ \�� ª � Z 0 X [ \ A�� ��� (generalized

prediction MSE,
��±�;

PMSE)

PMSE(ỹ0) = E(ỹ0 − y0)′A(ỹ0 − y0)



§5.3 e f · 135 ·

E À �
ỹ0
b�(�² � 
�Y A > 0. ³ ª�)�] 3.2.1 F

PMSE(ỹ0) = E(ỹ′0Aỹ0 − y′0Aỹ0 − ỹ′0Ay0 + y′0Ay0)

= β′X ′C ′ACXβ + σ2tr(C ′ACΣ) − 2β′X ′
0ACXβ

−σ22tr(ACV ′) + β′X ′
0AX0β + σ2tr(AΣ0)

= β′(CX −X0)
′A(CX −X0)β + σ2tr(A(CΣC ′ + Σ0 − 2CV ′)). (5.3.5)

Z ;
ỹ0 = Cy

;
y0
b�5���� '�[�\�� �

E(Cy − y0) = CXβ −X0β = 0,
%�5�


β 3�� ⇐⇒ CX = X0.


 ÿ (5.3.5), F
PMSE(ỹ0) = σ2tr(A(CΣC ′ + Σ0 − 2CV ′)). (5.3.6)´

ỹ0 = Cy
;

y0
b � 0 X [�\ A�������z+X ø b���( 6+7 � '�[�\ (best linear

unbised predictor,
��±�;

BLUP) , � C�c � ��µ�¶ CX = X0 ø�· (5.3.6)
b���å

	 �
� � ³ ª Lagrange

 ���� ·�� 
���¸ 	 ð�ñ ������¹�º � 2
F (C,Λ) = σ2tr(ACΣC ′ − 2ACV ′)− 2tr(CXΛ),


�Y
Λp×m

; ì�»  ���¼ [;W � · � _�½ F
∂tr(ACΣC ′)

∂C
= 2ACΣ,

∂tr(ACV ′)

∂C
= AV,

∂tr(XΛC)

∂C
= Λ′X ′.��� � % F (C,Λ)

 ��
C,Λ ·�¾�¿�� ��À � ;�Á ��F��

ΣC ′A = V ′A+XΛ/σ2, (5.3.7)

CX = X0. (5.3.8)[
(5.3.7), F��

C = V Σ−1 +A−1Λ′X ′Σ−1/σ2. (5.3.9)Â�Ã
(5.3.8) Ä ] F

Λ′X ′Σ−1X = A(X0 − V Σ−1X)σ2.Z ;
M(X ′

0) ⊂M(X ′),
.

X0β
;�#�M � 2 ��Å ��Æ B�Ç ����� ;

Λ′ = σ2A(X0 − V Σ−1X)(X ′Σ−1X)−.
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Â�Ã

(5.3.9), F��
C = X0(X

′Σ−1X)−X ′Σ−1 + V Σ−1(I −X(X ′Σ−1X)−X ′Σ−1).

��� ����· y0
b

BLUP
;

ỹ0 = Cy = X0β
∗ + V Σ−1(y −Xβ∗), (5.3.10)

� ä β∗ = (X ′Σ−1X)−X ′Σ−1y. È�Å ��� � �	=�$�É�)�]�¼
+þ
5.3.1

% ö+÷
(5.3.1) £ (5.3.2), � Cov(e, ε0) = σ2V , ¢ X0β Ê ö+÷

(5.3.1)
É+#�M ��� y0 Ê 0 X [�\ A�������z+X�É � BLUP

;
(5.3.10).

¸ D ��Ë
V = 0 Ì�� BLUP

;
(5.3.3).6 /

(5.3.3) £ (5.3.10),
����� � (5.3.10) Í�Î b ^ ��Ï�� [ ��[�\�Ð �����2�!�b B   7���P b [�\ b ¹ µ Ð ¼ Ê ��� ³ ª ä � ��� V £ Σ

��°�_�b � 5����ª�b &�Ñ � Â ½�$ ) ��b ¬ ��M ¡ ¼	Ò�K F�� b Ð�Ó�Ô�� à�� BLUP, Õ�È � )
£ L � � 6�7 b ��Ý ��;���Ö ¡ � � ��× ) ³ ;�Õ�a BLUP.

Ê�³ ª�î � m = 1
��5�Ø�Ù ø b ¸�Ú ����¼ � ��� ´ [�\ y0 = x′0β + e,

±

Cov




y

y0


 = σ2




Σ σ12

σ′
12 σ22


 ,

� y0
b

BLUP
;

ỹ0 = x′0β
∗ + σ′

12Σ
−1(y −Xβ∗).

5.3.2 ô õ�~��
��Z+Ã ¾ [�\+��Û ��Ü�Ý�Ø Ã ¾ ��Þ�F���[�\�Ð b�ß+� Ê�à Ü�Ê Ò�Ø Ã ¾ Ïb�±�á�â ��[ |�ã�ä�b à ¼ Ê�³ ª�î � � Ì�å º Ð b Ã ¾ [�\ ° ; � � �   » ¼]æ} ��Ê Õ g�ç Ñ ä � �+�����+�+� [�\ É�Ý�Ø�è ¬ c�é�ê�ë�ì�Ð�Ê Ý�Ø�í�î ê -. � © Ê ï Æ ð ñ ä � ÿ ¡ Q ç ò _�ó c�é ê ¬ Ï�ô õ�Ø ö 8 ÷ á Ü�Ê Ý Ø�ø ù�î

ê�ú�û�ü	ý�ý ¼
Ê�þ�ÿ�ú�û�[�\�Ì�� ����� ø ��ä������ C�������	 ��
 e ∼ Nn(0, σ2Σ),

ε0 ∼ Nm(0, σ2Σ0).
;
�
�
�
�
� ���
�
� V = 0 ê �
� ��� V > 0 ê �
� � ß
�ª ¡�¢
�
� ê � Ñ
� p ¼

Ê ��� �
� µ�¶ É ��[�\
� �
z = y∗0 − y0 ∼ Nm(0, σ2(Σ0 +X0(X

′Σ−1X)−X ′
0)). (5.3.11)

£
�
� Ý�î � �
� M(X ′
0) ⊂M(X ′).
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1. Bonferroni  � Ì
!
"�ú�û#�ä
$
3.3.5

ò � z ê � Ð
zi = y∗0i − y0i ∼ N(0, σ2(σ

(0)
ii + x′i(X

′Σ−1X)−xi)), i = 1, · · · ,m,
Ò
%

Σ0 = (σ
(0)
ij ), i, j = 1, · · · ,m. x′i(i = 1, · · · ,m) & X0 ê m

Ø
')( Ð ¼+* Å
�+,-
.
/ ���)0 ä ê i, y0i ê
1
2
3
4
& 1− α ê
!
"�ú�û
5
P (x′iβ

∗ − tn−r(
α
2 )σ̂(σ

(0)
ii + x′i(X

′Σ−1X)−xi)
1/2 ≤ y0i

≤ x′iβ∗ + tn−r(
α
2 )σ̂(σ

(0)
ii + x′i(X

′Σ−1X)−xi)
1/2) = 1− α,

Ò6%
σ̂2 = ‖y −Xβ∗‖2/(n − r), r = rk(X). 768 Bonferroni Ñ � �6� /69 y0i(i =

1, · · · ,m) ê
1
2
3
4
,
:
; 1− α � Ì
!
"�ú�û
5
x′iβ

∗ ± tn−r

( α

2m

)
σ̂
(
σ

(0)
ii + x′i(X

′Σ−1X)−xi

)1/2

, i = 1, · · · ,m. (5.3.12)

2. Scheffè  � Ì
!
"�ú�û< 8 Scheffè Ñ � ����=�ß�� /�9 y0i(i = 1, · · · ,m) ê � Ì�!�"�ú�û ¼�>�?
M = Σ0 +X0(X

′Σ−1X)−X ′
0. å
&

z ∼ Nm(0, σ2M),

@ �
z′M−1z ∼ σ2χ2

m, A
B σ̂2 �
C
D
E ��F
z′M−1z

mσ̂2
∼ Fm, n−r. (5.3.13)

å
& (5.3.13) B (5.2.2) G
H
I �
� ê �
J �+;
K
7
8 Scheffè L Ñ (M (5.2.10) N ),

, -
/
9

P
{
−(mFm, n−r(α))1/2σ̂

√
l′Ml≤ l′z≤(mFm, n−r(α))1/2σ̂

√
l′Ml, � Ý
O l 6= 0

}
=1−α.

P
Q
R
l′1 = (1, 0, · · · , 0), · · · , l′m = (0, 0, · · · , 1),

/
9

P{−(mFm, n−r(α))1/2σ̂(σ
(0)
ii + x′i(X

′Σ−1X)−xi)
1/2 ≤ zi

≤ (mFm, n−r(α))1/2σ̂(σ
(0)
ii + x′i(X

′Σ−1X)−xi)
1/2, i = 1, · · · ,m} ≥ 1− α.

;
K y0i(i = 1, · · · ,m) ê Scheffè  �
S ú�û
!
"
&
x′iβ

∗ ± (mFm, n−r(α))1/2σ̂(σ
(0)
ii + x′i(X

′Σ−1X)−xi)
1/2, i = 1, · · · ,m. (5.3.14)

T
U
(5.3.12) V (5.3.14)

�
� G
W
X ä
$
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5.3.2 �ghg (5.3.1) V (5.3.2), i � Cov(e, ε0) = 0, X0β jghg (5.3.1)

X ß
k ��A e V ε0 l �
m
n
o �
�
�
	 ��p
(1) y0i(i = 1, · · · ,m) êg1g2g3g4g,
:g; 1−α ê Bonferroni  �gS !g" ú ûg&

x′iβ
∗ ± tn−r(

α

2m
)σ̂(σ

(0)
ii + x′i(X

′Σ−1X)−xi)
1/2, i = 1, · · · ,m.

(2) y0i(i = 1, · · · ,m) 1
2
3
4
,
:
; 1− α ê Scheffè  �
S !
"�ú�û
&
x′iβ

∗ ± (mFm, n−r(α))1/2σ̂(σ
(0)
ii + x′i(X

′Σ−1X)−xi)
1/2, i = 1, · · · ,m.

Bonferroni  �
S ú�û
!
"
q
V Scheffè  �
S ú�û
!
"
q
r
s
&
tvu m�ä
$
5.3.2 , -gwgx �zyg{g| Rg} ; t2n−r(

α
2m ), 
 F1,n−r(

α
2m ) V mFm,n−r(α) rgsg&g~g��

5.3.1 � o
��ô h
 
�
�
� o
��ô h
 Y = β0 + β1X + e.

� G n �
�
�
4 * (yi, xi), i = 1, · · · , n.

yi = β0 + β1xi + ei, ei ∼ N(0, σ2) (i = 1, · · · , n),

y1, · · · , yn
�
C
D
E � ?

y =




y1
...

yn



, X =




1 x1

...
...

1 xn



, β =




β0

β1


 ,

p
X ′X =




n
∑

i xi

∑
i xi

∑
i x

2
i


 , X ′y =




∑
i yi

∑
i xiyi


 .

β ê LS
k
� &

β̂ =




β̂0

β̂1


 = (X ′X)−1X ′y =




ȳ − β̂1x̄∑
i
(xi−x̄)(yi−ȳ)∑
i
(xi−x̄)2


 ,

�
σ̂2 = (y′y − β̂′X ′y)/(n− 2).

� j6�6� x0i(i = 1, · · · ,m) N�å6�6� Y ê � 76� y0i(i = 1, · · · ,m) � �6S !
"
��i ä y0i(i = 1, · · · ,m) �
C
D
E � �
m

y0i = β0 + β1x0i + εi, εi ∼ N(0, σ2), i = 1, · · · ,m
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A
B yi(i = 1, · · · , n) �
C
D
E �#
(5.3.3), y0i(i = 1, · · · ,m) ê
�
!
"
&

y∗0i = β̂0 + β̂1x0i, i = 1, · · · ,m.
#
�
$

5.3.2, y0i(i = 1, · · · ,m) ê Bonferroni  �
S !
"�ú�û
&
(β̂0 + β̂1x0i)+tn−2

( α

2m

)
σ̂
(
1 +

1

n
+

(x0i − x̄)2∑n
i=1(x0i − x̄)2

)1/2

, i = 1, · · · ,m.

�
Scheffè  �
S !
"�ú�û
&

(β̂0 + β̂1x0i)+(mFm, n−2(α))1/2σ̂
(
1 +

1

n
+

(x0i − x̄)2∑n
i=1(x0i − x̄)2

)1/2

, i = 1, · · · ,m.

1
2
3
4
�
,
:
; 1− α, �)� x̄ = 1
n

∑n
i=1 xi.

§5.4 �������
�
�
�

X j ��ô h
 �ê
� � .
� � �
¡
¢
��ê
�
8
� £
¤ @ G
� � .
� ê
¥¦ �
B X § R �
G
¨ O §
©
3
�+j
�
�
§�þ�ÿ)� � �
�
ª i � X K
« � §
�+¬
­® � j
G
¯
°
±
X
� ²
³
s
j
²
³
�
´
µ
¶
·
¸v¹º�
�
§ R � ( 
 �
� ²
³
� ), »�g�g�
X jg� � .g� �½¼ � xg¾g¿ tÁÀ ôgÂ �ÄÃgÅgK @
Æ §gÇ
t �g� �ÄÈgK Kiefer

; 1959 É
Ê
Ë
Ì x
Í §
���
Î
Ï /
Ð
Ñ
Ò
Ó
Ô ��Õ
Ö
×
�
Ø
Ù
Ú
Ç
t �
� {
|
§Û Õ ÷
Ü ���
Ã
�
Ý
Þ
ß
à
á
§
â
s
´
ã
ä
å
æ [62], [100], [39], [49], [89] V [75].

5.4.1 ç
è
é
ê
ë
ì
�
;
« � § $ ÿ ��ô h
 

Y = x′β + e, (5.4.1)

�í� x′ = (x1, · · · , xp), β
′ = (β1, · · · , βp).

� ¹î�6� x § R �6Þ ( ²6³�ú6Þ ) & D,m �ðï R n ñ�� x(1), · · · , x(n), j�Ã n � ®�ò�' ��� ( ó�²�³ )
/�9

n ñ������
y′ = (y1, · · · , yn), p)ô (5.4.1),

�
�
õ ´ /
9 �
ñ ��ô h
 
y = Xβ + ε, (5.4.2)

�)� �
�
� X = (x(1), · · · , x(n))
′.
@
Æ �
� {
|
Å
K
ö
÷6W
r
j D � · R n ñ
�

x(1), · · · , x(n), » / �
�
� X = (x(1), · · · , x(n))
′ ø G ¾ ¯ @ �
ù
§ ô
Â �

i � n K)0 � §
��²
³
§vúº§
K
& Ð k
� β
��ô
û 4

Φ = Hβ, (5.4.3)
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�)� H & m× p §)ü ý '
þ
ÿ
� � � X = {Xn×p 5 M(X ′) ⊃M(H ′)}, 
 X &)ô
� O » Φ ´ k § n× p � � ���
§�� U �����
& Φ §
´ '
�
� � U � @
Æ � Φ §
�
ñ
Ç
t �
� Å
K�� m X ���
�
ñ X » / Φ § LS

k
�
Φ̂ = Hβ̂ ø G ¾
¿ t)À	 ��X
�
Ù
Ú
£ ¿
Ñ 8
§
t)À 	�
 p
�

1. A Ç
t 
 p
�6ï�� X ∈ X , Φ § LS

k6� & Φ̂ = H(X ′X)−X ′y, È6V (X ′X)− §6· R�

©
� #
�
$ 3.1.3 � /

Cov(Φ̂) = σ2H(X ′X)−H ′ 4
= σ2VΦ(X), (5.4.4)

�)� VΦ(X) = H(X ′X)−H ′. �
;
« � § m×m
� �
�

W , Φ̂ §���� l L����
&
GMSE(Φ̂)=E(Φ̂− Φ)′W (Φ̂− Φ)=σ2tr(WH(X ′X)−H ′)

4
=σ2tr(WVΦ(X)). (5.4.5)

��� j �
� XA ∈ X
þ Ò

tr(WVΦ(XA)) = min
X∈X

tr(WVΦ(X)), (5.4.6)

p�� XA( j W ���
X ) & A Ç
t
����� R W = I , p (5.4.6) &
tr(VΦ(XA)) = min

X∈X

m∑

i=1

λi(VΦ(X)), (5.4.7)

� � λi(VΦ(X)) ¼�� VΦ(X) §�� i ñ P�� ��������� A Ç�t ��� Å�K�� Φ̂ §
l L������ 9 Ç� 
§ �
� ��F A Ç
t 
 p�!��
& l L����
Ç� 
 p6� ò ��"�� �
rk(X) = p,H = Ip, p (5.4.7) ´
¼��
&

tr(X ′
AXA)−1 = min

X∈X

m∑

i=1

1

λi(X ′X)
. (5.4.8)

2. E Ç
t 
 p
G S�#�$ ©�% @ G � W l′Φ(l′l = 1) §
´ k
û 4
§ k
� {
|
� l′Φ § LS

k
�
l′Φ̂ §
L��
&

Var(l′Φ̂) = σ2l′VΦ(X)l. (5.4.9)

#
�
$
2.4.1

/
max
l′l=1

l′VΦ(X)l = λ1(VΦ(X)),

�)� λ1(VΦ(X)) ¼�� VΦ(X) §
Ç
~ P�� �
� ��� j XE ∈ X
þ Ò

λ1(VΦ(XE)) = min
X∈X

max
l′l=1

l′VΦ(X)l = min
X∈X

λ1(VΦ(X)), (5.4.10)
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p�� XE & E Ç
t
������� E Ç
t �
� Å
K�� Φ̂ §�&
L�� � §
Ç
~ P�� �6Ç� ' § �
� ��F E Ç
t 
 p = �
&�&
L�� � §
Ç
~ P�� �
Ç� ' 
 p
� ò ��"�� �
rk(X) = p,H = Ip, p (5.4.10) ´
¼
&

λp(X
′
EXE) = min

X∈X
λp(X

′X). (5.4.11)

�)� λp(X
′X) ¼�� X ′X §
Ç� P�� �
�

3. D Ç
t 
 p
��� j XD ∈ X , � /

|VΦ(XD)| = min
X∈X

|VΦ(X)| (5.4.12)

� E ��p�� XD & D Ç
t
��(
& Φ̂ §����
L��
& σ2|VΦ(X)|,
@ �

D Ç
t 
 p =
�
&����
L��
Ç� 
 p
� � rk(X) = p,H = Ip, p (5.4.12) ´
¼
&

|X ′
DXD| = max

X∈X
|X ′X |. (5.4.13)

D Ç�t 
 p*)*��&�1�2*+*,*-*.�Ç* 
 pg� ¬�­ ® � # §5.2 ý*� � ε ∼ N(0, σ2I),

σ2 ü ý���p
(Φ̂− Φ)′V −1

Φ (X)(Φ̂− Φ) ≤ σ2χ2
m(α)

& Φ §�1�2�/�0�& 1 − α §�1�2�+�,���´ ��132 y�+�,�§�-�.�& c(σ2χ2
m(α))m

√
|VΦ(X)|, �)� c &
�
B m G
©
§ Ñ 4
��´
M���j
� � §
1
2�/�0
X�� Φ §
1
2
+�,�-�.
B |VΦ(X)| ��465 �
¹7� #�$�8�9 j
1
2�/�0
,
�
§
�
Ì
X��º1
2:+�,
§
-�.�;� �;�<���Ã m�= �
ñ�>
��? 2 Ð D Ç
t 
 p
§ U
$�	 ��g® ÙgÚg§:@ ¿ Çgt 
 pgKgÇ Ñ 8g§ 
 p��BAgy��:C��B)
Gg�
Èg§
�g¯ 
 p��
j
y
,
�
�
Ù
Ú
�

5.4.2 D�E�F�G�H�I
é
ê
j ¾ ¯g²g³Á�J� #:$ ÑgÑ �g�:K�Lgãg4
§ k�M ß
àgá�� ;gK õ:N�O Ð�P n:Q ã

4
§ ��M {
|
� � X , β &
X = (X1

... X2), β′ = (β′
1

... β
′
2), (5.4.14)

�)� X1 & n×m � � � X2 & n× (p−m) � � � β1 & m R ( ��� β2 & p−m
R ( �
��,�S
��� 	 ��i � β2 K
h
 
§ n�Q ã
4�� #�$ ß
à
á
§�T
K

Φ0 = β1. (5.4.15)
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Ã � ¶
;
j (5.4.3)
J � R H & H0 = (Im

... 0), F P n�Q ã
4
§ ��M {
|
Õ Â
® K
��� ��M {
|
§
�
ñ P�U � < 8 H0 § P�V 	 � #�$ ´ � Ï /�W�X�Y §
¥ ¦ �
¶ β1 ´ k S � #
�
$ 2.2.5 V 3.1.3, β1 § LS

k�M�Z &
L�� � L Q &
β̂1 = (X ′

1(I − PX2 )X1)
−1X ′

1(I − PX2)y, (5.4.16)

Cov(β̂1) = σ2(X ′
1(I − PX2)X1)

−1 4
= σ2Vβ1(X), (5.4.17)

�)� Vβ1(X) = (X ′
1(I − PX2)X1)

−1. [ * A Ç
t 
 p
V D Ç
t 
 p
§ � ��� #�$
G
W
X
¢
� �
$ �e�f

5.4.1 j (5.4.14) §�i � X�� � X & Φ0 = β1 §�´ '���M � U � �� j XA = (XA1

... XA2) ∈ X , A þ Ò 5 (i) X ′
A1
XA2 = 0, (ii) tr(X ′

A1
XA1)

−1 =

min
X∈X

tr(X ′
1X1)

−1, p XA & l L��������
X
§ A Ç
t ��M �
\�] ¶ X = (X1

... X2) ∈ X S � # .�^ 2.5.1
Z
�
$ i � ��G

trVβ1(X) = tr(X ′
1(I − PX2)X1)

−1 ≥ tr(X ′
1X1)

−1

≥ tr(X ′
A1
XA1)

−1 = trVβ1(XA).

;
K���¶ �
$ §�_�`�� E
S �
trVβ1(XA) = min

X∈X
trVβ1(X).

#
A Ç
t
§ � ��� �
$ / 1 �e
f

5.4.2 j (5.4.14) §
i � X��ba � X & Φ0 = β1 §
´ '
��M � U � ���
j XD = (XD1

... XD2) ∈ X , A þ Ò 5 (i) X ′
D1
XD2 = 0, (ii) |X ′

D1
XD1 | = max

X∈X

|X ′
1X1|,

p XD & D Ç
t ��M �
\�] �
ï
� X = (X1

... X2) ∈ X ,
# .�^

2.5.1 V 2.5.2
��Z
�
$ i � ��G

|Vβ1(X)| = |(X ′
1(I − PX2 )X1)

−1| ≥ |(X ′
1X1)

−1|

=
1

|(X ′
1X1)|

≥ 1

|X ′
D1
XD1 |

= |(X ′
D1
XD1)

−1| = |Vβ1(XD)|.

m � � #�$ G
|Vβ1(XD)| = min

X∈X
|Vβ1(X)|.

#
D Ç
t
§ � ��� �
$ / 1 �
& Ð 162 X
�
§ �
$ � #�$�c �
W
X�d $ �
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e
f
5.4.1

�
An×n = (aij) > 0.

�
A V A−1 L Q ¼�����L�f�� � 5

A =




A11 A12

A21 A22


 , A−1 =




A11 A12

A21 A22


 ,

p
(1) |A| ≤ |A11||A22| ≤

∏n
i=1 aii;

(2) |Aii| ≥ 1
|Aii| ,

P
Q � ajj ≥ 1
ajj

, j = 1, · · · , n;

(3) λn(A) ≤ ajj ≤ λ1(A), j = 1, · · · , n.

(1) V (2) , - m
�
$ 2.2.4
Z .�^

2.5.1
.
x � (3) & .�^ 2.4.1, g «
â
s
�

&�h�i
�e
f
5.4.3 j (5.4.14) §
i � X�� � X & Φ0 = β1 §
´ '
��M � U � ��� j

X∗ = (X∗
1

... X
∗
2 ) ∈ X , A X∗

1
4
= (X∗

(1), X
∗
(2), · · · , X∗

(m)),
þ Ò 5 (i) X∗

1
′X∗

2 = 0, (ii)

X∗
(i)

′X∗
(j) = 0 (i 6= j, i, j = 1, · · · ,m), (iii) X∗

(i)
′X∗

(i) (i = 1, · · · ,m) j x ∈ D
® � 9

Ç
~
����p X∗ �
S & A Ç
t , E Ç
t
V D Ç
t
�
\�]

(1)
?

X1 = (X(1), X(2), · · · , X(m)),
# d $ 5.4.1(2)

Z
�
$ §
i � ��G
trVβ1(X) = tr(X ′

1(I − PX2)X1)
−1 ≥ tr(X ′

1X1)
−1

≥
m∑

i=1

1

X ′
(i)X(i)

≥
m∑

i=1

1

X∗
(i)

′X∗
(i)

= tr(X∗
1
′X∗

1 )−1 = trVβ1(X
∗),

j

trVβ1(X
∗) = min

X∈X
trVβ1(X).

F X∗ & A Ç
t
�
(2)
# d $ 5.4.1(1)

Z
�
$ §
i � ��G
|Vβ1(X)| = |(X ′

1(I − PX2)X1)
−1| ≥ |(X ′

1X1)
−1| = 1

|(X ′
1X1)|

≥ 1∏m
i=1X

′
(i)X(i)

≥ 1∏m
i=1 X

∗
(i)

′X∗
(i)

=
1

|X∗
1
′X∗

1 |
= |Vβ1(X

∗)|,

j

|Vβ1(X
∗)| = min

X∈X
|Vβ1(X)|,

F X∗ & D Ç
t
�
(3)
# d $ 5.4.1(3)

Z
�
$ §
i � ��G
λ1(Vβ1(X)) = λ1(X

′
1(I − PX2 )X1)

−1 ≥ λ1(X
′
1X1)

−1
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=
1

λm(X ′
1X1)

≥ 1

min
i=1,···,m

(X ′
(i)X(i))

≥ 1

min
i=1,···,m

(X∗
(i)

′X∗
(i))

=
1

λm(X∗
1
′X∗

1 )
= λ1(X

∗
1
′X∗

1 )−1 = λ1(Vβ1(X
∗)),

j

λ1(Vβ1(X
∗)) = min

X∈X
λ1(Vβ1(X)),

#
E Ç
t
§ � ��� (3)

/ 1 � �
$�1�k �
l:m

5.4.1
�
X ′

(i)X(i) =ci(i = 1, · · · ,m) & Ñ 4:�nTg� R X∗ = (X∗
1
... X

∗
2 ) ∈ Xþ Ò 5 (i) X∗

1
′X∗

2 = 0, (ii) X∗
(i)

′X∗
(j) = 0 (i 6= j, i, j = 1, · · · ,m), p �
$ 5.4.3 §
¥^ a�� E ��

5.4.1( &�L���L�o�h� ) #�$ ����W�X P ��ñ�&�����§�&�L���L�o�h� 
( W U 1.3.1)

y = 1nβ0 +Xβ1 + γα+ e,

�)� X K
« � § 0 ó 1 ���
§�� � � γ K
�
·
¸
§ n× 1
( ���p� / � k�M &
�

�
3
4 α ø G ¾
¿ t)À 	 �
ô �
$ 5.4.3, {
| ' &
j�q�r�_�`

1′
nγ = 0, X ′γ = 0 (5.4.18)

X���j γ § @ G
´�s R �)����ù
max γ′γ (5.4.19)

Ç
~
�
� þ Ò (5.4.18) V (5.4.19) § γ � k�M α
Í ?�� �
S & A Ç
t�� E Ç
t
V

D Ç
t
�
t u v

5.1 wyx[`[ayzy{�|B}y~����y���7���y�+b������y���������+_
y1i = α1 + β1x1i + e1i, e1i ∼ N(0, σ2), i = 1, · · · , m,

y2j = α2 + β2x2j + e2j , e2j ∼ N(0, σ2), j = 1, · · · , n,

cy�y�y� e1i, e2j �y�y�y�y��wyx[`+ay���������[]+_��
(1) H1 � β1 = β2, zy{�|B}y~y�y�y�y�
(2) H2 � α1 = α2, zy{�|B}y~y�y�y�y���
(3) H3 ������� x0, α1 + β1x0 = α2 + β2x0, z�{�| }�~���������� (x0, y0), c�� y0 =

α1 + β1x0.
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5.2 �y�y¤y¥y¦ y = Xβ + e, e ∼ (0, σ2I), Hβ §y¨y©yªy«y¬ H §y�y­y®y¬ β̂H ¯ λ̂ ­°




X ′Xβ + H ′λ = X ′y,

Hβ = 0.

±y² � SSHe − SSe = σ2λ̂′(Cov(λ̂))−1λ̂.

5.3 � m �y�y¤y¥y¦
yi = Xiβi + ei, ei ∼ Nni (0, σ2I), i = 1, · · · , m,

³y´
Xi § ni × p µy¶y­y®y·y� ±y² ��¤+]+_ H0 : β = · · · = βm µy¸y¹�ºB»[�y¼y§

F =
(n−mp)

(∑
i
y′

i(XiX
+
i )yi − (

∑
i
y′

iXi)(
∑

i
X ′

iXi)
−1(
∑

i
X ′

iyi)
)

p(m− 1)
(∑

i
y′

iyi −
∑

i
y′

i(XiX
+
i )yi

) ,

cy� n =
∑

i
ni, ½y¾ H0 §y¿yÀy¬ F ∼ F(m−1)p, n−mp.

5.4 Á Â���Ã�Ä�Å���Æ�µ�����Ç�È�É�µ�Ç���Ê θ1, θ2, θ3 ¯ θ4, Ã�Ä�Ë�w�x�§ Y1, Y2, Y3

¯ Y4. ÌyÍyÃyÄyÎyÏyÐy���yÑ�Ò�µ�¬�Ó�Ë�§ 0, ÔyÏy§ σ2, ]yÕyÇyÈyÉy§y�y��ÇyÈ�É�¬ θ1 = θ3

¯ θ2 = θ4, Öy×y� ³ �[][_yµ[`+a�»[��¼��
5.5 �y�y¤y¥y¦ y = X1β1 + X2β2 + e, e ∼ Nn(0, σ2I).

±y² �z`[a β2 = 0 µy¸y¹�ºB»
�y¼y§

F =
n− p

q

β̂′X ′y − γ̂′X ′
1y

y′y − β̂′X ′y
=

n− p

q

y′(XX+ −X1X
+
1 )y

y′(I −XX+)y
,

cy� X2 ¯ X1 wyxy§ n× q ¯ n× (p− q) Øy· , X = (X1
... X2), rk(X) = p, β′ = (β′

1, β
′
2), β̂

§ X ′Xβ = X ′y µyÙy¬ γ̂ § X ′
1X1γ = X ′

1y µyÙy��½y¾ β2 = 0 §y¿yÀy¬ F ∼ Fq, n−p.

5.6 _y�yzy�y�y¤y¥y¦
yi = Xiβi + ei, ei ∼ Nni (0, σ2I), i = 1, 2,

e1 ¯ e2 �y�y�y�y��� Xi ¯ βi wyÚyÌy�y�

Xi = (X1i
... X2i), βi =


 αi

δi


 ,

³Û´
X1i, X2i wÛxÛ§ ni×p1, ni×p2 ØÛ·Û¬ αi ¯ δi wÛxÛ§ p1×1 ¯ p2×1 ÜÝ¼Û¬ p1 +p2 = p.±y² `[a[][_ H0 � δ1 = δ2 µy¸y¹�ºB»[�y¼y§

F =
n1 + n2 − 2p

p2

F1

F2
,

³y´

F1 =
∑

i
y′

iXiX
+
i yi −

∑
i
y′

iX1iX
+
1iyi − (

∑
i
y′

iQiX2i)(
∑

i
X ′

2iQiX2i)
−1(
∑

i
X ′

2iQiyi),

F2 =
∑

i
y′

iyi −
∑

i
y′

iXiX
+
i yi, Qi = I −X1iX

+
1i.
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5.7 _ yi = β0 + β1xi + ei, i = 1, · · · , n, ei ∼ N(0, σ2) ½y�y�y�y�y¬Þ�y�yßy��¤�àyá
a0β0 + a1β1(a0a1 6= 0), âyãy×yäyåyæy«y§ 1− α µyçyÀyäyåyèyéy�

5.8 _yzyày«yêy­ °

y1i = β1 + β(x1i − x̄1) + e1i, e1i ∼ N(0, σ2), i = 1, · · · , n1,

y2j = β2 + β(x2j − x̄2) + e2j , e2j ∼ N(0, σ2), j = 1, · · · , n2,

³y´
x̄1 =

∑
i
x1i/n1, x̄2 =

∑
j
x2j/n2, � ³ zyày«yêyëyì����y~���| }�¥y¦

y = β1 + β(x− x̄1),

y = β2 + β(x− x̄2).

í
e1i, e2j �y�y�y�yµy{yîy�y¬

(1) ï β1, β2, β µ BLU ©[�y�
(2) ïÛðÛzÛ{ñ|Ý}Û~Û�y�y�y� y òÛÔñÜÝÆÛµÛ�Ûó d µ BLU © �Û�ô� _ y

A
= β1+β(x0−x̄1),

y
B

= β2 + β(x0 − x̄2), d = y
A
− y

B
;

(3) ï d µyäyåyæy«y§ 1 − α µyäyåyèyéy�
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³
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�6���6X Í §�@������6Ã6¯6����� ^������ �6¯ P�V §6h�
���W6j��6����d ò §��	���� h�
�������L�o
h�

V�&�����L�o
h�

��Õ��
Ë�	 ^ ��	���� h�

�

§6.1 ��������� �
m �
��� #�$ ü� 
ý�!�� P�" p− 1 ñv¹º�
�
§�� ^ ��	���� h�

§
����#�$%

Y = β0 + β1X1 + · · ·+ βp−1Xp−1 + e.& ¦
' (g�g� Y ( ¹ �g� X1, · · · , Xp−1

ò
) Ð
n *g�g�:�,+
-g§ n �
.
/ (yi, xi1,

· · · , xip−1), i = 1, · · · , n, È $ þ Ò

yi = β0 + β1xi1 + · · ·+ βp−1xip−1 + ei, i = 1, · · · , n.
0

y =




y1

y2
...

yn




, X =




1 x11 . . . x1,p−1

1 x21 . . . x2,p−1

...
...

...

1 xn1 . . . xn,p−1




, β =




β0

β1

...

βp−1




, e =




e1

e2
...

en




,

1�2�3
rk(X) = p, ei(i = 1, · · · , n) 4�5�6
©��87�9�: %�; � 1 "�<�= ��� σ2, >�+

-�? 	�����@ 

y = Xβ + e, E(e) = 0, Cov(e) = σ2I. (6.1.1)

� β0

% Ñ .�A�� β′
I = (β1, . . . , βp−1)

%���� � .�B
? 	�����@ 
 (6.1.1) C %�D V�E ? 	�@ 
�� ( %�F 3 M�G X

þ Ò
rk(X) = p,H�I

β
% ´�J û .�� F LS J M�%

β̂ = (X ′X)−1X ′y. (6.1.2)

β̂ ø "�K�L 	�M BN�O
6.1.1 (1)


�P 	�Q
E(β̂) = β.

(2) ����R� 	 (Gauss-Markov S�� ):
'�T � p × 1 U�V�� c′β̂

%
c′β
E�W�X

BLU J M ��Y�Z β̂′ = (β̂0, β̂1, · · · , β̂p−1).
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(3) σ̂2 = ‖y −Xβ̂‖2/(n− p)

%
σ2
E�_�P J M B`�a�X " 2�3 e ∼ Nn(0, σ2I), >�) "

(4) β̂ ∼ Np(β, σ
2(X ′X)−1),

D
b
β̂i ∼ N(βi, σ

2cii), Y
c cii d
e (X ′X)−1
E
f

(i+1) g '�h�i�j i = 0, 1, · · · , p− 1.

(5) c′β̂ k c′β
E�W�X

MVU J�l�B
(6) (n− p)σ̂2 ∼ σ2χ2

n−p,
1�m

β̂ 6�4�n�o�B
Y�c�p�q�r�s §4.1 E�"�t S���u�v�Bwx�y�
z
{x| j~}
� E
�
�
�
� wx��� � . βI ,

H
I
�
�
� � �
�
( � .
A z� d�e B 0
X = (1

... X̃), β′ = (β0, β
′
I),F�|

1 d�e�� n g 1 ��� E n ����U�V j > @ 
 (6.1.1) ����� %
y = β01 + X̃βI + e, E(e) = 0, Cov(e) = σ2I. (6.1.3)

w
�
� �
� | j "
�
� ' .
/ |y��� B H�� |��
��� k������
V E
� V��
���
���w
n *� �¡ | H�¢ 9 E |�� ��£�B 0

x̄j =
1

n

n∑

i=1

xij , j = 1, · · · , p− 1,

��k¤����V Xj

w
n *� �¡ | ¢ 9 E�¥�¦�§ 7�B�> yi ����� %

yi = γ0 + β1(xi1 − x̄1) + · · ·+ βp−1(xi, p−1 − x̄p−1) + ei, i = 1, · · · , n, (6.1.4)

Y�Z
γ0 = β0 + β1x̄1 + · · ·+ βp−1x̄p−1 = β0 + x̄′βI , x̄′ = (x̄1, · · · , x̄p−1). (6.1.5)

��¨ G 0�©�ª � (6.1.4), « %
y = γ01 + X̃cβI + e, E(e) = 0, Cov(e) = σ2I, (6.1.6)

F�|
X̃c = (I − 1

n11′)X̃, ¬ %�|���� 3 l G j ��­ "�® M
X̃ ′

c1 = 0. (6.1.7)

% ��¯�l j�}�� ¬ (6.1.4) ( (6.1.6)
%�|���� ? ®�°�± @�² B³�´

(6.1.7) µ�r�¡�¶ j�'�· |���� E ? ®�°�± @�² (6.1.6), ¸�>�¹�º�� %



n 0

0 X̃ ′
cX̃c







γ0

βI


 =




nȳ

X̃ ′
cy


 ,
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« 



nγ0 = nȳ,

X̃ ′
cX̃cβI = X̃ ′

cy,

F�|
ȳ = 1

n

n∑
i=1

yi. ��Á o�+ γ0 Â βI

E
LS J�l�Ã

γ̂0 = ȳ, β̂I = (X̃ ′
cX̃c)

−1X̃ ′
cy, (6.1.8)

Ä 1
Cov




γ̂0

β̂I


 = σ2




1
n 0

0 (X̃ ′
cX̃c)

−1


 . (6.1.9)

Y�g�Å ��Æ�Ç j w�|���� ? ®�°�± @�²�| j � .�A γ0 È k ´�É ��V�Ê�Ë�9 E�¥�¦§ 7�9 ª J�l jÍÌ °�±�Î . βI

E J�l�� I s�? ®�°�± @�² y = X̃cβI + e Ï�Ð � E
LS
<�Ñ « (6.1.8) +�- j Ä 1 Y�Ò�g�J�l È k�5�6 t�E BÓ
K
E
Ô
Õ k � ¶ Ç j � (6.1.8) Ö
v Ex°y±
Î
×
E LS J
l m (6.1.2) 6 X
Ø B

Å ��Ù j�Ú X = (1
... X̃) Û�Ü (6.1.2),

Ä ³�´ z�Ý ¨ G�Þ�ß <�Ñ
( S�à 2.2.4), á

β̂=




n 1′X̃

X̃ ′1 X̃ ′X̃




−1


1′y

X̃ ′y


=




1
n + x̄′(X̃ ′

cX̃c)
−1x̄ −x̄′(X̃ ′

cX̃c)
−1

−(X̃ ′
cX̃c)

−1x̄ (X̃ ′
cX̃c)

−1







1′y

X̃ ′y




=




ȳ − x̄′(X̃ ′
cX̃c)

−1X̃ ′
cy

(X̃ ′
cX̃c)

−1X̃ ′
cy


 ,

Y�Z x̄ � (6.1.5)
H S�â�B Ù Ñ�E�ã p− 1 g z V�«�Ã (6.1.8)

E
β̂I .

Y � ¶ Ç�ä }�� E p�å�B�s f�X z V�æ
β̂0 = ȳ − x̄′β̂I = γ̂0 − x̄′β̂I ,

ç�è�é
γ̂0 = β̂0 + x̄′β̂I . (6.1.10)

� m (6.1.5) 6�ê�ë�B (6.1.10) Ö�v ä�|�����@�² Â�ì |�����@�² � × A�J�l�í�îE�t�Î Bï ä�|���� j ê¤����V�ð ��ñ E�ò�X�ó £�à�¬�Ã�ô�õ � B�ö
s2j =

n∑

i=1

(xij − x̄j)
2, j = 1, · · · , p− 1,

zij =
xij − x̄j

sj
. (6.1.11)



· 150 · []\]^ø÷]ù�ú~û]ü]ý
}���þ�ÿ�� å�� j�Ú xij ��� x̄j ¬�Ã |8��� j�� w�� ï I sj , Y�¬�Ã�ô�õ ����	
Z = (zij), 
 Z

� k Ú�� ª�
�� l G X ð�� |���� Â ô�õ � ã���� 
���� l�� j
Y�g ¨ ��­�á���� ® M�Q

(1) 1′Z = 0,

(2) R = Z ′Z = (rij),

rij =

∑n
k=1(xki − x̄i)(xkj − x̄j)

sisj
, i, j = 1, · · · , p− 1. (6.1.12)

® M
(1) k |���� 
�� ´�j ��� � l�� 
�� � i�� í Â�� Ã�� � ® M (2) k |����ã ����� ô�õ � ã 
 p�q � ��q�� °�± ����V ��� ���� ��V j X


 f
j ��Ã f

j g�� �
V 
 n g �! !"!# �%$!& j R = Z ′Z

 i!�

rij ¸
k °y± � �
V Xi

m
Xj
�"�#�' t�Î�× j É Á j R k °�± ����V 
�' t � j · k rii = 1, ê X�( i ��o �

ô�õ � 
�) £�á�* j�+ X k ´ R � ��z�{ °�± ����V�í�î 
�' t�t�Î�, + *�k wX c Ô�Õ | j.- °�± ����V�/ ´ 
�0�1 ��2�3 '�4 j ¢�5�687:9�;�< 3 4 j ð���ô
õ ��= � ä 0�1 Â ¢�5�687>
�?�@ j Y�¯ · ê °�±�Î�× 
�A l 5�
�B l z�{��� ��C�D 
 k j ��q���E ² (6.1.1) F�ð�� |���� j>G ð���ô�õ � j 
 yi ��H
Ã
yi = α0 +

(xi1 − x̄1

s1

)
β0

1 + . . .+
(xip−1 − x̄p−1

sp−1

)
β0

p−1 + ei, i = 1, · · · , n, (6.1.13)

Y�Z α0 = γ0, β0
i = siβi, i = 1, · · · , p− 1. ö β0 = (β0

1 , · · · , β0
p−1)

′,
´ ¨ ��H Ñ j E²

(6.1.13)
� k

y = α01 + Zβ0 + e, (6.1.14)

� � ¡�¶ j α0 Â β0



LS
A l z�b Ã

α̂0 = ȳ, β̂0
i = siβ̂i, i = 1, · · · , p− 1,

Y�Z β̂i Ã β̂I


 f
i g z V � � � ê�ë 
 ð�¡ °�± ¹�º z�b Ã Q

ì |�����Q Ŷ = β̂0 + β̂1X1 + · · ·+ β̂p−1Xp−1.| � ��Q
Ŷ = γ̂0 + β̂1(X1 − x̄1) + · · ·+ β̂p−1(Xp−1 − x̄p−1).|���� ô�õ ��Q Ŷ = α̂0 + β̂0

1
(X1−x̄1)

s1
+ · · ·+ β̂0

p−1
(Xp−1−x̄p−1)

sp−1
.

§6.2 IKJMLMNMOQPQRQSUTQV
W }
�!X!Y!Z![!\!] 
!A l
¹!^ �!�x°y±
Î
× 
!A l ã j � � �!_ o
�
ð
¡ °± ¹ º ��` k j / _ o 
 ð ¡ ° ± ¹ º kbadc ¸ édebf ä É � V Â � � V
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í
î 
 �
�!q!r t
Î!sut.v ¹ [�j~}�� � � ��ð
¡�¹
º�w � ��xx| �!y�z j|{ k�}~�� 
 v ¹ [ ,�ò�v ¹ [�j�}�� < � � ñ�B l�� ��� ¡ j.{8� ñ °y± ¹�º 
!��� ®� ¡ � ò!� j~}
�!�!�!�!�!���!��É �!��k!a�c
¸ q!r ·!���!�����!��� 
 °y± �
��� j�{ ��� Ø ä ' ë 
 °�±�Î�× 
���� ® � ¡ � #�� }���Ú�� å {�� Ô�Õ �

6.2.1 �������������������
ê · ¸���  ®�°�± E ²

yi = β0 + xi1β1 + . . .+ xi,p−1βp−1 + ei, ei ∼ N(0, σ2), i = 1, · · · , n, (6.2.1)

/ � °�± ¹�º 
���� ® � ¡ j � k � ¡�� ��¡ /�á 
 °�±�Î�× � ç · � j « � ¡
H0

¡
β1 = · · · = βp−1 = 0. (6.2.2)

��q {�� � ��¢�£�¤ j¥{ � D�¦�§ }���¨�©�ª�« ¡ ��¬�á v � βi 6= 0,
W�­ < ��2

/�á βi � 3 ç · � �o®�¯�°�Æ j }���± Ã Y   ® q�r · ��¬ � v � ����� Xi,
<

��2�  ® q�r · /�á 
 ����� X1, · · · , Xp−1. ��q {�� � ��¢ ¨�©�j¥{ D�¦�§ }��¨�©�ª�« ¡ /�á βi = 0, « }�� � � ± Ã j ' ê ·�² ? Ì�«�j /�á¤������ê É ���
Y

�³�´ k�3 ~�� 
 �� ­ j � � (6.2.2) k Ù!µ � à 5.1.1

| v!¶   ® � � | H = (0, Ip−1)

 �!·!¸

H j Ä�¹ H = (0, Ip−1) º�» � à 5.1.1

�¼�½ j:¾�� à 5.1.1 Ö�v 
 F

� ¡ B l��
� �!¿ ¨ ë ´ w {!À � � [�}
� � � w 
 �!·�¸ H j � v � ¡ B l�� 
�Á�0 H Ñ �Ú � � (6.2.2) Û�Ü�E ² (6.2.1),

����Â Á E ²
yi = β0 + ei, i = 1, · · · , n. (6.2.3)

� 
 ¸!

¹
º
Ã nβ̂0 = nȳ,
· k β0

w E ² (6.2.3) � 
 LS
A l
Ã β∗

0 = ȳ.
X!Y

§5.1
 p�q ¡ °�±�§ ¹ Â ç ·�Ã æ�Ä × 
 LS Å m ¸�
�¹�º�Æ�Ç8È>� 
8É>Ê�Ë ·�Ì Ë β0ê�ë 
 °�±�§ ¹ Â Ã
RSSH0(β) = RSS(β0) = nȳ2.Ì ê � E ² ( Í Â�Î ), s |���� °�± E ² (6.1.5) æ Ë °�±�§ ¹ Â Ã

RSS(β) = γ̂0nȳ + β̂′
IX̃

′
cy = nȳ2 + β̂′

IX̃
′
cy,·�Ì

RSS(β)−RSSH0(β) = β̂′
IX̃

′
cy. (6.2.4)� X�Y

§5.1

�Ï�Ð�¡�Ñ�? § ¹ Â ç · È § ¹ Â���� °8±�§ ¹ Â Ë ·�Ì�� E ² Ñ�?§ ¹ Â Ã

SSe = y′y −RSS(β) = y′y − nȳ2 − β̂′
IX̃

′
cy. (6.2.5)
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X�Y

(5.1.11),
C�D�� ê � w 
 ¸ H m = p− 1,

·�Ì�}�� � � ��� � ¡�� � (6.2.2)
�� ¡ B�Õ ��Ã
F =

β̂′
IX̃

′
cy/(p− 1)

SSe/(n− p)
. (6.2.6)

W � � � (6.2.2) ��Ö � Ë F ∼ Fp−1, n−p. ê�Ö � 
�× § α,
W

F > Fp−1, n−p(α)� Ë }�� £�¤ � � � H0, a�
 � ¨�© H0.�!Ø!Ù!
 Ì Ë � Ð ð!� � ¡ Ë.Ï å Ì�¨!©�� � � H0

¡
β1 = · · · = βp−1 = 0,

{
D�Ú Ì Æ Ë Â E ² 
�Û ó ² ?8Ü>Ý � ª�Ë - � ����ê Y


�³�´ Ì 3 ~�� 
 � {�À
��2�á�Ò ó ¸�Þ � + v Ì Ë E ² 
�Û ó ² ?�ß�9�Ë É�Ì «�� °�± ������ê Y á v� 
�³�´�Ë `�à Ý�9�
 E ² ² ?�'8Ü>Ëh< 3 ¥ 9 � ê { ó ¸�Þ Ë }�� � ��á�â ^�ã; ² ?!Ë {!ä!å s z
{ Ô�Õ 
�æ�ç!è�é Ü!ê Ëë��ì Ì a�í!î ä ~
� 
 � ��� Ë � Y

ê ��� ������á ì   ® ' q t�Î�ç � + * Ì Ë °�± ������ê Y

�³�´�ï ��ð ;�Ë

ê { ó ¸�Þ Ë }�� � ��ñ�ò _ Ö Y ê - ����� 
   ®�°�± �
6.2.2 ����ó�ô������������
°8± ¹�º 
���� ® � ¡ Ì ê�  ® °8± ¹�º 
 v ��õ�ö ® � ¡ � � Ð }�� � ¡
�Ï�Ð Ì £�¤ � � ��Ë { D�¦�§ É ��� Y   ®�é q�r · ����� X1, · · · , Xp−1

{��
°�± ����� 
 õ�ö �¥` Ì Ë { Ä 3�÷ ï Y

Ä 3 q�r ·�+ | ��� ����� Ë « ��� βi�!2 ç · � � ·!Ì w °y± ¹
º �!� ® � ¡ ¢�£!¤ í ã Ë }
��� � � ê � � ���!��øv ñ���� ® � ¡ Ë «�ê8ù � 
 i(1 ≤ i ≤ p− 1),
ñ ��� � ¡ ¡

Hi

¡
βi = 0. (6.2.7)

Á � �!< Ì v!¶   ® � � (5.1.1)

 v
ó �!·!¸!Þ Ë ³
´!� à 5.1.1 � �!ú � / �!
� ¡ � ê · � ¡ Ô�Õ (6.2.7), � [�}�� Ö�û v�ó ¿ ¨ � û � ¡ B�Õ � 
 ¹�^ �

ê · E ² (6.2.1), β



LS
A�Õ Ã β̂ = (X ′X)−1X ′y.

X�Y�� à 6.1.1 æ
β̂ ∼ Np(β, σ

2(X ′X)−1).

ö Cp×p = (cij) = (X ′X)−1, 
�á
β̂i ∼ N(βi, σ

2cii), (6.2.8)·�Ì W
Hi ��Ö � Ë

β̂i

σ
√
cii
∼ N(0, 1).

q � à 6.1.1, (n− p)σ̂2 ∼ σ2χ2
n−p,

¹ à
β̂i

'�ü�ý Ö Ë {�À σ̂2 = ‖y−Xβ̂‖2/(n− p),X�Y
t
z�þ 
 � â Ë á

ti =
β̂i√
ciiσ̂

∼ tn−p, (6.2.9)
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{�À
tn−p ÿ�� � � � Ã n− p



t
z�þ�� ê�Ö � 
�× § α,

W
|ti| > tn−p(α/2)

� Ë
}�� £�¤ � � � Hi, a�
 � ¨�© Hi.�

(6.2.8)
}�� � � � û Ë °8±�Î�× β



LS
A�Õ

β̂i


 ¹ ? Var(β̂i) = σ2cii.��� | � � (Var(β̂i))
1/2 = σ

√
cii ¬�Ã β̂i


 ô�õ ² ? � � 
 v � A�Õ Ã σ̂
√
cii,
É

Á (6.2.9) /�Ö�û 
 t
� ¡ B�Õ � � Ì °�±�Î�× LS

A�Õ
β̂i

à + ô�õ ² ?�
�A�Õ�
� �
� Ð }�� ð�� � ¡ Ë ¨�©�� � � βi = 0

� Ë }�� � ± Ã °�± ����� Xi ê É �
� Y Í ����
�³�´�Ë É�Ì � � Ú�+ ��°�± ¹�º |�� ï � Ú�{�� °�± � ��� ��°8±
¹�º |�� ï�ã Ë Ó�	 ��� 
 °�±�Î�× 
�A�Õ�<�� í�
���� ��� Ú Y ê Ó�	 
 °�±
� ��� ~ ��ñ °8± Ë ­ ã � � ¡ + 	 °8±�Î�× Ì a�Ã�� Ë ��� ï ð � ¡ ± Ã�ê Y

Í ����³�´�
 ��� Ë { "�
 ��º v ¿���
 � � Ë ¿ � ê�/�á 
 ����� Ë ð � ¡ � ±
Ã�ê Y á ����
�³�´ Ã�� � ê °�±�Î�× ñ���� ® � ¡ 
 ��º Ë Å ��Ù < Ì ê °8±
����� 
���� ��º ��� · °�± ����� 
�����Ë�� ��Ú�� � v ������� � å ��

6.2.1 ��� � Ô�Õ (
¢ � ��� [85]).

ÿ 6.2.1 Ö�û ä ��� � ��º 
 v � × Y Ë ÿ�� ��� Y Ã�� � ã ����� � /���� 
 ~ � Ë {�Ì�! ��� ��"�# 
�$ ô , X1 ÿ���% Ü�� � ��º 
 ����/�� 
 � à�� 
8Ü ,
X2

Ì ��� 
 pH
5 ,

X3 ÿ�� ����&�� �  �¡�' 
)(.
 Ì Ð�� v �� 
¡ × Y Ë _ Ö�� ��"�# Y

à�* ��É��
X1, X2 Â X3


 ð�¡ � Î Ë�+ Ì�Y Á Ð���,- ��� ����� ª�.�/ � ��"�# ( ÿ 6.2.1).

0
6.2.1 132343536738

x1 x2 x3 y

1 1.50 6.00 1315 243

2 1.50 6.00 1315 261

3 1.50 9.00 1890 244

4 1.50 9.00 1890 285

5 2.00 7.50 1575 202

6 2.00 7.50 1575 180

7 2.00 7.50 1575 183

8 2.00 7.50 1575 207

9 2.50 9.00 1315 216

10 2.50 9.00 1315 160

11 2.50 6.00 1890 104

12 2.50 6.00 1890 110

y�9   ®�°�± E ²
Y = β0 + β1X1 + β2X2 + β3X3 + e,
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ë ´ } ; *�:�^ Ë ����°�±�Î�× 
�A�Õ

(β0, β1, β2, β3)
′ = (397.087, −110.750, 15.583, −0.058)′.

; y�9 °�± ¹�º ��� ® � ¡ Ë « H0

¡
β1 = β2 = β3 = 0. ð Õ ¥����

β̂′
IX̃

′
cy = 31156.02, SSe = 3486.89.

·�Ì Ë
(6.2.6)



F
B�Õ ��Ã

F =
β̂′

IX̃
′
cy/3

SSe/8
=

10385.33

435.85
= 23.82 .

¢
α = 0.05,

ì ÿ � F3, 8(0.05) = 4.07.
É

F = 23.82 > F3, 8(0.05) = 4.07,
·�Ì ��<

£�¤ � � � H0.
± Ã Y ê X1, X2 Â X3 á v � 
 q�r�� Î �+ v�= y�9 °�±�Î�× 
���� ® � ¡ � ð Õ ¥��

c11 = 0.49998, c22 = 0.05556, c33 = 0.0000011.

� X!Y Ù [?> �!� 

β



LS
A!Õ!5A@

σ̂2 = 435.85, µABAC � * � °y±
Î
× ê�ë 

ti
5�D�E Ã

t1 = −7.50, t2 = 3.17, t3 = −2.27.

ê�Ö � 
�×�F α = 0.05,
ì ÿ � t8(0.025) = 2.3060. ê i = 1, 2, á |ti| > t8(0.025).É Á Ë � ×�F α = 0.05, ê � v � °�±�Î�× 
�0�ý���G�Ë ¨�© βi 6= 0, i = 1, 2.

<�H
Ì Æ Ë���< ± Ã { Ò �)IKJ ��ê���L "�# � á ~�M ³�´ �

6.2.3 N�O�P�ó�ô
Q � �! J � Y

à �! È:� X ′ = (X1, · · · , Xp−1)
' � º Q 
ARAS ÌAT ' � Î×

(multiple correlation coefficient),
� â�Ã

ρ = (σ′
xyΣ−1

xxσxy)1/2/σy, (6.2.10)

{�À
Cov




Y

X


 =




σ2
y σ′

xy

σxy Σxx


 4

= Σ.

�
Y
à

X1, · · · , Xp−1


�U�V�D þ Ã�¸�� D þ 
�¼�½ � Ë�W ��X Ç ( Ä�Y ��� [42],

[84], p.164)

σ̂2
y =

1

n

∑

i

(yi − ȳ)2,
+ � ȳ =

1

n

∑

i

yi,



§6.3 ú~û�Z\[3]hm3^3_ · 155 ·

Σ̂xx =
1

n
X̃ ′

cX̃c, σ̂xy =
1

n
X̃ ′

c(y − ȳ1)

D�E Ã σ2
y , Σxx ` σxy



ML
A�Õ � �

(6.2.10) � D�E�a σ̂y, Σ̂xx ` σ̂xy Û�b σy ,

Σxx ` σxy, c C�D�� X̃ ′
c1 = 0, d ��� ρ


�A�Õ

R
4
= ρ̂ =

(
β̂′

IX̃
′
cy∑

i(yi − ȳ)2

)1/2

, (6.2.11)

e�f "�# T ' ��g�h Ë3i
(6.2.10)

e�f�j ö�T ' ��g�h�� v�¶ X�Y�k � � W ��l�m
/ ��n 
 T ' ��g�h Ì j ö 
 ��Ì "�#�
�Ë3o�p�Ë3��< j Ì�q � Z�[ 
sr j ö�t `r "�# t�u�v Ë � (6.2.10) ` (6.2.11)

B e�f T ' ��g�h��
(6.2.11)


�D�w ∑
i(yi − ȳ)2

f o J � Y
�

n x�y G ��z 5�
 j J ?�F�{ ` Ë| f
TSS =

∑

i

(yi − ȳ)2.

G |
RSS(βI) = β̂′

IX̃
′
cy,} Ì�~�� g�h

βI � ~�� F�{ `�� (6.2.11) �����
R2 =

RSS(βI)

TSS
, (6.2.12)

� TA� �AgAh � FA{ �A� ~�� FA{ ` à j FA{ `A� Ü ��� R= 1, � RSS(βI ) = TSS,{���� o J � � j J���������~���� Å�� Ë�����Ë Y
à

X1, · · · , Xp−1 ���������
�  �� ��g � ��� Ë � R = 0, � RSS(βI) = 0,

{������ y�9 Y
à
X1, · · · , Xp−1 �

���  �� ��g Ë ��¡ Í�¢�Å�� Y � J�� � ����Ë Y
à

X1, · · · , Xp−1 ��� Í�£�¤� 
� ��g � ��¥ ¶ ¸�Þ�¦ Ë 0 < R < 1 , Y

à
X1, · · · , Xp−1 ����� ¥�� �  �� ��g �¥ ¶ ��� Ë

R §�¨ Ë ÿ � Y
à
X1, · · · , Xp−1 �����  �� ��g�© Q § Ø � o�p ��ªa k Ë

R « Ì Q � ~�� { ©�¬�­ � ¥�®�¯ M $�° �± Ì Ë�²�³�´ M�µ�¶ ��·�¸ R ¹ f�º ® h v $�° ¸ a�» Q�¼ J ¼ ����� � �
� j ��½�¾���¿�� Anscombe À3Á�Â u�®�J ¼ Y Ã X Ä�Å�Æ�Ç�È h�É ¸ } < � �Ê � R,

±
Y Ã X ��Ë g�Ì ��Í ¨ � ��Î ( Ï�Ð�Ñ�Ò [28], p.92).

§6.3 ÓÕÔ×ÖÙØÛÚÝÜÝÞàß
á ª a ~�� D�â�ã ¿�ä�å�æ�ç�è�é�¸ ~��êIëJ ¼ ��ì�í�·�î�ï�ð�ñ�ò�� ¯ ð

ç�è��3ó�ô�¸ á�õ ~���ö â é�¸3÷�ø � É ç�è ¡�ù ��ú�û�ä n�ü ��Ë Á�ý ¸3ô�ô�þÿ�� Ã o�� ¼ ��Ë���������Ë���� � ¼���	 ~���
�� ¸ »���
 ·�þ ¥�� Â o�� ¼
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��� Í�����¸K� �� �!�" � ��� �#� � ¼ « ì�$ Æ ~���
%�'& ¸ ²�( ¥�� ¸K½ ±�)*�¼ ¨ ¸�+�,�- )�.�/�0 ��1�2 «�3 ¦�4 � p�5 ¸ á ¥���6�7�¦ ¸�8 � � � ¼ ��90�: É ��;�<�= �?>A@ ��B 
�² � � � ¼ ¡�ù Â�C � ¼ � ��� Í���� ��¡�D " ��%� ¸ ±%E øA½�FAìAí%G �%	 ~��%
�� ¸IH%J Å%K 9 0�: É�L%M . 
���ª%N �%O N
½�J�ð���F ¨ � C�P ¸ á ª�N�~���ö â é�¸ Â 	 $ 
�� �#� � ¼ ¹ 1�Q���ìAí�·�Rö JAðA�A� ¡%S �UT � D · Â � � ¼ �Aì�í%V�ä%W�X ¹ ¥%Y ð%Z ö â ¸I[%\ ¥%� �¼�] ì�í�^ � . ¥���_a`cb ¬�d � � ¼�e M ]�)�*�f ¢�g

6.3.1 h�i�j�k�l�m�n�o�p�q�r�s�t
u�v � É Á�ý . ú�û�ä�W�¸�w�x�y v ¥�z ��� Â�C � ¼ Y � ��� ] � � ¼�{

� p− 1
® ¸�|�} X(1), · · · , X(p−1), ~ ø Ã�C � ¼ ¥�������� �'��� 
�� g á ;�<

Æ n È 9 0�: É�� ¸ E ø�� 
��
y = Xβ + e, E(e) = 0, Cov(e) = σ2I, (6.3.1)

²�³
y } n× 1 9 0'��¼ ¸ X } n× p

]���������)�� g E ø�� v X
]�� ¥ ���

�'� } 1.u%�%E ø � É 8 � � � ¼ ìAí%^ � ¸��%� Æ 
%� (6.3.1)
&�¥%� Â%C � ¼ �%�%�

� ] � � ¼ ¸ ½�� u%� �%� Æ � p− q
® � � ¼ X(q), · · · , X(p−1), | X = (Xq

... Xt),

β′ = (β′
q

... β
′
t), � E ø�<�� ¥�®���
��

y = Xqβq + e, E(e) = 0, Cov(e) = σ2I, (6.3.2)

²�³ E ø�� v Xq

&���� Æ ô :�� ¸ Xq

.
Xt

ö�� � q, p− q
� ¸ βq

.
βt

ö��
� � q, p− q

® ����Ï : g
} f���) ¸ E ø�� 
�� (6.3.1) }�  
�� ¸¡+�� 
�� (6.3.2) }�ì 
�� g¡¢ § 6.1]�£ W�¤�¸ á   
���¦ ¸ ����¥ : β

]
LS - ) }

β̂ = (X ′X)−1X ′y, (6.3.3)

+ á ì 
���¦ ¸ βq

]
LS - ) }

β̃q = (X ′
qXq)

−1X ′
qy, (6.3.4)

Â β̂ ¹�¦ ª ] ö�§�¨ β̂′ = (β̂′
q

... β̂
′
t).©�ª

6.3.1
u��   
�� (6.3.1) « y�¸ �

(1) E(β̃q) = βq +Aβt,
²�³

A = (X ′
qXq)

−1X ′
qXt;

(2) Cov(β̂q) ≥ Cov(β̃q).
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²�³
(1) ¢ (6.3.4), <
E(β̃q) = (X ′

qXq)
−1X ′

qE(y) = (X ′
qXq)

−1X ′
q(Xq

... Xt)




βq

βt




= (I
... A)




βq

βt


 = βq +Aβt.

´ · (1) <�µ g
(2) ¶ É ö�§�· ��]�¸ · ��¹�º (

v ä 2.2.4), »

(X ′X)−1 =




X ′
qXq X ′

qXt

X ′
tXq X ′

tXt




−1

=




(X ′
qXq)

−1 +ADA′ −AD

−DA′ D


 , (6.3.5)

²�³
D = (X ′

t(I − PXq
)Xt)

−1. ¼'½
Cov(β̂) = Cov




β̂q

β̂t


 = σ2(X ′X)−1,

¾ < Cov(β̂q) = σ2((X ′
qXq)

−1 +ADA′).
±

Cov(β̃q) = σ2(X ′
qXq)

−1, ¿�À
Cov(β̂q)− Cov(β̃q) = σ2ADA′.

C } (X ′X)−1 > 0, ¿�À D > 0.
´ · Cov(β̂q)− Cov(β̃q) > 0. V�+ (2) <�µ g

Â ´�Á ¤ Ï : θ
] »�Â - ) θ̃, Ã f�Ä�� ½�� ¹ }�Å ¼ - ) 1�2�Æ N ¸�Ç � ä] ·�È f�É�Ä · � (mean square error matrix,

Y |�} MSEM).
v�Ê }

MSEM(θ̃) = E(θ̃ − θ)(θ̃ − θ)′.
N�Ë�Ì v ä 6.6.1 µ'Í f�Î ¸�Ï�<

MSEM(θ̃) = Cov(θ̃) + (Eθ̃ − θ)(Eθ̃ − θ)′. (6.3.6)

©�ª
6.3.2

u��   
�� (6.3.1) « y�¸ ��Ð Cov(β̂t) ≥ βtβ
′
t é�¸

MSEM(β̂q) ≥MSEM(β̃q).

²�³ Â - ) β̃q Ñ N (6.3.6), ¢ v ä 6.3.1 Ò <
MSEM(β̃q) = σ2(X ′

qXq)
−1 +Aβtβ

′
tA

′.
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µ�¶ � β̂q }�Ó Â - ) ¸ ¿�À

MSEM(β̂q) = σ2((X ′
qXq)

−1 +ADA′).

¼�C Cov(β̂t) = σ2D, Ô�Ð Cov(β̂t) ≥ βtβ
′
t é�¸ MSEM(β̂q) ≥ MSEM(β̃q).

v ä�<
µ g�Õ�Ö E ø�×�Ø�Ù � ¼ ì�í Â�C � ¼�]�/�0�] ��� gu���E ø�Ú /�0�Û x0

′ = (x0
′
q, x0

′
t) Â Ñ ] C � ¼ y0

]�Ü gÞÝ ¤
y0 = x0

′β + ε = x0
′
qβq + x0

′
tβt + ε, E(ε) = 0, Var(ε) = σ2, ε Ã e ½ ¦ Ë .

½ §5.3 ¤�¸ á   
��
Õ
¸ E ø N ŷ0 = x0

′β̂ ¹ } y0
]�/�0 ¸ /�0 Â Ä } z =

x0
′β̂−y0. + á ì 
%�

Õ
¸ N ỹ0 = x0

′
qβ̃q ¹ } y0

]%/%0 ¸ /%0 Â Ä } zq = x0
′
qβ̃q−y0.ß�à ¸�á�  
�� (6.3.1) « y�¸ � /�0 ŷ0 ·�Ó Â ] ¸�â E(z) = 0.

Õ�Ö £ W /�0 ÂÄ�]�ã�ä g©�ª
6.3.3

u��   
�� (6.3.1) « y�¸ �
(1) E(zq) = x0

′
qAβt − x0

′
tβt,
²�³

A = (X ′
qXq)

−1X ′
qXt;

(2) Var(z) ≥ Var(zq).²�³
(1) C E(y0) = x0

′
qβq + x0

′
tβt, ¢ v ä 6.3.1, Ò < (1).

(2) ¢ u�� ¸ ε Ã e ½ ¦ Ë�¸ Ô
Var(z) = σ2(1 + x0

′(X ′X)−1x0), Var(zq) = σ2(1 + x0
′
q(X

′
qXq)

−1x0
′
q).

å ¢ ¹�º (6.3.5), <
Var(z)−Var(zq) = σ2

(
x0

′
(

(X ′
qXq)

−1 +ADA′ −AD

−DA′ D

)
x0 − x0

′
q(X

′
qXq)

−1x0q

)

= σ2(x0
′
qADA

′x0q − 2x0
′
qADx0t + x0

′
tDx0t)

= σ2(A′x0q − x0t)
′D(A′x0q − x0t) ≥ 0. (6.3.7)

v ä�µ�æ g² ® v ä ]%�%ç%è � W%éêÍ�¸ ỹ0 ½A·%Ó Â /%0 g . - )%] 6%ë ç ( ¸ ² é ]�fÄ ½���2 ¼�/�0�] ¬�­ ¸ ´ ð�Ø�Ù /�0 È f�É�Ä (mean square error of prediction,Y |�} MSEP). ỹ0
]�/�0 È f�É�Ä�v�Ê }

MSEP(ỹ0) = E(ỹ0 − y0)2 = E(z2
q ) = Var(zq) + (E(zq))

2. (6.3.8)
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©�ª
6.3.4

u��   
�� (6.3.1) « y�¸ ��Ð Cov(β̂t) ≥ βtβ
′
t é�¸

MSEP(ŷ0) ≥MSEP(ỹ0).

²�³ ¢ ¹�º (6.3.8), <
MSEP(ŷ0) = Var(z).

¶ É u���è�ì ü v ä 6.3.1(1), »
(E(zq))

2 = (x0
′
qAβt − x0

′
tβt)

2 = (x0
′
qA− x0

′
t)βtβ

′
t(A

′x0q − x0t)

≤ (x0
′
qA− x0

′
t)Cov(β̂t)(A

′x0q − x0t).

C } Cov(β̂t) = σ2D, í�î N (6.3.7), <
(E(zq))

2 ≤ Var(z)−Var(zq),

V�+ »
MSEP(ŷ0) = Var(z) ≥ Var(zq) + (E(zq))

2 = MSEP(ỹ0).v ä�µ�æ gï X�¸ E ø » B
Õ � W ¨

(1) â�ð�  
�� « y�¸���� ç�ñ ö � � ¼ Æ � ¸���ð�<�ò�ó ]�ô�ñ ö � � ¼�]����¥ :�] LS - )�]�f�Ä�õ ��¸ ± P é ] - )�ç�ö } »�Â - ) g á�÷���� ] � �¼ Â�C � ¼ ����� ��¸ � ��ð�<�ò�ó ]�ô�ñ ö � � ¼�] ����¥ :�] LS - )�] 1�2ø�ù g
(2) Ð   
�� « y�é�¸ N ì 
�� ¹ /�0 ¸ /�0�ç�ö · »�Â ] ¸ ±�/�0 Â Ä�]�fÄ%õ � g á%÷��%� ] � � ¼ Â%C � ¼ �%��� ��¸ � �%��ú ² � � ¼ � ��ð%< /%0�]

1�2 ø�ù g
C%P ¸ á Ñ N �û� ö âAã ¿Aä�åAæ�çAè�éA¸�Ó�WA·�V ����¥ :�] - )%ü 2%ý�¸þ ·%V /%0%]%ü 2%ýA¸ Â ô � Ã%C � ¼ Ë ¥ ½A·AÍ%ÿ%��� ´���� (

N
Cov(β̂t) ≥ βtβ

′
t

×���� )
] � � ¼ V 
��'& ����G�· »�î ] g¡»�Æ X

Ö ] ² � ç�ö�ã�£ W�¸
Õ�Ö E

ø�[�\#� � ¼ ì�í ]���� ^ ��g
6.3.2 	�h�i�j�k�
��
� )�
�� V : É Ã 
�� ]�� ����� ¸ /�0 1�2���½ Ê ü 2���� ø � Æ�� � �� � � ¼%] ìAí%^ � ¸ ~ ø%G�· Â'�û� � � ¼�] ¿�» ½ Ê e M 	���� � ¸ à � V &� � ç�� `cb�� d ] ¸�,���ÿ � : ì�í�^ � ·�� ´�� Ä���f�.�] g
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1.
� È � Ä���f�. ^ � (RMSq)� Ä���f�.

SSe

] ÿ������ Æ : É Ã 
�� ]�� �� 2�¸ SSe !���¸ � � <�!" g$# ` SSe !���! " d Ì ½�� ¹ } ��� � � ¼�] ì�í�^ � ¸ C } ~�%�&�'   ñ �� ¼�] $�ì g)( å�X�¸ á ì 
�� (6.3.2)

Õ
¸ � Ä���f�. }

SSeq = ‖y −Xqβ̃q‖2 = y′(I − PXq
)y.

B 
 á ì 
%� (6.3.2)
& å�* F ç�� � ¼ ¸ � Â Ñ ]���)%� } Xq+1 = (Xq

... b), � �Ä���f�. }
SSeq+1 = y′(I − PXq+1)y.

î N�ö�§�· � _ ¸�¹�º (
v ä 2.2.4), ½���µ'Í PXq+1 ≥ PXq

, Ô SSeq+1 ≤ SSeq .

} Æ,+,- ì,.,/ � ] � � ¼ ¸ ç � ô,0 ] ¹ Î · á � Ä,� f . SSeq X,1 F
Â * F � ¼�]�2�3 C e g � È � Ä���f�. RMSq

D�4�» & ç�5�6)� È � Ä���f�.
RMSq

v�Ê }
RMSq =

SSeq

n− q , (6.3.9)

7�8
q }�ì 
�� (6.3.2)

��)��
Xq

]���: g å�æ�X RMSq

D�4 ì 
�� (6.3.2)

Õ É
Ä%f%Ä%]

LS - ) g�C e (n− q)−1 9 � � ¼%]��%: * F%+ � ÿ 6 ~ ��: ÆAÂ � ¼��:�] * F ¿�; F ]�2�3 g ¢ RMSq ^ � 6=< ` RMSq !���! " d ì�í#� � ¼�e M g
2. Cp ^ �
Cp ^ � 4 � ´ C.L.Mallows[80],[81]

ø � ] Cp

� )�¼�6 ~ 4 V /�0�] 9 Û ���ø � ] g�Â ´ ì 
�� (6.3.2), Cp

� )�¼�v�Ê }
Cp =

SSeq

σ̂2
− (n− 2q), (6.3.10)

7�8
SSeq }�ì 
�� (6.3.2)

Õ ] � Ä���f�.�6
σ̂2 }�  
�� (6.3.1)

Õ
σ2
]

LS -)�6
q }�ì 
�� (6.3.2)

��)��
Xq

]���: g�¢ Cp ^ � 6)< `
Cp !���! " d ì�í

� � ¼�e M g
; < � ) ¼ (6.3.10)

]?> Î B
Õ ¨ B 
?@ N ì 
%� (6.3.2),

ô?A E ø N ỹ = Xqβ̃qã /�0
y = Xβ + e, �

d = E(ỹ −E(y))′(ỹ − E(y))

2 ¼ Æ 7���/�0�] ��� g�¶ É�B�C ��_�D�E ¹�º (
v ä 3.2.1) Ï�<

d = qσ2 + β′
tD

−1βt,7�8
D
]�v�Ê Ê

(6.3.5)
º�6 â D−1 = X ′

t(I − PXq
)Xt. F

Γq =
d

σ2
= q +

β′
tD

−1βt

σ2
,
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� Γq

4�@ N ì 
�� (6.3.2) é 6 á n
��G ý Û�/�0 ��� ]�ç���H 2 ¼�6 ~�I�J�Æ

ì 
�� (6.3.2)
]�"�K g�¼�C

E
(SSeq

σ2

)
= (n− q) +

β′
tD

−1βt

σ2
,

´ 4
Γq =

E(SSeq)

σ2
− (n− 2q), (6.3.11)

á
(6.3.11)

& N
SSeq =�L E(SSeq),

N
σ2
á   
��

Õ ] - ) σ̂2 =�L σ2,
� <��

(6.3.10). ��0 6 Cp

� )�¼ 4�M } Γq

]�ç�� - )�N�O�] g
3. AIC ^ �P ÿ Ì à?Q ä 4 � )?
 & - ) Ï : ]%ç ��R ð ] f%Î g Akaike þ P f Î F À?S« 6 ø � ç � � } ç ö ] 
 � ìAí ^ � 6 �%} Akaike T?U?V ^ � (Akaike information

criterion,
Y |�} AIC).

Â ´ ç�ö�] � ) 
�� 6�� Y1, · · · , Yn } ç È (�W 6 B 
 ~ ø�X�V�8 � � k
�

Ï :�] 
�� 6 Â Ñ ] Ì à)Y :�] b ÿ Ü |�} Lk(Y1, · · · , Yn), � AIC ^ � 4 ì�í�ð
AIC

� ) V
AIC = lnLk(Y1, · · · , Yn)− k (6.3.12)Z � b ÿ ] 
�� g

Õ�Ö E ø�þ P ^ � Ñ N ´ ��� 
�� � � V ] ì�í gá ì 
�� (6.3.2)
& 6�u���É�Ä

e ∼ N(0, σ2I), � βq

.
σ2
] Ì à�Y : }

L(βq, σ
2|y) = (2πσ2)−n/2exp

(
− 1

2σ2
‖y −Xqβq‖2

)
. (6.3.13)

[ Ï _ < βq

.
σ2
] P ÿ Ì à - ) ö�� }

β̃q = (X ′
qXq)

−1X ′
qy, σ̃2

q =
SSeq

n
=
y′(I −Xq(X

′
qXq)

−1X ′
q)y

n
,

=�$ (6.3.13), <�� Â : Ì à�Y :�] b ÿ Ü
lnL(β̃q , σ̃

2
q |y) =

(
ln
( n

2π

)n/2

− n

2

)
− n

2
ln(SSeq).

\ ã Ã q Ó�Ë ]���6)<�] (6.3.12)
º <��

AIC = −n
2

ln(SSeq)− q.

<
AIC ^ � 6�E ø�ì�í�ð�X º Z � b ÿ ] 
�� g ��^�Z 6 ��.

AIC = n ln(SSeq) + 2q. (6.3.14)
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´ 4 6 b �

AIC ^ ��� � } ¨ ì�í�ð (6.3.14)
Z � b � ] � � V e M g

� Æ%À X%[%\ ]�_%� � V ìAí�^ � 5 6 þ »�� � ^ ��g 5 B /�0 Â Ä%]�f%Ä ^� 6`� È /�0 È f�É�Ä ^ � 6 PRESS ^ � � 6 á P�a ç�ç [�\ 6`b�c�£ W�� Ï�Ð
Ñ�Ò [28]

��_�d ge
6.3.1 Hald f�g ç�è

Ø�h � B
Õ�i ��j�
 K ö�¨

x1

¨
3CaO·Al2O3

] � V (%),

x2

¨
3CaO·SiO2

] � V (%),

x3

¨
4CaO·Al2O3·Fe2O3

] � V (%),

x4

¨
2CaO·SiO2

] � V (%)] 8 � f�g 6lk�ç�m ¿�n�o ]�p V Y q 7
i � K ö�� V Æ�r ]�s ¥ 6 { » 13 t :u�6�� á�v

6.3.1
& g w

6.3.1 Hald xzyz{z|z}z~
�z�

x1 x2 x3 x4 y

1 7 26 6 60 78.5

2 1 29 15 52 74.3

3 11 56 8 20 104.3

4 11 31 8 47 87.6

5 7 52 6 33 95.9

6 11 55 9 22 109.2

7 3 71 17 6 102.7

8 1 31 22 44 72.5

9 2 54 18 22 93.1

10 21 47 4 26 115.9

11 1 40 23 34 83.8

12 11 66 9 12 113.3

13 10 68 8 12 109.4

P ç�è »
i � � � V 6 { » 15

� a�� ] � � V e M g 7 15
� � V e M ] LS

- )%. RMSq , Cp

ü
AIC

Ü%� á�v
6.3.2

& g V v 6.3.1 � À ý�� 6 e M {x1, x2, x4}� Ñ ] RMSq

.
AIC

Ü G Z � b � (
v &�N�� ��� v��

), C�P á " » � ]�� F�Ø
Ù 6 á RMSq ^ � � AIC ^ �

Õ 6 b�� e M ��� }
y = 71.648 + 1.452x1 + 0.416x2 − 0.237x4.

# e M {x1, x2}
� Ñ ] Cp

Ü 4 ¿�» Cp

Ü & b � ] (
v & N�� ��� v��

),
´ 4 á
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<
Cp ^ � ì�í#� � V e M 6 b�� e M ��� }

y = 52.577 + 1.468x1 + 0.662x2.

��0 6 á a�� ] ì�í#� � V ^ �
Õ 6 q Æ ¦ Ñ ] “

b�� d � � V e M�� a���¦���g��� � {x1, x2}
� Ñ ] RMSq

� � � � 6 ¿�À 6 ï ��� ×�ý 6 {x1, x2}
4 b���� @N ]�e M g w

6.3.2 Hald xzyz{z|z�z} LS �z�z� RMSq, Cp � AIC �
���z��¯�¬�­�® β0 β1 β2 β3 β4 RMSq Cp AIC

x1 81.479 1.869 115.0264 202.55 95.9950

x1x2 52.577 1.468 0.662 5.7904 2.68 58.0033

x2 57.424 0.789 82.3942 142.49 91.6535

x2x3 72.075 0.731 −1.008 41.5443 62.44 83.6205

x1x2x3 48.194 1.696 0.657 0.250 5.3456 3.04 57.7252

x1x3 72.349 2.312 0.494 122.7073 198.10 97.7001

x3 110.203 −1.256 176.3029 315.16 102.9394

x3x4 131.282 −1.200 −0.724 17.5738 22.37 72.4360

x1x3x4 111.684 1.052 −0.410 −0.643 8.2017 3.50 63.2900

x1x2x3x4 62.405 1.551 0.510 0.102 −0.144 5.9829 5.00 59.8197

x2x3x4 203.642 −0.923 −1.448 −1.557 5.6485 7.34 58.4417

x2x4 94.160 0.311 −0.457 86.8880 138.23 93.2127

x1x2x4 71.648 1.452 0.416 −0.237 5.3303 3.02 57.6879

x1x4 103.097 1.440 −0.614 7.4762 5.50 61.3251

x4 117.568 −0.738 80.8515 138.73 91.4078

b � E ø � �û� � � V���� & ]�)%*���� M ç�Û%] é'Í 6 a�� b�c%£ W (
b�c

]%£ W%��������� [28]). ½ X%�%¤ 6 Ó%W�� ç%� � V���� ^ � G���� � a�� ] � �V e M 	���� � 6 ��� )%* � � Ñ ] �û��¥ :�] - )%. � Ä��%f�.�6 ¿�À )�* V��  ÿ 6 +�, É�Ä�¡�¢ � 4 ç�� a [�£�¤�]���� g C�P 6 ��)�ç�� ��¥ ]�)�*�¦�§�.»�¨ ]%*%Î �   J�� g !�© 6«ª�¬ Ý®­ ø ��¯�° � )%* ¿%»�±�² e M ��� ] »�¨�³Î�6®� ��´�µ Z�¶�·�¯¹¸»º V�����¼ ]�½ ³ ��� g 7�¾ ³ Î�] � W f�Î 4 6»¿�½ ³¿�»�±�² e M � ��À 6 ð�Á
Õ ç x�� ½ ³ ]�e M � ��Â�Ã ç x ]�e�Ä � ��Å�¦ Äç�� ¸»º V 6)Æ ¿�Ç ]�½ ³�È 4�É�Ê�Ë ³ (sweep operator) Ì Gauss Í�Î Î�Ï

��¯�Ð�/ ½ ³�¿�»�±�²�Ñ ÄÓÒ`Ô�Õ�Ö�× � Ñ ÄÓÒ`Ô�Ø�Ù�Î�Ú�6 þ » ç�¾ a ½³�¿�»�±�²�Ñ ÄÓÒ`Ô�Ø º V�����³ Î�6)Û ¼ Ñ Ç�Ü�� Ø 4 ¿�Ý Ø�Þ�ß�àÓÒ`Ô�Î�ÏÞ�ß�à�ÒáÔ%Î�Ø � W�â > 4 6 % º V ç���ç���ã�ä�6åã�ä º V Ø�è%ì 4 Û Â ÒáÔ��
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Ù Â�­�ð�ñ 4 ß�ò Ø�Ï ��À 6»k�ã�ä�ç���ó º V 6»��ô®ä ��õ à�Ø�ö º V Þ���÷��ð�ñ 6 %�­�ð�ñ�ø�ù�a�ú ò Ø º V�û�ü 6«ý�þ�ÿ�� Á ¸»º V�Ñ Ä ¼ k�� º V�È 4 úò Ø�6������ ­���	 ß�
�� a�²�� ã�ä�ó º�
 ù�� Ï���Ù���Ø�b�c���� ± �������
[14], p.127.

§6.4 �������
¿ Ã���������� ¬���� ¯��� Ò®Ô õ à�Ø LS ! ½�" ð�ñ ��� ��# ÷�$�%�&��� À��'� ¬�( õ à�) ¯�* ¾�+�, � Û ¼ ×�- � Ø�. Gauss-Markov

+�, �'/ +�0 õà�1�2
ei 3�4�5�6�7�8�9 (1) Var(ei) = σ2( : Ù�2 ); (2) Cov(ei, ej) = 0, i 6= j( ;<�=

). >�À�� ¬�?�+�, ei @�A�B�C�D�E �F/ ei ∼ N(0, σ2).
ª�¬ ¸HG�I�J � ¿ * �K�L Ø�M�N �O#�> ¯�*�P�Q�R�S�T �OU�V�W�X���Y Ø Q�R�Z�[ % 3�4�\ ¾�+�, � \]�.�ÒáÔ�^�_ ¼ I�`�a Ø�b * � J�c Ï�d ù \ ¾�+�, È . =�e 1�2�f�Ø � ��ý�g ¸

G ��Y I�A�D�h�i Y Ø ! ½ 
 ( j 2 )
Ø�k�l�m ¶�· Ï B . \ ��n�d � \�opDrq's¿�t�u ¼wv�x�ù�j 2 D�h ÏÒ`Ôp^p_p� Ip`pa Øpy * �pz IpJpc � .p{p|p(p}p~p�p_ ( �p! ~ Ìp�p�p: )

>�Ü�� Ø�����Ø Q�R � \ V Ø Q�R x�ù�� ������Ï���ÒáÔ D�h�� � d�� 
 Y
Ø����

yi

K >p�p�  ����� � 
 X1, · · · , Xp−1

Øp�p�
x′i = (xi1, · · · , xi p−1)(i = 1, · · · , n)

vp� .p� >p�p� �p��Øp� � Ø n � Ï �pYp�p�p�p� QpR (x′i, yi)
(p�p�p� Q Ø !~ > * 0�Ø���� �O� \�� ��� ;�� � ��� \ V��O��Y�  ��Ø�¡ ñ ÒáÔ�Ù���] K > *0�Ø�¢�0  Ï ; G Ø�£ �O��¤ ��¥ *�¦ � Q�R ( ! ~ >�§�¨�� Ø���� �O��Y�û�ü \© Q�R�S�T � ]�ª   ��«�n�m�2 § g � Ø�¡ ñ ÒáÔ�Ù�� � \ V���Y ] >�¬�­w®�¯ �°p±�Øp¡ ñ Ò`Ô�Ùp�p.p²p³ Bp´ &pµpdp� 
 «p¶ � � 
pSp· Øp¸p¹pºp��Ø <p»p=¼ Ï B . \ ��n�d �O��Y ��)�Ò®Ô D�h�½ �O>�¾ I W�X���� Q�R (�� Q ! ~�Ø����

��¿ Ï \�o�Drqws ��Ò®Ô�^�_ � } x�ù ��� D�h Ïy�Ú � ��À   Ø *�P�Q�Rr� � *�Á ������>�Â 
 Ø Q�R ;�Ã N õ à�Ø�+�, � \
��Q�R ]�.�� Ý Ø §�¨ ��ÏO��Ò®Ô D�h Ø�Ä�Å�Æ�Ç � �O��È�É ¥ �OÊ 0�Ë ð�ñ�§�¨� v .rÌwÍ�^�_�Ø�z Irqws�Î�5 ����Y ] \�Ï�Ð ��Ñ qws�D ¥���� Î

6.4.1 Ò�Ó�Ô�Ò�Ó�Õ
W�Ö �� ÌwÍ õ à

y = Xβ + e, E(e) = 0, Cov(e) = σ2I. (6.4.1)

�
§4.1 ��Y ôw¡�0�×

ê = y − ŷ = y −Xβ̂
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ù�j 2�Û 
 ��Ü � ŷ = Xβ̂, x�ù�Ý N���Û 
 � β̂ = (X ′X)−1X ′y ù β
� õ à (6.4.1)

5 Ñ LS ! ~ Î ��¤ Ç x′1, · · · , x′n Þ�ß X Ñ n
��$rÛ 
 ��à

êi = yi − x′iβ̂ (6.4.2)

ù b i á�â�ñ�ã ¹ ��Ñ�j 2 Î ��Y�ä êi å�æ 1�2 ei Ñ * á ¹ � � �ç��¤�õ�è (6.4.1)

B�é Ñ £ � i Æ�ê K > ei Ñ * ©  �ë�Î d�� �ì��Y�� ý�í�� \ © êi

ý�" Z e i Y
Ñ * © }�~ 
 m W�X�õ�è +�, Ñ N ¬  �Î ê Ñ  �î � Í�ï ù ý 5 0 ¬ Îð�ñ

6.4.1 (1) E(ê) = 0,Cov(ê) = σ2(I − PX);

(2) � e ∼ N(0, σ2I), à ê ∼ N(0, σ2(I − PX));

(3) Cov(ŷ, ê) = 0;

(4) 1′ê = 0.ò�ó � �� ÌwÍ õ�è ,�~�ô Ñ�õ�ö  � » §4.1 > =�÷ ¬�� %�&  �î�ø ÿ Î
A ÷ ¬ 6.4.1 �pY å � Var(êi) = σ2(1 − pii), \pù pii ù PX Ñ b i

�p-p(pk
ú Î ��û \ � Ð 2�«�d�� 
 Y Ñ l 
�ü�ý ý�" pii > = � d���
�þrÿ�� j 2 êi

.
;�����Ñ Î ù ��� Ü���������  �

êi

σ
√

1− pii
, i = 1, · · · , n.

��Ü � σ
��� � Ç Ü�! ~ σ̂ = (‖y −Xβ̂‖2/(n− p))1/2 	�
 �'  ��������
 ��j 2

ri =
êi

σ̂
√

1− pii
, i = 1, · · · , n. (6.4.3)

\�ù���I ò�ó Ñ . � /�� � e ∼ N(0, σ2I) Ñ 7�8�5 � ri Ñ D�E���G ÿ������ ���¶
ri � � ;�� ± Î � .���Æ�Ç�% � ý������ ø�ù ri

<�� � ± � @�A N(0, 1)( ����p�p���ptpu
[59]). 5 � I�� Ñpj 2� p]p.p- I » Rp\ ��!pÄ�÷p$ õpè +p,pN ¬

 ^�_ Î
ü µ�% ����Y#"#$�Ñ ¦�� j 2�% � ? >�& ��A ;�' k�l#(�) Ñ�j 2 Ñ ÷ × �+*

������j 2 ��; <�= j 2 �-,�j 2 : Î >�.�/�Ñ�0�1�� ����t�u [28], p.95.�#� j 2# �]�.�ý#2 � j 2 ù�3�4#��� ý#5 È�Ü i Ñ 
 ù�6#4���Ñ�7 �� Î98
� ôw¡�:�) j 2 æ ù 1�2 ei Ñ ¹ X � ã�! ~�Æ�ê�« ei

< 2 ;�;���<�= R j 2� Ñ
�#>  �ë .�²�«�Æ >�Ñ  �î < * >�� ] � ý�(�+�, e ∼ (0, σ2I) Ñ N ¬  (#? * ©
>�@�Ñ�A�B Î 5 ����Y�C ]�ý Ý N�� ŷi D 6�4���� ��
 ��j 2 ri D 3�4���Ñ�j 2 D * ��� j 2� Ñ K�L Æ�Ç Î 

6.4.1
]�.�ý Ý N�� ŷi D 6�4���� ��
 ��j 2 ri D 3�4���Ñ�j 2� Î ��¤

e ∼ N(0, σ2I) E ± �F= R�8 ��Ñ ��� � ri
��� � @�A N(0, 1), � ��� <�� � ± �
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dp� \ © ri � ý���� åpæ m �FR L N(0, 1) Ñ * ��S ü �p�pV [pÎ = R ��� BpC
DpE Ñ  pî ����T Æ > 95% Ñ ri U � [−2, 2] � ���p> ÷ ¬ 6.4.1(3), Ŷ

« j 2 ê

; <�= � d � «���
 ��j 2 r′ = (r1, · · · , rn)
<�=  v g ¿ Î ��ý�� j 2� � � �

(ŷi, ri)(i = 1, · · · , n) ��> Æ U ��V�l D 4 Ñ�W�X�Y |ri| ≤ 2 Z�[ q �-��;�\ 5 È�Ñ]�^ � �  6.4.1(a), \�½�Q�R «�+�, e ∼ N(0, σ2I) _�>�; * >�Ñ�`�a�� ��Y ] �b�c D +�, e ∼ N(0, σ2I) Z�[ %�.�N ¬�Ñ Î �  6.4.1(b)∼(d) d ß )�µ : Ð 2 �
/ Var(ei) = σ2(i = 1, · · · , n) ; 3�4 � Ü �  (b) d ß µ�1�2 � ŷi Ñ�e���>�e�f�Ñ]�^ Î �  (c) g�d ß Ñ�h�i B�j <�k ��/ 1p2 Ð 2 � ŷi Ñ�ep�p��lp¿p��� .� 
(d) d ß (�� ��ã � ¿�Ñ ŷi,

1�2 Ð 2 ,�¿�� � ( � :���¿�Ñ ŷi,
1�2 Ð 2 ,�� Î  

(e)
Ë

(f) Þnm ÌwÍ�o Q ��� .�p �� Ñ��ìã 1�2 ei S�· > * ÷�<�=  ã�q�r µ *s ã�& s z I Ñ ÌwÍ � � 
�ÎOa�t�u e È � h�v�� ? ��æ�w�*#x Ñ ^�_ ÎO\���*��y{z ë�| ����} 
 e & � ;�'�Ñ y{~�� | Ñ�h�v B .rÌwÍ�^�_ Ñ�����g � � � K�L� ¬ ½ � Ë���
�� � * V��-��� ¡���.�p ¨ z I Ñ Î

�
6.4.1

D µ A ;�'�Ñ k�l D�h j 2 �O��Y�� b ) Ü i�* © j 2� Î *����O��¤ d�� 
.#� ½�· ¹ X�Ñ����#� y1, · · · , yn Þ�ß µ D ¥�� ½#� t1, · · · , tn Ñ d�� 
 ¹ � � �Hà
��Y�� b � ½�· t ã ¹ X���� D 6�4����F��� (ti, ri) ã (i, ri) Ñ�j 2� ÎF��� ���
��Y�v�� b ��2 s � ��� Xi æ�D 6�4�� Î ;�'�Ñ�j 2� ��� A ;�' k�l�(�? * ©



§6.4 N�OÙØÙÚ · 167 ·

> Ç Ñ�A�B Î
A j 2� �^�_�)�m Ñ�����Ñ y{~�� | �'v ]�.�2 © +�, 7�8 ;�E ± �'��Y ] �

I ( J�c y ( z 5#�#| Î ��¤�> z ë ����Y�®�¯ d��#� Y
( � �#� Ñ »#� ;�C#C .

�� =�¼ ���#����Y ] � b W�Ö �rÌwÍ � ��� � e�f 2 © � ��� Ñ#��á f �O� X2
1 ,

ã X2
2 ã#��� f X1X2 : Î+� e e#�#� © �#� Ñ#��á f�Ë � © ��� Ñ���� f \ ] �

I í���(�Ä�Å J�c Ñ D�h Ë�Ä�Å�~�� � å Ü Ä�Å�  ¤��I¡�e�f���á f X2
1 , X2

2

Ë �
� f X1X2, � b í���¢ w�£ ��� Z1 = X2

1 , Z2 = X2
2 , Z3 = X1X2, ä J�c ��E �� ÌwÍ i�¤ Î ��¤�j 2� d ß µ�1�2 Ð 2 ; < :��O��Y�� b > ¦�� ��¥ Ð#¦�Î Ü * .(�d��#��)��#§ �+��  �#§ T Ñ £ ��� K > ��� < :�Ñ Ð 2 Î+¨�G � ¬�© % > * ©n à���ª�« (

����t�u
[28], p.122), � ��Ä�Å�Æ�Ç � ?�. I�¬ ( K�L h�v�Ñ D�h �(#) * © �#­#®�Ñ �#§ � G�T í#��Ä�Å�~���ÿ��#¯ Y�Ñ ¸�¹�  ¤ Î y *���Ð�° .�ÆÇ f�± LS ! ~ Î =�e f�± LS ! ~ � b�²�³n´w¡�µ © ��µ � \���Ð�° Ñ���� S �� e ±�¶�¶ .���� Ñ�� ��I , °�· ) ! ~ Î ��¤ .� (e)

Ë
(f) Ñ�h�i�� Æ�ê�¸ �

D�h Ä�Å J�c � â {�¹ � ��¥ Ð�¦�Î õ ¥ � > *�� d���� Ñ ��§ � i . A�º N�k�l
W�Ö ( / I�» (�d�������§�� S�T � £ Ñ d���� =�e ¶ � ��� K > �� <�»�=�¼ �
� 1�2 @�A�B�C � : Ð 2 � <�� � ± : )

(#) Ñ *�� ”
�#¥ Ð#¦ ”,

��Ä�Å�Æ�Ç �  
¤ ÿ�� j � \ ]�.�¼�½ Ñ Box-Cox

��§ � \ ��� 5�* � µ © Î¾
6.4.1 *#¿#À#D µ `�a }#Á�Ñ#Â#Ã#Ä#Å#ÆÈÇ#}#Á�Ñ#Ã#É#h#v w#Ê µ#Ë�| Î,

Y Þpß 2�� Z ê }�ÁpÑ�Ì�Í�Î�Ï�ÐÒÑ � ( üpýp9 ú ), X Þpß Ì�Í�Î�Ï�Ó�Ô ( ü
ý�9 ú ). Þ 6.4.1 Õ�Ö µ 53

s Ì�Í�Ñ Q�R�Î Æ�Ç�× ¿���Ø ° Æ »   Y Ç X Ñ�Ù ú¡��rÌwÍ Ð�Ú�D
Ŷ = −0.8313 + 0.003683X.

< Æ Ñ�j�Û êi

Ë Ý N�� ŷi v�Ü � Þ 6.4.1 � Æ  6.4.2 Ý b ŷi D 6�Þ�Æ j�Û êi D
3�Þ�Ñ�j�Û  Îàß ¹�á s�ø�å ) ÆOj�Û  A�â Û�ã�ä�å 7�æ�\#q�ç ë Æ \ Ý#è�Û Ð
Û�é�ê�ë�Ñ�Ù s `�a Î W�Ö�Ç d���� Y æ ��§ Æ-ì�â ��§ Z = Y 1/2,  �í ¡��rÌÍ Ð�Ú

Ẑ = 0.5822 + 0.000953X.

~#� £ Ñ#î#Û ẽi, £ Ñ#î#Û  D 6.4.3, ï  6.4.3 å ) Æ+î#Û  ð´òñ#5 È m d ]#^ Æó Þnm�ô�õ g Ç Ñ ��§ Ý�ö���Ñ Î ×�÷  �í�Ñ ¡��rÌwÍ Ð�Ú�D
Ŷ = Ẑ2 = (0.5822 + 0.000953X)2 = 0.3390 + 0.001X + 0.00000091X2.
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�
6.4.2

�
6.4.3

ù
6.4.1 úIûIüIýIþIÿ����

i X( � ) Y( � ) ŷi êi Z =
√

Y ẑ′i ẽi

1 679 0.790 1.669 −0.879 0.889 1.229 −0.340

2 292 0.440 0.244 0.196 0.663 0.860 −0.197

3 1012 0.560 2.896 −2.336 0.748 1.547 −0.798

4 493 0.790 0.984 −0.194 0.889 1.052 −0.163

5 582 2.700 1.312 1.388 1.643 1.137 0.506

6 1156 3.640 3.426 0.214 1.908 1.684 0.224

7 997 4.730 2.840 1.890 2.175 1.532 0.643

8 2189 9.500 7.230 2.270 3.082 2.668 0.414

9 1097 5.340 3.209 2.131 2.311 1.628 0.683

10 2078 6.850 6.822 0.028 2.617 2.562 0.055

11 1818 5.840 5.864 −0.024 2.417 2.315 0.102

12 1700 5.210 5.430 −0.220 2.283 2.202 0.080

13 747 3.250 1.920 1.330 1.803 1.294 0.509

14 2030 4.430 6.645 −2.215 2.105 2.517 −0.412

15 1643 3.160 5.220 −2.060 1.778 2.148 −0.370

16 414 0.550 0.693 −0.193 0.707 0.977 −0.270

17 354 0.170 0.472 −0.302 0.412 0.920 −0.507

18 1276 1.880 3.868 −1.988 1.371 1.798 −0.427

19 745 0.770 1.912 −1.142 0.877 1.292 −0.415

20 435 1.390 0.771 0.619 1.179 0.997 0.182

21 540 0.560 1.157 −0.597 0.748 1.097 −0.348

22 874 1.560 2.388 −0.828 1.249 1.415 −0.166

23 1543 5.280 4.851 0.429 2.298 2.052 0.245

24 1029 0.640 2.958 −2.318 0.800 1.563 −0.763

25 710 4.000 1.784 2.216 2.000 1.259 0.741

26 1434 0.310 4.450 −4.140 0.557 1.949 −1.392
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���
i X( � ) Y( � ) ŷi êi Z =

√

Y ẑ′i ẽi

27 837 4.200 2.251 1.949 2.049 1.380 0.670

28 1255 2.630 3.791 −1.161 1.622 1.778 −0.156

29 1748 4.880 5.606 −0.726 2.209 2.248 −0.039

30 1381 3.480 4.255 −0.775 1.865 1.898 −0.033

31 1428 7.580 4.428 3.152 2.753 1.943 0.810

32 1777 4.990 5.713 −0.723 2.234 2.275 −0.042

33 370 0.590 0.531 0.059 0.768 0.935 −0.167

34 2316 8.190 7.698 0.492 2.862 2.789 0.073

35 1130 4.790 3.330 1.460 2.189 1.659 0.530

36 463 0.510 0.874 −0.364 0.714 1.023 −0.309

37 770 1.740 2.004 −0.264 1.319 1.316 0.003

38 724 4.100 1.835 2.265 2.025 1.272 0.753

39 808 3.940 2.144 1.796 1.985 1.352 0.633

40 790 0.960 2.078 −1.118 0.980 1.335 −0.355

41 783 3.290 2.052 1.238 1.814 1.328 0.486

42 406 0.440 0.664 −0.224 0.663 0.969 −0.306

43 1242 3.240 3.743 −0.503 1.800 1.766 0.034

44 658 2.140 1.592 0.548 1.463 1.209 0.254

45 1746 5.710 5.599 0.111 2.390 2.246 0.144

46 468 0.640 0.892 −0.252 0.800 1.028 −0.228

47 1114 1.900 3.271 −1.371 1.378 1.644 −0.265

48 413 0.510 0.690 −0.180 0.714 0.976 −0.262

49 1787 8.330 5.750 2.580 2.886 2.285 0.601

50 3560 14.940 12.280 2.660 3.865 3.974 −0.109

51 1495 5.110 4.675 0.435 2.261 2.007 0.254

52 2221 3.850 7.348 −3.498 1.962 2.699 −0.736

53 1526 3.930 4.789 −0.859 1.982 2.036 −0.054

6.4.2 ����	�

�
�

ô�õ
µ © Ì'Í
�
� Ñ
��� s
�
� Æ��
�
��Ç
�
�pã
�
�
� �
�
�
�
�
 !�" D�# Æ ô�õ ì ¢ w Ù�$�Õ�� "&% y(i), X(i) ' e(i) (�)�*�+ ï y,X ' e ,.-�/

� i Ê ÷�0 í �21���3�4�5�" ï
6�798.:
;
< (6.4.1) -�/�� i =  �!�÷ Æ�>�? �
n− 1 =  �!�� 6�728.:�;�<�Õ�@

y(i) = X(i)β + e(i), E(e(i)) = 0, Cov(e(i)) = σ2In−1. (6.4.4)

ï�;�< (6.4.4) » í � β
�

LS ����Õ�@ β̂(i), A
β̂(i) = (X ′

(i)X(i))
−1X ′

(i)y(i). (6.4.5)

B�C�D Æ 1�� β̂ − β̂(i) E�F�G � i =  �! Ç28.:�H  ��� ��������I�"KJ�L Ý�Ù�M



· 170 · N�O�PRQ�S�TVU�W�X
1.Y Æ�é�Z�[�\ Y��2].^���������I Æ_[�Ý�`�a L���b�c� �Y�d�e� �" Cook f��Y�g Ý�h2,.i %�× @�j�k � Ù c�"

Cook f�� Y \�l�@
Di =

(β̂ − β̂(i))
′X ′X(β̂ − β̂(i))

pσ̂2
, i = 1, · · · , n, (6.4.6)

ó�m
σ̂2 = ‖y −Xβ̂‖2/(n − p).

ó�n
ô�õ

g�o�p�%� �Y
Di q�r�s � i =  �!�t 8

:�H  ��� ��������I G "�u�v \�w�x�y�z�M���{ Di

��| Z�}�~ "���
6.4.2

Di =
1

p

( pii

1− pii

)
r2i , i = 1, · · · , n, (6.4.7)

ó�m
pii @ 4�5 PX = X(X ′X)−1X ′ � � i M�� t������ ri ����� d î�� "��� �

A @ n× n
o���5��

u ' v ��@ n× 1
1.Y�"���%�� ë�~

(A− uv′)−1 = A−1 +
A−1uv′A−1

1− u′A−1v
,

�
(X ′

(i)X(i))
−1 = (X ′X − xix

′
i)

−1 = (X ′X)−1 +
(X ′X)−1xix

′
i(X

′X)−1

1− pii
, (6.4.8)

ó�m
x′i @ X

� � i � ����� ~�������� X ′y, � ��%

X ′y = X ′
(i)y(i) + yixi

p��
(6.4.5), ô�õ �

β̂ = β̂(i) + yi(X
′
(i)X(i))

−1xi −
(X ′X)−1xi(x

′
iβ̂)

1− pii
. (6.4.9)

�
(6.4.8) ��� xi,

0 í
(X ′

(i)X(i))
−1xi =

1

1− pii
(X ′X)−1xi.

��� ~���� (6.4.9),
��% î�� � \�l 0 í

β̂ − β̂(i) =
êi

1− pii
(X ′X)−1xi. (6.4.10)

��� (6.4.6), � ��% ��� d î�� � \�l � Z��2� G���� �� �¡�"
# \�w�¢�£ ô�õ ��¤ ��{ Cook f�� Y�¥���¦�§ � ï�¨�©  �!�� 6�728.:�;�<

��{�y ��� d�ª � ri, «�¬�­ ��5 PX

� � t�����g�o�p G �¯®�°�t�± z�M ® ¨�© �!�� 6�728.:�;�< (6.4.4) ²�����{ "
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¤
(6.4.7) , � / G
¶ i ·
¸ �
¹
º 1/p » � Cook f
� Y Di ¼ (
½
¾ �
¿

( � h2,.z�¿ ( @
Pi =

pii

1− pii
.

L � pii

��À�Á�Â�e� ���¹ @ pii Ã Y G � i =  �! xi Ä�Å�Æ ,.Ç x̄ = 1
n

∑n
i=1 xi��È�É�"Ê¹ # �Ê��Ë�� Pi r�s G � i =  �! xi

È�É h L� �!���Ì�Í�"ÊÎ�Ï z�¿ (
@ r2i . Ð�Ñ ���ÓÒ�Ô z�=  �!�È�É Å�Æ ,.Ç B Ì�� ��Õ t i � ��� d�ª ��Ö B ���×�Ø�L�°�Ù ��Ú ����Û�"ÜJ � � � x Cook f�� Y z�M %�p�Ý�Ù Ú ����Û���Þ�ß�à
� B�á�â ����¤ i %�� ��ã�ä�å ��� ��æ�ç�è�é�Î�Ù�"u�v�ê�ë�ì�í�î

5.2.1
�� �¡�t

Cook f�� Y Di

��à�����I x�y�ï�ð ½�ñ "ò.î
5.2.1 ó

(β̂ − β)′X ′X(β̂ − β)

pσ̂2
≤ Fp, n−p(α)

@�ô�ó�õ  β
��ö�÷ H  @ 1− α

ö�÷�ø�ù�"ú� ~�û�ü Ò�Ô�% β̂(i) ��ý β,
g�0 Ä

G Cook f�� Yþ"ú¹ # �úÿ Di = Fp, n−p(α), A * � ��� i =  �! -�/�� � β
� �

� β̂(i) � β̂ ��� Ä G β
��ö�÷ H  @ 1− α

ö�÷�ø�ù � ß���"���n���ê�ë�o�p�ìí [ ö�÷ H  �����I q���	 Di

����I�"
Di

t i ��ö�÷ H  �
���� * � � i =  !�������
���"
/ Cook f�� Y » � f�� ��
�� � ®�� ��� Ã�� y G�� c Ã Y���� � h L f��Y�"úî�Ò�� � ;�<���� � Ã�� y � Welsch-Kuh f�� Y�� � `�a  �!�t�� � ��� �� � � � y � AP f�� Y � � � � � j l���� y�� � y ��� ��� ] f�� Y�� ��� �]¯^���� - /���� ÷������� �! I � y  �÷��2] f�� Y�"�"�#VÏ » �%$�& � = ��� �'�( Ã Y�) � '�(�*�+� �, �.-0/ #¯ò [�1�2�3  �4�5 �6��m�ê ë�® z�z�7�8 #9

6.4.2 :�;�< Å ���=
6.4.2 ��>�?���
 < Å  21 M�@�A  �B�C�� hED X @�@�A  �F�G (

p�H @À�I
), Y

=�J�b�c :�;�K�L #NM�O���P������Óê�ë ��Q�R :�;�S F�G�T�d� ¸�H #
` a Ð 6 8&: y = α + βX + e, α U β

 
LS
� � *WV @ α̂ = 109.87 U

β̂ = −1.13, [ ��X�Æ 8.:�Ð�6�@ Ŷ = 109.87− 1.13X .
=

6.4.3 x�y G�Y = ���� 
� ¸�Z�[�f�� Y�# \

6.4.2 ]_^_`_a_b_cd_e
x y

d_e
x y

d_e
x y

d_e
x y

1 15 95 7 18 93 13 10 83 19 17 121

2 26 71 8 11 100 14 11 84 20 11 86

3 10 83 9 8 104 15 11 102 21 10 100

4 9 91 10 20 94 16 10 100

5 15 102 11 7 113 17 12 105

6 20 87 12 9 96 18 42 57
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� = 6.4.3 f�y � D18 = 0.6781 � � � Di D0g !� ���Î h L Di

à ¶ D18 h]0)�i�*�I�#&¹�j��k�
18 l ��� � z�M t 8.: � � '�( B !� ������&t�j�����êë�g ��m »�n�o #_p�Ò��_q�r�s�t����� �u�C ��v�� ����Ò�Ô � ��� A §�w «�� ,x ��{ #�® D ��§ ��� s�t���� D0y�z L�#
\

6.4.3 ]_^_`_a_b_c_{_|_}�~����d_e
êi ri pii Di ti

1 2.0310 0.1888 0.0479 0.0009 0.1839

2 −9.5721 −0.9444 0.1545 0.0815 0.9416

3 −15.6040 −0.8216 0.0628 0.0717 0.8143

4 −8.7309 −0.8216 0.0705 0.0256 0.8143

5 9.0310 0.8397 0.0479 0.0177 0.8329

6 −0.3341 −0.0315 0.0726 0.0000 0.0307

7 3.4120 0.3189 0.0580 0.0031 0.3112

8 2.5230 0.2357 0.0567 0.0017 0.2298

9 3.1420 0.2972 0.0799 0.0038 0.2899

10 6.6659 0.6280 0.0726 0.0154 0.6177

11 11.0151 1.0480 0.0908 0.0548 1.0508

12 −3.7309 −0.3511 0.0705 0.0047 0.3429

13 −15.6040 −1.4623 0.0628 0.0717 1.5108

14 −13.4770 −1.2588 0.0567 0.0476 1.2798

15 4.5230 0.4225 0.0567 0.0054 0.4131

16 1.3960 0.1308 0.0628 0.0006 0.1274

17 8.6500 0.8060 0.0521 0.0179 0.7982

18 −5.5403 −0.8515 0.6516 0.6781 0.8450

19 30.2850 2.8234 0.0531 0.2233 3.6071

20 −11.4770 −1.0720 0.0567 0.0345 1.0765

21 1.3960 0.1308 0.0628 0.0006 0.1274

g�� § � K y  � ��'�(�*�+ ¦ � $�&���r Ú '�(����� f������ ��� [ tE�
X����  Ú '�(����
Ò�� �
w ���
§ �
ä
å����
ä
å *�+�#������ �W����� rW�� ����� © O���# Ò Ô Ú '�(���� � ò [ Å�Æ���� ������B�C������ h L z P�O��
��� �Ó×�Ø���P���� i���y�z #Ó® D  ���� i���`�a�����  �  �������¡�¢ z P�£¤ � ����� p�¥�I Ú '�(�����t�� �  �'�(�� � Î�����^�£�Ù� X�ÆE¦0§ � ��#

6.4.3 ¨�©�ª�«�¬
¤ ¦0§ *�+ D � z�­ ��� (x′i, yi)

Ò�Ô�L� �ª � (êi

�
ri)
^ h L ­ ���� �ª

� !�� � ��®�¯�j�����°�±�²�Û�#�³�´�ê�ë�µ�¡���r�±�²�Û� z c�q Æ #° ��Z µ�¡���ê�ë�¶ «�·�¸�¹ ¦0§�º�» w�¼�°�Ò�u� �*�Y�½ ~�¾
yi = x′iβ + ei, ei ∼ N(0, σ2), i = 1, · · · , n, (6.4.11)
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��m
ei(i = 1, · · · , n) h�¿�À R #�Ò�Ô�� j ­ ��� (x′j , yj) � z�M ±�²�Û���×�Ø�L� ª ��Á � p�Â�! � ¹�° L� � à E(yj) � � G�Ã S�Ä�Å�� η, � Î E(yj) = x′jβ+ η.��n�g�Æ � G z�M x º�»





yi = x′iβ + ei, i 6= j,

yj = x′jβ + η + ej , ei ∼ N(0, σ2).
(6.4.12)

B
dj = (0, · · · , 0, 1, 0, · · · , 0)′,

� � z�M n ÇEÈ Y���L� �� j M ��É�° 1, h�Ê ��É°�Ë�#�� º�» (6.4.12)
¼ ¾�Ì�Í ½ ~
y = Xβ + djη + e, e ∼ N(0, σ2I), (6.4.13)

º�» (6.4.12) U (6.4.13)
¯�° � à Å���¸�¹ ¦Î§�º�» # � Ý Ù (x′j , yj)

® � ±�² Û �" 	 [ q Æ ¸�¹�Ï � H ¾ η = 0.°�Ð�Ñ y ���  �q Æ f�� Y��Óê�ë�u�v�� x�y�Å�� º�» (6.4.13) D.õ � β U η 
LS
� � #�*�V�B���P�� � ° β∗ U η∗. Ò�Ó � Ï � η = 0 ¾�R ¥�� β

 
LS
� �g � β̂ = (X ′X)−1X ′y.���

6.4.3
t � à Å���¸�¹ ¦0§�º�» (6.4.13), β U η

 
LS
� � *�V�°

β∗ = β̂(j), η∗ =
1

1− pjj
êj ,

� m
β̂(j)

° Ã � à Å���¸�¹ ¦Î§�º�» (6.4.11) y�z � j ­ ��� � � Ä  β
 

LS
�

� # pjj

°
PX

 ��
j Ô�� t������ êj

° � º�» (6.4.11)
Ñ y  �� j Ô ª � #��� Ò�Ó � d′jy = jj , d

′
jdj = 1.

B
X = (x1, · · · , xn)′,

®
X ′dj = xj . [ ��Õ��Ù l




β∗

η∗


 =







X ′

d′j


 (X dj)




−1


X ′

d′j


 y =




X ′X xj

x′j 1




−1


X ′y

yj


 ,

Õ ��*�Ö Ì�Í  �×�� }�~ ��p�� pjj = x′j(X
′X)−1xj , �




β∗

η∗


 =




(X ′X)−1 + 1
1−pjj

(X ′X)−1xjx
′
j(X

′X)−1 − 1
1−pjj

(X ′X)−1xj

− 1
1−pjj

x′j(X
′X)−1 1

1−pjj







X ′y

yj


 =




β̂ + 1
1−pjj

(X ′X)−1xjx
′
j β̂ − 1

1−pjj
(X ′X)−1xjyj

− 1
1−pjj

x′j β̂ + 1
1−pjj

yj



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=




β̂ − 1
1−pjj

(X ′X)−1xj êj

1
1−pjj

êj


 .

� Õ � }�~ (6.4.10), à � � � #� Ô Ù w
¢
£ ê
ë z�Ô Â�, �  �á
æ ¾ Ò
Ô
¹�T
Y� �� j Ô
Ñ�< à � � � à
Å�� �Ü×�Ø�¤ h i  � à Å��  ¦0§�º�» D � ¦0§�â �� LS

� ��ã " [ s q�º�»
D0y�z � j ­ ��� � � � ���� LS

� � #u v ê ë i ¢ Ù w 5.1.1, q ×�q Æ H ¾ η = 0
 f�� Y�# n�o Ä t�ä ¤� è�½ �¶�å�æ ��� η = 0 ��� º�» (6.4.13),

� Ä  �å�| º�» g ��º�» (6.4.11), [ �
SSHe = º�» (6.4.11)

 �ª ��ç���U = y′y − β̂′X ′y.

Î º�» (6.4.13)
 · å�æ�ª ��ç���U

SSe = y′y − β∗′X ′y − η∗d′jy. (6.4.14)

��¢�Ù w 5.1.1
�

SSHe − SSe = (β∗ − β̂)′X ′y + η∗d′jy

= − 1
1−pjj

êjx
′
j β̂ + 1

1−pjj
êjyj =

ê2
j

1−pjj
,

(6.4.15)

��m
êj = yi − x′j β̂

°�s º�» u�� j ­ ���� �ª � #��¢
β∗ U η∗

 ä�å =�è ~ � (6.4.14) é�²�z�ê d�| ¾
SSe = y′y − β̂′X ′y +

êj ŷj

1− pjj
− êjyj

1− pjj
= (n− p)σ̂2 −

ê2j
1− pjj

,

hED σ̂2 = ‖y −Xβ̂‖2/(n− p). Õ ��Ù w 5.1.1, � ×� �q Æ f�� Y�°

F =
SSHe − SSe

SSe/(n− p− 1)
=

(n− p− 1)
ê2
j

1−pjj

(n− p)σ̂2 − ê2
j

1−pjj

=
(n− p− 1)r2j
n− p− r2j

,

��m
rj =

êj

σ̂
√

1− pjj° ��� d�ª � # [ � ê�ë �2� Ð�Ò�u�á�æ ¾���
6.4.4

t [�� à Å���¸�¹ ¦0§�º�» (6.4.13),
Ò�Ô Ï � H ¾ η = 0 ¾�R �®

Fj =
(n− p− 1)r2j
n− p− r2j

∼ F1, n−p−1.
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��j���ê�ë�g�� Ä Ò�u�q Æ ¾ t x Ù� α(0 < α < 1),
ÿ

Fj =
(n− p− 1)r2j
n− p− r2j

> F1, n−p−1(α), (6.4.16)

® Ý ÙW�
j ­ �W� (x′j , yj)

°W±W² ÛW#�í Ó ��� Ô   ¡ oWî �Wï  ��) g �Wð �
(x′j , yj)

o�î�® � ±�²�Û ��Î ¼ ��Ý�°�±�²�Û�#_ñ�ê�ë�ò���c ï �� ï�ð ¦ � α,
á

��ê�ë�o�p�¶�ó���5���Â�ô�#
Ò�Ó � Õ � t

*�õ U F
*�õ� ¸ â �Vê ë�) o p�¢ t

q Æ � ¨ ¾ � v� �q Æ #ÿ�ö l
tj = F

1/2
j =

(
(n− p− 1)r2j
n− p− r2j

)1/2

,

®�t x ö� α,
í

|tj | > tn−p−1(
α

2
)

¥���ê�ë�÷�ø Ï � H ¾ η = 0, ù Ý�ö�� j ­ ��� (x′j , yj)
°�±�²�Û�#

9
6.4.3 ( ú î 6.4.2)

t�û
î
6.4.2 � µ
¡� :�;�< Å ��� ��ä
¤
ê
ë�q Æ

21 ­ ��� D ��v�� ±�²
Û�#�= 6.4.3 g��
z�ü
x
y Y ­ ���
t i  ti
à�#�t�ä
¤

��� � n = 21, p = 2, n− p− 1 = 18,
t x ö� �ý ç α = 0.05,

t18(0.025) = 2.101.

� 6.4.3 g���z�ü o�p f�y ¦ � t19 = 3.6071 þ O�� Ô à�#ÿû � �Êê�ë � °�� 19 l����°�±�²�Û�#
á�æ����N±�²�Û� �q Æ�� z�Ô Â����� ��� #������Óê�ë�°�� � ö�±�² Û� Ô���úÒ�Ô�¦ � z�Ô ±�²�Û��ú×�Ø�o�p i ¢�ö w 6.4.4 q q Æ �úÒ�Ô � � Ô ±�²�Û��ê ë�� ®�î i ¢�� Ô ö w���	�Ô q Æ � Î § ��� Ô Û� ���¥�q Æ #�
 Ó ê�ë�o p��

· á�â�
 ¶�ö w 6.4.4 ��j Ä � Ô ±�²�Û� �q Æ è�½��_ñ � ��� ��� y ¤�±�²�Û� 
Ô �� � ö � v�#VÒ Ô � Ï �  Ô ��ô�û�æ ç Ô ���V×�Ø o�î ò0û ô ¼����  �±�²Û� �� ¤ Î�Æ ����� ä�� ������� «  �±�² Û�q Æ ® y�� # Ò Ô�ê ë � Ï �  �±�²Û Ô ��!�û�æ�ç Ô ��� ®���î�¶ « ²�Û���Ý�°�±�²�Û�# ¹�j�� j �EÈ  �$�&�� ������� �! �#"�$���% �EÈ0é�² % ê Ð ½  �&�'�� õ�(�)�* [53] U [54].

§6.5 Box-Cox +-,
$ Ñ�< � Ä  Å
Æ ��� � (x′i, yi), i = 1, · · · , n,

ÿ X O ¦ § Z�[�� � ó/. óë�0�1�2
Gauss-Markov ��� . ê�ë���3�$�����¡�46587�9�:#;�< .#=�>�?A@�. �
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��T/EGF �/H � ��� ���� /%/I/J ��� #�����TGE ��� � � I . ³GK 7�8Wg/LGM 

Box-Cox
T�E . ó� �N�3�O�P�F�Q�R�% Ô�S � . M�O�����³�T�U�V ��S�W�.YX�Z

� ö�[�¡�4� W�\ T�E�½�] .#=/>�?^@_. Box-Cox
T�E/$�`�a =�b�W�\�c F/d Áe�f�g . ó���h @0Ò 
�i�j W�\ g�k ·�¹�. $�¯ ¹�l�m�n�o�p�¹�q

Box-Cox r E�F�$ ¦0§�s r�t g�u�v r E ¾
Y (λ) =





Y λ−1
λ , λ 6= 0,

lnY, λ = 0,
(6.5.1)

w�x
λ
F�% Ô�y ö r E S�W�q Box-Cox r E�F�%�z r E . ó�{�|�Ð�`�a�}�~�g rE .#� u�$ W#r E (λ = 0), ��W�r E (λ = −1) l�ç�m Õ r E (λ = 1/2) p�p�q$ s r�t g n Ô������ y1, · · · , yn,

[������ r E .#����r E���gA� t
y(λ) = (y

(λ)
1 , · · · , y(λ)

n )′.

��� 3���� r E S�W λ, ��� y(λ)
1�2

y(λ) = Xβ + e, e ∼ N(0, σ2I). (6.5.2)w�����F�� . 3������ s r�t g r E .�����r E���g�� t y(λ) ������� r�t������e� �¡ o�¢�£�¤�.�¥�n ��¦ X k�§�¨�© .�¥�n�ª ¨ t F p�m�n�«�o�¬�­�®�q s�¯ .
Box-Cox r E�F���� S�W λ

g�°�± ._²�� $�³�´ W�\ gµ58¶�·�7 H : ._��¸ 1�2�%¹ k�§� �¡ ����º�» g�¼�e�½�¾�¿�À q��� ��Á�Â�Ã�Ä m�Å ´���� λ, s�Æ y(λ) ∼ N(Xβ, σ2I),
¼�h�ÇAÈ���g

λ, β l
σ2
g�Ã�Ä�É W Æ

L(β, σ2) =
1

(
√

2πσ)n
exp{− 1

2σ2
(y(λ) −Xβ)′(y(λ) −Xβ)}J, (6.5.3)

w�x
J Æ r E�g Jacobi

d�Ê�]
J =

n∏

i=1

|dy
(λ)
i

dyi
| =

n∏

i=1

yλ−1
i .

s�¯ ._Ë λ
È���Ì . J

F�0 ¢�Í�Î�S�W β l σ2
g�} W s�Ï q L(β, σ2)

g ¸�Ð�Ñ¨ £�Î β l σ2
��Ò W�.#Ó�¸�p�Î�Ô�.#Õ h�� � β l σ2

g�Á�Â�Ã�Ä�U�V
β̂(λ) = (X ′X)−1X ′y(λ), (6.5.4)

σ̂2(λ) =
1

n
y(λ)′(I −X(X ′X)−1X ′)y(λ) =

1

n
SSe(λ, y

(λ)),w�x�Ö n�×�m�l Æ
SSe(λ, y

(λ)) = y(λ)′(I −X(X ′X)−1X ′)y(λ),Ç�[�g�Ã�Ä�É W�Ø Â � Æ
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Lmax(λ) = L(β̂(λ), σ̂2(λ)) = (2πe)−n/2 · J ·
(SSe(λ, y

(λ))

n

)−n/2

. (6.5.5)

w/F
λ
g/Û/Ü/É W/q �/�/�/Ý/g Ø Â � ´/�/� λ, s lnx

F
x
g/Þ/ß/É W/. �/�g�à�á Õ h�â Æ � lnLmax(λ)

g Ø Â ��. Ç (6.5.5)
��Ç W�.Cã�ä � λ å�£ g�} Wæ .#�

lnLmax(λ) = −n
2

ln SSe(λ, y
(λ)) + ln J

= −n
2

ln
(y(λ)′

J1/n
(I −X(X ′X)−1X ′)

y(λ)

J1/n

)
= −n

2
ln SSe(λ, z

(λ)),

(6.5.6)

¸Aç
SSe(λ, z

(λ)) = z(λ)′(I −X(X ′X)−1X ′)z(λ), (6.5.7)

z(λ) = (z
(λ)
1 , · · · , z(λ)

n )′ =
y(λ)

J1/n
,

z
(λ)
i =





y
(λ)
i

(
∏

n

i=1
yi)

λ−1
n

, λ 6= 0,

(ln yi)(
∏n

i=1 yi)
1
n , λ = 0.

(6.5.8)

(6.5.6)
]èÇ

Box-Cox r EèéèVèêèëè� =èìèí ´èîèÂ m#ïè. w#F s#ÆèÆ#ð � lnLmax(λ)g Ø Â ��. ����ñ�ò 3���Ö n�×�m�l SSe(λ, z
(λ))
g Ø�ó���qõô Ä ��� î�ö�÷�ø �

SSe(λ, z
(λ)) ²���Ø�ó�� g λ

g�ù�ú�û ² ] .ýü Ç�Û ¤ Ê�þ���g λ ��. ��� Ø�ÿ �g��
LS
U�V�g ������� . ��� î�����V�ê�ø�Ç�[�g SSe(λ, z

(λ)). � ø SSe(λ, z
(λ))

£�Î λ
g��� 	� X	
 � Õ h	��Ã	��÷�ø � SSe(λ, z

(λ)) ²���Ø�ó�� g λ̂.

ì é ���	
 Box-Cox r E�g �	�	�	� �	� u�v	�
(1)
Ç�þ���g

λ � ����� (6.5.8)
V�ê

z
(λ)
i .

(2)
���

(6.5.7)
]�V�ê�Ö n�×�m�l SSe(λ, z

(λ)).

(3)
Ç�Û ¤ Ê�g λ � ���	����� �	� � ����o [�g�Ö n�×�m�l SSe(λ, z

(λ))
g

Û�� � ��h λ Æ	�	� ����ø o [�g���  q �	� � g m�Å ��÷�ø � SSe(λ, z
(λ)) ²��

Ø�ó�� g�P λ̂.

(4)
���

(6.5.4)
��ø

β̂(λ̂).�
6.5.1

é	�
6.4.1 ç � ��� Ç s r�t Y

� ð ×�m	��r E	�õw o�Ë�Î °�� rE S�W λ = 0.5.
[��	 �K�g m�Å � ��� Õ h ?�= ��w	!�g r E�F/·	"�g q û 6.5.1þ�ø ð 12

¹�#�$
λ � Ç�[�g�Ö n�×�m�l SSe(λ, z

(λ)), % Þ'&�( Õ h�)�ø Ë λ = 0.5Ì	�èÖ n�×�m�l SSe(λ, z
(λ)) ²���Ø�ó � s�¯ ��� Õ h	��Ã	�	* Æ 0.5 + F r E S

W λ
g Ø	, °�± q
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7

6.5.1

λ −2 −1 −0.5 0 0.125 0.25

RSS 34101.04 986.04 291.59 134.10 119.20 107.21

λ 0.375 0.5 0.625 0.75 1 2

RSS 100.26 96.95 97.29 101.69 127.87 1275.56

§6.6 8:9:;:<:=?>?@BA?C
��\	D	E g	F	G ���	H	I � ��� ¤�W g LS

U�V�e�`�a ,�J ¡	K	� ¸Aç�Ø Æ �L g�M
Gauss-Markov

��N�� Ý�O�P ð LS Q�R é� �¡ å�S�Q�R�T�ç g m�n�Ø�ó ¡ qk�M'U Î w�Û�V�� LS Q�R é� �¡�W R º�» g Q	R N�G �	X b	Y � ç[Z e	\�Ç	� Lg���] q6^�_'` Ï R ê�ë�a�b�g�c	d�e	f	�6g ��h ´ h	i ��e�j	k ä	l N	m	( i ���� r�t g�Â »A��� à�á	�on i Y � X	p û�q[�èé�w	r�Â »  �¡ ��� à�á ç � LS

Q	R e�Ì�û ì # N	s q ��u	��e�Ì	t	r ��� ¤	u g Q	R g	\�Ç �	v }�Â���e�Ì ���
¤�u g Q�R�� g�w�x � à�á�g X�y	z�{ o	|�}�p�q�~��	��� û�q�������w�r�à�á�g³ s � Û�M ����� r�t������ é _ ��Ã� �¡ £�¤ ��� Æ ���� �¡ (multicolinearity). �� �/� ~�� ���/ /¡/Ç LS Q�R g����/h������/ /¡/g���� l�� � ��� g � tà�á q

Æ ð � E g ò L � � ����������� Û ¹ Q�R�,�� g���� - � m ¥ n (mean squared

errors, %	� Æ MSE), � F	G�Ý�g�Û	r�¡	K q¾
θ Æ p× 1

g	� H	� u � t � θ̂ Æ θ
g�Û ¹ Q	R�q � { θ̂

g ��m�¥�n Æ
MSE(θ̂) = E‖θ̂ − θ‖2 = E(θ̂ − θ)′(θ̂ − θ).

Ý � t ð Q	R θ̂ � � H	� u � t θ
g ×	�	S	  g�Â ó �#Û ¹	¡ g Q�R	Y�¢�£ ( óg ��m�¥�n�q¤	¥

6.6.1

MSE(θ̂) = trCov(θ̂) + ‖Eθ̂ − θ‖2, (6.6.1)

w�x
tr(A)

û	¦
A §	¨�q©	ª

MSE(θ̂) = E(θ̂ − θ)′(θ̂ − θ)

= E[(θ̂ −Eθ̂) + (Eθ̂ − θ)]′[(θ̂ −Eθ̂) + (Eθ̂ − θ)]

= E(θ̂ −Eθ̂)′(θ̂ −Eθ̂) + (Eθ̂ − θ)′(Eθ̂ − θ)

= ∆1 + ∆2.
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s�Æ Ç	³ z	´ ¹	µ	¶ Am×n · Bn×m, £ trAB = trBA, Î M��	¸	¹�Û æ
∆1 = Etr(θ̂ −Eθ̂)′(θ̂ −Eθ̂) = Etr(θ̂ −Eθ̂)(θ̂ −Eθ̂)′

= trE(θ̂ −Eθ̂)(θ̂ −Eθ̂)′ = trCov(θ̂).

º ¹	» æ
∆2 = (Eθ̂ − θ)′(Eθ̂ − θ) = ‖Eθ̂ − θ‖2.

�	N	P	¼ q½��	N
6.6.1 Õ	¾ )�ø	� θ̂ §	�	¿�¥	À�Õ	¾ ¨�ù Æ ´ æ � · � ¸Aç Û æ Æ θ̂ §

ª ¨ t	§	¿	À�� · �ÂÁ�Û æ Æ θ̂ §�ª ¨ t	§	S	À	§�×	¿ · q s�¯ ��Û ¹ Q	R	§	�	¿
¥�À�+ MÃU_Ý §/ª ¨ t�§�¿�À · S�À ¼�Ä/� q Û ¹�¡ §�Q�R�Y�¢�£ ( ó�§�¿�À ·
S	À�q

ì é ��� � �	¿�¥	À w ¹ �	��´ �	� LS Q	R�q�Å	Æ  �¡ ����º�»
y = α01 +Xβ + e, E(e) = 0,Cov(e) = σ2I, (6.6.2)

w�x�½��
n× (p− 1) § ¾ R ¶ X Ç[ÈAç[É â · �	��â	� « rk(X) = p− 1.

U Î ¾
R ¶ M ç[É â § � Î M�} u æ α0 · ��� ¤	u β § LS Q	R j	Ê�¨  	Ë ´	�èÝ � ¨Ì Æ

α̂0 = ȳ =
1

n

n∑

i=1

yi,

β̂ = (X ′X)−1X ′y.

α0
� β § LS Q	R w	!�¨  	Ë ´	�#Ç ~	� ��� ¤	u	§ LS Q	R	§	Í � í ´ ð îÂ §	¿�ï �#v E ����ñ F	G ��� ¤	u β § LS Q	R	§	Í �	ÎÏ Æ β̂

M
β §GåÐSÐQÐR � Î MGé MSE(β̂) § û ² ¸ ç � ∆2 = 0. Ñ Ï Æ

Cov(β̂) = σ2(X ′X)−1, Î M
MSE(β̂) = ∆1 = σ2tr(X ′X)−1. (6.6.3)

� λ1 ≥ · · · ≥ λp−1 > 0 Æ X ′X §	Ò	Ó�� � Ï Æ X ′X Õ	Ô �#¼ ¾ (X ′X)−1 §	Ò	Ó
� Æ λ−1

1 , · · · , λ−1
p−1, Õ �	¸	Ö Æ

MSE(β̂) = σ2

p−1∑

i=1

1

λi
. (6.6.4)

½�w ¹ û ² ¸ ��� Õ	¾ )�ø	��u � X ′X ×	Ø	£ Û ¹ Ò	Ó��	Ù } ó ��Ú Ù }	Û	� Î
Ô �ÝÜ�Þ MSE(β̂) +�ß î�Â Î ½ ��¿�¥�À�§ ����´�)�� w�Ì § LS Q�R β̂ + # M�Û ¹¡ §	Q	R Î w�Û	V · Gauss-Markov

�	N ��å	à	á � Ï Æ ���	H	I � Gauss-Markov�	N	â	â	O	P ð LS Q	R é� �¡ å	S	Q	R	TAç[§	¿	À�Ø�ó ¡	� ü é X ′X ×	Ø	£ Û¹ Ò	Ó�� î ó Ì	�#w ¹ Ø�ó	§	¿	À��  	ã	ä�î�Â	� Ï º Ò	å ð î�Â §	�	¿�¥	À Î
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Á�Û ¿	E

MSE(β̂) = E(β̂ − β)′(β̂ − β) = E(β̂′β̂ − 2β′β̂ + β′β) = E‖β̂‖2 − β′β,

Î M
E‖β̂‖2 = ‖β‖2 + MSE(β̂) = ‖β‖2 + σ2

p−1∑

i=1

1

λi
. (6.6.5)

è + M��	� Ë X ′X ×	Ø	£ Û ¹ Ò	Ó�� î ó Ì	� LS Q	R β̂ §	é � ×	� ��´ L&[ê	ë § � H �[ì β §	é � é�� i	Î è + Ò	å ð β̂ § t	r�¨	ì § \�Ç �	í Â Îî � � Ë X ′X ×�Ø�£ Û ¹ Ò�Ó�� î ó Ì�� LS Q�R β̂ + #�ï M�Û ¹�¡ §�Q�R Îð E ���	� Û � ¨�ú	� X ′X ×	Ø	£ Û ¹ Ò	Ó�� î ó Ç�¾ R ¶ X
 	ã	ñ ���

� Ö	ì £�¤ � z	ò _	ó Þõô
� X = (x(1), · · · , x(p−1)), ö x(i) Æ ¾ R ¶ X § ¹ i

Ê Î ¾
λ Æ X ′X § Û ¹

Ò	Ó�� � ϕ Æ ¸ Ç Y	§	Ò	Ó �[ì	� ¸	é � Æ 1, ö ϕ′ϕ = 1. ÷ λ ≈ 0, ø
X ′Xϕ = λϕ ≈ 0.

�
ϕ′ ù	ú �	¸	� �

ϕ′X ′Xϕ = λϕ′ϕ = λ ≈ 0.

Î M	� ��� £
Xϕ ≈ 0.

÷	� ϕ = (c1, · · · , cp−1)
′,
�	¸ ö Æ
c1x(1) + · · ·+ cp−1x(p−1) ≈ 0. (6.6.6)

è�û�q�¾ R ¶ X § ÊA�[ì x(1), · · · , x(p−1) ���	£ ��Ã §  �¡ £�¤ (6.6.6). û	� �
X1, · · · .Xp−1

¨	Ì�û	¦
p− 1

¹ ����� Ö	ì	�²Ü	Þ (6.6.6)
��q[�²½ ì	£	§ n ü	u	ý)	� ����� Ö	ì ���	£ ��Ã� �¡ £�¤

c1X1 + · · ·+ cp−1Xp−1 ≈ 0. (6.6.7)

��� ¾ R ¶ § Ê���ì ����§�£�¤ (6.6.6)
ñ�þ � � ����� Ö�ì ����§�£�¤ (6.6.7),

�
Æ �	��  £�¤ Î ÿ Y �	� ��¾ R ¶ X

ñ� �¡ ����º�» (6.6.2) � é	�	�� �¡	� £ Ì�	��¾ R ¶ X
M���§ § (ill-conditioned).½�� E	§ F	G ���	H	I � “X ′X §	Ò	Ó�� î ó ”

þ � Î ¾ R ¶ X ���	� é	��� �¡ £�¤ � ��« X ′X £�� ¹ Ò	Ó�� î ó � ¾ R ¶ X +	� é � ¹ �	��  £�¤ Î Ï
¯ ���	�� �¡	M LS Q	R Ö�� § ³ Ï Î ¿ ¶ X ′X § ¿�À u � { Æ

k =
λ1

λp−1
,
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� + M X ′X §�Ø Â Ò	Ó�� � Ø�ó	Ò	Ó��/� & Î �������#¿/À u�		� ð X ′X §	Ò
Ó
��§
� © ��� � Õ�¾
� ´

	���	�� #¡�M�� � é ¾ �	�	�� �¡ � � �	� Î ½ X	y
Y��	§�� � �#Û�� ÷ k < 100, ø * Æ �	�� �¡ § �	� î ó���÷ 100 ≤ k ≤ 1000, ø* Æ � é ç þ �	� ñ	(�� § �	�� �¡ � ÷ k > 1000, ø * Æ � é � � § �	�� �¡ Î�

6.6.1 Å	Æ Û ¹ £�� ¹ ����� Ö	ì §  �¡ ��� à�á	�#û 6.6.1
þ�ø ð ³��u	ý Î 7

6.6.1 ������� 7�����
Y X1 X2 X3 X4 X5 X6

1 10.006 8.000 1.000 1.000 1.000 0.541 −0.099

2 9.737 8.000 1.000 1.000 0.000 0.130 0.070

3 15.087 8.000 1.000 1.000 0.000 2.116 0.115

4 80422 0.000 0.000 9.000 1.000 −2.397 0.252

5 8.625 0.000 0.000 9.000 1.000 −0.046 0.017

6 16.289 0.000 0.000 9.000 1.000 0.365 1.504

7 50958 2.000 7.000 0.000 1.000 1.996 −0.865

8 9.313 2.000 7.000 0.000 1.000 0.228 −0.055

9 12.960 2.000 7.000 0.000 1.000 1.380 0.502

10 5.541 0.000 0.000 0.000 10.000 −0.798 −0.399

11 8.756 0.000 0.000 0.000 10.000 0.257 0.101

12 10.937 0.000 0.000 0.000 10.000 0.440 0.432

è��	� £ 12 ü	u	ý Î�� ¹�Û ü� � ¸�Ð 11 ü	u	ý�!�"  �¡ £�¤
X1 +X2 +X3 +X4 = 10. (6.6.8)

#�¾ R ¶ ç�É â�����â�� Æ ¿�ï�R �%$ � X1, · · · , X6

û�¦ Î ½�ë�§ ^ ë u û ^ ë�&ø § 12
¹ u e1, · · · , e12.

���	N	G� �¡ ��� £�¤
Y = 10 + 2.0X1 + 1.0X2 + 0.2X3 − 2.0X4 + 3.0X4 + 10.0X6 + e. (6.6.9)

ê�ø�Ç Y	§ Ï Ö	ì 12
¹ ��' � ��è	r � Ê�é�û 6.6.1 § ¹ 1

Ê Î Ç Î º�» (6.6.9),

X ′X Æ 


1.000 0.052 −0.343 −0.498 0.417 −0.192

1.000 −0.432 −0.371 0.485 −0.317

1.000 −0.355 −0.505 0.494

1.000 −0.215 −0.087

1.000 −0.123

1.0000




.
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�/��H�I �#Ç ç É â · ���Gâ § ¾ R ¶ X , ÷ 
 �_� � Ö�ì�( Æ ^ ëÐÖ�ìÐ��ÜÐÞ
X ′X + M ����� Ö	ì § ÿ £ ¶	Î ½ Ù Ç � Ü § \�Ç � )	��³ ´ ¹ �_��� Ö	ì �/�Ã�) # � é	( � � §  �¡ ¢�Í�£�¤ � º X ′X §�� ¹ Ò	Ó�� ¨	Ì Æ

λ1 = 2.24879, λ2 = 1.54615, λ3 = 0.92208,

λ4 = 0.79399, λ5 = 0.30789, λ6 = 0.00111,

Î M�¿�À u Æ
k =

λ1

λ6
=

2.24879

0.00111
= 2025.94,

è ¹ ¿/À u�*�* Â Î 1000. ��ý�D�E �/��+�, § ����� º/» (6.69) § ¾ R ¶ � é
� � § �	�� �¡ Î Ï Æ λ6 = 0.00111 ≈ 0,

ê�ø
X ′X

Ç Y�Î λ6 §	Ò	Ó.- ì Æ
ϕ′ = (−0.44768, −0.42114, −0.54169, −0.57337, −0.00605, −0.00217).

Ï º ����� Ö	ì ���	£	û ð �	��  £�¤
0.44768X1 + 0.42114X2 + 0.54169X3 + 0.57337X4 + 0.00605X5 + 0.00217X6 ≈ 0.

/ z�0 � X5 · X6 §�¤	u · D	E�1 ¹ Ö	ì §�¤	u ÿ & L ó�2 i � Õ	¾ # ¸�ã�ä �
2 0

0.44768X1 + 0.42114X2 + 0.54169X3 + 0.57337X4. (6.6.10)3�4 ) 0 � X1, X2, X3 · X4 ¤�u î�Û���� Î M�è ¹ ���/  £/¤ Â � ��5�6 ð ³´ 3747879 uÐý ÌG¼7: �Ð§G£G¤ (6.6.8).
Ï Æ ¹GÛ üÐuÐýÐ� # !7" (6.6.8),

Ï ¯
(6.6.10) · (6.6.8)

#�;�<	ÿ	$�= M � Ä § Î�	�� �¡	�	� § ³ Ï M i ¿	E	§ Î Û�>	M�U Î	u	ý@?BA�C�D/§�E�F�G ¼	å Î ôÄ�è�!���� § ���
H G M Ù  	K § � ³ ø � Õ	¾�I
JK?LA
C�DNM i §�u	ý ´�ù	Ä	�
ü�O	� X ì�P ´ ß�Q 0 n i�R ö Î � û ��é�Û	r�à�á ç �[U Î�S�T ñ	�	� J � Ç[È; � ñ È�U�F�V � # Õ j�é	�	��W §	u	ý Î Á�Û ¿	E �CÇ�Û	r�X�Y	� ô Ä�Z���� Õ
¾[?BA�C�D\M i §	u	ý � ü Ç Î i Î�]�^`_ Ö	ì § X�Y	�\a�a�ö�b�c�d ?BA�C�D\e! §	u	ý �\f	j ?Bg�h�D �	��H G Î\i�j�k ö�l�A�C�m�n�o W §	u	ý k\p�q m�g�hr	��H G k è o	u	ý�s�t L *	 �u�v	§	u	ý kxw j	�	���	�	��V k ½ º �	�
W�y�z
( { §6.4).Á n >����
r��
H G�§
| L u Ï M k _ Ö�ì
}
~
Z
�
�
� £
�
��§ H G
�
� Î� û k�� ~	������������` y�z�� k û	��������A�� x1 ·���� E�� x2 ����� _Ö	ì k Ü	Þ Ï q ����A����	§ ��� =	ÿ Y	§�����n�o k�� Ö	ì x1 · x2

}�~�� £r	��H G Î n ��� v k�� b�����H G.����� ��y�z k�= ��� ���`_ Ö	ì ^	u p− 1
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�\¥ i § y
z k�¦ b�g 4 a
a � _ Ö	ì
}�~ §��
��§
¨�©
ª k¬«�w
­ ��n
o�® r�¯H ���	§`_ Ö	ì�° �.���	¿�± Î è = ��� q ó Þ � ��� ��� y�z.� k LS ²�³�´�Gµ�a�a�¶�·�¸ k�¹ × w�­�« � ´�n�^�u Ï Î

§6.7 º¼»¾½¼¿
À���Á ´�Â�Ã 3�4�Ä�Å�kÇÆ�È ³�É�Ê � r�¯�H ����Ë k LS ²�³�´�G µ�¶�Ì�·¸ k ®�Ë ¹�Í�«�Î�ÏÐq�Ñ�kÐÒ ³�Ó���Ô�m >�>�Õ�Ö k S�×�Ø�Ù i�Ú�Û ²�³ ÏÐÜ >�ÕÖ ´�n�Ý�Þ ��À � ��ß�à�á�â�ã�ä�å�æ k�ç Þ�è�Â�Ã�´�é�ê�ë�ì�í��î��ï�ð ���Ü Ý�Þ�´�n�ñóò Ï�Ü�ô Õ�Ö ´�õ�n�^�|�ö�Ý�Þ ����÷�ø n�o�ù�´�²�³ Ï Stein

b
1955 ú�û.ü�m kÇÆ�ý à���b 2 Ë kÇþ�ÿ������ ê�´ LS ²�³�´ ¶ w�������k	��­ Ì
�� õ���n�
�²�³ ����ô������ n���� b LS ²�³ Ï ®�o������ Ñ�q Stein ��� Ï� Ñ�q�����k��

30 ú�v k����� �! m ��" ù�´�²�³ k�# �%$ ö�®�&�²�³ k $�' ò
²�³�( Ï À ��ô�����)�*�k\Ü o�²�³ � Ø�Ù�m LS ²�³ Ï,+�Ü o�²�³�®�n�
 ¯�- ´.�/ k10�� ´ ����2 ¶ ( b�3 ²�4 à k b�� ��� � Ü o�²�³ Ò � q ®�5
²�³ Ï16 Á
´87x´ ��� Â�Ã i ®�9�:�;�< ��=�>�?�@ ´�A ô ®�5�²�³�&�²�³�í $�' ò�²�³ Ï

6.7.1 B�C�D
� b�E � ����� � (6.6.2), ����� à β ´�&�²�³ d ��q

β̂(k) = (X ′X + kI)−1X ′y, (6.7.1)

ÜGF
k > 0

� w ë
ìG4 à k � q &G4 à
ß 5G4 à ÏIH�J k KGLGMGN à
á y O
�
´GPà kRQ
β̂(k)

q E � ²
³GS ¶GT ´GUGS β̂(k)
�
�GVGE � ²
³ Ï Æ k K ¶G- ´ � SRW � <�
¶G- ´
²
³GS +
Ñ &
²
³ β̂(k)

� nG

²
³GX Ï .GY SZK k = 0, β̂(0) = (X ′X)−1X ′y��[ P�´ LS ²�³ Ï�\ ��]�^�_ * S LS ²�³ � &�²�³�X � ´�n�
�²�³ Ï�p � n�`a�b � S Æ W �� �c &�²�³�Ë�Sed ��¶�f�g LS ²�³ Ïe+�q�� n�h k 6= 0 í β 6= 0,

E(β̂(k)) = (X ′X + kI)−1X ′Xβ 6= β,
+�Ñ &�²�³ � ®�5�²�³ Ï

L LS ²
³ β̂ i � SI&
²
³ � � X ′X j ' m X ′X+ kI < � ´ ÏIkGlG) � ÜGm
� ´ · ¦%n � ü%o�´ Ï�+�q�Æ X p�q ÿ Ë�S X ′X ´ .�r ��Í�s ®�n�
 V Put �\�v Sxw X ′X + kI ´ .�r � λ1 + k, · · · , λp−1 + k t ��\�v ´�± ã���y < � Ø�z�SÀ w|{~}����%��� È ³�É�´�� ¯�E � S%��&�²�³�� LS ²�³�® ¥ Ú ´ � Ý���� Ï%�
MSE(β̂(k)) < MSE(β̂).

� Þ�W ��� û.ü%� Ü 
 ¶ (�� '�� ´ k
� Ê���´ Ï

�u� û�ü�� \ &�²�³u��� � ´u�u
u� 6u� · S�W � ° Ù E �����u�u� (6.6.2)

´u� Qu� � Ï�È λ1, · · · , λp−1

�
X ′X ´ .ur � S φ1, · · · , φp−1

�u� ? ´u�u� þu��u.ur � ê Ï�  Φ = (φ1, · · · , φp−1) ,
Q

Φ
�

(p − 1) × (p − 1) �u� þu� É Ï�¡u 
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Λ = diag(λ1, · · · , λp−1),
\�®

X ′X = ΦΛΦ′.
Q E ���%�����

(6.6.2) ¯�Ø�° �
y = α01 + Zα+ e, E(e) = 0, Cov(e) = σ2I, (6.7.2)

Ü�F
Z = XΦ, α = Φ′β. W � � (6.7.2)

� E ���%����� ´�� Q�� ��S α � � � Q�%��± à Ï%+��
X
®�²%³ � ´�S \�® Z

n�®�²%³ � ´ Ï%� � Q�� � (6.6.2), α0 í
α ´ LS ²�³�ò Y �

α̂0 = ȳ, α̂ = (Z ′Z)−1Z ′y.

´ � �
Z ′Z = Φ′X ′XΦ = Λ,

+ w

α̂ = Λ−1Z ′y,

Cov(α̂) = σ2Λ−1Z ′ZΛ−1 = σ2Λ−1.

µ���� � Q��%��± à α ´�&�²�³ �
α̂(k) = (Z ′Z + kI)−1Z ′y = (Λ + kI)−1Z ′y.

��¶ û.ü
α̂ = Φ′β̂, (6.7.3)

α̂(k) = Φ′β̂(k). (6.7.4)

·
(6.7.3) ¸ ! S�� Q��%� 4 à α ´ LS ²�³�L���� �%� 4 à β ´ LS ²�³�¹�º��

��
���� þ�� É�S + w�®
MSE(α̂) = MSE(β̂), (6.7.5)À

(6.7.4)
Ä S�X�»�´�¼�Ã n '�� S �

MSE(α̂(k)) = MSE(β̂(k)). (6.7.6)

Ü A�
�(�� « ® @ S 0�� û.ü%&�²�³�´���� ��½ � «�¾ ´�Ý�¿ Ï
����W � û.ü%&�²�³�´���� � ´�� 6�� · Ï
À�Á

6.7.1 Ê�� k > 0, ��<

MSE(β̂(k)) < MSE(β̂). (6.7.7)

� Ê�� k > 0, ��<�� � Ý���� ����� S�&�²�³�� \ LS ²�³ Ï
Â�Ã ·

(6.7.5) í (6.7.6)
Ä S�Ä�Å�û.ü�Ê�� k > 0, ��<

MSE(α̂(k)) < MSE(α̂). (6.7.8)
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+���È ³�É Z
®�²%³ � ´�S \�® 1′Z = 0. è �

E(α̂(k)) = (Λ + kI)−1Z ′(α01 + Zα) = (Λ + kI)−1Z ′Zα = (Λ + kI)−1Z ′Λα.

?�@ � ·
3.1.3, ®

Cov(α̂(k)) = σ2(Λ + kI)−1Z ′Z(Λ + kI)−1 = (Λ + kI)−1Λ(Λ + kI)−1.

¡�Ë�� ·
6.6.1, < �

MSE(β̂(k)) = trCov(β̂(k) + ‖E(β̂(k)− α‖2

= σ2
∑p−1

i=1
λi

(λi+k)2 + k2
∑p−1

i=1
α2
i

(λi+k)2

= f1(k) + f2(k) = f(k),

(6.7.9)

Ü�F
f1(k) í f2(k) ò Y�Ì�Í (6.7.9) ´�Î���Ï�í�Î Û Ï Ï�� k

ø�Ð�à S�<
f ′
1(k) = −2σ2

p−1∑

i=1

λi

(λi + k)3
, (6.7.10)

f ′
2(k) = 2k

p−1∑

i=1

λiα
2
i

(λi + k)3
. (6.7.11)

+��
f ′
1(0) < 0, f ′

2(0) = 0, è � f ′(0) < 0. o T f ′
1(k) í f ′

2(k) � k ≥ 0 Ë�Ñ�Ò�Ó�S
è � f ′(k) � k ≥ 0 Ë n Ò�Ó Ï�+ w�S Æ k > 0 ;�Ô�ò Ú Ë f ′(k) < 0,

Ü�Õ�®�Ö S
f(k) = MSE(α̂(k)) � k(> 0) Ô�ò Ú ËuS ® k ´u×uØuÙ à S + w�Êu� k∗ > 0,

Æ
k ∈ (0, k∗) Ë�SÇ® f(k) < f(0). Ú f(0) = MSE(α̂).

Ü�Õ û.ü � (6.7.8).
� · û�Û Ï

Ü
1
Ü 
 � · � &�²�³�´uMuÝ ?u@uÞ �u� · Ãu�ußuS�à�®uá�ö�´ �u��Ï Ú® S À�· Ã�û.ü%â�±�W ��Ä�Å S,��< ¶ (�� (6.7.7)

'�� ´ k
Ë�ã�\�ä�Ä 4 à β í

σ2.
+�Ñ S ��å%� ´ k, &�²�³ β̂(k)

¶ ® ��æ�
�4 à�ç º ) ����� \ LS ²�³ Ï�è
M ) ¯ � Ùu�ué�û�ü�S 0 Äuê � i �uë�Ú ´ β

'u�
( � \�Ü 
 è M�´�û�ü�¯u4uì

[4]p.294,
� ·

2.2).
Ü

2 β̂(k) = Akβ̂,
Ü�F

Ak = (X ′X + kI)−1X ′X .
Ü Ì ü%&�í�î ® LS í�îï ��
 E � é�j Ï

Ü
3
��ð��

k > 0 í ‖β̂‖ 6= 0, d�ñ

‖β̂(k)‖ = ‖α̂(k)‖ = ‖(Λ + kI)−1Λβ̂‖ ≤ ‖α̂‖ = ‖β̂‖,
Ü Ì ü%S	&�í�î β̂(k)

ï�ò ã d�� LS í�î β̂
ï�ò ã Ú�Ï	+�Ñ

β̂(k)
®��

β̂
� � / �ôuóuô S�è � [ P n �u¹ � � ôuóuô íuî (shrinked estimate).

) � Á W ��õ�öu 
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� S Æ�È î�É X p�q ÿ Ë�S�ø ��Ö � LS í�î β̂ 5 ò S ��0�ù�ú�Æ�ï�ó�ô�® ?�ûï�Ï�Ü 
�¼ J À ��
�ü�Þ Ö ü � &�í�î ï�ý · ��Ï
��M�Ý ?�@ ² Sx&�4 à ï ë�ì ® ��
�þ�á�ö ï�ÿ���Ïx� · 6.7.1 � Ö ü � β̂(k)

� \ β̂
ï

k
ï Ê�� � S 2�� ñ�� ! à�� ï�����Ï W �	� T�
���
u� � MSE(β̂(k))
 ��� Ú���ï
k∗.
À

(6.7.10) í (6.7.11)
��¶ ¸ ! S Ü 
 � � � k∗

?�û ��Ý��
f ′(k) = f ′

1(k) + f ′
2(k) = 2

p−1∑

i=1

λi(kα
2
i − σ2)

(λi + k)3
= 0 (6.7.12)

ï���² ä�
 Sxo T k
ï � � � k∗

Ë�ã�\�ä�Ä 4 à β í σ2,
À w���¯�ê [ â���Ý��

f ′(k) = 0
ä�� < Ï�+�Ñ S Ò î�Ó�� À�Y ï����� u!�� ë�ì k

ï���" Ý ��Ï Ú ® À
î ������� � ë�ï ¼ J ¸�S � Ü�� Ý ��²�� ñ���
�Ý � ê Ì ��� _ (

��� ��h�4 à
β í σ2) � \�#�0 Ý ��Ï�� Þ�W ������#�²%ï���ô Ý ��Ï

1. Hoerl-Kennard ���
&�í�î ® · Hoerl í Kennard

\
1970 ú  �!�ï S � � è @ ï ë�ì k

ï ��� ®

k̂ =
σ̂2

maxiα̂2
i

, (6.7.13)

Ü 
�Ý ��® � \�H���ï å�æ Ï · (6.7.12)
Ä S H�J kα2

i − σ2 < 0,
�

i = 1, · · · , p− 1

Ñ '�� S Q f ′(k) < 0.
\�® K

k∗ =
σ2

maxiα2
i

. (6.7.14)

Æ
0 < k < k∗ ËÈS f ′(k) d ®¢ÚÈ\ 0,

+ w f(k) d ® k
ï ×ÈØÈÙ à S"!Èñ f(k∗) < f(0),�

MSE(β̂(k)) < MSE(β̂). � (6.7.14)
² S @ LS í�î α̂i í σ̂2 #�$ αi í σ2, ¿�<�

(6.7.13).

2. &�% �
&�í�î β̂(k) = (X ′X + kI)−1X ′y

®�&
k
� Ø�é�w�é � Ï('�  β̂i(k)

�
β̂(k)

ï

Î i 
�ò�ê�S 0�® k
ï ��)�Ù à S Æ k � [0, +∞)

) é � Ë�S β̂i(k)
ï × � � �

&�% Ï ë�ì k
ï &�% ��®�*�� β̂1(k), · · · , β̂p−1(k)

ï &�%�+�� - ��
�× )�Ï,� á &
% ï é ��-�. ë�ì k

� S��u<�/u
 ���u± à ï &uíuî ¾ � )�0u� S 2 ;�/u
 ���± à ï &�í�î ��ï�1�2 � ë�ý�3�Ï W ��Ä�Å S LS í�î ® ��4���ø�Ý�í 
 ��� Ú�ï
í�î Ï k 5 ¾ S,&�í�î�L LS í�î�5�6�5 ¾�Ï,+�Ñ S 0�� ? ï 4���ø�Ý�í n�&�7 kï�8�9 w 8�9�Ï�Æ W � @ &�% � ë�ì k

� ËuS,: ?�å�æ �u<�4u�uø�Ý�í���ö )�;< "�Ï ��M�Ý�= 3�) S )�>�� / � Q ñ�Ë�¯�ê y ñ ��? i����G��SA@ Ñ�B�CGï a�bn�ö P ! ��S Ü�Õ ö � á � -�a�b�D�E = 3�Ï
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F
6.7.1 ��G à�á ò�H

W � è å�æ ïu+ é�ê Y
� ÙJI�d�KuS � é�ê X1

��LJM d�N � S X2

� Ê�O
ê�S X3

� d�P�Q�ê Ï�����R � Y
�S� é�ê X1, X2 í X3 ¹�º

ï�Ë�ã � ± S,T�U�
11 V à�á S,W�� Ì 6.7.1. X

6.7.1 Y Z [ \] ^ _,`ba c d
(x1) e f g (x2)

a h i g (x3) j,k a l (y)

1 149.3 4.2 108.1 15.9

2 161.2 4.1 114.8 16.4

3 171.5 3.1 123.2 19.0

4 175.5 3.1 126.9 19.1

5 180.8 1.1 132.1 18.8

6 190.7 2.2 137.7 20.4

7 202.1 2.1 146.0 22.7

8 212.4 5.6 154.1 26.5

9 226.1 5.0 162.3 28.1

10 231.9 5.1 164.3 27.6

11 239.0 0.7 167.6 26.3

� ��m à�á ²%³ � í���� � S�î � < �

X ′X =




1 0.026 0.997

0.026 1 0.036

0.997 0.036 1



.

¡ î ��!�0�ï�n 
 .�r � Sxò Y � λ1 = 1.999, λ2 = 0.998, λ3 = 0.003.
\�®

X ′X
ï

o�p�à
λ1/λ3 = 666.333, ¯�q�r�î�s�t�� ² (�� ã ï ��u E ��v λ3

� ? ï .�r �

ê �
φ3 = (−0.7070, −0.0070, 0.7072).

· ) ��w ï�x�y�z S n 
 � é�ê�¹�º�t�����u E � ±
−0.7070X1 − 0.0070X2 + 0.7072X3 ≈ 0.

´ � � S � é�ê X2

ï�± à�{ ��� i � V P Ú S,¯�| ��v S,w X1 í X3

ï�± à�}
� »�i�(�S +�~S� é�ê�¹�º ï ��u E � ± ¯ � » _ ° � X1 = X3.

´ ��Ü�F�ï
X1í X3 Ñ

®�ö â ²%³ � í���� � ï é�ê�S,:�� � ��� ï é�ê�S � »���u E � ±��
X1 − x̄1

s1
=
X3 − x̄3

s3
.

��Ì
6.7.1 ¯ � ��!

x̄1 = 194.59, s1 =

(
11∑

i=1

(xi1 − x̄1)
2

)1/2

= 94.87,
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x̄3 = 139.74, s1 =

(
11∑

i=1

(xi3 − x̄3)
2

)1/2

= 65.25.

#�� ) ��<
X3 = 5.905 + 0.688X1. (6.7.15)Ü�Õ�® d�P�Q�ê�í L�M d�N � ¹�º ï ��
 E ��Ë�ã � ± S +�� X

®�²%³ � í����� ï S \�® X ′X
® i���s�S #�² 0.997

þ�®
X1

ï
X3 i��

± à v ¯�q�S X1 L X3

ñ H�~G¾Gï iG� ± à S í�W � 
 !�0�� ¹�º ï ��u E � ± (6.7.15)
Ü � è M ®��Gýï�v,� T � é�êu¹uº�tu� ² (�� ã ï ��u E � S�W �uÕ�� @ &uíuîu� íuî ��� ±à v ��\�²%³ � í���� � ï é�ê�S î ��!�ï &�%�W�� Ì 6.7.2,

� ? ï &�%���+����
6.7.1.

Ì
6.7.2

ï ��� ��W ® &GíGî � ? ï 4G�Gø
Ý
í v W � ¸ � S &�7 k
ï�8�9 S

�
6.7.1 � � � ��÷«ª � � �

&uíuî ï 4u�uø���í n�& ¹ 8�9 S,� � 4u�uø���í ® &u4�� k
ï ×uØ 8 Ù��uS,�® þ � T ï S +�� LS í�î ® ��4���ø���í 
 ����� ï í�î v�&�7 k

ï�8�9 S &�í
î�L LS í�î ï 5�6 Õ 5 ¾ S +�~�0�ï 4���ø���í � T n�Õ 5 ¾�v � &�%�� ) ¯ �
¸ ! S%&�% β̂1

&�7
k
ï�8�9 S%þ�� 8�9 S ¾�� � k = 0.01 = ��� ������þ���v w

β̂2 i
� � ë�0�� S	Ú β̂3

&�7
k
ï�8�9 S�� T�� s S ¾�� � k = 0.04

� � Õ�0����
� v d�����¸�S�W � ¯ � K k = 0.04,

� ? ï &�í�î �

β̂1(0.04) = 0.420, β̂2(0.04) = 0.213, β̂3(0.04) = 0.525.

/ ����ï ø �����
x̄1 = 194.59, x̄2 = 3.30, x̄3 = 139.74, ȳ = 21.89.
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X
6.7.2 Y Z [ \ � �   ¡

k β̂1(k) β̂2(k) β̂3(k) RSS

0.000 -0.339 0.213 1.303 1.673

0.001 -0.117 0.215 1.080 1.728

0.002 0.010 0.216 0.952 1.809

0.003 0.092 0.217 0.870 1.881

0.004 0.150 0.217 0.811 1.941

0.005 0.193 0.217 0.768 1.990

0.006 0.225 0.217 0.735 2.031

0.007 0.251 0.217 0.709 2.066

0.008 0.272 0.217 0.687 2.095

0.009 0.290 0.217 0.669 2.120

0.010 0.304 0.217 0.654 2.142

0.020 0.379 0.216 0.575 2.276

0.030 0.406 0.214 0.543 2.352

0.040 0.420 0.213 0.525 2.416

0.050 0.427 0.211 0.513 2.480

0.060 0.432 0.209 0.504 2.548

0.070 0.434 0.207 0.497 2.623

0.080 0.436 0.206 0.491 2.705

0.090 0.436 0.204 0.486 2.794

0.100 0.436 0.202 0.481 2.890

0.200 0.426 0.186 0.450 4.236

0.300 0.411 0.173 0.427 6.155

0.400 0.396 0.161 0.408 8.489

0.500 0.381 0.151 0.391 11.117

0.600 0.367 0.142 0.376 13.947

0.700 0.354 0.135 0.361 16.911

0.800 0.342 0.128 0.348 19.957

0.900 0.330 0.121 0.336 23.047

1.000 0.319 0.115 0.325 26.149

i ?�_

s1 = 94.87, s2 = 5.22, s3 = 65.26, sy = 14.37.

#�� ö N �%� ����S ��¢�� < � H�� & �%� ���
Ŷ = −8.5537 + 0.0635X1 + 0.5859X2 + 0.1156X3.

Å�£ Ö ü ï�® S ¾���ï î ������� ¼ J Ñ Ì ü%S,¤ X p�q ÿ�¥ S,¦�§�¨�©�ª��«�¬ � k
ï � �u��­�®�¯ �u�u�uÑuñu� �uï�ù�° S�ÚuW�±��uê � 3�y�²�³�´�µ

±�����¶ ï�« í�î�� LS í�î�ñ ë � ï�¯ ����� v Vinod · Ullah[105] ��¶ � ��©
ª ��«�¬ � k

ï � ��¸(¹��»º½¼
h ����� v � 3�y�² ¯�¾ ´�¿�¸,� ��À β · σ2,

·
º½¼

h ������ª ��ï�« í�î�� LS í�î�ñ ë � ï�¯ ����� ( ��Á���Â�Ã M�Ä�ï�Å�Æx�y ¯ ¬ ì�Ç�È [4], p.303).
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« í�î ï ��©�É�Ê � � ¸�¹�� Ê�Ë « í�î v%� Á�Ì�Í �%����� (6.6.2),
�%��±

� β
ï Ê�Ë « í�î � Ë �

β̂(K) = (X ′X + ΦKΦ′)−1X ′y,

��Î Φ
ïu� Ë�Ï ² Ç ¸,Ð Φ

� �u��Ñ � s ¸ ��Ò Φ′X ′XΦ = diag(λ1, · · · , λp−1) ,

K = diag(k1, · · · , kp−1). ¯�¾ ´�¿�¸ t�� K ��Ò�Ê�Ë « í�î�� LS í�î�ñ ë � ¯ �
�u� v,Ó � 3�y�²uÖ�¸ Ê�Ë « íuîuê�Ô�� « íuî 
�Õ�Ö�®uï�¯ �u�u� ¸,×u��Ø ki

��Ù�Ú�Û�Ü v
6.7.2 Ý�Þ�ß�à�á
âäãäå�« íÈî ïäæèç Í ¥�¸ �ä¶�é�êäë�ÌäÍíìïî�ð�ñ (6.6.2)

ïäòäóäôäõ
(6.7.2).â ð�ñ (6.7.2) ö ¸,÷�ï r�î�s Z = (z(1), · · · , z(p−1)) = (Xφ1, · · · , Xφp−1),
Ð

z(1) = Xφ1, · · · , z(p−1) = Xφp−1. (6.7.16)

Á�ø Z
ï�ù

i W z(i) ø�ú�û p − 1 ü�ì�î �A����ï Ì�Í�V ý�¸,ý V ý�þ ��ÿ X ′Xï�ù
i ü������������������ � φi.

×�~�¸
Z � p− 1 ü�W�	�����Á p− 1 ü�¾�ú

û ��� �
�
��Ì�Í�V
� (
Ð ¾ X ′X �
�
�
� � ÿ�V
� þ � ) �
�
� ÷�����v â
�
������ ö ¸(¹ ��� ÷���� ÿ�����Ã v���â�ù ê���� ÷���� ����Á X ′X ���������

� ¸,¹ ÿ ù ê�����Ã ¸���â�ù�� ����	���ÿ ù�� ����Ã ¸ ��~�! É v,× ÿ X ø�ö"�# � ¸ Ð 1′X = 0, Á�ø 1′Z = 1′XΦ = 0. ��¾ Z $�ø�ö "�# ��% ×�& Z ��'��� ��( ¯ ��ÿ
z̄j =

1

n

n∑

i=1

zij = 0, j = 1, · · · , p− 1. (6.7.17)

�
(6.7.16) )�Ò

z′(i)z(i) = φ′iX
′Xφi = λi. (6.7.18)

* � (6.7.17) +
n∑

i=1

(zij − z̄j)
2 = z′(i)z(i) = λi, j = 1, · · · , p− 1.

Á�ø X ′X � ù i ü������ λi 	�, � é ù i ü�����Ã�-�� ��. � � %,¤�/ ��0 X1 â�2�3 Ì�4 þ�¥�¸�5 ê�� X ′X ��������6 � ¸�7�8�9 / λr+1, · · · , λp−1 ≈ 0. �¥�: §�� p− r − 1 ü�����Ã�-�� ��. 	�6�; ¸�< * � (6.7.17)(
Ð�µ ±�� ¯ ��=�ÿ>

),
×�&�? ������Ã�-���@�A�ÿ > % ×�B�¸�â�° ����Ã�C�ÿ ÷ ��ì�îEDGF�H ¥�¸I?: §�� p− r − 1 ü�����Ã�����F�H���J�K�	�)�¾�L�M�N ¸�O )�P�Q�±�R�ì�î�ð�ñ

ö�S
T
% ° �
; �
U
V
W
X
Y � r ü
�
��Ã
�íì(î ¸[Z
:
< Fíì Õ ú�û
�EDGF
H ¸
	�Ò Õ é�����Ã�ì�î�%
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a â P ²�b�c�d�e�f # %�g Λ = diag(λ1, · · · , λp−1). � Λ, α, Z · Φ
W Ã�h�i

Λ =




Λ1 0

0 Λ2


 , α =




α1

α2


 , Z = (Z1

... Z2), Φ = (Φ1
... Φ2),

ý ö Λ1 ÿ r× r j 0�¸ α1 ÿ r × 1 �kH ¸ Z1 ÿ n× r j 0�¸ Φ1 ÿ (p− 1)× r j0 %�P ? ��Ã�h�j 0�l�m (6.7.2) n�S�T Z2α2 o Ò Õ ì�î�ð�ñ
y = α01 + Z1α1 + e, E(e) = 0, Cov(e) = σ2I, (6.7.19)

? ü ÷ �íì(î�ð�ñ
	�ø â S
T�é : § p−r−1 ü
�
�
F
H
J
K
p
;
�
�
��Ã : Ò Õ
�
% ×
B�¸rq
s�²
t ±�ø
u ° �
��Ã
v
w�é�ê
x�ì(îyDGF
H
��z
{
%|��ð�ñ (6.7.19)

� ° ��; ��U�V�¸ Ò Õ α0 · α1 � LS } � i
α̂0 = ȳ =

1

n

n∑

i=1

yi,

α̂1 = (Z ′
1Z1)

−1Z ′
1y = Λ−1

1 Z ′
1y.

¦�§ t ±�R�ð�ñ�ökS�T�é : § p− r − 1 ü�����Ã ¸�? Û�~�Á ° α̃2 = 0 ��} � α2.

u ° 4 þ β = Φα, )�¾���Ò�ú�û ¬�� β ��} �

β̂ = Φ




α̂1

α̂2


 = (Φ1, Φ2)




α̂1

0


 = Φ1Λ

−1
1 Z ′

1y = Φ1Λ
−1Φ′

1X
′y, (6.7.20)

? 	�ø�������Ã�} � %× ÿ���� (6.7.20)
õ�5

E(β̃) = (Φ1, Φ2)




α1

0


 = Φ1α1,

�
β = Φα = Φ1α1 + Φ2α2,

)�� ¸ ê�ë���û E(β̃) 6= β, Á�ø�����Ã�} � $�ø 5�� } � %���Á 5�� } ��¸�t ±��� °�¯
�
�
� C�ÿ
,
H ý�æ
� �
����% Y §
���
� ´í¿ é ¸ â ê��
����� Y �
��Ã
} ��� LS } ��5 p�; ¯������ %�
�

6.7.2 ~
/ �
0 1 â
2
3 Ì
4 þ
��¸�� ~�z
{ ³
� �
����Ã�ü � )
���
��Ã�} ��� LS } ��5 p�;�� ¯�������¸,Ð

MSE(β̃) < MSE(β̂).
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6�®�@�Á >�¸ ������� 6.6.1 · (6.7.20)
õ�¸�5

MSE(β̃) = MSE




α̂1

0


 = trCov




α̂1

0


+

∥∥∥∥∥E




α̂1

0


−α

∥∥∥∥∥

2

= σ2tr(Λ−1
1 )+‖α2‖2.

× ÿ
MSE(β̂) = σ2tr(Λ−1),

¯ ¾
MSE(β̃) = MSE(β̂) + (‖α2‖2 − σ2trΛ−1

2 ).

Á�ø
MSE(β̃) < MSE(β̂)

~ Ó�° ~
‖α2‖2 < σ2trΛ−1

2 = σ2

p−1∑

i=r+1

1

λi
. (6.7.21)

× ÿ t�±�9 � X ′X � : « p− r− 1 ü�������®�@�Á >�¸ Á�ø ²�õ�²�³ 6�� ¸�O�7
Ü õ (6.7.21) ��´�%�����Ò ´ %µ × ÿ α2 = Φ′

2β, Á�ø�F�ì Õ ú�û�¶ ��¸ (6.7.21) )�F ô ÿ
(β
σ

)′
Φ2Φ

′
2

(β
σ

)
< trΛ−1

2 . (6.7.22)

? 	�ø�� ¸�° ~ β · σ2 ·�¸ (6.7.22)
��¸ ����Ã�} ��¹�º�� LS } ��5 p�;���»������¸

(6.7.22) ¼�½�é�¶ ��¾�¿ ö ( À β/σ ÿ�¶ � ) ê�ü�ö " â ú�Á���Â�Ã�%,Á
ø�R (6.7.22)

t�± )�¾�Ò Õ�Ä�Y � *�Å i
(1) ��Æk����¶ � β Ç σ2, ~ X ′X � : « p− r − 1 ü�������6�; ��È ����É

} ��� LS } ��5 p�;���» ����� %
(2) ��Ê���� X ′X , $�	�ø�Æk��� Λ2, ��Û�� � p�;�� β/σ, ����É�} ��� LS

} ��5 p�;���» ����� %â �
�
É
} � �
©íö È�5 ê�ü�Ë
Ì��
Í�Î
	�ø Ä�Ï z�{
Ð � ���
É�ü � %�Ñ�Ò5�Ó�Ô���V�È,ý ê�ø�Ð � ������������Õ�� � p�����Ö�������É�× ý�� ø�z�{ r,Ø�Ù ∑r
i=1 λi Ú�Û�Ü p− 1 ü�������Ý�Ç ∑p−1

i=1 λi � � � ( Þ ? ü � ��ÿ�ª r ü��
��É���ß�à�á ) â�ã�ä�å�Ê������ È�æ�Ä 75% ç 80% è�%é Ì
�
ê�ë
Á È �
�
É
C�ÿ�ú�û
F�H
��ì
í�î
� È ø
ë Ôðïòñ
ó F
H�ô È ë
õ�n7�e�5�ö�Ï�s�÷�ø�ù�È ��ú�~�ûküEDGF�H e�5�7�ý ,�H�þ�ÿ ��È�� ø Ä
B %�� Ä������� C���	�H Ú�
�� ��� È
� 	�������4 þ Í�Î�ö È�9 � X1 Ç X2 É�ú�¼�½ �
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� C�� ������� (�» 
�� Ç�����H È���± ��,�H�þ�ÿ�É�ú�ø����k,�Ç���� Èk& X3

¼
½
þ
ÿ
«���� # ����� �� �©
H È þ
ÿ�ø�!�"
% ?
� �
��É
C�ÿ ? ��F
H��
ì�í
î�� È���± ��þ�ÿ�	�#�$�$ 7 ø�% È���&�7 � ý�s�÷�'�ù %G~ Z $ 1 � ë�� s�÷ Í
Î È DGF�H�=�ø ý ë !�( ������H È���±�e�5 Õ ý ��,�H�þ�ÿ È n�) ��± �
����Ée�5�* É�ê�+�� s�÷�,�- %

.
6.7.2 ( /�� 6.7.1) 0�1 � ��É�2�Í�Î�%

� � 6.7.1 3 Èkt�±�4�5 � ?�6�� ��C�% ��� É�2 È n�)�7�8�%�ûkü�9 � ��:
} ��È a ��t�±�; 7 � ������É�} � % X ′X ��<�=�������É�ú�>

λ1 = 1.999, λ2 = 0.998, λ3 = 0.003.

��± ������<�=�����?�@ # �����kH�É�ú�>
φ′1 = (0.7063 0.043 0.7065),

φ′2 = (−0.0357 0.9990 − 0.0258),

φ′3 = (−0.7070 − 0.0070 0.7072).

<�=�����É�É�ú�>
z1 = 0.7063X1 + 0.0435X2 + 0.7065X3,

z2 = −0.0357X1 + 0.9990X2 − 0.0258X3,

z3 = −0.7070X1 − 0.0070X2 + 0.7072X3.

A '�?�B
X1, X2 Ç X3 C 3 "�# Ç���� # : ��F�H ÈED > λ3 ≈ 0 , )�ª Ó =����

É���ß�à�á
2∑

i=1

λi/

3∑

i=1

= 0.999 = 99.9%.

D�B�È�t�± S�T�F�<�=�����É È
G Ð � ª Ó =�����É È
��± ��ûkü�9 � � LS } �
É�ú�> α̂1 = 0.690, α̂2 = 0.1913. H�I�ã�I ; F�H È Ù ã 5�J ûkü ��K

Ŷ = −9.1057 + 0.0727X1 + 0.6091X2 + 0.1062X3.

¼ 6.7.3 Ê�8�%�����É�} ��È :�} � Ç LS } � %EL�� ;�M�È ����É�} � ÇN:�} �� p�Õ�@�% & Ú LS } � Õ �kÈ�2�3 ì�4�9 (6.7.15)
¯�O ø � X1 Ç X3 ��ûkü�9� F # p�� È n�) X1 ��ûkü�9 � ��P�¬�$�Q � %�F # %
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6.7.3 SUTUVUWUXUYUZU[]\]^U_]`]a
bUc dUeUf

x1 x2 x3gUhUi _�` (r=2) −9.1057 0.0727 0.6091 0.1062

LS _�` −10.1300 −0.0514 0.5869 0.2868j _�` (k=0.04) −8.5537 0.0635 0.5859 0.1156

k [ l

6.1 m�\UnUoUpUqUrtsUuUo]v]wUx]y]z]{]|Ur~}]�U�]�]�]�U�~s]xUy]�]�]oU�]�]z i]�U�
z]�]n]o]p]q]�]�]�]o]p]q]r~�]s]�]�]�]u]o]�]�]z]�]z��]�]�]���]�]y]���~�]��� \]u]o� 
¢�£�¤�¥�¦

Y = α1X1 + α2X2 + α3X3 + α4X4 + e,

�U� Y �U�UxUyU�U�UyU�U�U�U�U�U�U�U| c ���U�]�U ]r¢¡]£U�U� � s]¤U¥]�U�]zUr�¦ Y §U�¨U© r Xi � © � 0, 1 ª −1. 0 «U¬UsU�U­U{U|U®]r � i oUpUqU¯�\U°U{U± 1 ² −1
iU� «U¬³ pUq � sU¤U¥U²U´U¥U�U�]�]zU�I£[¤Uµ e αi ¶ ��� i oUpUqU�U| c r·�U�U¸U¹]{]ºUn]­Ur»�¼ £U¡U½U«U�

Y X1 X2 X3 X4

20.2 1 1 1 1

8.0 1 −1 1 −1

9.7 1 1 −1 −1

1.9 1 −1 −1 1

(1) ¾U¿� �¢�£�¤�¥�¦]«]¬U�]À]{]| eUÁ ±
(2) ÂUÃUm�`UÄUÅ X ÆUÇ X ′X = 4I4, ��`UÈUpUqU| c αi �UÉUÊUËUÌ�_�` α̂i;

(3) ÍUm�¥�¦UÎUÏU�U}]Ï]� σ2, ÃUÐ Var(α̂i) = σ2/4;

(4) ¡U£U�UÀUpUqU�U¿UÑ 4.1.1 �U}U� iU� {U|U� αi ��_�`UÒU�U�U�U�U�UÓUÔU� Var(α̂i) =

σ2/4, �UÒU{UÕUÖU­E×
6.2 m y = Xβ + e, E(e) = 0, Cov(e) = σ2I, X � n × p ØUÆUÙUm�`UÄUÅ]��Ú X, β

i
Û �

Xβ = (X1 X2)


 β1

β2


 .

(1) ÃUÐ β2 �UÉUÊUËUÌ�_�` β̂2 Ü ½UÝUÞUßU�

β̂2 = [X ′

2X2 −X ′

2X1(X
′

1X1)
−1X ′

1X2]
−1[X ′

2y −X ′

2X1(X
′

1X1)
−1X ′

1y];
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(2) ã Cov(β̂2).

6.3 äUåUæ� �¢�£�¤�¥ ¦ y = β01 + Xβ + e, e ∼ N(0, σ2I), �U� X � n × (p − 1) Ä
ÅU�~¾UçUßUÍUm

H1 � β1 = · · · = βp−1 = c,

H2 � β1 = · · · = βp−1,

H3 � β1 + · · · + βp−1 = c

� F è�` c �~�Ué c �UÞU U� dUe �
6.4 m σ̃2

q � σ2 s�ê�¥�¦ (6.3.2) ½���É�Ê�Ë�Ì�_�`�r~Í�m�ë�¥�¦ (6.3.1) å�ì�r~¾�ã
E(σ̃2

q ), �UíUî ¼ £UïUÐUºUð]ñò×
6.5 äUó� �¢�£�¤�¥�¦ y = Xβ + e, ÍUm X ���UuUØU�UôUëU� 1, ÃUÐU�
(1)
∑n

i=1
(yi − ŷi) = 0,

(2)
∑n

i=1
ŷi(yi − ŷi) = 0,

�U� ŷi �UõUö ©E÷øc ŷ = Xβ̂ ��� i o i c �
6.6 äUùUúUû 18 üUùUýUþUÿ���������� e]Á ( �U½U« ), ¾U¿ RMSq, Cp ² AIC �U¦Ur	�
���� £�¤�
�¦U�
y ��þUÿ��U������� ( ���Uô ),

x1 ��������������� ( ô ),

x2 � ³�� þUÿ��U������� e (%),

x3 �N���UþUÿ��Uy�������� e (%). �!
18 "  _�#�$�%�&�'UV]W

y x1 x2 x3

7.8 81.2 85.0 87.0

8.4 82.9 92.0 94.0

8.7 83.2 91.5 95.0

9.0 85.9 92.9 95.5

9.6 88.0 93.0 96.0

10.3 99.0 96.0 97.0

10.6 102.0 95.0 97.5

10.9 105.3 95.6 98.0

11.3 117.7 98.9 101.2

12.3 126.4 101.5 102.5

13.5 131.2 102.0 104.0

14.2 148.0 105.0 105.9

14.9 153.0 106.0 109.5

15.9 161.0 109.0 111.0

18.5 170.0 112.0 110.0

19.5 174.0 112.5 112.0

19.9 185.0 113.0 112.3

20.5 189.0 114.0 113.0



· 196 · (�)�*,+�-/.	0�
�1

6.7 s�2�3�4�5U�Ur76�8�9�:U�]q�; Y <�=Uú�>UuU �?UÔU��9�:�@�A X1 ²�9�:�?UÔ X2

��B]��C]µ�D�E]|]Ò]��F]¿�G�H]rJI]�]�]ý�C]µ]�]�]��K�L]¿�M�N]�]}]�PO X1 ² X2 � ©�QR�S u�T�9U�Uq�;UrVU�W R�S u�X�Y�2U��Z�[�\ c ��½]«�]Uu�^�_�` eUÁ �
X1 X2 Y X1 X2 Y

8.3 70 10.3 12.9 85 33.8

8.6 65 10.3 13.3 86 27.4

8.8 63 10.2 13.7 71 25.7

10.5 72 16.4 13.8 64 24.9

10.7 81 18.8 14.0 78 34.5

10.8 83 19.7 14.2 80 31.7

11.0 66 15.6 14.5 74 36.3

11.0 75 18.2 13.0 72 38.3

11.1 80 22.6 16.3 77 42.6

11.2 75 19.9 17.3 81 55.4

11.3 79 24.2 17.5 82 55.7

11.4 76 21.0 17.9 80 58.3

11.4 76 21.4 18.0 80 51.5

11.7 69 21.3 18.0 80 51.0

12.0 75 19.1 20.6 87 77.0

12.0 74 22.2

¾U¿ S È�a�b h ½�>]�]è S i�c �
(1) ÍUm Y < X1 ² X2 EU¡U½�+�-/.	0�CUµU� Y = α + β1X

2
1 + β2X2 + e, dUÉUÊUËUÌi�c r~��d�eU§U��f]Ï�g]�~¾ S È Box-Cox

b�h�iUe
λ � © �

(2) ä (1) � S ÈUßU� b�h�iUe λ
© rjd�eU§U� Box-Cox

b�h rt�Uä b�h�k ��I b]c dUä
X1 ² X2 �UÉUÊUËUÌ/.	0U����d�f]Ï�g]�

6.8 ÃUÐU �l 6.4.1.

6.9 äUåUæ�+�-/.	0�
�1 y = Xβ + e, e ∼ N(0, σ2I), m β̃ = Ay � β �UuUo�+�- R�S
(1) Ã Ð �m� } Î Ï Ä Å MSEM(β̃) = E(β̃−β)(β̃−β)′ � �mn Ê � A∗ = ββ′X ′(Xββ′X ′+

σ2I)−1.

(2) ÃUÐ
β̃ = A∗y =

β′X ′y

σ2 + β′X ′Xβ
β.

o�pJq ¿UÉUÊUËUÌ R�S β̂, σ̂2 r�s β, σ2, ��tU� β u�v�+�- R�S

β̃ =
β̂′X ′y

σ̂2 + β̂′X ′Xβ̂
β̂.

6.10 ä ó §6.7 wmUmux.70 µmymz RmS um{m|m} Ý p |mHmz RmS β̂(K) = (X ′X+ΦKΦ′)−1X ′y,

¾UÃUÐ�~�� K = diag(k1, · · · , kp−1) > 0, ��t MSE(β̂(K)) < MSE(β̂), �Ué β̂ � β uUÉUÊUË
Ì R�S��
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6.11 d�� 10 ������t�_�`�y������ p

y 16.3 16.8 19.2 18.0 19.5 20.9 21.1 20.9 20.3 22.0

X1 1.0 1.4 1.7 1.7 1.8 1.8 1.9 2.0 2.3 2.4

X2 1.1 1.5 1.8 1.7 1.9 1.8 1.8 2.1 2.4 2.5

(1)
q��

X1, X2 �/.	0/�	�����~í�������B�]���~�������+�C��/�
(2) ����z����Uã y CUó X1, X2 u�z/.	0���5��J���]ß�z���g �
6.12 ä]ù]ý�����u������ Y U����� ��J��¡�¢�E�C�u�£�¤�IP¥ : X1: ������������� ,

X2: ¦�����u�§���������y , X3: ¦�����u�¨�©�ª�E�� , X4: «��]þ]ÿ���§���������y � ��>
]��� �y�� p

¬�­
X1 X2 X3 X4 Y

1 82.9 92.0 17.0 94.0 8.4

2 88.0 93.0 21.3 96.0 9.6

3 99.9 96.0 25.1 97.0 10.4

4 105.3 94.0 29.0 97.0 11.4

5 117.7 100.0 34.0 100.0 12.2

6 131.0 101.0 40.0 101.0 14.2

7 148.2 105.0 44.0 104.0 15.8

8 161.8 112.0 49.0 109.0 17.9

9 174.2 112.0 51.0 111.0 19.6

10 184.7 112.0 53.0 111.0 20.8

® ��¯�°�±������ 
 Y < X1, X2, X3, X4 u/.	0���5 �
6.13 ¡�¢�²�³�+�-/.	0�
�1

y = Xβ + e, e ∼ Nn(0, σ2I).

´
β̂ = (X ′X)−1X ′y, σ̂2 = 1

n−p
‖y −Xβ̂‖2.

(1) µ Var(σ̂2);

(2) ¶ A = 1
n−p−2

(I −XX+),
S�·

E(y′Ay − σ2)2;

(3) ¸�¹ y′Ay º�� σ2 u�»�¤ R�S �½¼ σ̂2 D�E�¾�¿�u�����À�Á��JÂ�E E(y′Ay − σ2)2 ≤

E(σ̂2 − σ2)2.
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ÍÏÎÏÐÏÑÏÒÏÓÏÔÏÕÏÖ	×ÏØÏÙÏÚÜÛÏÝÜÞÏßÜàÏáÜâÏãÜäÜåÏÐÏæÜçÏèÜÛÜÝÏé	êÜëÏÛÜÝ
ìÏíÏÐÏîÏåÏïÏðÏñÏòÏóÏôÏÖ	õÜöÏ÷ÜøÏïÜðÜñÏòÜÛÏÝÜé	ùÜúÏêÜëÏÛÜÝÏíÜûÏëÜüÜýÏåÜþ
òÿÙÿÚÿ×��ÿé/ÎÿÐÿëÿ×��ÿÞ����������ÿØ��ÿ×���	�
����

( 
 ëÿõ����������ÿØ )��� Ù��ÏÖ���� 
 õ����Ï×������ÜØ��Ï×��Ïé������ÏåÜþÏòÜÙÏÚÜÞ��Üú 
 õ����Ü×�����ÏØ��Ï×��� �!Ïå#"%$ÏÖ êÏëÜ×��#&('��Ü×��ÜÙ����Ïé êÏëÜ×���)�*Ïå�+�,ÜÔ
- $�.ÜÖVÐ�/�0ÜÐ�1�2�3ÜþÜò�465(7�8Üà�9Ü×��ÜéVÎ�:ÜëÜ×��ÏÞÜÖ<;�=Ü×ÜØÏÙÜÚÜÛ
ÝÿÞÿÐÿæÿçÿèÿÛÿÝÿÖ/ÒÿÓ�>�?�@�A�B�C�D�EÿåÿÐ�/ÿçÿèÿÛÿÝÿå�Fÿò���Gÿðÿå�H�I
ßÏàÏúÏêÏëÏÛÏÝÏé	õ�JÏêÏëÏ×�����KÏÑÜçÜè#L(MÏÛÜÝ� Üý�!�NÏÖ õ�9�O�P�@6L%MÜÙ
Ú���Q�RÜé<9��Üù 
 ëÜ×ÜØÜÙÜÚÜÛÜÝ�7�8ÜàÜþÜÐ�S�TÜÛ�UÏÖ<V�W�X�YÜÖ<Z�[�\�]Üé^ÜÑ���8Üà�_�`Üé

§7.1 acbedgfghji
0ÜÎÜÐÜÑÜÒÜÓ6k(lÜà�m�n�o ��p êÜëÜÛÜÝÜé/Ð�/ÜÖ ñÜõ��

A
í

a q�r �ÜÖ/Ùs�t�J
A1, A2, · · · , Aa, u 0 r � Ai

��v
ni(i = 1, 2, · · · , a,) w Z�x�y�zÜé{t yij

J
0ÜÎ

i q�r � Ai

�ÜÎ
j w å�y�z�|ÜÖ{}ÜíÜÛÜÝ

yij = µ+ αi + eij , i = 1, 2, · · · , a, j = 1, 2, · · · , ni, (7.1.1)

ê�~
µ
J������ÜÖ

eij ��� �����ÜØÜÖ u���� eij ∼ N(0, σ2), � eij

7��������ÜÖ
αi

JÜÎ
i q�r �Üå��ÜßÜé/ü��ÜÐ�/ÜèÜÖ/ÒÜÓÜâ � ñ

a∑

i=1

niαi = 0. (7.1.2)

9ÿõ�� ∑a
i=1 niαi = d 6= 0 , � à µ∗ = µ + d/N

�
α∗

i = αi − d/N
Ù�s����

µ
�

αi,
ê�~

N =
∑

i ni,
�����ÿÛÿÝ

yij = µ∗ + α∗
i + eij , ��� ∑a

i=1 niα
∗
i = 0.

í�1
��� ø

(7.1.2)
J��������ÿÖ/ÒÿÓÿ÷�8ÿàÿê q���� é/ùÿÛÿÝ (7.1.1),

�
n1 = n2 =

· · · = na, � øÜÛÜÝ�J����ÜåÜÖ�� � Ö�ø�JÜá����ÜåÜé�ù����ÜåÜÛÜÝÜÖ�����������J∑a
i=1 αi = 0.

��t
y′ = (y11, y12, · · · , y1n1 , y21, · · · , y2n2 , · · · , ya1, ya2, · · · , yana), β

′ =

(µ, α1, α2, · · · , αa), e′ = (e11, e12, · · · , e1n1 , e21, · · · , e2n2 , · · · , ea1, ea2, · · · , eana), � ÛÝ
(7.1.1)

åÜñÜò���J
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X =




1n1 1n1 0 · · · 0

1n2 0 1n2 · · · 0

...
...

...
. . .

...

1na 0 0 · · · 1na




. (7.1.3)

úÜÞÜÖ{£6¤ ÙÜæÜÛÜÝ
(7.1.1) ����¥ p çÜèÜÛÜÝÜåÜÐ�/�¦�U y = Xβ + e.

ùÜê q ÛÝÜÖ{��KÜÐÜÑÜüÜýÜåÜÞÜÖ/ñÜò��
X
Þ�§�¨�©ÜåÜÖ{}�©�!Üú�ªÜå�§��Üé

7.1.1 «�¬�­�®
ùÜú�£6¤ ÙÜæÜÛÜÝ

(7.1.1),

�¯ � ×�° X ′Xβ = X ′y

J

Nµ+

a∑

i=1

niαi = y·· , (7.1.4)

niµ+ niαi = yi· , i = 1, · · · , a, (7.1.5)


65
y·· =

∑
i

∑
j yij , yi· =

∑
j yij , N =

∑
i ni. ± úÜñÜò�� X

å�©
rk(X) = a,

ú
Þ

X
Þ�§�¨�©ÜåÜÖ�}�©�!Üú�§��Üé�ê�²�?�@ÜÍ�¯ � ×�° (7.1.4) ³ (7.1.5) ´ ]Üé�õJ��
(7.1.5)

å
a q ×�°���µ�}�� (7.1.4),

ö
(7.1.5)

å
a q ×�°�¶��������Üé/ÍÜÎ· ÑÜÔÜÖ ù�¸ÜÐ

c ∈M(X ′),
çÜè�¹��

c′β
Þ�?�F�¹��ÜÖ u c′β̂

Þ
c′β
å

LSE,

65

β̂ = (X ′X)−X ′y
Þ�¸ÜÐ

LS
�

(
}�¯ � ×�°Üå�� ).

}Üù�?�F�¹��Üö�ºÜÖ{ªÜå
LS
F

òÜü�»�¼Üú
LS
�Üå�½�¾Üé½õ�9ÜÖ½ÒÜÓ�¿�)�*�À�¯ � ×�°Üå�¸ÜÐ�Á���}�?Üé½ÒÜÓ ´��A��������

(7.1.2)
µ�Â���¯ � ×�° (7.1.4) ³ (7.1.5)

5 ÖÃ?�Ä�Å���0�9�Æ�Ç����
�Üå

µ
�

αi

åÜÐ�È
LS
�

µ̂ =
1

N
y..

4
= y·· , (7.1.6)

α̂i =
1

ni
yi· − µ̂ = yi· − y··, i = 1, · · · , a. (7.1.7)

)�*�É�ÊÜåÜÞÜÖ
µ̂
�

α̂i, i = 1, · · · , a, Ë üÜÞ µ
�

αi, i = 1, · · · , a
å�Ì�Í�FÜòÜé õ

JÜê�1�Î���7ÜÞÜü�?�FÜåÜé
õ�J

rk(X) = a, Ï @�9�Ð�ÑÜì�¿Üí a q çÜè�Ì�ÒÜå�?�F�¹��ÜÖ/ÒÜÓ�Ä�Å����
µ + αi, i = 1, · · · , a

7ÿÞ�?�FÿåÿÖ u çÿè�Ì�ÒÿÖ/úÿÞ�¸ÿÐ�?�F�¹���7�? ��� J�ªÓÜåÜçÜè�È�ÓÜÖ{}�ÔÜí�¦�U
a∑

i=1

ci(µ+ αi) = µ

a∑

i=1

ci +

a∑

i=1

ciαi. (7.1.8)
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Ù�I�Ú����ÜÐ q ¿�Û�Ü��Üß αi(i = 1, · · · , a)

öÜü�Û�Ü�����|
µ
å�?�F�¹��ÜÖ � ßÝ ∑a

i=1 ci = 0.
ê q�Þ mÏå�ßÏ÷ÏÞÏùÏåÏÖà}�� ∑a

i=1 ci = 0, á í ∑a
i=1 ciαi

?�FÏé ú
Þ ∑a

i=1 ciαi

?�F
⇐⇒

∑a
i=1 ci = 0.

ÒÜÓÜø ��� ��� ∑a
i=1 ci = 0

å�¹�� ∑a
i=1 ciαiJÏÐ q ù�âÏÖ ± ú � µi = µ+αi,

õ�9Ïù�â ∑a
i=1 ciαi

¶�? ��� J ∑a
i=1 ciµi .

n�Ù
µi − µj(i 6= j), 2µi − µj − µk(i, j, k

�Üü���3
), αi − αj(i 6= j), 2αi − αj − αk(i, j, k

�
ü���3

)
7ÜÞÜù�âÜé{ã��

Gauss–Markov � TÜÖ{H�Ó (7.1.8)
U��gämù�â ∑a

i=1 ciαiå
BLU

FÜò�J ∑a
i=1 ciα̂i =

∑a
i=1 ciyi· .

ê q�Þ m�? � W�Jåäæ�Üß αi

å�¸ÜÐÜù�â
å

BLU
FÜò�3Üú 
 È�ç�^���| yi·

åÜýÜÐÜù�â
.
úÜÞÜÒÜÓ�è6é p Ù�� � Têäë�ì

7.1.1
ùÜú�£6¤ ÙÜæÜÛÜÝ

(7.1.1)

(1)

a∑

i=1

ciαi

?�F
⇐⇒

a∑

i=1

ciαi

ÞÜÐ q ù�âÜÖ{} a∑

i=1

ci = 0,

(2)
ù�â a∑

i=1

ciαi

å
BLU

FÜò�J a∑

i=1

ciyi·.

n�Ù ± 9 � T��Ïù�¸�Ê αi−αj , i 6= j
7ÏÞ�?�F�¹��ÏÖí


BLU
FÏò�J

α̂i− α̂j =

yi· − yj ·.

7.1.2 î�ï�ð�ñ
ùÜú�£6¤ ÙÜæÜÛÜÝÜÖ/ÒÜÓ�ò�ó�ôÜåÜÞ�õ�öÜõ��

A
å

a q�r ���ÜßÜÞ��Üí�÷�øØ�NÜÖ{}�GÜð � ñ
H0

ä
α1 = α2 = · · · = αa , (7.1.9)ù�3�ú�û�GÜð � ñ

H0

ä
α1 − αa = α2 − αa = · · · = αa−1 − αa = 0 , (7.1.10)

±(� T 7.1.1
ÔÜÖ

αi − αa, i = 1, 2, · · · , a − 1
7ÜÞ�?�F�¹��ÜÖ Ï @ � ñ H0

OÜø�J
?�GÜð � ñÜé{� H0

J�üÜÖ � αi

��3Üé/ñ�
�ý�þ�|�J
α,
��9

α Ë Â�������| µ,����Æ�XÜÛÜÝ
yij = µ+ eij , i = 1, 2, · · · , a, j = 1, 2, · · · , ni. (7.1.11)

ªÜå�¯ � ×�°�J Nµ = 1′y,

65

N =
∑a

i=1 ni , 1
J Ï í�ÿ���7ÜÞ 1

å
N × 1

å6¤
� é/úÜÞ

µ
0

H0

�Üå�Æ�Ç
LS
��J

µ̂
H0

=
1

N
1′y =

1

N
y·· = y·· . (7.1.12)

ã��
§5.1

å�H�I�äjL(M��Ü×���3Üú��ÜÔ�Î��Üå
LE
����¯ � ×�°����6¤ � å��	� ,í6L(M��Ü×��

RSS(µ) = µ̂′
H0

1′y = y2
··/N . (7.1.13)
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 ÐÏ×�CÏÖ��Ïà
(7.1.6)

U��
(7.1.7)

U���¯ � ×�°ÏÖ Ä�Å�
�] µ
�
α1, α2, · · · , αaå6L(M��Ü×��

RSS(µ, α)
4
= RSS(µ, α1, α2, · · · , αa)

= µ̂y·· +

a∑

i=1

α̂iyi·

= y2
··/N +

a∑

i=1

yi·(yi·/ni − y··/N)

=

a∑

i=1

y2
i·/ni . (7.1.14)

± ú��ÜØ��Ü×���3Üú����Ü×������6L(M��Ü×�� ,
úÜÞ��ÜßÜå��ÜØ��Ü×���J

SSe = y′y −RSS(µ, α) =

a∑

i=1

ni∑

j=1

y2
ij −

a∑

i=1

y2
i·/ni

=

a∑

i=1

ni∑

j=1

(yij − yi·)
2 . (7.1.15)

õ�J
yi·
JÜõ��

A
åÜÎ

i q�r � Ai

�Üå Ï í�y�z (
÷ÜøÜÎ

i
È�y�z�|

)
å�����|ÜÖ

Ï @ ∑ni
j=1(yij − yi·)

2 ��� ] p Î i q�r � Ai

�Üå Ï í�y�z yij(j = 1, · · · , ni)
Q��

å��ÏØ��Ï×��Ïé
(7.1.15)

J Ï í a
È�y�zÏå����ÏØ��Ï×��ÜÖ â�OÜø�J�È��(�Ï×��ÜÖ

ª�� ��p �����ÏØÏù�y�z����Ïå����ÏéíÙ�I�8Ïà
(7.1.1)

U�H��Ïò�
ÏÐ��
(7.1.15)

Ê
� >���µ���� p é ± ú yij = µ+αi + eij , yi· = µ+αi + ei·,


65
ei· = 1

ni

∑ni
j=1 eij ,

Ï @ yij − yi· = eij − ei·.
õ�9 ∑a

i=1

∑ni
j=1(yij − yi·)

2 =
∑a

i=1

∑ni
j=1(eij − ei·)2, ���Þ ± �ÜØ�o��ÜåÜé{m� Üò�
65 â�8Üà�Ù���!ÜúÜò�
Üå�¦�U

SSe =
a∑

i=1

ni∑

j=1

y2
ij −

a∑

i=1

y2
i·/ni . (7.1.16)

ã��
§4.1

å�H�IÜÔ
σ̂2 = SSe/(N − a) =

a∑

i=1

ni∑

j=1

(yij − yi·)
2/(N − a) 4

= MSe . (7.1.17)

Í
(7.1.13)

�
(7.1.14)

�����Ü×��
SS

H0

4
= RSS(µ, α)−RSS(µ) =

a∑

i=1

yi·/ni − y2
··/N

=
a∑

i=1

ni(yi· − y··)2 . (7.1.18)

êÜÞ ± õ�� A
å r ����" Ï o��Üå�y�z����Üå��ÜØ��Ü×��ÜÖ$#ÜâÜø�JÜõ�� A

å��
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×��ÜÖ/÷�t�J

SSA.
��AÜõ��

A
å�' q�r � Ai

�Üå�y�z���� ´ ¥ Ð�ÈÜÖ (7.1.18)UÜ÷Üø�J�È����Ü×��ÜéPõ�J � ñ H0

¿�Ü
a− 1 q ���Ü×�°ÜÖ Ï @ SSA

å)( ± ��J
a− 1,

ã��
§5.1,

Í
(7.1.17)

�
(7.1.18)

����GÜð � ñ H0

å
F
þÜò � J

F =
SSA/(a− 1)

SSe/(N − 1)
=
MSA

MSe
, (7.1.19)


 5
MSA = SSA/(a − 1), MSe = SSe/(N − a)

Ù�s�Jÿõ��
A
���ÿØÿå��ÿ×ÿé+*

H0

J�ü�ÐÜÖ
F ∼ Fa−1,N−a.

F
þÿò �

(7.1.19)
å-,�y�Ê � Þ é ÷ÿåÿé/Ù � 5

SSA

Jÿõ��
A
å�È-���ÿ×

�ÜÖ{ª�.�/ p õ��
A 
�r �Üù�y�z��������Üå� �!Üé/Ù�065 Ù��65 SSe

J��ÜØ��
×��ÜÖ{ª�� ��p �����ÜØÜåÜù�y�z����Üå����Üå� �!Üé{v

F
GÜð�>ÜÞ�AÜêÜû�1ÜÙ

(
à 
 (Vå��Ü× )

��� "($Üé �
MSA

�
MSe

�ÜØÜüÜìÜÖ � F
þÜò � å�|Üß��Üù6"

$�!ÜÖ � ��2�3 � ñÜÖ	4�JÜõ�� A ��r ���Üß���3Üé	.�QÜÖ(� MSA

"
MSe

 �5
ìÜÖ }

F
þÜò � å�|�5� ÜÖ � ÒÜÓ�6�7�3 � ñ H0,

4�JÜõ��
A
å 
�r ���ÜßÜí�÷øÜØ�NÜé

8 â�A�9�*Üò�
�H�I�§ ¥���: Ö{Ù � 7.1.1,
ø�JÜ×ÜØÜÙÜÚ � é

;
7.1.1 <>=>?>@>A>B>C ;

%>D>E F>GIH J>%>K L>% F MN>O D ( P>Q A) a− 1 SSA MSA = SSA/(a− 1) F =
MSA

MSeN+R D ( S>D ) N − a SSe MSe = SSe/(N − a)T K N − 1 SST = SSA + SSe

U
7.1.1

J�V�W�X�Y�Z�I�[���\�]�^�_ p
4
W�`�a�[�Û�b

( c�d `�a�e Û�bf [�g�h�i�j�k�`�a
).
J p õ�ö�X�Y�l�m

4
W�Û+b�n�k�[�o�p�°���erq�s	ert�U�Û

b�u
2 v e	w	eyx�U�Û�b�u 3 v e<þ 10 v�z�{ û�|�} 10 ~�� ]�����u�V v��+� ey�ö�ª���[ ��� ��� ½�¾�[�m 10 ~�� ]�� Ï S�û���[�����°���e�����[�����e�Z�I��������[�����7���� �I� _�[�Z�I ��� � Ù � 7.1.2. � *�÷�ø�� r�� J α = 0.05Ð�e+X�Y���l�Z�I�[

4
W�Û�b�n�U�[�o�p�°���������÷�ø���N �

;
7.1.2 �>�>�>�> ¡>¢ %>£ ¤>¥>¦ yij yi· y2

i·§
12 18 30 900¨
14 17 13 39 1521©
19 17 21 57 3249ª
24 30 54 2916
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­ ® m�¯ ��°�± e õ�ö�[�²�³ ( ´�µ )
� ��� � e·¶�¸ A

��Û�b�n�¹�e·º�»
� A1, A2, A3, A4,

|�¼���s	e+w	e>x�e>t
4
W�Û�b �>½

7.1.2 ¾	¿�À�Á ��Â ´�µ �Ã�Ä _�
�Å � n�i�Æ�ã µ�Ç Â�3�È ´�µ�É�Ê _�
�[�e+Å � n�i�_�
�Ë�ÌÎÍ
∑

i

∑

j

y2
ij = (12)2 + (18)2 + · · ·+ (30)2 = 3544,

y·· =
∑

i

∑

j

yij = 12 + 18 + ·+ 30 = 180,

Ï � n�i SST = 304,
¶�¸

A � n�i SSA = 258, Ð � � n�i SSe = 46.
n���|

Ñ�_�
�Ò�Ó�Ë ½
7.1.3 Ô�Õ Í

;
7.1.3 @>A>B>C ;

%>D>E F>GIH J>%>K L>% F MN>O D ( P>Q A) 3 258 86 11.21N+R D ( S>D ) 6 46 7.67T K 9 304

Ö
F
|�� ½ e

F3,6(0.05) = 4.76 < 11.21. Ô�× *�Ø�Ù���» � Ã α = 0.05 Ú eX�Y���l�Z�Ó�[
4
W�Û�b�n�¹�[�o�p�Ü�Ý���Ø�Ù���Þ �

ß�à�á�eIâ�ã�ä�å
(
Ë

SAS, matlab æ ) ç n���|�Ñ�_�è�[�é�e ® á ½ ¾	ê ��Vë ��ì�í�î�ï�_�ð
F ñ�ò l�ó�[ p ñ eõô�� z�{�ö ð Fa−1,N−a ÷�ø�ù Fa−1,N−a(α)

ñ [�ú�û � â p ñ�ü ù }�ý�[�Ø�Ù���» � eyþ�ÿ�������^�e�� ° â�ã�ä�å�� Ê n��|�Ñ�_�è�e���	�[
p ñ Ã 0.0071, ü ù 0.05, 
 Æ�ÿ�������^�e�� Ã X�Y-��l-Z-Ó[

4
W�Û�b�n�¹�[�o�p�Ü�Ý���Ø�Ù���Þ �
7.1.3 ��
��������
Ë�Ó���n���|�Ñ�[

F
í�î�e���^

H0

Í
α1 = α2 = · · · = αa � ÿ���e þ�¶�¸ A[

a
¯�» � [���ó�`�� ò�æ e m Ú�� ������l���ó���� αi − αj , i 6= j ç�� ������ e ×� �!�"�#�$ ��ó�` ò�æ �&% V�'�(�e·l�)�V�*�+�, ´ ∑

i ciαi ç ����� ���- ý/.
7.1.1,

∑
i ciαi

*/+/0/1/2/0 ∑
i ciαi

Ã V-l/3 � Ô-× e × Ì/4/5/6-l/3-[����� ���87�® � � É } � Bonferroni
� � i

Scheffè
� � e89�:�;�<�=�>�? c ���� � [�@�A�B�n�C�Í

Tukey
C �

^
c′ = (c1, c2, · · · , ca), c′1 = 0, D ∑

i ciαi

Ã A�l�3 �FE�G î�H�e ô�[
BLU

+
_ ∑

i ciyi·
[�n�� Ã

Var
(∑

i

ciyi·

)
= σ2

a∑

i=1

c2i
ni

. (7.1.20)
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R µ §5.3,

)�S
m
¯�l�3 ∑

i c
(k)
i αi (k = 1, 2, · · · ,m)

[�����T ´ Ã 1 − α
[

Bon-

ferroni
a Ú ����� ��Ã
∑

i

c
(k)
i yi· ± tN−a

( α

2m

)
σ̂

√∑

i

(c
(k)
i )2/ni , k = 1, 2, · · · ,m. (7.1.21)

n��
σ2
[�+�_

σ̂2
Ë

(7.1.17)
¹ �

U�¼�e l
m
¯�V�Ë

αi−αj

[�l�3�[�����T ´ Ã 1−α
[

Bonferroni
a Ú ���� ��Ã

(
yi· − yj ·

)
± tN−a

( α

2m

)
σ̂

√
1

ni
+

1

nj
. (7.1.22)

ÆXW
§5.3, Ô ��l�3 ∑

i

ciαi,
����T ´ Ã 1− α

[
Scheffè

����� ��Ã

∑

i

ciyi· ± σ̂
√

(a− 1)Fa−1,N−a (α)
∑

i

c2i
ni

, (7.1.23)

U�¼�e���Y
C2

a

¯�l�3
αi − αj , i 6= j

[�����T ´ Ã 1− α
[

Scheffè
����� ��Ã

∑

i

ciyi· ± σ̂
√

(a− 1)Fa−1,N−a (α)

(
1

ni
+

1

nj

)
. (7.1.24)

7�® � ��5�6 Tukey
n�C �+Ã � É } � Ë�Ì�ý�Z Í[�\

7.1.1
^

Z1, Z2, · · · , Zm ∼ N(0, 1),mW 2 ∼ χ2
m,
1 Ô ��m $�z�{�ö ð�]

ò�^�_�` e+þ�a z�{�ö ð

q
n,m

=
maxZi −minZi

W

b |�� Ã�c ´ Ã n,m
b�d�e�f�g ��h��

(studentized range distribution).
ô b á�Â

α
h�i�j�k Ã

qn,m(α), D
P{q

n,m
≤ qn,m(α)} = 1− α.

l�m
[1] n�� Ä qn,m(α)

b�½
( o l�m [1] ¾qp ½�r ).Ì�s b ý�. n�� Ä ?�t�u Ú�v ��� ��b Tukey w C�x[zy

7.1.2 { Yi ∼ N(µi, σ
2) (i = 1, 2, · · · , n), U = m

σ̂2

σ2
∼ χ2

m,
1

U, Y1, · · · , Yn ò/^/_/`/| þ Ô/} b µi − µj , i 6= j
b v �/T ´ Ã 1 − α

u Ú/v �� ��Ã
Yi − Yj − qn,m(α)σ̂ ≤ µi − µj ≤ Yi − Yj + qn,m(α)σ̂ . (7.1.25)
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��� ý�Z
Zi =

Yi − µi

σ
, i = 1, · · · , n, (7.1.26)

þ
Zi ∼ N(0, 1). ù�� W	ý�Z 7.1.1 }

maxZi −minZi

σ̂/σ
∼ qn,m.

Ô�×
P{maxZi −minZi ≤

σ̂

σ
q
n,m

(α)} = 1− α,

æ�� (
P{max

i,j
|Zi − Zi| ≤

σ̂

σ
q
n,m

(α)} = 1− α,
��� �

P{|Zi − Zi| ≤
σ̂

σ
q
n,m

(α), ��Ô�} i, j} = 1− α.
�

(7.1.26) ��� á�¹ |�D �

P{|(Yi − Yj)− (µi − µj)| ≤ σ̂qn,m(α), ��Ô�} i, j} = 1− α.
� � HX� Ä Ô�� b Ò�>�x����� ��| ��¯�ý�.�4���ã ù���� w�� h�Ñ�����x���Ë � ������� h������ |
{ n1 = n2 = · · · = na = n,

þ
N = na, yi· ∼ N(µ+ αi,

σ2

n ),
1 � i 6= j, yi·

ì
yj· ò

^�_�`�|�� U = (N − a)σ̂2/σ2 ∼ χ2
N−a.

ó�ã�ý�.
7.1.2

*�� |�� A�� αi −αj , i 6= jb v ��T ´ Ã 1− α
b u Ú�v ��� ��Ã

yi· − yj· ± qa,N−a(α)
σ̂√
n
, (7.1.27)

� � � Ô�  b Tukey
� � x

Ã�Ä�¡
Tukey

� ��¢�£ 	 Ô�} b � 3 ∑
i ciαi, ��¤�É HX�	Ë�Ì�¥�.�Í¦�y

7.1.1 { a1, a2, · · · , am

Ã à ´�| 1 � A�� i 6= j, |ai − aj | ≤ b,
0�1�2�0

∑
i ciαi ≤ b

∑
i |ci|/2, � A���§�¨ ∑

i ci = 0
b

c1, c2, · · · , cm
]�© ` x�/� ª h/« b H¬�®­ E/G x ß-à-á | â ∑

i ciαi ≤ b
∑

i |ci|/2
© `/| þ

|ai − aj | = |ai + (−aj)| ≤ b(1 + 1)/2 = b, � A�� i, j
© ` x¯ � «�x â

ci
] æ ù 0,

Ò�>±°�²�© ` x���ý�³�´ } A�¯ ci 6= 0, µ�¶�| k
I1 = {i, ci > 0},

I2 = {i, ci < 0},

d =
∑

i

|ci|/2,
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1 } ∑

i∈I1

ci +
∑

i∈I2

ci = 0, 2d =
∑

i∈I1

ci −
∑

i∈I2

ci = 2
∑

i∈I1

ci. (7.1.28)

· ã�� $�¸ T�¹ | E�G�¢ �

d
∑

i

ciαi = d

(∑

i∈I1

ciαi −
∑

i∈I2

ciαi

)

=
∑

i∈I1

∑

j∈I2

ci(−cj)αi +
∑

i∈I1

∑

j∈I2

ci(cj)αj

=
∑

i∈I1

∑

j∈I2

−cicj(αi − αj) . (7.1.29)

¹ � ù i ∈ I1, j ∈ I2 }
| − cicj(αi − αj)| = −cjci|αj − αi| ≤ −cicjb. (7.1.30)

� (7.1.29) ÷ � ��ñ�º � (7.1.30) ��� �
∣∣∣∣∣d
∑

i

ciαi

∣∣∣∣∣ ≤
∑

i∈I1

∑

j∈I2

|−cicj(αi − αj)|

≤ b
∑

i∈I1

∑

j∈I2

(−cicj)

= bd2. (7.1.31)

¶
d > 0, 
 á�¹ ` � Ô H�x[»y

7.1.3 � �»�»�¼� h»�»�»� (7.1.1), Ô»}»� 3 ∑
i ciαi

b v �»T ´ Ã
1− α

b
Tukey

� ��Ã
∑

i

ciyi· ± qa,a(n−1)
(α)

σ̂

2
√
n

∑

i

|ci|. (7.1.32)

��� ¶ Ã

P
{ a∑

i=1

ciαi ∈
∑

i

ciyi· ± qa,a(n−1)
(α)

σ̂

2
√
n

∑

i

|ci|, ��Ô�} §�¨ ∑
i

ci = 0
b
ci

}

= P
{∣∣∣
∑

i

ci(yi· − αi)
∣∣∣ ≤ q

a,a(n−1)
(α)

σ̂

2
√
n

∑

i

|ci|, ��Ô�} §�¨ ∑
i

ci = 0
b
ci

}
,

· ã�¥�.
7.1.1 ½ (7.1.27)

¹ | á�¹ æ ù
P{|(yi· − yj·)− (αi − αj)| ≤ qa,a(n−1)

(α)
σ̂√
n

∑

i

|ci|, � A�� i 6= j} = 1− α.
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ý�.���H�x
¾ : |¿� �����X� h������ (7.1.1), D ni = n(i = 1, · · · , a), ��¤ ¡ Tukey

� �
(7.1.32) À Scheffè

� �
(7.1.23) Á�×XÂqÃ xÄ��Å�B v ��� ��b ¾qÆ ] ò u | ù�� ���Ç�È�Ã�É x���Å�B�� ��b�Ê Ý�h�¼ Ã

σ̂√
n
q
a,a(n−1)

(α)
∑

i

|ci|

À
2σ̂√
n

√
(a− 1)Fa−1,a(n−1) (α)

∑

i

c2i ,

����� ��|®� A $�� 3 | Tukey
� � Ã Ç | Æ � @�Ë�A $�� 3 | þ Scheffè

� � ÃÇ x�A�'�Ì�Í |�� ø Y/h ci = 0
b�Î � � 3 Tukey

� � Ã Ç $�|���Ã�Ï�Ð b � 3
Scheffè

� � þ Ç $ x ¸ ù ��Å�B�� ��b A $�Ñ�ÒXÂqÃ * ×�Ó l�m [55] ¾qÔ 	�xÕ
7.1.2 Ö � i�×�Ø � A�B�Ù�Ú�Û�Ü b�Ý�Þ | 7�¡ � Ý�Þ ì�ß�à�á�â À�ã�äå

( º � ��æ�ç b�Þ | Æ � e .�è+» |�é�ê/ë å æ ) çXÂqÃ x�ì�í ñ Ã�î/ï�ð�Þ :Û � Ü Ô�ñ�ò b Ú � x Ñ�ó�ô Þ�b�õ B ë � ½ 7.1.4

ö
7.1.4 ÷KøKùKúKû öüKýKþKÿ �����

yij ������� ni ����	�
 yi· ������� � yi·
����
0.0, 1.0 2 1.0 0.5�Kü

2.3, 3.5, 2.8, 2.5 4 11.1 2.775�������
3.1, 2.7, 3.8 3 9.6 3.2

� ����è
( � è�����è���ä�å )

� w�� h�Ñ���Ë�� 7.1.5

ö
7.1.5 �������� �! ö

MKO�" #�$&% � M 
 � M F
�

��' O 2 9.701 4.851 14.94

�)( O ( *KO ) 6 1.948 0.325

	 
 8 11.649

W+���
σ̂2 = MSe = 0.325, ÷ Ø�Ù�«�, � α = 0.05, -�. F2,6 = 5.14 < F = 14.94,

Ô�× ó�ÿ������ { Í α1 = α2 = α3. D r B Þ � } Ø�Ù � Þ�x â�ã���è���ä�å�� Ê
� -0/�w�� h�Ñ | Ó�n�� á�� b u Ú�ê�} A�1 p ñ�| *����02 b p = 0.0047 < 0.05,� *�� � ÿ������ { b Ò�>�x
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Ì�s ��¤ ��A�5 ç Ý�Þ ì ã�ä å | Ý�Þ ì�ß/à�á�â b ��ó/� � αi − αj , i > jb u Ú�v ��� � ( -0. �06��07 �08���� ��� | Ô�×���¤ ��9 ó�ã Tukey w C�?�tu Ú�v ��� � )

Í
1. v ��T Ñ�. 0.95

b
Bonferroni

� �
α3 − α2

Í
(y3· − y2·)± t6

(
0.05

2× 3

)
σ̂

(
1

3
+

1

4

)
= 0.425± 1.430 = [−1.005, 1.855]

α3 − α1

Í
[0.990, 4.410] ∗ ∗ ∗ α2 − α1

Í
[0.653, 3.897] ∗ ∗∗

2. v ��T Ñ�. 0.95
b

Scheffè
� �

α3−α2

Í
(y3·− y2·)± σ̂

(
2F2,6 (0.05)

(
1

3
+

1

4

))1/2

= 0.425± 1.396 = [−0.971, 1.821]

α3−α1

Í
[1.032, 4.368] ∗∗∗ α2−α1

Í
[0.693, 3.857] ∗∗∗

� ù � $ Ò�Ó ��¤ * × ��	�Ë�Ì�Ò�> Í
(1) :�v ��� � � Û�; 0

b | ��Å�6���ó b � Þ � � Ø�Ù b x Ó�<�=�> ã ***� � x < ô�? }�@�� b�� ��A Ø�Ù � Þ b x���ÌX� Ý�Þ Âqã�ä å�Ø�Ù } � | ¹ Ý�Þì�ß�à�á�â b Ú�� A Ø�Ù � Þ�x
(2) � �06��07 | 
 Bonferroni

� � À Scheffè
� � Ô � � b Ò�>�A0B | ¹ Bon-

ferroni
� � Â Scheffè

� � � Ê x
(3) Ô/} � $ Å/�-ó/� � b u Ú/v �/� � ]/* Ó SAS

ä-åDCDE w/� h-ÑD�-è��	�x

§7.2 FHGJILKLMON ( PLQLRLSLT )

� {�Ó A010U0VXW |ZY0- 7 A À B
��Ë0[ }0<0\0- 7�]0]0^0_��0`�Ø0a0b�x �

¤ bdc b � � ×0e - 7 A À B f 60, � �0-0g0h Y
b0i0j xlk {0- 7 A } a

60,
� | h0m�k . A1, A2, · · · , Aa, - 7 B } b

60, � | h0m�k . B1, B2, · · · , Bb. Ó0- 7 Ab0n
i
60, � Ai o - 7 B

b0n
j
60, � Bj( � a0, �0p0q (Ai, Bj)) r0s0t0u c vw Ï U0V | º k < n k v U0V b ì�í . yijk (i = 1, · · · , a, j = 1, · · · , b, k = 1, · · · , c).

� ^ A0x ^0y0z b Å � h������ Ó n0{0|X}�~ n0��|��0� {0� � ¯ t0u w Ï U0V |�060, �0p0q s0�0� { v U�V �����0� x�[ �0� ¤�Ó � {0� �0��� c = 1
b0�0� x

� ^ c > 1
b���� |)� ��h�� w�� _�����u�x)� n�{�| ������|)����� ��� .
yij = µ+ αi + βj + eij , i = 1, · · · , a, j = 1, · · · , b, (7.2.1)

�D�
µ
�D�D� �D� | αi À βj

hDmD�D�D, � Ai À Bj �DyDz/|)� �D� � eij ∼
N(0, σ2),  �� [ } i, j, eij ¡ ��¢�£�¤�x À�¥ � ��¦ | ¥ t�§�¨
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y′ = (y11, y12, · · · , y1b, y21, · · · , y2b, · · · , ya1, ya2, · · · , yab),

γ ′ = (µ, α1, α2, · · · , αa, β1, β2, · · · , βb),

e′ = (e11, e12, · · · , e1b, e21, · · · , e2b, · · · , ea1, ea2, · · · , eab),± ���
(7.2.1) ��{ � ¨�.

X =




1b 1b Ib

1b 1b Ib
...

. . . Ib

1b 1b Ib




= (1ab
... Ia ⊗ 1b

... 1a ⊗ Ib) , (7.2.2)

�0�
⊗
�0� §0¨0� Kroneker ²0³ x´^ � | Å ��µ ����� (7.2.1)

��© �0¶ «���� �{�����·
y = Xγ+ e,

���
e ∼ N(0, σ2I). � ��6���� |¸\���{ � ¨ X ¹ ��º�»�¼

��|)½ ¼�¾ ^ \�� º Ñ�¿
7.2.1 À�Á�Â�Ã
-Ä.ÄÅ � ¨ (7.2.2) Æ ºÄ»Ä¼ � (rk(X) = a+b−1),

[ � [ÄÇÄÈ Ñ µ, α1, α2, · · · , αa,

β1, β2, · · · , βb ¡ Æ�É ��Ê ��¿ ��Ë�Ì ¥ � _���Í�¦ ��Î���Ï ��Ð�Ñ�Ò � È Ñ�� { p
LS Ó�Ï)Ô ��Õ�[�Ç ��Ê�Ö Ñ�¿

×�ØÚÙ µ Í�Û�Ü (7.2.1), É�Ý V�Þ�ß ± Î�à X ′Xγ = X ′y .




abµ+ b
a∑

i=1

αi + a
b∑

j=1

βj = y·· ,

bµ+ bαi +
b∑

j=1

βj = yi· , i = 1, · · · , a,

aµ+
a∑

i=1

αi + aβj = y·j , j = 1, · · · , b,

(7.2.3)

< W y·· =
∑a

i=1

∑b
j=1 yij , yi· =

∑b
j=1 yij , y·j =

∑a
i=1 yij . á (7.2.2)

�
(7.2.3) âã�ä�å

rk(X) = a+ b− 1.
Ì ¥ ��æ�ç ��è�é�Ï ��Ð ��ê�ë�ì�í { p LS Ó�¿)î�ïð � È�ñ�Ç a+ b+ 1 ò�Ï ��Ð�����ó�ô�õ Ø ò £�¤ Î�à�¿ Í�¦ ¥ ��ö ^D÷�ø�ùDú

(7.1.1) ����Ï ×�ØÚÙ µ Í�Û�Ü (7.2.1)
��Ð�û t�ü�s ÷�ø�ù�ú

a∑

i=1

αi = 0,

b∑

j=1

βj = 0, (7.2.4)
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����Ø ò ù�ú�	�
 å Î�à p (7.2.3)

W ¿ ß ± Î�à (7.2.3) g�ï




abµ = y·· ,

bµ+ bαi = yi· , i = 1, · · · , a,

aµ+ aβj = y·j , j = 1, · · · , b.

(7.2.5)

�
(7.2.5)

� Ó ä { p LS Ó
µ̂ =

1

ab
y..

4
= y·· ,

α̂i =
1

b
yi· − µ̂ = yi· − y·· , i = 1, · · · , a, (7.2.6)

β̂j =
1

a
y·j − µ̂ = y·j − y·· , j = 1, · · · , b.

� ØÚÙ µ Í�Û�ÜÚW Ï ��Ð � Æ µ m�
�� î�� A
Ì

B f�������y�z�Ï ^ Æ × �
ü ∑a

i=1 ciαi

Ì ∑b
j=1 djβj � ¶���Ö ñ������ Ï¸s�� ��Ð���� ë � ç � Ö ñ � ��Êù�ú ¿)Å ∑a

i=1

∑b
j=1 lijyij ï y ��ì {�¶���Ö ñ ¿)î�ï

E




a∑

i=1

b∑

j=1

lijyij


 = µ




a∑

i=1

b∑

j=1

lij


+

a∑

i=1




b∑

j=1

lij


αi +

b∑

j=1

(
a∑

i=1

lij

)
βj ,

[ � Ï���� E(
∑a

i=1

∑b
j=1 lijyij) =

∑a
i=1 ciαi �  � � ×Ä[ÄÇ j, !�" ∑a

i=1 lij =

0,   ∑a
i=1

(∑b
j=1 lij

)
αi =

∑a
i=1 ciαi.

^ ÆÄÏ ∑a
i=1 ci =

∑a
i=1

∑b
j=1 lij = 0.

� � Þ$#
�&%(' ∑a

i=1 ciαi

��Ê Ï*) Ç ∑a
i=1 ci = 0. +�,�-�Ï ã�. ' ∑a

i=1 ci = 0,
∑a

i=1 ciαi

) ��Ê ¿ ^ Æ ∑a
i=1 ciαi

��Ê
⇐⇒ ∑a

i=1 ciαi ï { ×�Ë ¿ _���Í�¦�/ Ï ∑b
j=1 djβj��Ê ��0�1 ù�ú Æ ∑b

j=1 djβj ï { ×�Ë ¿243
Gauss–Markov 5DéDÏ76 q (7.2.6)

· ä % ×DË ∑a
i=1 ciαi � BLU

Ê48
ï ∑a

i=1 ciα̂i =
∑a

i=1 ciyi· .
æDç Ï ×DË ∑b

j=1 djβj � BLU
Ê48 ï ∑b

j=1 dj β̂j =

∑b
j=1 djy·j .

^ Æ ��Ð Þ�# � ü�s�5�é %9�:
7.2.1

×�^�ØÚÙ µ Í�Û�Ü (7.2.1)

(1)
∑a

i=1 ciαi

��Ê
⇐⇒∑a

i=1 ciαi Æ { ò ×�Ë Ï)½ ∑a
i=1 ci = 0,

� ��Ï)\��
BLU

Ê�8 ï ∑a
i=1 ciyi· .

(2)
∑b

j=1 djβj

�DÊ
⇐⇒ ∑b

j=1 djβj ï { ×DË Ï)½ ∑b
j=1 dj = 0,

� �DÏ)\D�
BLU

Ê�8 ï ∑b
j=1 diβ̂j =

∑b
j=1 djy·j .
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? ü � ��5�é ä Ï)ì�í αi − αi′ , βj − βj ′ ¡ Æ ��Ê�Ö ñ Ï)\ Ð � BLU
Ê�8

µ m ï α̂i − α̂i′ = yi· − yi′·
Ì

β̂j − β̂j ′ = y·j − y·j ′ .

7.2.2 @�A�B�C
×�^�ØÚÙ µ Í�Û�Ü Ï ��Ð ����� ��D�1 Ç�Ø ò�¿7E { Æ�F�G�î�� A � a ò��

��y�z�Æ�H Ç�I�J�K�L Ï)½�M�N k Å
H1

%
α1 = α2 = · · · = αa , (7.2.7)

E�O�Æ�î�� B � b ò�������y�z�Æ�H Ç�I�J�K�L Ï)½�M�N k Å
H2

%
β1 = β2 = · · · = βb . (7.2.8)

��Ð�Ñ�Ò ��M�N H1 ��� 8 h�¿ 2�3 §5.1, P�Q���Î Ì

RSS(µ, α, β) = y··µ̂+

a∑

i=1

yi·α̂i +

b∑

j=1

y·jβ̂j

=
y2
··
ab

+

(
a∑

i=1

y2
i·
b
− y2

··
ab

)
+




b∑

j=1

y2
·j
a
− y2

··
ab


 . (7.2.9)

R K ��Î Ì ï
SSe = y′y −RSS(µ, α, β)

=

a∑

i=1

b∑

j=1

y2
ij −

y2
··
ab
−
(

a∑

i=1

y2
i·
b
− y2

··
ab

)
−




b∑

j=1

y2
·j
a
− y2

··
ab


 . (7.2.10)

ETS ��U ï ab− (a+ b− 1) = (a− 1)(b− 1). ¥ ·�V�� g � ï
SSe =

a∑

i=1

b∑

j=1

(yij − yi· − y·j + y··)
2. (7.2.11)

W Æ σ2 ��X�Y Ê�8 ï
σ̂2 = SSe/[(a− 1)(b− 1)]

4
= MSe. (7.2.12)

'
H1 ï�Z�Ï ±�[ αi

��\ ¿)Å�E�]�^�_�ï α, `�� α a 
�� � � _ µ,
ä�å�b

c�Û�Ü

yij = µ+ βj + eij i = 1, 2, · · · , a, j = 1, 2, · · · , b, (7.2.13)
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� Æ { òed Ù µ Í0Û0Ü ¿gf�h §7.1 �e6ei0Ï ¤ ä µ

Ì
βj , j = 1, · · · , b � { p LS Ó

µ̂
H1

=
1

ab
y..

4
= y·· ,

β̂j
H1

=
1

a
y·j −

y··
ab

= y·j − y··, j = 1, · · · , b.
(7.2.14)

W Æ ����j � × z�� µ
Ì

β1, β2, · · · , βa ��P�Q���Î Ì

RSS(µ, β) = µ̂
H1
y·· +

b∑

j=1

β̂j
H1
y·j

=
y2
··
ab

+




b∑

j=1

y2
·j
a
− y2

··
ab


 . (7.2.15)

�
(7.2.9)

Ì
(7.2.15)

ä�å î�� A ����Î Ì ï
SSA = RSS(µ, α, β)−RSS(µ, β) =

a∑

i=1

y2
i·
b
− y2

··
ab

=

a∑

i=1

b∑

j=1

(yi· − y··)2 . (7.2.16)

Ì d Ù µ Í�Û�Ü {�ç Ï SSA Æ�î�� A ������g�k�l û�m ��n�o ñ 3 ��g K �
Î Ì ¿)î�ï k Å H1 p a − 1 ò £�¤ Î�à�Ï7l � SSA �TS ��U ï a− 1.

2�3
§5.1,

á (7.2.16)
Ì

(7.2.10)
ä�å M�N k Å H1 � F � 8 h�ï
F1 =

SSA/(a− 1)

SSe/(a− 1)(b− 1)
=
MSA

MSe
, (7.2.17)

Erq MSA = SSA/(a−1), MSe = SSe/(a−1)(b−1) µ m ï0îe� A
Ì0�eK � � Î0¿

� H1 ï�Z���Ï F1 ∼ Fa−1,(a−1)(b−1). F1 � 8 h (7.2.17) ��s�n�í�t o (7.1.19)
Í

¦ ¿
h�u ��Í�¦ ��Î���Ï ����Ò ��M�N k Å H2 � F � 8 h�¿)����Ï)î�� B ���

Î Ì ï
SSB =

b∑

j=1

y2
·j
a
− y2

··
ab

=

a∑

i=1

b∑

j=1

(y·j − y··)2. (7.2.18)

Ì
SSA

{�ç Ï SSB Æ�î�� B ������g�k�l û�m ��n�o ñ 3 �Dg K ��Î Ì ¿
î�ï k Å H2 p b− 1 ò £�¤ Î�à�Ï7l � SSB �TS ��U ï b− 1,

æ�ç�2�3
§5.1,

ä
å M�N k Å H2 � F � 8 h�ï

F2 =
SSB/(b− 1)

SSe/(a− 1)(b− 1)
=
MSB

MSe
, (7.2.19)

Evq MSB = SSB/(a − 1), MSe = SSe/(a − 1)(b − 1) µ m ïDî4� B
ÌD�4K � �

Î�¿ � H2 ï�Z���Ï F2 ∼ Fb−1,(a−1)(b−1).× W ØÚÙ µ Í�Û�Ü Ï)Î K µ ��w ü w 7.2.1.
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x
7.2.1 y�z�{�|�}�y�~�������������������� x

����� ���<� ����� � � F �
���

A a− 1 SSA MSA = SSA/(a− 1) F1 =
MSA

MSe���
B b− 1 SSB MSB = SSB/(b − 1) F2 =

MSB

MSe� � (a− 1)(b− 1) SSe MSe = SSe/(a− 1)(b− 1)� � ab− 1 SST = SSA + SSB + SSe

�
7.2.1

{������ ��h �����������(������ �¡� �¢�£ à�¤�N�¿ × W � ����e¥e�e e¡ �e¦e§e¨e©eªe¤eN0Ï ä�åe« ¤eN ñ 3 ü w 7.2.2, ¬e­ �e�e�e®e¯e° ­ ��� �¡�®�¯ Ç X I�J�K�LT±
x

7.2.2 ²�³�|�}�´�µ¶�·�¸
B

B1 B2 B3 yi·¹
A1 58.2 56.2 65.3 179.7º
A2 49.1 54.1 51.6 154.8

A A3 60.1 70.9 39.2 170.2

A4 75.8 58.2 48.7 182.7

y·j 243.2 239.4 204.8

» � Æ�©�ò�¼�î�½�¤�N�Ï¿¾�É�F�À�Á�Â�Ã�Ä�¿¿ÅÇÆ ����È ï�î�� A, É Ç 4

ò�����Ï7­�ò���� « Ã�Ä7Å�ï αi (i = 1, 2, 3, 4). Æ �� �¡�È ï�î�� B, É Ç 3 ò��
��Ï7Å���� « Ã�Ä�ï βj (j = 1, 2, 3). Ê Ð�� I�J � ����ï α = 0.05 Ë�M�N

H1

%
α1 = α2 = α3 = α4,

H2

%
β1 = β2 = β3.

h w 7.2.2 q ñ 3�Ì Î K�Í�Î 8�j Ï7a � 8�j 6�i�Ï 
 ü�Ë « Î K�Í�Î�w 7.2.3.

x
7.2.3 ²�³�´�µ�������� x

����� ���<� ����� � � F �
���

A 3 157.59 52.53 F1 = 0.43���
B 2 223.85 111.93 F2 = 0.92� � 6 731.98 122.00� � 11 1113.42
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î�ï F3,6(0.05) = 4.76 > F1 = 0.43, Ò�Ó H1. Ô�î�ï F2,6(0.05) = 5.14 > F2 =

0.92, l�Õ�Ò�Ó H2, Ö�×�ï�­ ����� Ì ­ ���� �¡�®�¯ « K�L�× ����£ à�X I�J�ØÙ ¿
7.2.3 Ú�Û�Ü�Ý�Þ�ß
ü4i4à F M4NDÏ7áDÅ H1 âäã4å Ï7æ wv# î4� A

«
a ò4�4� « Ã4ÄDÉäç4è\ ¿ Ì d Ù�Í�Í�Û�Ü © ç Ï ��é Ê Ð�ê�ë�ì�í ×�Ë αi −αi′
« æ é�î�ï�ð ¯�ñ Í�ò

/ Ï)ü4i H2 â4ã4å Ï7æ wv# î4� B
«

b ò4�4� « Ã4Ä)É4ç4è \ Ï W Æ ì4í ×DË
βj − βj ′

« æ é�î�ï�ð ¯�ñ Ë���ó�ô�õ ��Ø�Í���ö d ×�Ë « æ é�î�ï�ð ¯ Ï ��÷ 6
i�ø�â ã ��ù å�ú ©�û�ü�ý « ×�Ë ∑a

i=1 biαi

Ì ∑b
j=1 djβj

« æ é�î�ï�ð ¯ Ïÿþ��� S���u�� ñ72�3 §5.3
æ é�î�ï�ð ¯ « ©�û�6�i�Ï7ø�â ã � ä Ë������ ñ

1. Bonferroni
ð ¯

ì�í m ò αi − αi′ , i 6= i′
« î�ï�	�ñ ï 1− α

«
Bonferroni

æ é�î�ï�ð ¯ ï
(yi· − yi′·)± t(a−1)(b−1)

( α

2m

)
σ̂

(
2

b

) 1
2

. (7.2.20)


�ò�/�� ì�í m ò βj − βj ′ , j 6= j ′ « î�ï�	�ñ ï 1− α
«

Bonferroni
æ é�î

ï�ð ¯ ï
(y·j − y·j ′)± t(a−1)(b−1)

( α

2m

)
σ̂

(
2

a

) 1
2

, (7.2.21)

E�q σ̂ ü (7.2.12) l�� ñ
2. Scheffè

ð ¯
l�
�ü�ü αi − αi′ , i 6= i′

« ×�� 
 a− 1 ò�� � X ö � l�Õ ×�� � ü�ý « ×��« ç�� �7î�ï�	�ñ ï 1− α
«

Scheffè
æ é�î�ï�ð ¯ ï

(yi· − yi′·)± σ̂
√

(a− 1)Fa−1,(a−1)(b−1)(α)

(
2

b

)
. (7.2.22)

× W l�
 ×�� βj − βj ′ , j 6= j ′ « î�ï�	�ñ ï 1− α
«

Scheffè
æ é�î�ï�ð ¯ ï

(y·j − y·j ′)± σ̂
√

(b− 1)Fb−1,(a−1)(b−1)(α)

(
2

a

)
. (7.2.23)

3. Tukey
ð ¯

× l�
 ×�� αi − αi′ , i 6= i′
« î�ï�	�ñ ï 1− α

«
Tukey

æ é�î�ï�ð ¯ ï
(yi· − yi′·)± qa, (a−1)(b−1) (α)

σ̂√
b
. (7.2.24)
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× l�
 ×�� βj − βj ′ , j 6= j ′ « î�ï�	�ñ ï 1− α
«

Tukey
æ é�î�ï�ð ¯ ï

(y·j − y·j ′)± qb, (a−1)(b−1) (α)
σ̂√
a
. (7.2.25)

(7.2.24) � (7.2.25) ������î�ï
yi· ∼ N


µ+ αi +

1

b

b∑

j=1

βj ,
σ2

b


 , i = 1, · · · , a,

y·j ∼ N
(
µ+ βj +

1

a

a∑

i=1

αi,
σ2

a

)
, j = 1, · · · , b,

Õ ° (a− 1)(b− 1)σ̂2/σ2 ∼ χ2
(a−1)(b−1), ��Ä�h�5�é 7.1.2

� ä ñ
�

7.2.2 ï��eFeG����e§��rq! « p�" ( îe� A) ��# ¥�$ « p�" ® � ( îe�
B) %�§���& U « Ø Ù�ñ î�� A ' 3 ò���� 0.03, 0.04, 0.05((�) ñ�*�w �� « p�"+ §���, " «�- Í�
 ), î�� B ' 4 ò���� 3.3, 3.4, 3.5, 3.6((�) ñ�* í�t æ ( ).

�
. ò�����¦�§�Ë�­�¨�©�ª�¤�N � ¤�N�6�i�ü w 7.2.4 l�� ñ

x
7.2.4 /�0�1�2�|�}�´�µ

B 3�4�5�6�7�8�9��
3.3 3.4 3.5 3.5 yi·:

0.03 63.1 63.9 65.6 66.8 259.4

7 0.04 65.1 66.4 67.8 69.0 268.3

8 0.05 67.2 71.0 71.9 73.5 283.6

y·j 195.4 201.3 205.3 209.3

» 8�j�[ ��;���a�` ñ _�Ï 
 ; K�Í�Î�w�� ü w 7.2.5

x
7.2.5 ������� x

����� ���<� ����� � � F �
���

A 2 74.91 37.46 F1 = 70.05���
B 3 35.17 11.72 F2 = 21.92� � 6 3.21 0.535� � 11 113.29

<�w
F2,6(0.05) = 5.14 < 70.05 = F1, F3,6(0.05) = 4.76 < 21.92 = F2, l�Õ � I



· 216 · ý�þ�ÿ���������Ð�Ñ
J � ��� α = 0.05

é�� î�� A
«

3 ò���� ®�¯ ��î�� B
«

4 ò���� ®�¯ %�§��
& U « Ø Ù�= 
 I�J�K�L�� î�� A ��î�� B

= � I�J « ñ
ï��   ©�> 
�� î�� « ­�����Ã�Ä ¯ K�L�� � Õ ì�í�æ é�î�ï�ð ¯�ñ
Ê�?�@ �e8ej Tukey

æ éeîeïeð ¯eñ �!A�B
[1] q « w � �C< ä q2,6 = 4.34, σ̂ =

0.731, 1/
√
a = 1/

√
3 = 0.58. D (7.2.24), E i ��E i′  p�" Ã�Ä ® K αi −αi′ , i 6= i′«

Tukey
æ é�î�ï�ð ¯ ï

(yi· − yi′·)± 1.84. (7.2.26)

? ü�% p�" 3
« ��� 0.05 Ã�Ä ¥ p�" 2

« ��� 0.04 Ã�Ä ® K α3 − α2 

(70.90− 67.08)± 1.84 = [1.98, 5.66],

Ö 1.98 ≤ α3−α2 ≤ 5.66.
� ò ð ¯�F�G p�H�I � l�Õ �ÿ��J ò�Ã�Ä�
 I�J�K�L ñ E

É�% � « Tukey
ð ¯�V 
�ò â ã�K õ ñ à 8�j î�� A

« ­�ò�����Ã�Ä ¯�= 
 I�JK�L��!L %�î�� B
«

4 ò���� � Ã�Ä β1 � β4, β2 � β4

°
β1 � β3

®�¯�M�� I�J
K�L ñ

h Bnferroni
°

Scheffè
æ éeîeïeð ¯e8ej �ON � ð ¯�FDæ0õ �OP�Q ä�åe« 6�R

� Tukey ;�S�©�T ñ

§7.3 UWVYX[Z[\^] ( _[`[a[b[c^d )

� (�e « Jgf�Í�
�h�i q � ü�i�î�� A � B
®�¯ 
�Á�Â�Ã�Ä (

ö W Á�Â�Ã�Ä«�j�k�.
§1.2), a�h γij Å7��� Ai � Bj

« Á�Â�Ã�Ä � 1 Í�Î Á�Â�Ã�Ä � � ­�ò��
��¦�§�Ë�ê�1�¨�l�m�¤�N ñon . � ¦�§�Ë�¤�N�ª ñ ï c, ¾�E k ª�n�o�_�ï yijk , æp�q h�i
yijk = µ+ αi + βj + γij + eijk, i = 1, · · · , a, j = 1, · · · , b, k = 1, · · · , c, (7.3.1)

��r
µ
w ��,���s � αi � βj

Í�t�w ����� Ai � Bj

« D�Ã�Ä � eijk

w � � ���
¦�§ Ai � Bj

« E k ª�n�o «�u�v�w K�� a�á�5 eijk ∼ N(0, σ2), ¾�%�l�
 i, j, k,

eij

= è�Â�x�� ñ ��Õ�y 
�ò���z , û� �{�| Å�} ��h�i (7.3.1)
� w ��~���� « �� h�i « ü�ý ñ

7.3.1 �������
D � ��y���u�ç 
�ò « ;�S � Ê�?�����õ���� « ©�¦ LS � � � w�� l�
 ���� � ñ
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% Jgf�Í�
�h�i (7.3.1),
F�������� æ�;���~

abcµ+ bc
a∑

i=1

αi + ac
b∑

j=1

βj + c
a∑

i=1

b∑

j=1

γij = y··· , (7.3.2)

bcµ+ bcαi + c

b∑

j=1

βj + c

b∑

j=1

γij = yi·· , i = 1, · · · , a, (7.3.3)

acµ+ c

a∑

i=1

αi + acβj + c

b∑

j=1

γij = y·j · , j = 1, · · · , b, (7.3.4)

cµ+ cαi + cβj + cγij = yij · , i = 1, · · · , a, j = 1, · · · , b, (7.3.5)

���
y··· =

∑a
i=1

∑b
j=1

∑c
k=1 yijk , yi··=

∑b
j=1

∑c
k=1 yijk, y·j · =

∑a
i=1

∑c
k=1 yijk , yij ·

=
∑c

k=1 yijk . @ � h i « n ¡ | X 
 a+b+ab+1 � � Ö h i ¢ £ � � 
 a+b+ab+1¤�ñ!¥ ©�;�� �!¦�§�¨ õ � � æ�;�� � ó�
 (7.3.5)
«

ab
¤ ;�����x���;�� �!© Õ

rk(X) = ab < a+b+ab+1. ~���ª p ©e¦ LS � � Ê�? � Õ�«�¬ (a+b+ab+1)−(ab) =

a + b + 1
¤ x­�­®­¯­°­± � Ö­²­³­°­± ñ 
4ò­´ y­�­µ­e «­¶ R � ²­³­°­± � '

~�·
a∑

i=1

αi = 0,
b∑

j=1

βj = 0,

a∑
i=1

γij = 0, j = 1, · · · , b,
b∑

j=1

γij = 0, i = 1, · · · , a.
(7.3.6)

¸�r�¹ 
 a+ b+2
¤ ;�� �»º�¼ ∑a

i=1

∑b
j=1 γij = 0,

© Õ���½�(eó�
 a+ b+1
¤ �

x���;�� ñ¿¾ ¸�÷ ®�¯�°�±�¬�À q ;���¦ (7.3.3)
��� ø ¦�§�Á õ���� µ, αi, βj , γij« ©�Â�Ã�Ä « LS �Å·

µ̂ = y··· , (7.3.7)

α̂i = yi·· − y···, i = 1, · · · , a, (7.3.8)

β̂j = y· j· − y···, j = 1, · · · , b. (7.3.9)

γ̂ij = yij · − yi·· − y·j · + y···, i = 1, · · · , a, j = 1, · · · , b, (7.3.10)

�g�
y··· = 1

abcy···, yi·· = 1
ayi··, y·j · = 1

by·j ·, yij · = 1
abyij · .

@���Ê�? ¶ R�% h�i (7.3.1), Æ ÷ ��� « � ��� ��� « ñÈÇ (7.3.3)
£�� % � æ

;�� «�É ©�Â���

yi·· − yu··

bc
= α̂i − α̂u +

1

b




b∑

j=1

γ̂ij −
b∑

j=1

γ̂uj


 . (7.3.11)

Ê�Ë
:
¸�r

(7.3.11)
�
α̂i, α̂u, γ̂ij � γ̂uj � � æ�;�� «�É ©�Â�� �CÌ F�Í�Î�Ï (7.3.6)

ý �ÈÐ ����Õ ° 
�ò « ∑a
i=1 αi = 0,

∑b
j=1 βj = 0,

∑a
i=1 γij = 0

F�Í ����Ñ�Ò�% Q
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��Ú (7.3.12)∼(7.3.14) Û���%�Ú ñ�Ç (7.3.4) 


y·j · − y·v·
ac

= β̂j − β̂v +
1

a

(
a∑

i=1

γ̂ij −
a∑

i=1

γ̂iv

)
. (7.3.12)

ú­Ü­Ý > ��Þ (7.3.2), (7.3.3), (7.3.4) � (7.3.5)
Í­t­N Õ abc, bc, ac � c, ß Q­Þ­©p�q Ú�E Ý ¤ ;���à P�Q Ý ¤ ;���è�¬���á�â ��ã�J ¤ p�q

yij · − yi·· − y·j · + y··· = γ̂ij −
1

b

b∑

j=1

γ̂ij −
1

a

a∑

i=1

γ̂ij +
1

ab

a∑

i=1

b∑

j=1

γ̂uj . (7.3.13)

Ç
(7.3.2) 


y··· = µ̂+
1

a

a∑

i=1

α̂i +
1

b

b∑

j=1

β̂j +
1

ab

a∑

i=1

b∑

j=1

γ̂ij . (7.3.14)

Ç
(7.3.11)∼(7.3.14) ägå���� � � �

αi − αu + γi· − γu· , % © 
 i 6= j, (7.3.15)

βj − βv + γ·j − γ·v , % © 
 j 6= v, (7.3.16)

δij
4
= γij − γi· − γ·j + γ·· , % © 
 i, j, (7.3.17)

µ+
1

a

a∑

i=1

αi +
1

b

b∑

j=1

βj + γ·· (7.3.18)

= � ��� Ú ñ ¸�r
γi· =

1

b

b∑

j=1

γij , γ·j =
1

a

a∑

i=1

γij , γ·· =
1

ab

a∑

i=1

b∑

j=1

γij .

Ë���Ê�?�% ¸�÷ ��� � ����æ Ü�Ý > Í�Î�� Õ�ç Ç ��è õ ab
¤ � ��é�ê Ú ��� �

� (
¼ ~­% h­i (7.3.1),

n­¡­| Ú­ë­~ ab,
© Õ Ý ¤ � �­é­ê Ú �­� � �­Â P­ì óí 
 ab

¤ ��� � � ),
F�� ¨ õ (7.3.15)

� Ú . ¤ ��� � �gî�~�ï�ð a
¤ � �

αi + γi·, i = 1, 2, · · · , a (7.3.19)

� Ú J ¤ � ��ñ�ò �¿´ � �g� ó�
 a− 1
¤ ��� ��é�ê Ú ñ 
�ò�ó�� (7.3.16)

� Ú. ¤ ��� � �gî�~ b
¤ � �

βj + γ·j , j = 1, 2, · · · , b (7.3.20)

� Ú J ¤ � ��ñ�ò �!¼�L��g� Û�ó�
 b− 1
¤ ��� ��é�ê Ú ñ � ¨ (7.3.17), ô�ß ¸r 
 ab

¤ ��� � � ��º�õ ? Î�Ï
a∑

i=1

δij = 0, j = 1, · · · , b,
b∑

j=1

δij = 0, i = 1, · · · , a. (7.3.21)
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¸­ø °­± � 
 a + b − 1
¤ �­x­�­Ú­ù ´ � (7.3.17)

� Û­ú­
 ab − (a + b − 1) =

(a−1)(b−1)
¤ � � é ê Ú û � � � ù F�ü ' δij (i = 1, 2, · · · , a−1, j = 1, 2, · · · , b−1).ý Ð��ÿþ ?�, ¹ 
 ab

¤ � ��é�ê Ú�û � � � �ÿõ ?�������û � � ��Ú Ý ¤���� ���é�ê Â�ù ¼�Ð É�Ý ¤ û � � � = û������ õ ?�Ú�� � Â�	�ù�
�� Gauss–Markov

Ä�
���� É�Ý û � � ��� Þ�¢�£ ����� � É�Ý Â LS � (7.3.7)∼(7.3.10) ������� pq�� û � � ��Ú BLU
� ¡ ù���	���� ¶�� � þ�� p�q ·

���
7.3.1 ���� �!�"�#­Ú�$ f&%�'­h­i (7.3.1), ð�( ab

¤ � ������) �� � ��é�ê Ú�û � � ��Â
αi − αi+1 + γi· − γ(i+1)· , i = 1, · · · , a− 1, (7.3.22)

βj − βj+1 + γ·j − γ·(j+1) , j = 1, · · · , b− 1, (7.3.23)

δij
4
= γij − γi· − γ·j + γ·· , i = 1, · · · , a− 1, j = 1, · · · , b− 1, (7.3.24)

µ+
1

a

a∑

i=1

αi +
1

b

b∑

j=1

βj + γ·· . (7.3.25)

¸�ø û � � ��*��gå,+�Ú�-�½ Ë�. � Ç�ê�/�0 µij = µ+ αi + βj + γij û�� ¨1 ��2 γij 6= 0 3�� αi 4�5�6�7�8 ¼�9�:�; Ai Ú�<�=�� ¼ ~ ¼�9�:�; Ai Ú�<�=> à ¼�9 B Ú :�; � ê ù�ï�?�� ¼�9 B Ú b
¤ :�;�Á�;�@ ��A�B

µi· = µ+ αi +
1

b

b∑

j=1

βj + γi· .

¸ ¤�C�D � ¼�9 B Ú�E :�;­Á�;�@ Ú Ë�. ð���� ¼�9�:�; Ai <�=­Ú�F C ù '�Gó ���
µ(i+1)· = µ+ αi+1 +

1

b

b∑

j=1

βj + γ(i+1)· .

Þ ����$ 0�H á���A (7.3.22).
¼�Ð ��û � � � (7.3.22) I D ��� ¼�9 B Ú�E :�;Á�;�@ Ú Ë�. ð���� ¼�9�:�; Ai J Ai+1 Ú�"�#�ò�K�Ú�F C ù (7.3.23) -�½ Ë�.

à (7.3.22) L�M H G ù
(7.3.24) ÚN-�½ ËN. û Ç ï�ðN$NO���â ¨ ù ïN?NPNQN)�����®�¯ (7.3.6), � ÝNR

i, j, S δij = γij ,
´ D õT� I D  N!T"T# ù ¥ Ý O��N�VU δij = 0, S γij = γi·+γ·j−γ·· ,

��À�W�X (7.3.1), A
yijk = (µ− γ··) + (αi + γi·) + (βj + γ·j) + eijk

4
= µ0 + α0

i + β0
j + eijk , (7.3.26)

�g�
µ0 = µ− γ·· , α0

i = αi + γi· , β0
j = βj + γ·j .
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´ D

(7.3.26) I D Ý ¤�é  �!�"�#�Ú�$ZY %�' W�X�ù ¸ Û­ägå&) δij F C ) Ai J
Bj Ú� �!�"�#�ùý ´

(7.3.25),
õ D �N[ ;N@ µ ��¬N) ø à i, j \ é�ê Ú C � õ > D [ ;N@ ù ¸D ¼ ~�W�X (7.3.1) ��] Ý�^ Ú É�Ý O�ò %�_ W�X���[ ;�@ é -­½ Ë�. � õ ú D Ý¤ F C ÚN`Na�ùcb���� µ �Nd�¬N) Ý ø à i, j \ é�ê Ú C �oúN��åeF C Ú�`Na�f�g

)�h�i�ù
7.3.2 j�k�l�m
Ç ��� � ¡ Ú ¶N� þN��¨ BN�n�N�N �!N"N#�ÚN$ZY %�' W�XN�po ´  �!N"N#�Úq ��� αi 4�5�6�7�8 ¼�9�:�; Ai Ú�<�=�� ¼�r­¼�9�:�; Ai Ú�<�= > à ¼�9 B

Ú :�; � ê ù�� 5 Ñ�Ú Bj , Ai Ú�<�=�Û 5 H Ñ�ù ¼�Ð ��� ¸ Ò�Ú�W�X���s�t�u �
α1 = · · · = αa = 0 à�u � β1 = · · · = βb = 0 \ D�v ��-�½ Ë�. Ú�ù�ß�w Ý ¤�x�y
Ú�u ��z�{�D  �!�"�# D�| q ��ù

1.  �!�"�# D�| q ��Ú�u �¸ I D u ��}�~ · γij = 0 (i = 1, 2, · · · , a, j = 1, 2, · · · , b).
º

γij 5 D û � ���ù�
�������Ú ¶�� � þ�� û���h r u � Ý ¤���� Ú }�~
H1: δij = 0, i = 1, 2, · · · , a, j = 1, 2, · · · , b.

Ç�� S�O�� (7.3.2)∼(7.3.5) ��] LS � (7.3.7)∼(7.3.10)
¦�§�� 1Z�,� ; O J

RSS(µ, α, β, γ)

= µ̂y··· + α̂i

a∑

i=1

yi·· + β̂j

b∑

j=1

y·j · + γ̂ij

a∑

i=1

b∑

j=1

yij ·

=
1

c

a∑

i=1

b∑

j=1

y2
ij · (7.3.27)

� ò ; O J r
SSe =

a∑

i=1

b∑

j=1

c∑

k=1

y2
ijk −RSS(µ, α, β, γ)

=

a∑

i=1

b∑

j=1

c∑

k=1

y2
ijk −

1

c

a∑

i=1

b∑

j=1

y2
ij ·

=
a∑

i=1

b∑

j=1

c∑

k=1

(yijk − yij ·)
2 , (7.3.28)

��� o&F r abc − ab = ab(c − 1). ï�? c = 1, ��� A à B Ú�� ¤ :�; Â�	 ( ����,����r Ý ¤�� 9
cell) ú�� Ý ¤���� ���� �!�"�# q ��Ú�����ð�� � ò ; O J Ú
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� o,F r 0,
¸ 3 þ�� ú 6 æ � ¡ w 5�6 æ�u � � º u � ��O�ò %�_���� D 5 û��� Ú­ù © �­�� �!�"�# q �­Ú������ þ�� y Á � ¤ :�; Â�	­Ú x�������� � ¤��

c > 1. U c > 1, σ2 Ú é�����¡ r
σ̂2 =

SSe

ab(c− 1)

4
= MSe. (7.3.29)

� }�~ H1 ð���W�X (7.3.1)   r é  �!�"�#�Ú�$ZY %�' W�X���#�� §7.2 Ú�¡�?��Ð 3�Ú �,� ; O J r

RSS(µ, α, β) =
y2
···
abc

+

(
a∑

i=1

y2
i··
bc
− y2

···
abc

)
+




b∑

j=1

y2
·j ·
ac
− y2

···
abc


 . (7.3.30)

¡�	 (7.3.27), A�B ; O J

SSH1 = RSS(µ, α, β, γ)−RSS(µ, α, β)

=


1

c

a∑

i=1

b∑

j=1

y2
ij · −

y2
···
abc


−

(
a∑

i=1

y2
i··
bc
− y2

···
abc

)
−




b∑

j=1

y2
·j ·
ac
− y2

···
abc




=

a∑

i=1

b∑

j=1

c∑

k=1

(yij · − y···)2

−
a∑

i=1

b∑

j=1

c∑

k=1

(yi·· − y···)2 −
a∑

i=1

b∑

j=1

c∑

k=1

(y·j · − y···)2 . (7.3.31)


���¢ � Ë�. � ¸�£�¤�%�¥�r � ã�; O J �c¦ ã�; O J à�( ãN; O J ùc§�¨ Þ�©�¨
B�¦ ã�; O J à�( ã�; O J Û�I D ¼�9 A,B Ú ; O J ù þ���� SSH1

r  �!�"�#; O J ��Û ��ª�r SSA×B .
Ð­¼

SSH1

D o ´  �!�"�#�«�`­Ú ����� ��i­ò ; O
J ù 5 ��� å

SSA×B =

a∑

i=1

b∑

j=1

c∑

k=1

(yij · − yi·· − y·j· + y···)
2 .

õ Ú � o,F � ´ }�~ H1

© í�¬�­ O�� ¤�� (a− 1)(b− 1). 
�� §5.1, u ��}�~ H1Ú F ® ¡�C r
FA×B =

SSH1/[(a− 1)(b− 1)]

SSe/[ab(c− 1)]
=

SSA×B/[(a− 1)(b− 1)]

SSe/[ab(c− 1)]
. (7.3.32)

2 H1 � ­ 3�� FA×B ∼ F(a−1)(b−1),ab(c−1) . ��¯­Ä­Ú�+�°�± :�; α, U FA×B <

F(a−1)(b−1),ab(c−1)(α), S þ���²�r­¼�9 A à ¼�9 B Ú H !�"�# 5 q �­ù ¸ 3�I­û
� � B���³Z´ ¦ â�u � ¼�9 A J B Ú�µ :�; "�#�Ú�ò�K�ù
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2.
ê ´�¼�9 "�#�Ú�u �

· ¨Z¸,¹�º 1 �&���� �!�"�#�Ú�$ZY %�' W�X���o ´  �!�"�#�Ú q ��� αi 4
5�6�7�8 ¼�9�:�; Ai Ú�<�=�� ¸ D ¼�r�¼�9�:�; Ai Ú�<�= > à ¼�9 B Ú :�; �ê ù�� 5 Ñ�Ú Bj , Ai Ú�<�=�Û 5 H Ñ�ù ¸ 3�� þ�� ú 6�» w Á���¼ � ��� ¼�9�:;

Bj

Á�;�@ Ú Ë�. ð��¾½,¿ ¼�9 A Ú�E :�; <�=�ù�� ¼�9 B Û D Ý Ò�ù ´ D �þ�� ¶�� ï�ð�$ ¤�}�~ ·
H2 · α1 + γi· = · · · = αa + γa· ,

H3 · β1 + γ·1 = · · · = βa + γ·bÚ�u ��z�{ ù¾o�Ä�
 7.3.1, H2 J H3 \ D û�u ��}�~ ù
U H2 � ­ ��S�W�X (7.3.1) û�h�À r ï�ð�®�Á�W�X��

yijk = µ+ (αi + γi·) + βj + (γij − γi·) + eij

= µ? + β?
j + γ?

ij + eij , (7.3.33)

ÂÄÃ
µ? = µ + αi + γi·, β?

j = βj , γ?
ij = γij − γi· . �

É­Ë Ú i,
∑b

j=1 γ
?
ij = 0, 2

H2 � ­ 3�� µ? à i
é�ê ù�#�� Lagrange Å 9�Æ � ��Ç  �È�É�Ê �

a∑

i=1

b∑

j=1

c∑

k=1

(yijk − µ? − β?
j − γ?

ij)
2 + 2

a∑

i=1

λi

b∑

j=1

γ?
ij ,

¸�Ë
λi

r
Lagrange Å 9 /�� ù Þ � 0 � µ?, β?

j , γ
?
ij

Á�Ì � � 4�Í Â � ´ 0, A�BÎ S�O�Ï 



abcµ? + ac

b∑

j=1

β?
j + c

a∑

i=1

b∑

j=1

γ?
ij = y··· ,

acµ? + acβ?
j + c

a∑

i=1

γ?
ij = y·j · ,

cµ? + cβ?
j + cγ?

ij + λi = yij · .

(7.3.34)

Ð #�� ∑b
j=1 β

?
j = 0,

∑b
j=1 γ

?
ij = 0, Ñ�Ò�Ó Á B LS Ô





µ̂? = y··· , β̂?
j = y·j · − y··· ,

γ̂?
ij = yij · − yi·· − y·j · + y··· .

(7.3.35)

Õ ) v � α̂i ñ�Ö�� õ�� à (7.3.7), (7.3.9) J (7.3.10) L�M Ý Ò­ù ´ D �­®�Á�W�X
(7.3.33),

�,� ; O J r

RSS(µ?, β?, γ?) = y···µ̂
? + β̂?

j

b∑

j=1

y·j · + γ̂?
ij

a∑

i=1

b∑

j=1

yij · ,
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¡�	 (7.3.27), A�B ; O J
SSH2 = RSS(µ, α, β, γ)−RSS(µ?, β?, γ?)

= α̂i

a∑

i=1

yi·· =
a∑

i=1

b∑

j=1

c∑

k=1

(yi·· − y···)2 . (7.3.36)

õ Î D
(7.3.31)

Ã Ú�Ý�Þ ¤ �,��¦ ã�; O J ù Âß� o,F � ´ H2 à í�¬�­ O�Ï�á �
a− 1.

Ç
(7.3.36) û���â 1 � SSH2

D ¼�9
A Ú :�; i�  à «�`�Ú ����� ��i�ò ;

O J � ¼�Ð û�� ��r�¼�9 A Ú ; O J ����3�Û ª æ SSA. 
�� §5.1, û�A }�~ H2Ú F u�ã�®�ä C
FA =

SSH2/(a− 1)

SSe/ab(c− 1)
=

SSA/(a− 1)

SSe/ab(c− 1)
. (7.3.37)

U H2

r�å � FA ∼ Fa−1,ab(c−1) .

��L�M�Ñ�Ò�Ú�O Æ ��û���ægå,� ´ H3 � ; O J

SSH3 =

b∑

j=1

y2
·j ·
ac
− y2

···
abc

=

a∑

i=1

b∑

j=1

c∑

k=1

(y·j · − y···)2 ,

Â�� o&F r b − 1. Ñ­Ò­Ú�
Äo&� ¾ SSH2

��r­¼�9
B Ú ; O J � ª�r SSB ,

õ D
(7.3.31)

Ã Ú�Ý £�¤ ����( ã�; O J ù }�~ H3 Ú F u�ã�®�ä C

FB =
SSH3/(b− 1)

SSe/ab(c− 1)
=

SSB/(b− 1)

SSe/ab(c− 1)
. (7.3.38)

U H3

r�å � FB ∼ Fb−1,ab(c−1) .

¹ � ¾ ����ç y ä � ¡�?�(���ï�ð�Ú�O�ò %�_ ����ï�� 7.3.1.

è
7.3.1 é�ê�ë�ì�í�î�ï�ðpñpò�ópô è

õ�ö�÷ ø�ùØú û�õ�ü ý õ
F þ

ÿ��
A a− 1 SSA MSA = SSA/(a− 1) FA = MSA

MSeÿ��
B b− 1 SSB MSB = SSB/(b− 1) FB = MSB

MSe

������Ú
(A×B) (a−1)(b−1) SSA×B MSA×B = SSA×B/(a− 1)(b− 1) FA×B =

MSA×B

MSe� ö
ab(c− 1) SSe MSe = SSe/ab(c− 1)

� ü
abc− 1

∑

i,j,k

y2
ijk −

y2
···

abc

ê���������	 ��
���
 Æ���· ¨�E�³ '�G ��� Ë I 5 Ð�� � )�ù
ï�?�� ��� 9 A,B � :�;�� 	 (Ai, Bj) ð�� x�������� ����á � r nij(i =

1, · · · , a, j = 1, · · · , b), � nij 5 M H�� ���N3N$ Y %N' WNX (7.2.1) J (7.3.1)
�Nr��
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;�� ��ùc� � ��;�� ��O�ò %�_ W�X�� ��S�� þ���! û���� · ¨���O ÆN��" 
�ù #D � � û � Ê � ����$�]�u�ã�®�ä C���z�{ ��% ^�& ��¯ 1�' ;�� ����(�)�Á�*
� � � ù à ������%�á�% ^ � ��;�� O­ò %�_ z�{ � þ�� ú 6�+�, §4.1 - � ��±
W�X���% ^ 
 � J O Æ�.�" 
�ù�- � ��;�� O�ò %�_ W�X�� � ��/�0 â���� [60].1

7.3.1
r )�P�2�3�46587���9 ��:�1 58;�<�= ��>�? ��@ �6587���A�BC F���D�E�� >�? ' X (

� 9
A) , 3 á :�; ( � 3 4 5 � � >�? ),

C F�F , 3 á:�; ����á :�;�� 	�G x�� 4
¼�H ã�� à A � ��I�� 7.3.2.

è
7.3.2 J�K�L�M�N�OP ú

B

15◦ 25◦ 35◦ yi··

130 155 34 40 20 70

1 174 180 80 75 82 58 1098

A (639) (229) (230)

Q
150 188 136 122 25 70

R
2 159 126 106 115 58 45 1300

Ù (623) (479) (198)

S
138 110 174 120 96 104

3 168 160 150 139 82 60 1501

(576) (583) (342)

y·j · 1838 1291 770 3899 = y···

T�U � ��V�W�X Ã � � � D E yij·, Y���á z�{ Ã a = 3, b = 3, c = 4. E ;
O J ä � I�G[Z
SST =

a∑

i=1

b∑

j=1

c∑

k=1

y2
ijk −

y2
···
abc

= (130)2 + (155)2 + · · ·+ (60)2 − (3899)2

36
= 81063.64,

SSA =

a∑

i=1

y2
i··
bc
− y2

···
abc

=
1

12

[
(1098)2 + (1300)2 + (1501)2

]
− (3899)2

36
= 6767.06,

SSB =

b∑

j=1

y2
·j ·
ac
− y2

···
abc

=
1

12

[
(1838)2 + (1291)2 + (770)2

]
− (3899)2

36
= 47535.39,

SSAB =

a∑

i=1

b∑

j=1

y2
ij ·
c
− y2

···
abc
− SSA − SSB

=
1

4

[
(639)2 + (229)2 + · · ·+ (342)2

]
− (3899)2

36
− 6767.06− 47535.39
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= 13180.44,

SSe = SST − SSA − SSB − SSAB = 81063.64

−6767.06− 47535.39− 13180.44 = 13580.75.

^ ����¡�?�_�`���#���O�a %�_ V ( V 7.3.3) Z
è

7.3.3 ñ�ò�ó�ô è
õ�ö�÷ ø�ùØú û�õ�ü ý õ

F þ
ÿ��

A 2 6767.06 3383.53 FA = 6.73

ÿ��
B 2 47535.39 23767.70 FB = 47.25

������Ú
(A×B) 4 13180.44 3295.11 FA×B = 6.55

� ö
27 13580.75 502.99

� ü
35 81063.64

o � F2,27(0.05) = 3.35, F4,27(0.05) = 2.73, à�b � 9 A,
� 9

B b ]� �!�"�#
A×B 2�+�°�± :�;�r α = 0.05 3�\ D +�°���c· ¨�dN³�e �N%N¥ � � )Ns Y %N' W�XN�Ø$ZY %�' W�X�c�I�? H ã Ã à�f � �g�h � $�á���S�i y h Y %�' W�X�ckj�I�� }�~ � £ á � 9 A, B, C,

:�; � %�¥
r
a, b, c. Y A, B, C l 	�m 6 > q Y�nN �!�"N#N� �ND �oY � 9N:�;���p Ai, Bj

J Ck ��Ý l
¼ ���

yijkl

m b % Ô r

yijkl = µ+ αi + βj + γk + (αβ)ij + (βγ)jk + (αγ)ij + (αβγ)ijk + eijkl , (7.3.39)

i = 1, · · · , a, j = 1, · · · , b, k = 1, · · · , c, l = 1, · · · , nijk ,
ÂÄÃ

µ, αi, βj , γk ��q . J · ¨ H�� . (αβ)ij V�r :�;���p Ai J Bj �� �!�"
#��ts '�u c (αβγ)ijk V�r :�;���p Ai, Bj J Ck �� �!�"�#�ct% ^ � (αβ)ij

r
%�v� �!�"�#�� � (αβγ)ijk

r Þ�v� �!�"�#�c�W�X (7.3.39)
��r�£ Y %�' W�X���wx ��y�z m b À 1�{ Y}|�~ZY %�' W�X�c���S�����e � m b ^ W�X u�� B���qZY %' W�X�cc� � ����W�X���®�ä %�_ � Â ��� J *���O Æ���· ¨�d�³�
�� H�� cc��)· ¨���
��N���NSN��e � 6�� " � f ��q h á � g �NO�a %�_ WNX��N®�ä %�_ c �D ��������W�X���®�ä %�_ e � 5 Ð������ � )�c

§7.4 ���������
· ¨ à � � ��$ZY %�' W�X���%�á���a�� I D�� 9 A J B ����q�$�á :�; \m b H�� ���N3 � 9 A J B

" �  �������� �ND � ' WNX�� �Nr  �� %N' WNX�c�#
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D Y�%�������G�� � 9 A J B 4�5 D à ��� :�; \ 6 H�� c�j�I�Y� �� H ã Ã �y ½,¿��}�}�,$�4��� ���� � 3 > y���� ��4��� �� à�  #�� C F�c ¡�¡ 5 � ���
 �� à y�¢ � C F 5 � c�j�I��� ��6� m 6 y�¢ � C F�£�%�����w��� ��6�&S y¢ � C F�¤�%���c � x Y�¥N¦ H ã�3��§¦ 5 � ���� �� C F :�; � ��� I 5 %�)�c
I�?�¦��� ���� ��� � C F D 200◦C, 220◦C J 240◦C, w�¦��� ���� ��� � C F D
150◦C, 170◦C J 190◦C, ��3��� ����,I 5�6 � C F�¤�� :�; 150◦C, 170◦C J 190◦CH�� ��w��� ��6�&I 5�6 � C F�£�� :�; 200◦C, 220◦C J 240◦C

H�� c�e�¨ � �
 �� D %�v � g � C F D Þ�v � g ccÞ�v � g '�D�© Y�%�v � g�Ë ¨�� ��D ^ ��4ª�« H ã���O Æ6¬ 
 ©�~ ä (nested design). ¦�­���W�X ¬ 
 ©�®�¯ W�X (nested

classification model). °�±���j 9 f �N �� J C F�²Ná � g � ¬ 
�²�v ©�®�¯ W�X�c
% ^ }�~�� 9 A ³ a á :�; ����Y � 9 A ��Ý i á :�; G � 9 B ³ bi á :; � 4 ª © Y � 9N:N; Ai � � 9 B �NÝ j á :N;Nr bj(i) ��Y :N;���p Ai J Bj(i)

G x������ nij

¼ � ª yijk

r Y x���p G���Ý k á ����´ ( µ�V 7.4.1), S�²�v ©®�¯ W�X m V r I�G���¶·Z
yijk = µ+ αi + βj(i) + eij , i = 1, · · · , a, j = 1, · · · bi, k = 1, · · · , nij , (7.4.1)

� Ë µ, α, eijk ��q�¸ J�b · ��¹ ��µ�4�W�X�\ H�� c�º }�» eijk ∼ N(0, σ2), à ³
eijk

H�¼�¬�­ ��� � βj(i)

r�½�¾
Bj(i) ��¿�­�c

«�`�À�Á�Â�X�� m b ^ (7.4.1) ¶�V r À�Á���¶���Ã�Ä�±�Å�Æ���%�Ç���¶�c �x e�¨�È ��É · ¨�d�³�%�) ^ Ä�±�Å�Æ�� � ä É�Ê ã�� ¹ ­�Ë � ��á�Å�Æ���®�ä®�Ì c
è

7.4.1 î�Í�Î�ó�Ï�Ð�Ñ�N�OÓÒÓÔ è
ÿ �

A

A1 A2 · · · Aa

B1(1) B2(1) · · · Bb1(1) B1(2) · · · Bb2(2) · · · B1(a) · · · Bba(a)

y111 y121 · · · y1b11 y211 · · · y2b21 · · · ya11 · · · yaba1

y112 y122 · · · y1b12 y212 · · · y2b22 · · · ya12 · · · yaba2

...
...

. . .
...

...
. . .

...
. . .

...
. . .

...

y11n
11

y12n
12
· · · y1b1n

1b1
y21n

21
· · · y2b2n

2b2
· · · ya1n

a1
· · · yaban

aba

7.4.1 Õ�Ö�×�Ø
Ù�Ú�Û ä�Á X , Ü & u�Ý Î�Þ�ß Ï�à
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n··µ+

a∑

i=1

ni· αi +

a∑

i=1

bi∑

j=1

nijβj(i) = y···. (7.4.2)

ni· µ+ ni· αi +

bi∑

j=1

nijβj(i) = yi··, i = 1, · · · , a, (7.4.3)

nijµ+ nijαi + nijβj(i) = yij · , j = 1, · · · , bi, (7.4.4)

ÂZÃ
ni· =

∑bi
j=1 nij , n·· =

∑a
i=1

∑bi
j=1 nij . â Î�Þ�ß Ï�Ò�Ó�â Ú ��ã�³ (7.4.4) à�f

� ∑a
i=1 bi á

ß Ï�ä�å�æ����ÓÃ rk(X) =
∑a

i=1 bi .
� à�ç�è 0�é ³ ∑a

i=1 bi + a+ 1

á�� � x É�ê d�ë�%�)��te�¨�ì�i�í�î�ç�è�ï 	�ð�ñ a+ 1 ò�å�æ ß�ó �tÃ�ô�õ��ö�÷�ø�ù c�#�¦�ú�Y���û�ü���â (7.4.4) ý�þ�ÿ���� , ö�÷�ø�ù à
µ = 0, αi = 0, i = 1, 2, · · · , a (7.4.5)

ä�� ß�� ¢�� ��c�� (7.4.4) É (7.4.5)
� Ý

β̂j(i) =
yij ·
nij

, i = 1, 2, · · · , a, j = 1, 2, · · · , bi . (7.4.6)

� ¨ �
µ̂ = 0, α̂i = 0, i = 1, 2, · · · , a (7.4.7)

%���	�
�ç�è 0�é ��% � LS
� c���

µij = µ+α+βj(i) (i = 1, 2, · · · , a, j = 1, 2, · · · , bi) 
�ä m�� ������	�
����� Ä�����-�� m���� é � c�ý�þ����}� 0�é � é

βj(i) − βj ′(i), ¦�%�� i, j 6= j ′ (7.4.8)


 ä m�� � c�¦ ���k» � i, βj(i) − βj ′(i) à ��� B � ½ ¾ Bj(i) É Bj′(i) ¿ ­
l�a�c�¦���ë�%�������j � � �� ä�¦ 3 4���! ����² 4 Ü � C�" ¿ ­�l a�c #
ä αi − αi′ , i 6= i′, # % Ç�$ ����%�& I ∑

i ciαi � � é 
 ä Ü m���' � c�I�(
bi = b, i = 1, ·, a, Ã�¦ �)� A �)*�ò ½�¾ �,+ � B - ½�¾ é 
).)/��,0 nij = c(i =

1, 2, · · · , a, j = 1, 2, · · · , b). 1 ∑
j βj(i)/b = β·(i),

Þ

(αi + β·(i))− (αi′ + β·(i′)), i 6= i′ (7.4.9)


�ä m�� -�c � -�2�3�q�¸ É (7.3.22), (7.3.23) . ¯�4 c Ã�Y�¦�+ � B
¢ ¾�5 -�q

¸�6��7+ � A -�²�ò ½�¾ i É i′ -�¿�­�l�a�ct¦���!���-�8�ò�j � � (7.4.9)
 ä

¦�9 " ¾�5 -�q�¸�6�����!��6� É �:-�¿�­�l�a�c�ý�þ�;���� m���� é (7.4.8) É
(7.4.9) - BLU

��'�®�< à
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yij·
nij
− yij ′·
nij ′

, ¦�F�� i 6= j (7.4.10)

É ( ¦�F�� i, j, bi = b, nij = c - ø�ù 6 )

yi·· − yi′·· .

7.4.2 G�H�I�J
K ¨�L�M�N�O�P�Q�+ ��R ½�¾ ¿�­�ä�S�.�T�-�U Û�V Ã

H1 W β1(i) = · · · = βbi(i), i = 1, · · · , a. (7.4.11)

X�Y�Z Þ�ß�ó
(7.4.2)∼(7.4.4) É LS

�
(7.4.6) É (7.4.7), æ Ý�[]\�¾ ß É

RSS(µ, α, β) = y···µ̂+
a∑

i=1

yi··α̂i +
a∑

i=1

bi∑

j=1

yij ·β̂j(i) =
1

nij

a∑

i=1

bi∑

j=1

y2
ij ,

^�_ ¾ ß É
SSe =

a∑

i=1

bi∑

j=1

nij∑

k=1

y2
ijk −RSS(µ, α, β)

=

a∑

i=1

bi∑

j=1

nij∑

k=1

y2
ijk −

1

nij

a∑

i=1

bi∑

j=1

y2
ij·

=

a∑

i=1

bi∑

j=1

nij∑

k=1

(yijk − yij·)
2. (7.4.12)

`ba � " T�c n·· −m, d�e m =
∑

i bi. f�U Û H1 
�æ�g V βj(i) ã�h i ³�i�h j

��i V Ë βi 1�j�klc�ä�m�n�Å�Æ�à
yijk = µ+ αi + βi + eijk

4
= µ0 + α0

i + eijk , (7.4.13)

d�e µ0 = µ, α0
i = αi +βi, d�ä�F�ò�o�p ®�¯ Å�Æ�k ­�Ë §7.1 -�q�( V æ Ý�[]\�¾ß É

RSS(µ0, α0) =
a∑

i=1

y2
i··
ni·

. (7.4.14)

q�r (7.3.13),
Ý � ¾ ß É

SSH1 = RSS(µ, α, β) −RSS(µ0, α0)

=
1

nij

a∑

i=1

bi∑

j=1

y2
ij · −

a∑

i=1

y2
i··
ni·

. (7.4.15)
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� ä�P�Q�+ � B - ½�¾�v !�ô�w���-�x�y é Y v _ ¾ ß É V{z�| à�+ � B - ¾ ß
É V:} 1�à SSB ,

`ba � " T�c�U Û H1 ô�~�å�æ ß�ó ò é m− a, d�e m =
∑

i bi.X�Y
§5.1, Ê ; H1 - F � ' ï�à

F1 =
SSH1/(m− a)
SSe/(n·· −m)

. (7.4.16)

f H1 à���g V F1 ∼ Fm−a, n··−m .

6�������F�Q�+ � A
R ½�¾ ¿���.�T�� Ê ;�k�+�à α1 = · · · = αa ä�Ü�� Ê ;

U Û k K���� F���N�O���+ � B
R ½�¾�¾�5 -�����6 V + � A � ½�¾ ¿���.�T��

Ê ;�k�à�n�o���� V U Û + � B - ½�¾ bi 
�.�T V Ã�U�� bi = b(i = 1, · · · , a), �Û ��F�� i, j, nij = c,
Þ���� \ q�à Ê ;�U Û
H2 W α1 + β·(1) = · · · = αa + β·(a) . (7.4.17)

� (7.4.9) ��-�����è V H2 ä�� Ê ;�U Û kl� bi � nij Ü�
�.�T�-�û�& Vl��� ��������
[98].�

H2 
�æ V αi + β·(i) h i ��i�k]��Ë�h §7.3 � 4 - ß�� V]� Å�Æ (7.4.1)  Ù à
yijk = µ+ (αi + β·(i)) + (βj(i) − β·(i)) + eijk

= µ∗ + β∗
j(i) + eijk , (7.4.18)

`�¡
µ∗ = µ+ αi + β·(i),

� h i ��i , β∗
j(i) = βj(i) − β·(i)¢�£ ∑b

j=1 β
∗
j(i) = 0, ��Ë Lagrange ¤ � � Vl¥�¦ !�§�¨ � é

a∑

i=1

b∑

j=1

c∑

k=1

(yijk − µ∗ − β∗
j(i))

2 + 2

a∑

i=1

b∑

j=1

λiβ
∗
j(i) ,

��©�ª Ú µ∗ É β∗
j(i) -�m�« LS

� k Z Þ�ß�ó à



abcµ̂∗ + c

a∑

i=1

b∑

j=1

β̂∗
j(i) = y··· ,

cµ̂∗ + cβ̂∗
j(i) + cλi = yij· , i = 1, · · · , a, j = 1, · · · , b.

β∗
j(i) -�m�« LS

� à
β̂∗

j(i) = yij · − yi··, i = 1, · · · , a, j − 1, · · · , b. (7.4.19)

X�Y d�¬�q�( V ��m�n�Å�Æ (7.4.18), µ∗, β∗
j(i) T�- []\�­ ß É à

RSS(µ∗, β∗
j(i)) = µ̂∗y··· +

a∑

i=1

b∑

j=1

β̂∗
j(i)yij · =

y2
···
abc

+

a∑

i=1

b∑

j=1

(yij · − yi··)yij · . (7.4.20)
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c�ä�â (7.4.12) É (7.4.20) ® Ý�­ ß É

SSH2 = RSS(µ, α, β) −RSS(µ∗, β∗)

=
a∑

i=1

y2
i··
bc
− y2

···
abc

=
a∑

i=1

b∑

j=1

c∑

k=1

(yi·· − y···)2 . (7.4.21)

â (7.4.21) �)©�ÿ Ú)V SSH2 ä)+ � A �)¯ ­ 6�ô)°)x)y)±�- ­�5 �)² ­�5 - v _­ ß É V:z�}�| SSH2 à�+ � A - ­ ß É V .���$ } 1�à SSA. ��� � V d�ò ­ ß
É - a � " à a− 1,

X�Y
§5.1, Ê ;�U Û H2 - F � ' ï�à

F2 =
SSH2/(a− 1)

SSe/ab(c− 1)
, (7.4.22)

f H2 à���g V F2 ∼ Fa−1, ab(c−1) .³
7.4.1 ´]µ�¶ V¸·]Vº¹�Vº»�¼�½�¾ !�¿ V * ½�¾ !�¿�À�ª�-�9 "�Á�Â Ü�ÃÄ .�/�kl��* ½�¾ !�¿ V 9 " 
�Å���Æ�ò�¯ ­ (◦C) W

¶ (A1) 50, 55, 60,
·

(A2) 70, 80, 90,¹
(A3) 55, 65, 75,

»
(A4) 90, 95, 100

x�y é Y�Ç�È 7.4.2.

É
7.4.2 Ê?Ë?Ì?Í?Î ÉÏ?Ð Ñ?Ò?Ó

A1 A2 A3 A4

B1 85, 89 82, 84 65, 61 67, 71

B2 72, 70 91, 88 59, 62 75, 78

B3 70, 67 85, 83 60, 56 85, 89

Ô ��Õ�Ö a = 4, b = 3, c = 2, ni· = 6, n·j = 8, n·· = 24,
∑

i bi = 12.

SSH1 =
a∑

i=1

b∑

j=1

y2
ij ·/2−

a∑

i=1

y2
i··/6 = 136866− 136062 = 804(= SSB),

`ba � " à 8.

SSH2 =

a∑

i=1

y2
i··/6−

a∑

i=1

b∑

j=1

y2
···/24 = 1960.5(= SSA),

`ba � " à 3.
^�_ ­ ß É

SSe =

a∑

i=1

b∑

j=1

c∑

k=1

y2
ijk −

a∑

i=1

b∑

j=1

y2
ij ·/2 = 64,
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`ba � " à 12. × ' ®�q�(�Ø�c È 7.4.3
¡ V

É
7.4.3 Ù?Ú?Û?Ü É

A?C?Ý Þ?ß Ð à A?á â A F ã
Ï?Ð

(B) 8 804.0 100.5 F1 = 19.0Ñ?Ò?Ó
(A) 3 1960.5 653.5 F2 = 122.5ä C 12 64.0 5.3

å á 23 2828.5

â È ¡ ��©�ÿ Ú�V F1 = 19.0 > F8,12(0.01), F2 = 122.5 > F3,12(0.01). ô�©�æ��ç ��¯ ­ α = 0.01,
K���è�é�ê ò�ë�U Û klì���d ¼�½�¾ !�¿ V 9 " Ü�/�¯ ­ -_�í ä ��ç - Vïî 0  Æ ½ 9 " ­�5�ð�ñ Vï¼�½�¾ !�¿�- _�í } 
�ä �)ç -�kïÀ�ò

F���ó�ô�õ V � � ��- ¾ !�¿�ä�ö�¬�9 " j�÷�° _�í V ©�ø�æ ¼�½�¾ !)¿ ¡ V ö�¬¾ !�¿�j�÷�° ��ç - _�í Vïù À�ú βj(i)−βj ′(i), j 6= j ′ û (αi +β·(i))− (α′
i +β·(i′))

-�/�g�ü�ý�þ�÷�klÿ�����- ��� ��© � d�¬�������������k
æ�Ö 7.4.1

¡ V Ç (���� ¾ !�¿ û 9 " j ñ V ì�N�O�	���
���k
��0�����/�-
9 " ô ù À)-�	)��
�� } ��Ã Ä .�/ V d�����;  ù À�M�� ¾ !)¿��)� V ��� æ�*
F�� ¡�� ��9 " ��� V�� � ��
�������kïd��  &�
���
����)æ�9 " �)¯ ­�� V �
9 " ���)æ ¾ !)¿)-)�)¯ ­�� -���ü V d  �� Æ)Q��������); V ` ¡ ¾ !�¿ � F�Q
+�� V 9 " � P�Q�+�� V 	���
�� � Æ�Q�+���klÆ�Q����l���� �F�!�&�"��

yijkl = µ+ αi + βj(i) + γk(ij) + eijkl , (7.4.23)

i = 1, · · · , a, j = 1, · · · , bi, k = 1, · · · , nij , l = 1, · · · , nijk .

Ç ( � Æ�ò�+#�#� < 1#� A, B, C, $ yijkl

 #� æ�¯ ­#% r Ai, Bj(i), Ck(ij) 6
-�& l '�x�y�±�k (7.4.23)

¡
µ, αi, βj(i) -�����h�(�)�����.�/ V γk(ij)

� ¯ ­
Ck(ij) -#*�� V ì�+ � A æ�¯ ­ Ai, + � B æ�¯ ­ Bj(i), + � C -#& k +�¯ ­
Ck(ij) -�*���k

#�F�!�$ V ��©�°�,�� k Q��������� �k
°)g)æ)F)¬��); ¡ V F�-��)+ � ��c�.�/���0 V ��1�F)¬�+ � �)c�2�����0 V

d�g  �3�4�5�6 r������� �klÖ Ç V ��; � N�O�Æ�+�+ � A, B, C -���; V Ç (
A û B

� .�/�- V ��+ � C ��æ�+ � B
� V U�7 R +�8�9�°�.�/�*�� V $�d�+��

;�-��: ��
yijkl = µ+ αi + βj + γk(j) + eijkl ,

i = 1, · · · , a, j = 1, · · · , b, k = 1, · · · , cj , l = 1, · · · , nijk .
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d  �� F�+ 6 r������� �k

i)c)d)¬��� )-)� ' ��= V?>�@ (�h ê Q����)���� �.)/ V Õ)��� ��A�B ���5 Vï��� ��© ��C � f�ú�����D�Ã�E�k�F�c ` C ��;�7�G��� )-���G���= Vï��� ��������
[2].

§7.5 HJIJKJIJLNMPONQNRPMNSPT
æ#U��#V�°#�# �U#7#W�; ��� -���� ¡ V K��#X U���x�y#Y _ p[Z e

¢�£ W
(1)
R ��Z�.�\�]�^�_ (2)

Z 0�`�_ (3) a _�b ` ( ì�*�+�x�y�±�-�a _ .�T ).
Ç�c

d F�e�U�7�� ¢�£ -�f V a _ ��=�-�W�;���G�Z�F�!��#g�h�i F ��j V d�g�a _
��=�-�q c�k ����l V<m F�g�n�o�p�Y�q�q���k?F�! ð�ñ V ��F�+�r�s ��� V d�¬
U�7 � S ¢)£ î � �utwv q)k K���x�y�z�{ V}| À�æ���;�~�� ¡�������������� q��� V ����q c q���\�]�^�`�F�! ��x�y ¢�£ q�k[� � V[� v Z ( ��� v Z V ì���

) q�a _�b ` � Z 0�`�������k:V�© > ) K�� ��� � ê ½ U�7�q�W���k
7.5.1 ��������I�J
� � o � ��a _ ��=�q��#+�¯ ­�� V�°��#��q�x�y�f�ú#�#+�²#s V a +�¯ ­

q ��� ����x�y�±���f�c�i a +�²�s���Å�q a +�� > klo � ��q�a _ ��= ��� �
æ)�)²�s�a _ �)T�q�e�� � ��=)��²�s�q��)±�q v�� k U � �)²�s�q�a _ ��T V}C
×��#��±#q#�#=�q c#3#4 ���#q#�#��k � Õ > )�À#�#  Ç#¡ W#�#¢�²#s#� > a _� S��)T�q �)� k?£�¤ | ��a _�b `�W���k � ��¥ � ��¦�§ tw¨ �� �© ½ ¤�ª�q�a� V i�«�§ t q ��� � ��¬���� [48] û [56] T�k

��o�p������� V � Y _ a _ ����T V $��� �� È �




yij = µ+ αi + eij ,R
eij ��\�]�^ , eij ∼ N(0, σ2

i ), i = 1, · · · , a, j = 1, · · · , ni.

(7.5.1)­�® ¥ � À�W���q�U�7��
H0 W σ2

1 = σ2
2 = · · · = σ2

a . (7.5.2)

7�& i +�¯ ­ q�Y _ ­ a û � SSei =
ni∑

j=1

(yij − yi·)
2. æ Z 0�`�U�7 � V SSei

� h
i σ2

i χ
2
ni−1 q v Z�k:¯ MSei = SSei/(ni − 1) � ` ��a�k

1. Levene W�� �
Levene W#� � | �#ª�c ­#°#± Y V ì�æ#�#+�¯ ­#% r �#²#³ x�y ± �#´�k:¯
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& i +�¯ ­�� & j '�x�y�q ^�_ �
êij = yij − yi· , i = 1, · · · , a, j = 1, · · · , n.

¿
εij = (êij)

2, i = 1, · · · , a, j = 1, · · · , n.
$

E(εij) =
n− 1

n
σ2

i , i = 1, · · · , a, j = 1, · · · , n.
�

εij

¬ ú�x�À�± V ` ��±�� σ2
i (n− 1)/n, f�ú�o � ����� ± Y � z V G�® %�� û% ÷ ­ a û

SS2Á:Â =
a∑

i=1

n∑
j=1

(εij − εi·)2,

SS2Á<Ã =
a∑

i=1

n(εi· − ε··)2 .
(7.5.3)

��G�Z
L =

a(n− 1)

a− 1
·
SS2Á<Ã
SS2Á:Â (7.5.4)

æ ë U
7 H0 E
^
q
e
� � V LÄÆÅ∼ Fa−1,a(n−1), f (7.5.4) q L q ±
Ç c Fa−1,a(n−1)(α)

±�g V ¥ � × è�é H0, È�����¯ ­ ÷�q�a _ � Ä ��T�k
Levene W#� � ��²#s#�#j#É#Ê Z 0#�#j�°�µ � q#Ë#ÌÍ`�kl± �#Î �#q ��Ï æ

ª Levene
� g Ï �#!�À�ª ²#³ ' ± n ��À#Ð ¦ Ï �#!�À#Ç#Ñ 3 '�k Ç � SAS Ò

� Ï ²�³ ' ± ¦ Ñ 3 '�Ó Ï ��!�Ô�����Õ�G�®�Ö�× Levene W���Ø c�Ù
2.
� Ç F ´ � (Hartley

�
)

ë�$�( Ï Hartley W�� � } ��ª�Ñ�Ú ­�°�Û�Ü ( Ý Hartley æ 1950 Þ�ß�^�q ),à +�a � V�ª�q���G�Z��
Fmax =

maxi(MSei)

mini(MSei)
, (7.5.5)

| � � Ç F ´ � Ù:á n1 = n2 = · · · = na = n Ó Ï Fmax q�â�ã�±���i ��� [120]

q È ¡�ä�� Ï]È ¡ q k � � ¦�´]µ�q�a�å�q�+ ± Ï ì à�æ q�¯ ­�± a,
È ¡ q ν ì

� MSei qèç�Ý�é Ï ì à�æ q n− 1.
á Ý (7.5.5) G�®�q�±�ê�~�â�ã�±�Ó Ï × è�é

ë�ë�7 H0.á ��ì ²�³ � a ±�µ�Ç�Ó Ï 9�°�í á q È�î ä Ù Õ�Ó î ª�£�¤�q F
È�Ù:ï ç

Ý�é���ð�Ý maxi(MSei) ñ mini(MSei) V�ò�ó�qèç�Ý�é�ô�õ Ù:ö G�÷�q (7.5.5) ø
Fmax ù 9�ú�ê�~�£�¤�q F q�â�ã ù Ï<û ��g�ê�~�ü�ý�q�â�ã ù Ù<þ�ÿ H0, V���q
&�����p�Y�q�������g�ê�~�ü�ý�â�ã ù q���� Ù
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����
Hartley

� Ç F 
wW���ò�Ñ�ü�0�`�q�É�Ê�������� Ù ��� Ï���c � > V�� ç���s
q���j�����É�Ê�ü�0���a�å���ì�Ó Ï H0 � g������ Ï i���È���a�å�����ì Ù ��� Ïá ��s���j�Ú�ü�0�Ó Ï Hartley

� Ç F 
wW�����í���ª��� ���a�å b `�q�W�� Ù �

"! Ï Levene W���ò���s�ü�0�`�q�É�Ê�# � ��� Ï ��$ á ��s�h�i�ü�0�%�j�Ó Ï ª
Hartley W#�&
 Levene W#�#r#ú û(' q()#* Ù Conover ì (Techmometrics(1981),

23: 351—361) ò�*�+ Hartley W���, Levene W���-/.�q�0�1�a�å b `�W���2�3 54�5�6�7 Ù98�: q 6�7�; t�Ï á ��s�%�j�< ² É�Ê�ü�0�Ó Ï Hartley W���q�= ��>? g�@�A Ù � Ó ÏB8�:�C�D�E ª Levene W�� Ù
3. χ2 W���F (Bartlett F )

¯ fei = ni − 1, fe =
∑a

i=1 ni − a. õ�G
c = 1 +

{(
a∑

i=1

1/fei

)
− 1

fe

}
/3(a− 1) , (7.5.6)

q = fe ln(MSe)−
a∑

i=1

fei ln(MSei) (7.5.7)

,�H�G�Z
B = 2.3026q/c . (7.5.8)î�I § t�Ï -�Y�å�ü�0�ë�õ � Ï[ö H0 E�^ Ï B ∼ χ2

a−1.
á ë�7 H0 E�^�Ó ÏKJ�L> a�å�q�M�N ù q�å�ð���O�#�Ç Ï q q ù ��O�P ��Q ( R�ð á�J�L > a�å�q�M�N ù��ì�Ó Ï q = 0).

á ë�7 H0 #�E�^�Ó ÏBJ�L > a�å�q�M�N ù q�å�ð�P�!�Ç Ï q q
ù�� P�!�Ç Ù ��� Ï:á Ý (7.5.8) ø�G�÷�q B ù Ç�Ñ χ2

a−1(α) Ó Ï P���� H0.

Bartlett W���# ÿ ²�³�± q�S�T ( U���V > ? ��²�³ M�N�q�W ± #�X��#´ ), �
ò�Y�å�Ú�ü�Y�`�$ � ����q Ù ��� Ï Y�å�É�Ê�ü�Y�`�Ó Ï #�� E ª à V�a�F Ù

4. Z�Ç�a�å�W���F (Cochran F )� � Hartley F�, Bartlett F�ò�! Q q SSei ù � ��� Ï V I�á SSei ø\[�-��
V ù � 0 ]�^ ��Q Ó Ï Hartley F�, Bartlett F���#�� E ª Ù ��$ á ²�³�± ni !Q Ó Ï à 1 Û(_ $(`#¤#g#× � q Ù �(a �# #q Cochran F î(b(c à V(d(e Ù �($
Cochran q�a�å b `�W���F | í�ª�Ñ�ì ²�³ q Û�Ü Ï:ï H�f�Z��

C =
maxi(MSei)

a∑
i=1

MSei

. (7.5.9)

ï â�ã ù ; î�g�h�i [38](p.579∼580,
;

4).
á Ý (7.5.9) f�÷�q C Ç�Ñ ; ø���ò�ó

q�â�ã ù Ï:k ����a�å���ì�q�j�ë�k Ï È���a�å�#�l���ì Ù
R�ð á n ! Q Ó Ï à V�m�F�- ��� ø�ó�ª�!���n�o Ù
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- SAS Ò���q Ï ò�m�å�r�s�q�t�� î�u�þ�v ª�w�m�F�x�y�z�{��� �w Levene

F�, Bartlett F�| Ï"} ú BF (Brown , Forsythe) F�, Obrien F Ï"~ $ Levene t� F�w���2 Ù BF t � F�, Levene t � F�ò�����%���É�Ê�ü�Y�%���ú�!���w�Ë�Ì
s Ï U�ò�����É�Ê�ü�Y�Ó�#������ Ï�� $ 4�5 Ø������ Ï -���T�������������w������Ï

BF t � F/
 Levene t � F���ú ûB� w�)������ Ùá m#å(�(�(s(w#ë#õ(#(�(�#Ó Ï �(y(t � 0 > ? � � ù $(�(�#ì î ò(�(�(2
3�í á�����Ï�E�����  w�������ú�r�s�w�m�å�¡���O��B¢£¡ ����  w���� î�¤ #�¥
��ú�¦���w�ü�Y�s Ù?î $�ò�Ñ�H�f C�§ w�Ø�����¢�¡¨m�å�r�s�w�©�ª�«/
wü�Y�s�ë
k û ��¬B© Ù�­ � ¡�® î�¯�° ��±�ü�Y�s � ©�²�³�m�å�w�r�s Ù ò�´�m�å�r�s�w�`� ��� ¡:ú�µ�¶�w�·�^ î�¸�¹�h�i [38], p.215∼216.

º ©�»�¼�w�$�¡?ò�m�½�r�s�w�t � ��O�$�¾�ò�¿/À"%�� 4�Á ¡ ­ ��ò�¿ ­�Â d
e(¡BÃ : 6(7 w(Ä(©ÆÅÇw($ > ? �(È ò(É(Ê ( ](M(N ù ) w(Ë(Ì(¡BÍ#ò(Î&À ( ](Ï
À ) %�� 4�Á ¡9Ã : #�Ð�©/
\!�0 > ?�Ñ � � É�Ê�Ò�Ó ù�Ô w�½�Õ�¡ û ¬�©�w�$�©Ö(× �(�(%(Ø(y(Ù(0(V ­(Â(I(Ú 0 ­(Â(Û Ô w(Ü(Ý#ò(Ò(Ó(= ù w(Ë(Ì(ÞBß � ò(Î
À\%�� 4�Á (7.2.1),

� ��Ð�Ð�$�à/
\!�á�ú a× b V > ?�Ñ ��w�Ò�Ó�= ù ¡Bâ�ã�äå�æ V > ?�Ñ �� �� ­�Â ¡Kç � ��y ab V > ? w�¿ ­�Â d�e�¡Kç�ú�X�©�è�2�3�m
½�r�s�w 4�Á t � ÞBé�|�ò�Î/À ( ]�Ï/À ) %�� 4�Á }�ê�Ú 0 ­�ë ��ó�$���$�ì�í
w�d�e ( î g ��ï�ð�ñ�ò ). ß ��ó�ô�õ�ö Î/À\%�� 4�Á (7.2.1),

ö Î�V���÷�ø�ú��
V�ì�í���÷�¡�U�ø�����÷ 4�Á ¡�ß � αi $�ì�í���÷�ù�%�¡���O�ú�õ αi ∼ N(0, σ2

α),û�ü ��O�ý�þ�w�Ä�©�$�ì�í���÷�m�½�$���� 0, U ó ú�k H0 ÿ σ2
α = 0 2�3�t �����

Î�V���÷ ~ $�ì�í�w�¡BU�ì�í���÷ 4�Á ¡���k βj ∼ N(0, σ2
β)
� ü ©�t � w�ú�k��

O�$ σ2
α = σ2

β = 0 $�������Þ
7.5.2 ������	�

-�¿/À\%�� 4�Á w�m�½�%�Ø�ø\¡���� i

> ? � � j W�M�N�w���½��
êij = yij − yi· , i = 1, · · · , a, j = 1, · · · , ni .


 � ù ,�m�½�%����
E(êij) = 0, Var(êij) =

ni − 1

ni
σ2,

Cov(êij , êi′j ′) =





0, i 6= i′ ,

−σ
2

ni
, i = i′, j 6= j ′ .

� ç�$�-���� > ? � ��½�m�½���� � #�����¡ Í�-�#�� > ? � ��½�m�½�#���¡ � $
� ö ����Þ �  ����� s ���
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zil =

√
l

l + 1


1

l

l∑

j=1

êij − êi,j+1


 =

√
l

l+ 1


1

l

l∑

j=1

yij − yi,j+1


 , (7.5.10)

l = 1, 2, · · · , ni − 1, i = 1, 2, · · · , a.

P N =
∑

i ni V���½ � � N − a V zil,
û

N − a V�H�f�����ú�� ù � 0, Í
Var(zil) = σ2, Cov(zil, zi′l′) = 0.

û L ¡BÃ : ä å {zil, i = 1, 2, · · · , a, l = 1, 2, · · · , ni − 1}  ���� N(0, σ2) ������ w(� Ñ �(� L z(Þ Ö(×�� ä I t � �(½(%(�(w� (Y(s(Þ ­ �(Ã : -"!��(H(f"#$ ¡ ó � Ñ ( ]�¿�V � � ) ��� L z� �Y�s�w�t �&% `�# × ��Ï�m�F�¡ � χ2 t � ¡
Kolmogorov t � F�¡ Shapiro-Wilk F�¡ ¯�' t � F�¡�( ' t � F�����Þ

m(½(%(Ø(F ó �(�(%(� ¯(°  (Y(%(��)(!(�(w�*�+ s(Þ ��, �(�(%(� ¯(°  
Y�%���! � ü ¡�m�½�%�Ø�F ó ´�t � ��-�w�����s�ä ¤ ç�#�����¡ � ü ¡ E�.�/�¸
��F�!�����0�Þ SAS 1�2 ��3 y ó Î�V�]�Ï�V�����2�3/
"!�w�Ï�1 /�¸ ��t � F�Þ

Ã : P�- � a�û V�ß ë $�4 ß�¢&5�6�1�t � w�f�7�Þ � $�¡ � Ï���8 _ � ¡�Ã:�C�D�E�. f�7�í�1�2�2�3�t � ¡ � SAS , Matlab 1�2 Þ9
7.5.1 ( :�; ó 
=< � ) ��>�?(Ã�@(í�A È�B�C ¡�D 6(7 á�E(�(Ã�@(w�FG 8 _ ¡ 6�7 .�H�I�J�KML�N�J ��¦�;�O�P�@�| .�Q�J�R :�;�w�m�F�Þ 8�: 6�7 yS 1�:�;�Ý�m ÿ ����1�¡ I�Q�J�T Ä�w C :�; � ��U�1�¡ I�H�I�J ¡ L�N�J�T Ä�¡V�W � Q�J � � S 1�¡ I�H�I�J ¡ L�N�J�T Ä�¡ V�W � È #�X�Y�Þ   Î�1�$ 8�: 6

T�w�Z�Ý�m�Þ T\[ ! S 1�:�;�- B�C�]�^ q�w�����¡Ç0�_ B 10 `�a�b C ¡Ç´ 60 c  M�d � : w�¬���Þ�e ; 7.5.1 á���Þ
f

7.5.1 g�h�i�j�k�l�m�n�o fp�q r s
( t )

u�v�w
1073 1058 1071 1037 1066 1026 1053 1049 1065 1051u�x�w
1016 1058 1038 1042 1020 1045 1044 1061 1034 1049u�y�w
1084 1069 1106 1078 1075 1090 1079 1094 1111 1092

z û�{ < �&$ ¡ 60 c�w C ¬�|�É�Ê � ­�Â |�:�;�Þ z < � m�} $�~ � y S V��� ¡�< � w Å�w�|�© [�� S�� :�; z�B�C�]�^ w�����q�)���½���Þ T y [�� S��
:�; z�B�C�]�^ w(�(�(q�)��(½��(¡Bç º ©��(��- Ô w [=� t � ¡ ­"T û |(�"�
¿ ­�Â m�½���Ø�d�e�¡Bä . §7.1 ñ�ò�w�m�����������-����(s�t � ¡��   �(á�)
Î(Î(��-(½(w�� ü������ Ô�� �(������� æ Î � _ B �(÷ Ô ) ô ���(½(Õ(Þ�)(µ
¶�w�·���ä � R ��-�w�t � [�� ¡ ��z�� ß $ Ã���`�ñ�ò�m�½�r�s�t � w�����Þ ­T

Bartlett � Hartley t � � ó  ���s [������ ¡BÃ���è ó ������ ���s�t � Þ
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(1)  ���s�t �
ô Ó�| ó ����è�¦�z�{�ñ�ò�w � s ����  ¥ z ��§�¨�¿ � �� ���s�t � ¡ } |u�©�ó ������§�¨�t � ¡ªe�« . χ2 t � ¡ Kolmogorov t � ��¡ Shapiro-Wilk ��¡ª¬

QQ ­���¡ ~�¤ ��® û�¯ ����°��� ���s�w���Ó�Þ ����±�7�����²�¡ Ã���` å ±�7
����³�®�¡´E��� ���µ � µ ��� (7.5.10), ������½�����- êij (i = 1, 2, · · · , 3, j =

1, 2, · · · , 10)
Ú 
 ����  ����- zil (i = 1, 2, 3, l = 1, 2, · · · , 9), e�¶ 7.5.2.

f
7.5.2 ·�¸�¹�º�»�¼�½�¾£¿£À�n£o fu�v�w p�q u�x�w p�q u�y�w p�q

êij zil êij zil êij zil

1 18.1 10.6066 −24.7 −29.6985 −3.8 10.6066

2 3.1 −4.4907 17.3 −0.8165 −18.8 −24.0866

3 16.1 26.2694 −2.7 −4.0415 18.2 7.2169

4 −17.9 −5.5902 1.3 16.5469 −9.8 8.2735

5 11.1 31.9505 −20.7 −9.3113 −12.8 −6.9378

6 −28.9 2.0059 4.3 −6.9437 2.2 4.3205

7 −1.9 5.4789 3.3 −21.9154 −8.8 −10.2896

8 −5.9 −10.2530 20.3 6.1283 6.2 −25.1023

9 10.1 4.1110 −6.7 −8.7490 23.2 −4.4272

10 −3.9 8.3 4.2

ó
zil (i = 1, 2, 3, l = 1, 2, · · · , 9) ¥��(¿ � �� ���µ�Á � ¡�e Shapiro-Wilk

Á � ¡ Kolmogorov-Smirnov Á � ¡ Cramer-von Mises Á � ¡ Anderson-Darling Á� ¡ QQ ­�Á � ��¡ ~�¤�©�Â  ���µ�Ã���Ó�Þ
(2) Ä�½�Å�µ�Á �
­�T �(��°��� ����(��Æ(�(��| ��Ç Ã(¡�È(Ã�� ��É ñ(ò�Ã�Ê � Á � Ä(½�Å

µ�Ã�Ä�� ~ ä . Þ
(i) Levene Á � �Ë ¶ 7.5.2

$ Ã���½���� êij , O�Ì (7.5.3) ä�7��
SS2Í�Î = 134984, SS2Í�Ï = 8193,

È
L =

a(n− 1)

a− 1

SS2Í�Ï
SS2Í�Î = 0.08,
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Í Fa−1,a(n−1) = F2,27(0.05) = 3.35. È z ����µ ��� 0.05
� ¡£Ô�)�>�Õ���½�Ä�½�Ö

��Þ
(ii) Harley × � F

[ �Ø è�±�7 MSei , Ù�±�7��
MSe1 = 226, MSe2 = 211, MSe3 = 182.

È
Fmax =

maxi(MSei)

mini(MSei)
=

226

182
= 1.24,

Í � ü Ã�Ú�Û�-�¶ Fmax = (3, 9) = 5.34 > 1.24. Ü�±���Ó�Ý Levene ������Þ
(iii) Bartlett Ã χ2 Á�Þ��
Ù�±�7�� MSe = 206, c = 1.05, q/c ≈ 0.06, B = 0.138. ß χ2

2(0.05) = 5.99 > B.

Ü�±���Ó�Ý Levene ������Þ
(iv) Cochran Á�Þ��Ë ��à�Ã�±�7���á��

C =
max(MSei)

MSe1 + MSe2 + MSe3

=
226

619
≈ 0.365.

Ë ¶�â�� Cn−1,a(α) = C9,3(0.05) = 0.6167 > 0.365. Ü�±���Ó�Ý Levene ������Þ� .
SAS 1�2 . BF Á�Þ���¡ Obrien Á�Þ���Á�Þ�����Ã���Ó�Ý Levene ���

��Þ
ã ä å

7.1 æ�¥ 6
w�ç�è�é�ê�ë�ì�í£î£ï£ð�ñMò£ó�ô£õ£ö£÷ùø

ç�è�ú�û ê ë ü
1 87.4 85.0 80.2

2 90.5 88.5 87.3 94.3

3 56.2 62.4

4 55.0 48.2

5 92.0 99.2 95.3 91.5

6 75.2 72.3 81.3
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(1) ����æ�¥ î���� �£Ó��
(2) � α = 0.05 � ñ
	���ç�è�î�ê�ë£ì£í���
�� �������
(3) æ�������� ô�î�v Í LS ���
(4) æ���� u 5

û�ç�è�î�����ê�ë�ü£î
95% ����� Ï��

7.2
é�� � ��! � Ó (7.1.1), æ�" � ��# SSA # SSe $�%�&�' � ü y′ = (y11, y12, · · · , y1n1 ,

y21, · · · , y2n2 , · · · , ya1, ya2, · · · , yana)
î�x�( Ó ñ
)�*�+£u�x£Ñ£î�,£í�ñ.-�/£ø

(1) SSA ∼ χ2
a−1,λ, ����0�1�2�� ô λ;

(2) 3 H0

ø
α1 = · · · = αa %�4 � ñ SSA ∼ χ2

a−1;

(3) SSe ∼ χ2
N−a, 5�6 SSA 7�8�9�4 �

7.3
é��:� ��!���Ó (7.1.1), ��; c1, c2, · · · , ca, æ�<���¤�¥�=���>�? H0

ø
µ + α1

c1
=

µ + α2

c2
= · · · =

µ + αa

caî
F
����ü �

7.4 ? yij = µi + eij , i = 1 · · · , a, j = 1, · · · , b, @�1�� eij A�9�4 � ��B î£ñ eij ∼

N(0, σ2).

(1) æ�C a = 4 ��¤�¥ H0

ø
µ1 = 2µ2 = 3µ3

î
F
����ü �

(2) æ�¥ - 3 b = 2 ��¤�¥ H0

ø
µ1 = µ2

î
F
����ü�D ¤�¥�E ��F�� ��� î�G�H ¡�¢�I�Jî���K A�L�7�M î t

����ü�î���N �
7.5

é =£��O£Ó y = X1β1 + X2β2 + e, e ∼ (0, σ2I), P é β1 # β2

î�Q£v�R�S�T£ô
c′1β1 # c′2β2,

+
c′1β̂1 # c′2β̂2 U�V�$�W�X�Y î BLU

S�� � P é�Q�Z�G�H�R�S�T�ô c′1β1 # c′2β2,[
Cov(c′1β̂1, c

′
2β̂2) = 0, \�] β1 # β2 ¡�^ � é�G:� U !�O£Ó

yij = µ + αi + βj + eij , i = 1, · · · , a, j = 1, · · · , b,

eij ∼ N(0, σ2), 5 ò�[ eij 7�_�9�4 � -�/ α′ = (α1, α2, · · · , αa) 6 β′ = (β1, β2, · · · , βb) 7�_
¡�^ �

7.6
é�` ^ _ ì�a�G:� U !�O�Ó (7.2.1), b�c 7 ��î�d�e:��ü�f�û�ñhg Jm = 1m1′

m, J̄a =

1
m

Jm, \�i ó J̄ab = J̄a ⊗ J̄b. æ -�/

SST =

a∑

i=1

b∑

j=1

(yij − ȳ··)
2 = y′

[
Iab − J̄ab

]
y,

SSA =

a∑

i=1

y2
i·

b
−

y2
··

ab
= y′

[(
Ia − J̄a

)
⊗ J̄b

]
,

SSB =

b∑

j=1

y2
·j

a
−

y2
··

ab
= y′

[
J̄a ⊗

(
Ib − J̄b

)]
,

SSe = SSe =

a∑

i=1

b∑

j=1

(yij − ȳi· − ȳ·j + ȳ··)
2 = y′

[(
Ia − J̄a

)
⊗
(
Ib − J̄b

)]
y .
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7.7
é�[ ^ _ ì�a�G:� U !�O£Ó (7.3.1),

) b�c 7 ��î�d�e:� ü�f£û£ñ.f£û J̄m

��l�ñ æ-�/
SST =

a∑

i=1

b∑

j=1

k∑

k=1

y2
ijk −

y2
···

abc
= y′

[
Iabc − J̄abc

]
y,

SSA =

a∑

i=1

b∑

j=1

c∑

k=1

(yi·· − y···)
2 = y′

[(
Ia − J̄a

)
⊗ J̄bc

]
,

SSB =

a∑

i=1

b∑

j=1

c∑

k=1

(y
·j ·
− y

···
)2 = y′

[
J̄a ⊗

(
Ib − J̄b

)
⊗ J̄c

]
,

SSA×B =

a∑

i=1

b∑

j=1

c∑

k=1

(yij ·
− yi·· − y

·j· + y
···

)2 = y′
[(

Ia − J̄a

)
⊗
(
Ib − J̄b

)
⊗ J̄c

]
y ,

SSe =

a∑

i=1

b∑

j=1

c∑

k=1

(yijk − yij ·)
2 = y′

[
Ia ⊗ Ib ⊗

(
Ic − J̄c

)]
y .

7.8
é�` ^ _ ì�a�î�y:� U !�O£Ó

yijk = µ + αi + βj + γk + eijk , i = 1, · · · , a, j = 1, · · · , b, k = 1, · · · , c,

m�n
eijk ∼ N(0, σ2I),

) 5 ò�[�î eijk 7�_�9�4 �
(1)
ö�í�o�p�q�r�s�t�u ∑

i
αi = 0,

∑
j
βj = 0,

∑
k

γk = 0, \���� ô�î�v Í LS � u
µ̂ = y

···
, α̂i = yi·· − y

···
,

β̂j = y·j · − y··· , γ̂ = y··k − y··· .

(2) æ�<���¤�¥�>�? H0

ø
α1 = α2 = · · · = αa

î
F
����ü �

7.9 æ�v G�w�x U !�O�Ó (7.4.1), � % =���O�Ó î�v�y�z�{ y = Xβ + e,
) v�| ��N #��

% z�ö�}�G�H ý�þ î Kronecker ~�� î�z�{ �
7.10

é�G�w�x U !�O�Ó (7.4.1), ? bi = b, i = 1 · · · , a, nij = c.
é�v��

i, j, æ�<�� zö
(αi + β

·(i))− (αi′ + β
·(i′)), i 6= i′

î�R�S�T�ô�î
Bonferroni � Ï ñ Scheffè � Ï # Tukey � Ï��
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��¦�µ¨§ª©�����Ã ��«­¬¯®:°²± �´³�µ ¬¯®�°�±´¶�· ¤�¸�¢´£ Ã�¹�±�º�»�¼�½�¥�¾�¿À ¥ ¢ � À ¥�Ã�Á�Â Ë 0 Ã 1 ¿�Ä�Å�Æ�¾ ¢Ç¤ Ä���¥�������Ã�¹�È�»��ÇÉ � À ¥�Ê
Á�Â�¼�½�Ë�Ì�Í���Å�Î ¢.¤ ¦�ÏÐ§Ñ©�����Ê�¹�È�»��.Ò�Ó � Ä���Ô���¥������ ¢ Ô
�Õ¥Õ� À ¥ ¤ÕÖÕ× Ê ¢ �ÕØ ÊÕÙÕ�ÛÚÇÊ ¤ÕÜ ÔÕ�Õ¥Õ� ¢:Ý §Þ© À ¥ÕßÕß ¤ÕàÕá §
©ÕâÕãÕäÕ�ÕâÕãÕåçæÕèÕéÕêÕë Ý �ÕìÕ�:ÙÕÓÕ³ÕíÕîÕïÕ¼Õ½ÕðÕñÕ³ « �Õ�ÕÊÕòÕÈ�¥
�ÕæÕóÕôÕõÕö÷§Þ© À ¥ÕøÕùÕúÕÊÕûçÔÕ�Õ¥Õ�Õ�Õ�ÕÊÕÔÕ�Õ¥Õ� ÜÕüÕýÕþÕÿ�� èÕ¾Õ�
� � Ê Ú.Ê ¤ Ò���������������	�
�������Ô�
��

à�á ô������ ¡�¢ ��Ô���¥�������¼�½���¾ ��� ¥���¦�Ï�����Ê�î������ ¢ à� ��Ø���������� ¥���¦�Ï������
§8.1 �������� "!"#%$

&�' ��� ¥���¦�Ï����
y = Xβ + Zγ + e, E(e) = 0, Cov(e) = σ2In , (8.1.1)

³�µ X ¤ n× p º�» , Z ¤ n× q º�» ¢)( W = (X
... Z), δ = (β′, γ′)′ . ô�³�Ä��

��¼�ù�ú δ Ê LS *�+
δ∗ =




β∗

γ∗


 = (W ′W )−W ′y .

ý rk(W ) = p+ q , ¢:£�¤ δ Ê LS -�È��).�/�õ�ö Zγ
À ¥ ¢ ù�ú

E(y) = Xβ + e, E(e) = 0, Var(e) = σ2In . (8.1.2)

ô10Ñ¼�ù�ú β Ê LS *
β̂ = (X ′X)−X ′y .

á�2 ��Ô�3�È ¢ ��Ø�4 (8.1.1) 5 (8.1.2) ¥�6 á é�����5�7������Ñô�³�¿�Ä���� �Ø ¼�½�ù�ú β Ê�¿�Ä LS * ¢:ý rk(X) = p , ¢:£ Ø�8 ¤ ¿�Ä LS -�È�� � Ä�9 ×:�; ¤�<�= ³�¿�Ä�-�È�>�?�Ê�@�A�� î�6 ¤�¢ .�B�C β∗ D β̂ ��E�F�¢ ½�3�����GH æ�I�J�K�È�L�M H �N ½�O�Ê ��� 0 ¢ ��Ø Ò X Ê�P�å Ü�Q ¹ ¢SR�T�¤�Q�U Z ¤�V�W P ¢SX�Y Z

Ê V�Z X Ê V ¦�Ï�[�@ ¢ ä
M(X) ∩M(Z) = {0}, (8.1.3)
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rk(Z) = q. (8.1.4)

Ò�Ì � º�» A, ( N
A

= I −A′(A′A)−A′ .f�g
8.1.1

N�h�i
(8.1.3) 5 (8.1.4) O ¢

(1) c
′

β ¼�- ⇐⇒ c ∈M(X
′

).

(2) γ ¼�-��
(3) Z

′

N
X
Z ¼�j��k�l

(1) à�á
c
′

β = (c
′

0′)




β

γ


 ,

Ó ¤ c
′

β ¼�- ý�Y ß ý



c

0


 ∈ M




X
′

Z
′




⇐⇒ m N α, n�ù c = X
′

α, Z
′

α = 0

⇐⇒ c ∈ S = {X ′

α, Z
′

α = 0}.

o�p U�q 2.1.2, X�r D (8.1.3), s

dim S = rk




X
′

Z
′


− rk(Z) = rk(X).

t
S ⊂M(X

′

) u S =M(X
′

). (1) ù�v��)w�
�¼�v (2).

��v (3) ¹ Z ′N
X
Za = 0, x t N

X
Ê�y�z�Ï�ù

a′Z ′N ′
X
N
X
Za = a′Z ′N

X
Za = 0 ,

ä N
X
Za = 0. à�Ý Za = X(X ′X)−X ′Za

4
= Xb, ³�µ b = (X ′X)−X ′Za.

t Ó Z Ê
V�Z X Ê V ¦ÕÏ�[�@ ¢ � �ÕÍ�{�| a = 0.

t ÓÕô Z ′N
X
Za = 0, ¼Õ½�}�~ a = 0,

ø�½ Z ′N
X
Z Ê V ¦�Ï�[�@�� à � £�¤������ Ê�� (3) ù�v�� U�q v����

³�Ä U�q Ê ����h������1� ¢ Ò�Ó�é�����5�7���� c′β Ê�¼�-�Ï ¤ ��� Ê��
O���Ê U�q���� ��é�����5�7���� LS *�>�?�Ê�@�A�����Ï� ��f�g

8.1.2 (1)γ∗ = (Z ′N
X
Z)−1Z ′N

X
y,

(2) β∗ = β̂ −X
Z
γ∗,
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(3) Ò�Ì � ¼�-���Å c′δ, Var(c′δ∗) = σ2c′Mc, ³�µ X
Z

= (X ′X)−X ′Z,

M =




(X ′X)− +X
Z
(Z ′N

X
Z)−1X ′

Z
, −X

Z
(Z ′N

X
Z)−1

−(Z ′N
X
Z)−1X ′

Z
, (Z ′N

X
Z)−1


 . (8.1.5)

k�l ��Ø�� v (2). � U y = Xβ + Zγ + e, x
e′e = (y −Xβ − Zγ)′(y −Xβ − Zγ)

= y′y − 2β′X ′y − 2γ′Z ′y + 2β′X ′Zγ + β′X ′Xβ + γ′Z ′Zγ . (8.1.6)

á�� β∗ 5 γ∗,
��Ø Ò�����¥�6�Ò β 5 γ ����¢)r D º�»���� ¢ ù�ú

−2X ′y + 2X ′Zγ∗ + 2X ′Xβ∗ = 0 , (8.1.7)

−2Z ′y + 2Z ′Xγ∗ + 2Z ′Zβ∗ = 0 . (8.1.8)

t
(8.1.7)

��Ø s
β∗ = (X ′X)−X ′(y − Zγ∗), (8.1.9)

Ó ¤ (2) ù�v��
� N v (1). C (8.1.9) ��ì (8.1.8)

8 ¼�ù�~
Z ′Zγ∗ = Z ′y − Z ′X(X ′X)−X ′(y − Zγ∗),

ø�½
Z ′[In −X(X ′X)−X ′]Zγ∗ = Z ′[In −X(X ′X)−X ′]y,

ä
Z ′N

X
Zγ∗ = Z ′N

X
y . (8.1.10)

ô�� � U�q u ¢ Z ′N
X
Z ¼�j ¢:à�Ý

γ∗ = (Z ′N
X
Z)−1Z ′N

X
y . (8.1.11)

(3)

Cov(γ∗) = σ2(Z ′N
X
Z)−1ZN

X
Z(Z ′N

X
Z)−1

= σ2(Z ′N
X
Z)−1,

Cov(β̂, γ∗) = Cov
[
(X ′X)−X ′y, (Z ′N

X
Z)−1ZN

X
y
]

= σ2(X ′X)−X ′N
X
Z(Z ′N

X
Z)−1 = 0 . (8.1.12)
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r D (1),
��Ø ù�ú

Cov(β∗, γ∗) = Cov(β̂ −X
Z
γ∗, γ∗)

= Cov(β̂, γ∗)−X
Z
Cov(γ∗)

= −σ2X
Z
(Z ′N

X
Z)−1 ( r D (8.1.12) � ), (8.1.13)

ô Ý
Cov(β∗) = Cov(β̂ −X

Z
γ∗)

= Cov(β̂)− 2Cov(β̂, X
Z
γ∗) + Cov(X

Z
γ∗)

= σ2
[
(X ′X)−(X ′X)(X ′X)− +X

Z
(Z ′N

X
Z)−1X ′

Z

]

( r D (8.1.12) � ). (8.1.14)

�
c E�F�á c′ = (c′1, c

′
2), ³�µ c1 á p × 1. ��� � U�q�¢ m N α n�ù c1 ¼ E�F�á

c1 = X ′α.
p � ¼�v�ù

Cov(c′1β
∗) = σ2c′1

[
(X ′X)− +X

Z
(Z ′N

X
Z)−1X ′

Z

]
c1 .

U�q v����
Ò�Ó�é�����5�7���� ¢ £ Ø Ê�������Ô�5�¥�6 á SS∗

e = y′N
W
y 5 SSe = y′N

X
y.��� v � ¢:£ Ø s�.�O�@�A

SS∗
e = SSe − γ∗

′

Z ′N
X
y .

� ��� ¢
y −Xβ∗ − Zγ∗ = y −X(X ′X)−X ′(y − Zγ∗)− Zγ∗

= [In −X(X ′X)−X ′](y − Zγ∗)

= N
X

(y − Zγ∗) , (8.1.15)

ø�½
y′N

W
y = (y −Wδ∗)′(y −Wδ∗)

= (y −Xβ∗ − Zγ∗)′(y −Xβ∗ − Zγ∗)

= (y − Zγ∗)′N
X

(y − Zγ∗)

= y′N
X
y − 2γ∗

′

Z ′N
X
y + γ∗

′

Z ′N
X
Zγ∗

= y′N
X
y − γ∗′

Z ′N
X
y − γ∗′

(Z ′N
X
y − Z ′N ′

X
Zγ∗)

= y′N
X
y − γ∗′

Z ′N
X
y ( r D (8.1.10) � ). (8.1.16)
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¥
X á�V�W P�Ê ¢ ä rk(X) = p, x β ¼�-�� � , β∗ 5 β̂ ¥�6 á é�����5�7

����Ê LS -�È ¢)X�Y Cov(δ∗) = σ2M, ³�, M Ê E�¦ � (8.1.5) 0ÑÊ (X ′X)−
8

§©¨ â�¾�� (X ′X)−1 .

§8.2 ª¬«®­¬¯
��Ø &�' ��� Ê���Ô���¥������

y = Xβ + Zγ + e
4
= Wδ + e, e ∼ N(0, σ2I), (8.2.1)

³�µ y á n× 1 °�±1²Ñã ¢ ¹ Xβ á ����Ê�Ô���¥�� À ¥ ¢ X = (xij) á n× p ³
uÕºÕ» ¢ �ÕÁÕÂ xij ´Þá 0 µ 1, β áÕà 7�¶�·¸²ÞãÕ� Zγ á �Õ�ÕÊ÷§Þ© À ¥ ¢
Z = (zij) á n× q ³¹u�º�» ¢ ��Á�Â (zij) ¼�½�Ë�Ì�Í���Å�Î�� γq×1 á §Ñ©�A�Å��N O���Ê ��� 0¹º Ø T�Q ¹ (8.1.3) 5 (8.1.4) ¾�»�� à � ��¼�@�Ó�½ � ¥���¦�Ï��
��Ê ��� Ò���Ô���¥������ (8.2.1) ¾�¾�»��
U�q 8.1.1 Ê ��� (1) 5 (2) E � ¢ Ò���Ô���¥������ (8.2.1), γ T�¤ ¼�-�Ê ¢¿ Å���Å c

′

β Ê�¼�-�Ï Z Ò�·�Ê�û�Ô���¥������ y = Xβ+e 0 c
′

β Ê�¼�-�Ï�À�w��t U�q 8.1.2, Ò���� (8.2.1), §Ñ©�A�Å γ Ê LS -�È á
γ∗ = (Z

′

N
X
Z)−1Z

′

N
X
y, (8.2.2)

³�µ�y�z�» N
X

= I −X(X
′

X)−X
′ ¤ û�Ô���¥������

y = Xβ + e, e ∼ N(0, σ2I) (8.2.3)

Ü Ô���¥���,�������Ô�5 SSe = y′y− β̂′X ′y = y′N
X
y Ê ¶�Á ��Ê�Ô�»��.ø�½ γ∗ Ê

È�L�¼�½ r D û�Ô���¥������ (8.2.3) Ê�Ô���¥�� � /��
w � t U�q 8.1.2, Ò���� (8.2.1), ù�ú β Ê LS * á

β∗ = β̂ − (X
′

X)−X
′

Zγ∗ = β̂ −X
Z
γ∗ , (8.2.4)

�10
β̂ = (X

′

X)−X
′

y, X
Z

= (X
′

X)−X
′

Z. (8.2.5)

ÒÕÌÕÍ c ∈ M(X
′

), ¼�-��ÕÅ c
′

β Ê BLU -ÕÈ á c
′

β∗ = c
′

β̂ − c′X
Z
γ∗. �¸0ÃÂ�½Ä á ô�û�Ô���¥������ (8.2.3) ù�ú�Ê c

′

β Ê BLU -�È�� Ý Â ¶ Ä á ��Å�����â�ã
>�GÕÒ c

′

β̂ ø�ÆÕÊ þÕÿ � ¥ X
′

Z = 0 , x X
Z

= 0,
� , β∗ = β̂. ³ E � ý ¹ÕÈÕ»

X 5 Z Ê V ²Ñã�À�Ç ÿ�È ,���â�ãÕÊ�ÉÕìÕÒ�¼�-��ÕÅ c
′

β Ê BLU -�È X�Ê s�ËÌ Ì�B�Í�Î��
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Ò�Ì�½�¼�-���Å c
′

β, � BLU -�È c
′

β∗ Ê�Ô�Ï Var(c
′

β∗) = c
′

Cov(β∗)c. ô U
q 8.1.2 ù ¢ Ò�Ì�½�¼�-���Å c

′

β, s
Var(c

′

β∗) = σ2[c
′

(X
′

X)−c+ c
′

X
Z
(Z

′

N
X
Z)−1X

Z
c]. (8.2.6)

ô (8.2.4) 5 (8.2.6) ¼�½���~ ¢ Ò�Ð�Ô�Ï�¥�Ñ�Ò�Ó�Ê�¼�-���Å c′β Ý�Ô�Õ×Ö Ê BLU

-�È�����Ô�Ï�¼�½�ô�Ò�·�Ê�Ô�Ï�¥�Ñ�Ò�Ó�Ê BLU -�È�Ø�Ù�Ú�J þ�ÿ ù�ú�Û
O���Ü�½�Ä�Ý�7 �1� ����Ê � /�ÛÞ

8.2.1 
�s�½�Ä�Ð�â�ã�Ê�¿1²¹ß�à�Ò�Ó á
yij = µ+ αi + βj + γzij + eij , i = 1, · · · , a, j = 1, · · · , b, (8.2.7)

³�µ eij ∼ N(0, σ2), Y ø�s eij ¾�À�Ç�á�» Õ ∑
i αi =

∑
j βj = 0. À�·�Ê�û�Ô�Ï�ß

Ñ�Ò�Ó á
yij = µ+ αi + βj + eij , i = 1, · · · , a, j = 1, · · · , b. (8.2.8)

t
(7.2.9), ��Ï���Ô�5

SSe =

a∑

i=1

b∑

j=1

(yij − yi· − y·j + y··)
2 4

= y
′

N
X
y . (8.2.9)

o�p ³�Ä E�¦ � Õ ��� u�â
Z

′

N
X
y =

a∑

i=1

b∑

j=1

(yij − yi· − y·j + y··)(zij − zi· − z·j + z··),

Z
′

N
X
Z =

a∑

i=1

b∑

j=1

(zij − zi· − z·j + z··)
2.

� (8.2.2), ã¹ä�A�Å γ Ê LS -�È á
γ∗ =

Z
′

N
X
y

Z ′N
X
Z

=

a∑
i=1

b∑
j=1

(yij − yi· − y·j + y··)(zij − zi· − z·j + z··)

a∑
i=1

b∑
j=1

(zij − zi· − z·j + z··)2
. (8.2.10)

å ô�û�Ô�Ï�ß�Ñ�Ò�Ó�*�ù αi Ê LS * ( æ §7.2) á α̂i = yi· − y··. Ò�·�Ó (8.2.5) Ê
X
Z
, Ë α̂zi = zi· − z··,

t
(8.2.4) ù�ú�Ð�Ô�Ï�ß�Ñ�Ò�Ó αi Ê LS *

α∗
i = α̂i − α̂ziγ

∗ = yi· − y·· − γ∗(zi· − z··),
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à�ë�K
µ∗ = y·· − γ∗z·· ,

β∗
j = y·j − y·· − γ∗(z·j − z··) .

o�p U�q 8.1.2 5 U�q 7.2.1 u Õ ÌÕÍÕÒ�ì ∑
i ciαi 5 ∑

j djβj ¾Õ¼�- Õ)Y�Ö Ø Ê
BLU -�È�ß�6 á ∑

i

ci(yi· − γ∗zi·), í�î ∑

i

ci = 0

5 ∑

j

dj(y·j − γ∗z·j), í�î ∑

j

dj = 0.

î�6 Õ αi − αu Ê BLU -�È á
α∗

i − α∗
u = yi· − yu· − γ∗(zi· − zu·), (8.2.11)

βj − βv Ê BLU -�È á
β∗

j − β∗
v = y·j − y·j − γ∗(z·j − z·v). (8.2.12)

(8.2.11) 5 (8.2.12) Z û�Ô�Ï�ß�Ñ�Ò�Ó�Ê � / (U�q 7.2.1) Àðï Õ ¾�ñ�ò�½�Ä t Ð�â
ã�É�ó�Ê þ�ÿ Ä Õ)Ö Ø Ê�Ô�Ï�ß�6 á

Var(α∗
i − α∗

u) = σ2

[
2

b
+

(zi· − zu·)2

Z ′N
X
Z

]
(8.2.13)

5
Var(β∗

j − β∗
v ) = σ2

[
2

a
+

(z·j − z·v)2
Z ′N

X
Z

]
. (8.2.14)

r D í�í � /�¼�½���~ αi − αu, i 6= u 5 βj − βv, j 6= v Ê�ô�õ�w�,�ö�÷�ø�?�Û
ô�í�Ä�Ý�7�º Ø ¼�½���~ Õ Ò�Ð�Ô�Ï�ß�Ñ�Ò�Ó (8.2.7) Ê ¿ Å�-�È�Ê�È�L r D

Ò�·�Ê�û�Ô�Ï�ß�Ñ�Ò�Ó (8.2.8) Ê���Ï���Ô�5 (8.2.9), n�È�L�ù�ù�Ú�ú�Û

§8.3 û¬ü®ý¬þ
ÿ�� ½���� 8 ³ÃØ���~ Õ Ò�ÐÕÔ�Ï�ß�Ñ�Ò�Ó�º Ø Ê�� ÿ������ N Ô�Ï�ß�Ñ�	

ß Õ ä Ö�× Ú
Ê�
�Ò�Ô�Ï�ß�Ñ�	�ß�Ê ¿�
 Ü���� Û ø���í�½�¼�º Ø�� � ~ ����� Ï
Q�� Hβ = 0 � F ò���ã Õ í�î Hβ á m � ��� [�@�����-�� 
 Õ�� G���~ ���
Q�� γ = 0 � F ò���ã Õ í�� ��� ����°�������
�� ��� ��Û
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 � Õ Ò�Ó (8.2.1) ����Ï���!�5 á

SS∗
e = (y −X ′β∗ − Zγ∗)′(y −X ′β∗ − Zγ∗)

= y′N
X
y − γ∗′

Z ′N
X
y

= y′N
X
y − y′N

X
Z(Z ′N

X
Z)−1(Z ′N

X
y) , (8.3.1)

�¸0ÃÂ�½ Ä á û"!�Ï�ß�Ñ�Ò Ó (8.2.3) Ü !�Ï�ß�Ñ�,�����Ï���!�5 SSe = y′N
X
y.

Â�# Ä x�
 t%$ N Ò�Ó¸0ÃÉ�Å�ò�ÐÕâÕã�&�n���Ï���!�5Õø�'�(��Õã�Û (8.3.1) � E� Õ*) Ð�!�Ï�ß�Ñ�Ò�Ó (8.2.1), ��Ï���!�5 SS∗
e ��� t û+!�Ï�ß�Ñ�Ò�Ó (8.2.3) �

��Ï���!�5 SSe '�ö�½�� þ�ÿ ã y′N
X
Z(Z ′N

X
Z)−1(Z ′N

X
y) ù�ú�Û Ý�Y � þ�ÿ ã, �+- $ y 5 Z � V ² ã z1, z2, · · · , zq � ¥+. � . ziNX
zj (i, j = 1, · · · , q) 5

ziNX
y(i = 1, · · · , q) ��# Á Ó�5�/ ��� Ó Õ í�í�# Á Ó�5�/ ��� Ó���0�1�¾�
���Ï

��!�5 SSe = y′N
X
y ��# Á Ó�!�1 N

X
. à � Õ*) Ð�!�Ï�ß�Ñ�Ò�Ó (8.2.1), Ð�!�Ï

ß�Ñ�����Ï���!�5 SS∗
e ����2 r D û�!�Ï�ß�Ñ�Ò�Ó (8.2.3) ����Ï���!�5 SSe � �

L�Û ¥ � β̂
H 3 û�!�Ï�ß�Ñ�Ò�Ó (8.2.3) 0 ¿�
 β

N�4�5
Hβ = 0 O�� LS * Õ x )

·�����Ï���!�5
SSeH = y′y − β̂′

H
X ′y

4
= y′Qy. (8.3.2)

¥ 3 Ð�!�Ï�ß�Ñ�Ò�Ó (8.2.1)
N�4�5

Hβ = 0 O ¿�
 β 5 γ � 4�5 LS * ) ·����
Ï���!�5 á SS∗

eH . à�á SS∗
eH Z SSeH ��@�A�5 SS∗

e Z SSe ��@�A�è�é�½ � Õ�6 ô
(8.3.1) 5 (8.3.2) u

SS∗
eH = y′Qy − y′QZ(Z ′QZ)−1(Z ′Qy) , (8.3.3)

í�î Z ′QZ 
���j�1 Õ ��v � Z�U�q 8.1.1(3) À�à�ë�Û ��� E � Õ SS∗
eH 
 t SSeH'�ö t7$ É�Å�Ð�â�ã Ý Ë Ì � þ�ÿ Ä ù�ú���Û ï�8 (8.3.1) 5 (8.3.3), 9 ��: (8.3.1)

��G���� ��� ����u�â Õ SS∗
eH ����L���� r D SSeH � è�;�Û o�p §5.1 � (8.3.1)

5 (8.3.3), ) Ð�!�Ï�ß�Ñ�Ò�Ó (8.2.1), Q������ Hβ = 0 � F ò���ã á
F1 =

SS∗
eH − SSeH/m

SS∗
e/(n− r − q)

. (8.3.4)

ý Hβ = 0 á�< , Õ F1 ∼ Fm, n−r−q, í�î r = rk(X), m = rk(H).

����� �����ð� Õ N Ð�!�Ï�ß�Ñ�Ò�Ó (8.2.1) ��ò���ß�Ñð0 Õ À�·���û�!�Ï�ß�Ñ
Ò�Ó (8.2.3) ó�|ð07=�� Ü D Û?> ) Ð�!�Ï�ß�Ñ�Ò�Ó (8.2.1) Q������ Hβ = 0, ��� �
)�) ·���û�!�Ï�ß�Ñ�Ò�Ó (8.2.3) Ü w � � ����Õ � ~ SSe = y′N

X
y 5 SSeH = y′Qy,

��L�~�ô § � þ�ÿ ã Õ)r D (8.3.1) 5 (8.3.3) Ú�3�����L�~ SS∗
eH 5 SSeH , í � ù

ù�¼�@�ò���L�ã�Û)í ÿ 
 ÿ�� ½�����ø���~���º�A <�= Ð�!�Ï�ß�Ñ��CBD��ø N Û



§8.3 ç¢è¢é¢ê · 249 ·

) $ ����Q�� γ = 0, E H���� ��F Õ F ò���ã á
F2 =

SSe − SS∗
e/q

SS∗
e/(n− r − q)

. (8.3.5)

ý γ = 0 ;�»�, Õ F2 ∼ Fq,n−r−q . .�/�Ø ����Õ¹Q�� γ = 0 G�2�H Õ x�����I á Ð
â�ã���Í�Î�å�m N Õ º�A , > <�= û�!�Ï�ß�Ñ�Ò�Ó (8.2.3)

8 ó�ò�ÛÞ
8.3.1 ) 
�s�½���Ð�â�ã���J1²¹ß�à�Ò�Ó

yij = µ+ αi + βj + γzij + eij , i = 1, · · · , a j = 1, · · · , b,

í�î eij ∼ N(0, σ2), Y ø�s eij À�Ç�á�»�Û &�' Q��
(1) H1 + β1 = · · · = βb,

(2) H0 + γ = 0

� ��� :�; ÛK ) $ û�!�Ï�ß�Ñ�Ò�Ó
yij = µ+ αi + βj + eij , i = 1, · · · , a, j = 1, · · · , b. (8.3.6)

t Ý 8.2.1 u Õ ��Ï���!�5���Ï���!�5
SSe =

a∑

i=1

b∑

j=1

(yij − yi· − y·j + y··)
2 4

= y
′

N
X
y,

���
Z

′

N
X
y =

a∑

i=1

b∑

j=1

(yij − yi· − y·j + y··)(zij − zi· − z·j + z··),

Z
′

N
X
Z =

a∑

i=1

b∑

j=1

(zij − zi· − z·j + z··)
2.

t
(8.3.1) ù

SS∗
e = y′N

X
y − (z′N

X
y)2

Z ′N
X
Z

=

a∑

i=1

b∑

j=1

(yij − yi· − y·j + y··)
2

−

[
a∑

i=1

b∑
j=1

(yij − yi· − y·j + y··)(zij − zi· − z·j + z··)

]2

a∑
i=1

b∑
j=1

(zij − zi· − z·j + z··)2
. (8.3.7)
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(1)
N Q�� H1 O Õ û�!�Ï�ß�Ñ�Ò�Ó (8.3.6) â á Jð² ß�à�Ò�Ó�Û t (7.1.15) u Õ

��Ï���!�5
SSeH1

=

a∑

i=1

b∑

j=1

(yij − yi·)
2 4

= y′Qy ,

$ 

Z ′Qy =

a∑

i=1

b∑

j=1

(yij − yi·)(zij − zi·) ,

Z ′QZ =

a∑

i=1

b∑

j=1

(zij − zi·)
2.

t
(8.3.3), »�ù

SS∗
eH1

= y′Qy − (Z ′Qy)2

Z ′QZ

=

a∑

i=1

b∑

j=1

(yij − yi·)
2 −

[
a∑

i=1

b∑
j=1

(yij − yi·)(zij − zi·)

]2

a∑
i=1

b∑
j=1

(zij − zi·)2
. (8.3.8)

o�p í�í � / Õ ����L ~ ����Q�� H1 � F ò���ã�Û
(2)
N

(1) 0�³���L�~ SSe 5 SS∗
e , � (8.3.5), ����»�ä L ~ ����Q�� H0 + γ = 0

� F ò���ã�Û).�/�í�� ��� ��M Õ �1� ÐÕâ�ã z åÕæ�N�O�Û ý H0 G�P�Q�, Õ ºA�R�ñ � γ ��ö�÷�ø�?�Û¹· D ½ � �1ã¹ä q � ú�Ò�Ó (8.2.1) � Õ � ù γ ��ö�÷�ø
?�Û

§8.4 ¯TSVUTW
M�X�¼�� �����¸� ò N ) Ð�!�Ï�ß�Ñ�Ò�Ó�YÕò���ß�Ñ�, Õ ��� � )�) ·��Õû!�Ï�ß�Ñ�Ò�Ó�YÕò���ß�Ñ Õ N � ��Z ������8 ��� K���L�~�Ð�!�Ï�ß�ÑÕø�[�>��

ô�õ�ò���\�Û)Ý 8.2.1 5�Ý 8.3.1 ��]�½���Ð�^�\���J1²¹ß�à�Ò�Ó�_�Ý �¸� ò�Ð�!
Ï�ß�Ñ���� ÿ !�
�Û R 
 Õ ô (8.2.10), (8.3.7) 5 (8.3.8) ������~ Õ Z � � ��!�Ï�ß
Ñ�Àðï78 Õ É�Å ü�ý � 3�` 5 E�a�Õcb D�d ý ����L�e�f ) Ð�!�Ï�ß�Ñ�g�_�h�>�Ûÿ ¼�i�j���J1²¹ß�à�Ò�Ó�_�Ý�
�� �1� í�½�k�Û

) 
�s�½���Ð�^�\���J1²¹ß�à�Ò�Ó
yij = µ+ αi + βj + γzij + eij , i = 1, · · · , a j = 1, · · · , b,
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º�A�C α1, α2, · · · , αa ��Y�o�7 A � a ��p�����¶�· Õ C β1, β2, · · · , βb ��Y�o�7 B

� b ��p�����¶�·�Û)5�M���½ � Q�U eij ∼ N(0, σ2), Y�q s eij À�Ç�á�»�Û
3

Syy =
a∑

i=1

b∑

j=1

(yij − y··)2 =
a∑

i=1

b∑

j=1

y2
ij −

y2
··
ab

,

Szz =

a∑

i=1

b∑

j=1

(zij − z··)2 =

a∑

i=1

b∑

j=1

z2
ij −

z2
··
ab

,

Syz =

a∑

i=1

b∑

j=1

(yij − y··)(zij − z··) =

a∑

i=1

b∑

j=1

yijzij −
y··z··
ab

,

Ayy =

a∑

i=1

b∑

j=1

(yi· − y··)2 =

a∑

i=1

y2
i·
b
− y2

··
ab

4
= SSA ,

Azz =

a∑

i=1

b∑

j=1

(zi· − z··)2 =

a∑

i=1

z2
i·
b
− z2

··
ab

,

Ayz =
a∑

i=1

b∑

j=1

(yi· − y··)(zi· − z··) =
a∑

i=1

yi·zi·
b
− y··z··

ab
,

Byy =

a∑

i=1

b∑

j=1

(y·j − y··)2 =

b∑

j=1

y2
·j
a
− y2

··
ab

4
= SSB ,

Bzz =

a∑

i=1

b∑

j=1

(z·j − z··)2 =

b∑

j=1

z2
·j
a
− z2

··
ab

,

Byz =

a∑

i=1

b∑

j=1

(y·j − y··)(z·j − z··) =

a∑

i=1

y·jz·j
a
− y··z··

ab
,

Eyy = y′N
X
y =

a∑

i=1

b∑

j=1

(yij − yi· − y·j + y··)
2 ,

Ezz = Z ′N
X
Z ,

Eyz = y′N
X
Z.

t
(7.2.10), º�A�s�@�A��

Eyy = Syy −Ayy −Byy .

$ 
 Õ � 8 s�@�A
Ezz = Szz −Azz −Bzz ,

Eyz = Syz −Ayz −Byz .
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¥

(8.3.7) ��� SS∗
e r D í�r 3�` Õ x (8.3.7) ��� SS∗

e � E _
SS∗

e = Eyy −E2
yz/Ezz .

o�_
a∑

i=1

b∑

j=1

(yij − yi·)
2 =

a∑

i=1

b∑

j=1

y2
ij −

a∑

i=1

y2
i·
b

= Eyy +Byy ,

a∑

i=1

b∑

j=1

(yij − yi·)(zij − zi·) =

a∑

i=1

b∑

j=1

yijzij −
a∑

i=1

yi·zi·
b

= Eyz +Byz ,

a∑

i=1

b∑

j=1

(zij − zi·)
2 =

a∑

i=1

b∑

j=1

z2
ij −

a∑

i=1

z2
i·
b

= Ezz +Bzz ,

q � (8.3.8) ^�_
SSeH1

= (Eyy +Byy)− (Eyz +Byz)
2

Ezz +Bzz
.

s�t ����Q�� H1 + β1 = · · · = βb � F u���\�_
F1 =

[
(Eyy +Byy)− (Eyz +Byz)

2/(Ezz +Bzz)− (Eyy −E2
yz/Ezz)

]
/(b− 1)

Eyy −E2
yz/Ezz/[(a− 1)(b− 1)− 1]

.

à�ë�K Õ*����Q�� H2 + α1 = · · · = αa � F u���\�_
F2 =

[
(Eyy +Ayy)− (Eyz +Ayz)

2/(Ezz +Azz)− (Eyy −E2
yz/Ezz)

]
/(a− 1)

Eyy −E2
yz/Ezz/[(a− 1)(b− 1)− 1]

.

)�Q�� H0 + γ = 0, o�_
SSe − SS∗

e = Eyy −
(
Eyy −

E2
yz

Ezz

)
=
E2

yz

Ezz
,

q � Q�� H0 � F u���\�_
F0 =

E2
yz/Ezz

(Eyy −E2
yz/Ezz)/[(a− 1)(b− 1)− 1]

.

o¢pmv �m�mw¢�m�¢L¢ô�õmu���\ Õ X C�xm> � / V ; E 8.4.3.
N � E 0SC SS∗

e , SSeH

z���!�5 4 _�y�z���!�5 Õ E�F t�$ É�Å�ò�Ð�^�\�G s�{�| ��!�5 SSe, SSeH Y�yz�}�~�����!�5�ÛÞ
8.4.1(


 p�� §����
[1])

N ú������ Ì Ë¸0ÃÍ�Î�ú���� � ��o���s�����
A 5 T������ 
 B. ) A, B ô �*� ��p���Å���� ��Õ ô���� ����� ½ Á Û R t$ � ����������� (z) ����������� Õ*��Ö Y�_�Ð�^�\ Õ � � 
� �¡�¢ 8.4.1.

_�ò�Ú�ú���£ Õ�¤ ��£�¥ ��{ � 
�  Y ¡�¦ ^�§©¨ � zi '�ª 49 9�« v 10,
t

�
yi '�ª 70. ��£*¬�­�® ¤ ¢ 8.4.2.
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°
8.4.1 ±³²³´³µ³¶³· °¸³¹³º

A»³¼ ¸³½ ¡ B A1 A2 A3 A4

B1 z 49.0 49.2 49.8 49.9 49.9 49.9 49.7 49.8

y 71 73 73 75 76 73 75 73

B2 z 49.5 49.3 49.9 49.8 50.2 50.1 49.4 49.4

y 72 73 76 74 79 77 73 72

B3 z 49.7 49.5 50.1 50.0 49.7 50.0 49.5 49.6

y 75 73 78 77 74 75 70 71

B4 z 49.9 49.7 49.6 49.3 49.5 49.2 49.0 48.9

y 77 75 74 74 74 73 69 69

°
8.4.2 ±³²³¶³·³¾³¿³À³Á³Â °

¯³Ã³Ä Å³ÆÈÇ É ¯³Ê³Ë³Ì³Í³Î³ÏÑÐÑÊy z yz

Ò³Ó
É ¯³Ê

Ò³Ó
Å³ÆÈÇ Ô³¯ F ÕÖ³×

A 3 70.694 99.925 77.063 13.135 3 4.375 3.022Ö³×
B 3 8.594 64.625 20.688 5.617 3 1.872 1.992Ø Ã 25 101.031 186.625 111.187 34.79 24 1.499» Ê 31 180.219 350.875 208.937Ö³×
A

+
Ø Ã 171.725 286.250 208.250 47.925Ö³×

B

+
Ø Ã 109.625 251.250 131.875 40.407Ù³Ú³Û

1 66.24 1 66.24 45.714

o�_ F1 = 3.022 > F3,24(0.05) = 3.0,
t

F2 = 1.292 < F3,24(0.05), q ��o�Ü A,Ý ����Þ ) ú���� ��ß ��M Í�Î Õ t�à ����� 
 ��Í�Î�á�� ��M Û å F0 = 45.714 >

F1,24(0.05) = 4.3, q �ðã ä�â 
 γ
��M ��_�ã�Û Ý Ð�^�\ ( �7����� ) ) ú���� ��ßä�å ��Í�Î�Û )�æ å ��p�ç�è : Ai é Bj , ú���� ��é���������ß���� ã¹ä�ê�â Õ

ã¹ä�â 
 γ∗ ë (8.2.10) £�ì Õ*í ÿ�î � 3�`
γ∗ =

E2
yz

Ezz
=

111.187

186.625
= 0.97 ,

ï�ð
i, j ñ�ê�ò*
 4× 4 = 16 ��p�ç�è : � y

ð
z ��w�ó ��� ã¹ä�â 
�ô
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¡�ü�ý�þ ����Þ�� � ��p�ç A1, A2, A3, A4 ��ÿ���ò ����� ä e ) αi−αu, i 6= u

Y���¥�������� ô
	�� E���
��   (8.2.11) é (8.2.13) ��ì )�� αi − αu, i 6= u �
Bonferroni ��� é Scheffè ��� é � ä������ ò
��� )���� ��£ αi − αu, i < u �� J������ ô

°
8.4.3 �������³¾� �!�"�#%$ÑÁ�&%'%(Ñ¾Ñ¿³ÀÑÁÑÂ °

¯³Ã³Ä Å³ÆÈÇ É ¯³Ê³Ë³Ì³Í³Î³Ï³ÐÑÊy z yzÖ³×
A a− 1 Ayy Azz AyzÖ³×
B b− 1 Byy Bzz ByzØ Ã (a− 1)(b− 1) Eyy Ezz Eyz» Ê ab− 1 Syy Szz SyzÖ³×

A+
Ø Ã Ayy + Eyy Azz + Ezz Ayz + EyzÖ³×

B+
Ø Ã Byy + Eyy Bzz + Ezz Byz + EyzÙ³Ú³Û

1

¯³Ã³Ä Ò³Ó
É ¯³Ê

Ò³Ó Å³ÆÈÇ Ô³¯ F ÕÖ³×
A Q1 = T1 −Q0 a− 1 Q1/(a− 1) Q1/(a−1)

Q0/fÖ³×
B Q2 = T2 −Q0 b− 1 Q2/(b− 1) Q2/(b−1)

Q0/fØ Ã Q0 = Eyy −E2
yz/Ezz f

4
= (a− 1)(b− 1)− 1 Q0/f» Ê

Ö³×
A+
Ø Ã

T1 = (Ayy + Eyy)

−
(Ayz + Eyz)

2

Azz + Ezz

Ö³×
B+
Ø Ã

T2 = (Byy + Eyy)

−
(Byz + Eyz)

2

Bzz + EzzÙ³Ú³Û
T3 = E2

yz/Ezz
4
= Q3 1 Q3

Q3
Q0/f

) * +
8.1 ,�- y′NX y − y′NW y = γ∗

′

(Z′NXZ)−1γ∗, .�/�0�1�2³Ë�3�4 8.1.2 5�6�7
8.2 8³ú³û (8.1.1), 9 rk(X) = p, β∗ = (β∗

i ), : β̂ = (β̂i), ,�-
Var(β∗

i ) ≥ Var(β̂i).

8.3 8�;�<³ú³û y = Xβ + e, e ∼ N(0, σ2In), 9�=�> Xn×p ?�@�A�B�C�DFE�G%H β CI%J 3%< DFK%L%M%N%O%P%Q%R%C%S%TVU%W%DYX%EVZ%[%\ < S%TVU%W ( ]%^%_ U%W ). `%a H ?
m× p b�> DFc�S�T Hβ = 0 ?�Z�[�\ < S�T�DFR :�d R
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(1)M(X ′) ∩M(H ′) = 0( h X C�i Ë H C�i ;�<�j�k ), l�:
(2) G =


 X

H


 C�@ ;�<�j�k D h rk(G) = p.

9 Hβ = 0 ? 8³ú³û y = Xβ C�Z�[�\ < S�T�U%W 7Y,%-%m%n ? 8ÑúÑû y = Xβ + Zγ C�Z�[
\ < S�T�U�W�D Æo.%,%-%.�p β C�q = E

β∗

H = (G′G)−1X ′(y − Zγ∗),

r�s
γ∗ = (Z′NXZ)−1Z′NX y.

8.4 8�t O�u Ù³Ú³Û C�vxw ø�yÑúÑû
yij = µ + αi + γzij + eij , i = 1, · · · , a, j = 1, · · · , n,

r�s
eij ∼ N(0, σ2), z�t eij 5�{�|�} D
(1) ~�8�� αi − αu, i 6= u C BLU q =��
(2) ~
�o����� γ C BLU q =��
(3) ������9 H0 � γ = 0 Ê H1 � α1 = · · · = αa C F ������= Û �
(4) @ ��5�� C Ù ¯³ÃÑøÑù��%7
8.5( ���
�o��; ?�� É

�
) �

yij = µi + γizij + εij , i = 1, 2, · · · , a, j = 1, 2, · · · , b,

r�s
εij ? 5�{�|�}�6³ø%� D Ô H%� N(0, σ2), ����t a U �o��; DF��U ;%t b u���� Õ DF�

�����������
H � γ1 = γ2 = · · · = γa(

4

= γ)

C ������= Û 7
8.6 8V� 8.2.1 C Ù ¯ Ã ø ù ú û D �V�V8V� αi − αu, i 6= u Ê βj − βv, j 6= v C

Bonferroni ���³Ê Scheffè ����7
8.7 ��t v�u Ù³Ú³Û C���u% �¡ � P�� � D£¢�¤%¥%C ��¦%� D£��§%¨ Ù ¯ÑÃÑø³ù%l%© Q�Rª�« 7 ¬�­�®�¯ ±³²
¯³Ã³Ä Å³ÆÈÇ É ¯³Ê³Ë³Ì³Í³Î³Ï³ÐÑÊy z yz

� P 8 1200 200 600

/�4 4 800 100 300Ø Ã 32 1400 600 700



°²±²³ ´²µ²¶²·²¸²¹

º�»�¼�½�¾�¿�À�Á�Â�Ã ä������
y = Xβ + U1ξ1 + U2ξ2 + · · ·+ Ukξk , (9.0.1)

ÄÆÅ
y Ç n×1 È�ÉÆÊÌË�ò X Ç n×p Í ý�Î�Ï�Ð ò β Ç p×1 Ñ�Ò�Ó Â�Ô�Õ ÊÌË�òÖ ÇØ× å ¾�¿ ò ξi Ç ti × 1 Ò�ÓØÊÙË�ò Ö Ç�Ò�Ó ¾�¿ ò
Ú E(ξi) = 0, i = 1, · · · , k.Û�Ü�Ý Î

Cov(ξi) = σ2
i Iti , Cov(ξi, ξj) = 0, i 6= j. (9.0.2)

Þ�ß ò
à�á ß
E(y) = Xβ, Cov(y) =

k∑

i=1

σ2
iUiU

′
i
4
= Σ(σ2),

�ãâ
σ2 = (σ2

1 , · · · , σ2
k)′. σ2

i

Ö ÇãäãåãæãË (variance components), ç ¿ãèãÀãÁ (9.0.1)é Ö Ç�ä�å�æ�Ë À�Á (variance component model).ê�ë ä�ì�í�î ò ¼�½�¾�¿�À�Á�ï�ð�ñ òóò�ô�òóõ�ö�òó÷�ø�ù�ú�û�ü ß�ý�þ ¿ í òÿ�� ò�� 30 ����ò�ê Þ ¼�½�¾�¿�À�Á�Â�Ô�Õ���Ï ä�� ß���	 À�Á�Â�Ã�
���Â���

äØÊ�� ä ô%� ä��ØÍ ß ä������ ò ê���� [63], [93], [94], [96],

ÄØÅ ò [63] � ¼�½�¾¿�À�Á�¿ í Þ������ Ê Õ�� (longitudinal data) æ�� ô� Þ ¼�½�¾�¿�À�Á òÙà�á������ Â�Ô�Õ æ��� �!�×�" ¾�¿ β #�ä�å�æ�Ë σ2 =

(σ2
1 , · · · , σ2

k)′,
ï á�æ%$%&%' ï%(%) E(y) #%*�ä�å Ð Cov(y)

Å,+ ÿ%� ï �%� ä%-%.
� ì�/�0�1�ì�2�3 Â ×�" ¾�¿�À�Á ��4�5 ��6 � +87�9 é�:�;�<�=�>�?�@�A

� ì Â%B%C%D�ï ä�å�æ�Ë Â%��Ï . A � Þ ä�å�æ�Ë +E�%�ØÅ Í�4 Â���Ï 4�ä�å
æ�� ��Ï (analysis of variance estimate, ANOVA

��Ï
) FHG�I�J�� ��Ï (maximum

likelihood estimate, ML
��Ï

) F8K�L�G�I�J�� ��Ï (restricted maximum likelihood

estimate, REML
��Ï

) F Ã�M�N�Õ�O�P�Q�R���Ï (minimum norm quadratic unbised

estimate MINQU
��Ï

) # Ã �TS ��U�V æ�W�X�Y�Z Â�[ æ�\ ��Ï (spectral decom-

position estimate, SD
��Ï

). K Þ ��U Â 	�] #�^�_ +8` ì Â�a�bdcYÂ ß � 5�e Â¼�½�¾�¿�À�Áf+8g Å 2f3 ä�å�æ�Ë Â 1fh Bfbf��Ï�Â 5 �fifj 	f� 3fkf3fl ×m"¾�¿�Â���Ï #�Ò�n ¾�¿�Â�o É A

§9.1 prqtstutvxwzy
Ç�{�|�}�~ Ï�+
ï�º�» ×�" ¾�¿�Â���Ï���+ à�á�� À�Á�� Ç ê������
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y = Xβ + Uξ + e, (9.1.1)ÄØÅ
β ÇØ×�" ¾�¿�+ ξ Ç�Ò�n ¾�¿ A Ú E(ξ) = 0, E(e) = 0,Cov(ξ, e) = 0, k Ú�� âÝ Î
ξ # e

Â *�ä�å Ð ü�4���5�e Â���� Cov(ξ) = D ≥ 0, Cov(e) = R > 0,
Þ�ß

à�á�4 Σ = Cov(y) = UDU ′ +R > 0. ��� +�� Ý Î (9.0.2) ��� +�� R = σ2
eIn,D =

diag(σ2
1It1 , · · · , σ2

kItk−1
), ����4 Cov(y) = Σ(σ2).�����

D,R Í�� +
¿�� LS - <���� � ä��
X ′Σ−1Xβ∗ = X ′Σ−1y,� �f�f�f� �

β
Â ýf� LS \ β∗ = (X ′Σ−1X)−X ′Σ−1y.

ÿf� +8�f��Â � �f��Õ
c′β
Â

BLU
��Ï Ç

c′β∗ = c′(X ′Σ−1X)−X ′Σ−1y. (9.1.2) �¡ . D, R ¢�� +£����¤ á Â���Ï D̂, R̂ ¥�¦ +£§�� Σ̂ = UD̂U ′ + R̂ ¥�¦ Σ, ¨ <�
c′β
Â ��© ��Ï

c′β̃(Σ̂) = c′(X ′Σ̂−1X)−X ′Σ̂−1y. (9.1.3)ï Ý Î
(9.0.2)

��+
c′β
Â ��© ��Ï�ª � ; � Ç

c′β̃(σ̂2) = c′(X ′Σ(σ̂2)−1X)−X ′Σ(σ̂2)−1y, (9.1.4)

� â σ̂2 = (σ̂2
1 , · · · , σ̂2

k),
ÄØÅ

σ̂2
i Ç�ä�å�æ�Ë σ2

i 5 h ��Ï A � ��à�á���«T¬ +
ï 5"�­�® ��+ c′β̃(σ̂2)
ß

c′β
Â�Q�R���Ï A ` ] . ¤�Â «T¬ ß " � 4.6.1

Â�¯ ��A
°�±

9.1.1
� Þ ¼�½�¾�¿�À�Á

(9.1.1),
Ý Î

e, ξ
Â�²�½ æ�³�´ Þ�µ C���Ö AÎ

σ̂2 = σ̂2(y)
ß
σ2
Â 5�¶ ��Ï�+�¤ ß y

Â�·���Õ Ú�ü�4 ;�¸ 6 ; 	 A � 5�¹ � ���Õ
c′β,
�

E(c′β̃(σ̂2)) º ï�+8� ��© ��Ï c′β̃(σ̂2) »�Ç c′β
Q�R���Ï A

¼�½ ÿ Ç c′β
� ��+8¾ º ï α ¿ < c = X ′α.

Þ�ß
c′β̃(σ̂2)− c′β = α′X(X ′Σ−1(σ̂2)X)−X ′Σ−1(σ̂2)(Uξ + e).

� σ̂2
ß

y
Â�·���Õ � l�6 ; 	 � <

σ̂2 = σ̂2(y) = σ̂2(Uξ + e) = σ̂2(−y) = σ̂2(−Uξ − e).
À

u(ξ, e) = c′β̃(σ̂2)− c′β = c′(X ′Σ−1(σ̂2)X)−X ′Σ−1(σ̂2)(Uξ + e).

��. ��Á�Â�Ã Z u(−ξ,−e) = −u(ξ, e),
§

u(ξ, e) Ç ξ, e
Â�Ä���Õ AHÅ ½ ­�®�! ξ, eÂ�²�½ æ�³�´ Þ�µ C���Ö�+ÇÆ���È � 4.6.1 à�á ��� « < u(ξ, e)

Â æ�³ é ´ Þ�µ C��Ö�+8¾ 4
E(u(ξ, e)) = E(c′β̃(σ̂2)− c′β) = 0.
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" � «�Ò A
" � Å ´ Þ ξ, e æ�³ Â Ý Î�ï�Ó�Ô�Õ�Ö�� ß�×�Ø Â A�Ù ê�+ � ξ, e Ú�� Ô�Û �ÜfÝfÞdß Â æf³f´ Þfµ Cf��Ö k Ú�çfàfáf� + � � ξ, e

Âf²�½ æf³fâf´ Þfµ Cf�Ö AHã�ä ��� «T¬Ùä�å�æ���- + G�I�J���- + K�L�G�I�J���-�# MINQUE - + íå ð�Â���Ï
σ̂2

i â ß y
Â�·���Õ�+ Ú ß ;�¸ 6 ; Â�+YÔ�æ���� [29].

ÿ�� +Ç� Þ ¼�½
¾�¿�À�Á�Â ×�" ¾�¿�+ " � 9.1.1 ç�Z @ 5�I� ���© ��Ï�Â�Q�R 	 A

à�á ����è � + ä�å�æ�Ë Â 6�é ��Ï�+Çê�ê�ë å ð 6�é Â �%© ��Ï�+ ��Ú Å ½
ü�ì�í�î ��ï�ð�+mñ @ LS

��ò�+mó�ô�õ ��ö º ï ã�ä 5 � }�~ ��ò�+ ê Panel ÷�f� í Between
�fò # Within

�fòf+8æ
§4.4 # §4.6 � l �f� [51] # [52]; }fø��ò�+�æ����

[117].
ê�ù�ú�û � � í�üTý 	 +�þ�ÿ���+�N���� [19] � � Panel ÷ �ó%ô ç%Z @ 5%¶%�%© ��ò *�ä�å��%í����	��
 �%+ k�� <�@�� �%© ��ò ü�
 LS

�
ò�+

Within
��ò í�5 � }�~�í�����­�® A���� í���� + c 0 ������í � 3 Å�� õ��� +��fafb µ ÿ�� �f© �fò���� �����! �" y # �f	 � ÷ +8¤ í��f³ êfê�$ $>�? + ��¿ < ¤ í�î ��% ��@ 5�"�í�K�L A&%Å	' �%5	(%� 0 +*)	+	, Z%5 h B�b�Õ%� A �	-�.	/�í	0 M%O�1	2�ò	3�4�5

"�6 (4.5.2) � + ��*���7���#�8 ò � ×�Ø 5�9�:�;�< û ´�=?>mí �f� 5f¶ ��+ �2�� ÷ c′β í LS
2�ò

c′β̂ = c′(X ′X)−X ′y (9.1.5)

<@
 BLU
2 ò + Ù@A +�� >Hí 5 ¶ � Â@B « í ­ ® �@C PXΣ D@E@F@�@G8�@H

PX = X(XX)−X ′.
��I�J�K Ù�L

M
9.1.1 ~  ��N ó�ô)�+�O�P�Q�R ~  ��N ó�ô

yij = µ+ αi + eij , i = 1, · · · , a, j = 1, · · · , b,
� > µ

�?SUT�V î�G α = (α1, · · · , αa)′ D�W�n V î L�X 8�Y�Z αi, eij â�[�\�´�G]�^�_ D 0,Var(αi) = σ2
α,i = 1, · · · , a, E K ¹ i, j, Var(eij) = σ2

e . ��¶ ó�ô í�`�� �� D
y = (1a ⊗ 1b)µ+ (Ia ⊗ 1b)α+ e,� > ⊗ D Kronecker

1�a L [�b B «
Cov(y) = σ2

α(Ia ⊗ 1b1
′
b) + σ2

eIab,

PXCov(y) = Cov(y)PX =
(bσ2

α + σ2
e

ab

)
1a1

′
a ⊗ 1b1

′
b,

��H X = 1a ⊗ 1b . c�;�G µ í BLU
2�ò <�
 � LS

2�ò G § µ∗ = µ̂ = y...
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j  �k GlE Ó�Ô���æ í Q�R ÷�m�í�n�o V î ó�ô G SUT�V î�í � 2�� ÷�í LS2�ò â � � BLU
2�ò G�p æ�q�r [97].

§9.2 sutuvuwuxzy|{
& -�}�/�G )�+�~���� A���� ����� L�U����� ÷�m�Ú���� ��� 5�ó�ô

y = Xβ + e, E(e) = 0, Cov(e) = σ2Σ,

� H y D n × 1
���? U" G rk(Xn×p) = r, Σ D �U��� T � L )�+�� � � m ¶��

x0i = (x0i1, . . . , x0ip)′, i = 1, . . .m Y�Efîfí�c�� " y01, . . . , y0m í _ G ] ��� y0i� ��� ÷�m�Ú�� é K ¶ � 5�ó�ô G��
y0i = x

′

0iβ + ε0i, i = 1, . . . ,m .

��� `�������G�� ����ó�ô ��D
y0 = X0β + ε0, E(ε0) = 0, Cov(ε0) = σ2Σ0,

� H

y0 =




y01
...

y0m



, X0 =




x011 . . . x01p

...
...

x0m1 . . . x0mp



, ε0 =




ε01
...

ε0m



.

X 8 M(X ′
0) ⊂M(X ′)

]
y0 � y \���G À Cov(e, ε0) = σ2V ′ 6= 0. �

Cov




y

y0


 = σ2




Σ V ′

V Σ0


 .

&������ � ^ ����7 (generalized Prediction MSE � À D PMSE) ��� � G y0 í�0  � 5�¡�¢ � �
( best linear unbiased predictor, BLUP) D

ỹ0 = X0β
∗ + V Σ−1(y −Xβ∗). (9.2.1)

)	+	£ & Æ	�	�	� Å	�	¤	¥ n	o V î ó%ô (9.1.1) >¦W	§ V î ξ í BLU
� � L

c�D
y = Xβ + Uξ + e, E(e) = 0, Cov(e) = R > 0,
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E(ξ) = 0, Cov(ξ) = D ≥ 0,© ]

Cov




y

ξ


 =




UDU ′ +R UD

DU ′ D


 ,

Æ��
(9.2.1) ª ξ í BLUP

ξ̂ = DU ′(UDU ′ +R)−1(y −Xβ∗), (9.2.2)

� H )�+ X 8 D, R â � �U� í L«A���¬ +�­ Z�® � p�÷�G &�¯ � > � ¬ + í 2�ò°�± L
)	+	²	³ � � ã%ä í	�	´�µ�¶ (9.2.2).

A	�	X 8 ξ, e í	·	o	�	¸	D Ô%Û � Ü �
¸�G��




y

ξ


 ∼ N







Xβ

0


 ,




UDU ′ +R UD

DU ′ D





 .

& ^ �@�@7@¹ �@� G ξ í@0   � � (best prediction, �@º@D BP)
, í �@»

E(ξ − g(y))2 
�¼�0�½�í g(y), º�D g0(y). [�b�¾?¿ C g0(y) = E(ξ|y). À Ô�Û � Ü
��¸�í 5�Á (

T 6 3.3.6),
)�+�³ ��ª�¼

E(ξ|y) = DU ′(UDU ′ +R)−1(y −Xβ).

Â �
Xβ í BLU

2�ò
Xβ∗ °�± Xβ Ã�ª�¼ (9.2.2).

Henderson[66], Harville[64]
õ�Ä�K�Å�Æ�Ç@� � 5 9�o c′β + d′ξ í 2fò (

Ý F ��
) c′β∗ + d′ξ̂ í�üTý 5 L

§9.3 ÈuÉuÊuËuÌzÍ
£ & )	+	Î	Ä	K	�	Ï	Ð í	n	o ó�ô ��Ñ	G � �	Ñ�9	��� k N	Ò�
 � �	��Ñ	GÔÓÕ ¬�Ö ö é�× ç�¶ SUT�V î ³�2�Ø ÷�í�0   � 5�¡�¢�2�ò (BLUE), Ù � W�§ V î

í�0�ü � 5�¡�¢ � � (BLUP).O�P�ó�ô
(9.1.1),

)�+ X 8 R > 0, D > 0, Ú�Û ξ D SUT�V î�G�� 2�ò β, ξ í� ����Ñ�D



X ′R−1X X ′R−1U

U ′R−1X U ′R−1U







β

ξ


 =




X ′R−1y

U ′R−1y


 . (9.3.1)
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& =�÷�`���í�â ��ã í U ′R−1U
k�ä�k

D−1, ª�¼



X ′R−1X X ′R−1U

U ′R−1X U ′R−1U +D−1







β̃

ξ̃


 =




X ′R−1y

U ′R−1y


 , (9.3.2)

FåDånåo ó ô �åÑ (mixed model equation),
¬ íåæåºåD β̃, ξ̃, FåDånåo ó ô æ

(mixed model solution)
)�+�ç ¾?¿Un�o ó�ô æ�í K���è���5�Á Lé�ê

9.3.1 E�n�o V î ó�ô (9.1.1),

β̃ = β∗, ξ̃ = ξ̂,

� H β∗ = (X ′Σ−1X)−X ′Σ−1y,
�

GLS æ�G ξ̂
�?ë

(9.2.2) ì�¶�í BLUP.í�î � (9.3.2) -�ï���Ñ�Z
ξ̃ = (U ′R−1U +D−1)−1(U ′R−1y − U ′R−1Xβ̃) , (9.3.3)

°�ð - K ��Ñ�G�ª�¼
X ′(R−1 −R−1U(U ′R−1U +D−1)U ′R−1)Xβ̃

= X ′(R−1 −R−1U(U ′R−1U +D−1)U ′R−1)y.
(9.3.4)

Ú�º W = R−1 −R−1U(U ′R−1U +D−1)U ′R−1, � k ��D
X ′WXβ̃ = X ′Wy. (9.3.5)

ñ B ¾ WΣ = I , � W = Σ−1, - K�ò�ó�� ª�¾ L ë (9.3.2)
©�ó o � ¾�ô���G ξ̃

³
è�õ�ö D

ξ̃ = (U ′R−1U +D−1)−1U ′R−1ΣΣ−1(y −Xβ̃)

= (U ′R−1U +D−1)−1U ′R−1(UDU ′ +R)Σ−1(y −Xβ∗)

= (U ′R−1U +D−1)−1(U ′R−1U +D−1)DU ′Σ−1(y −Xβ∗)

= DU ′Σ−1(y −Xβ∗) = ξ̂,

T 6�¾�÷ L��ø�)�+�³ ��ù � ��Ñ (9.3.2)
¤ ò�ú

β∗(Σ)
�

ξ̂,
¬ �

R−1, D−1 í ò�ú�û�°�
Σ−1 í ò�ú LUü R, D D�E ã � × G Σ [�ý�D�E ã ��GU; × � (9.3.2) Z�\ ü íþ�ÿ L���A

R = σ2
eIn,D = diag(σ2

1It1 , · · · , σ2
kItk ) ( ����7�� "���� ), ; × (9.3.2) �
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D



X ′X X ′U1 · · · X ′Uk−1

U ′
1X V1 +

σ2
e

σ2
1
I

...
. . .

U ′
k−1X Vk−1 +

σ2
e

σ2
k−1

I







β̃

ξ̃1
...

ξ̃(k−1)




=




X ′y

U ′
1y

...

U ′
k−1y




, (9.3.6)

� H Vi = UiU
′
i , i = 1, · · · , k − 1.

¬ [�
@Ù@¼
�
�@�@�
�
�å`
��� ú G���� ­� �å7åp������ σ2
e/σ

2
i , i = 1, · · · , k − 1.

ë 
 σ2
e , σ2

i � ® � G�Ú � ¬ + � 2� ( Z@�@�@7@p
�
� 2 � )@+@ç &�� Iå~@� )
û@°
� _ G )@+
�@³ ª@¼
� Å@2 �

c′β̂(σ̂2
e/σ̂

2
1 , · · · , σ̂2

e/σ̂
2
k−1)

� W�§ V�� �� �Ò BLUP.

§9.4 Ì"!"#"$"%'&
�)()*)+	G-,). ç)/)0)1)2)3�� ��4	7�5)6��)7��)4�´ L ,).�8	��4	7�5)9�´: + L-; Ð)< � G �)2 4	´)=�>)? SUT	V��)��� ��4)@�5)9�,). � � I �	��A ��B¤�C ¿ ¬ ��D�E � 4�´ LM

9.4.1 AGFH5�N ���
E�? Q�R AGFH5�N ���

yij = µ+ αi + eij , i = 1, · · · , a, j = 1, · · · , b,

� ��I K�ø G µ J�K ^�_�L�M SUT�V�� L α1, · · · , αa J�W�§ V�� LfX T Y�Z αi, eijN [	\	� L ])O	^	_ J 0, 4)@)J Var(αi) = σ2
α, Var(eij) = σ2

e . º y′ = (y11, · · · , yab).P × 8�Q αi R�S c B A � i T Q Ai � SUT�V�� LVU�W §7.1 AGFH5�N ��� 4�@�5
9�� ó�X L Z

RSS(µ) = y2
../(ab)

4
= SSµ, (9.4.1)

OZY ëH[ J 1. \ � ? α1, · · · , αa � Q 4 ��L ��c B A � Q 4 �
SSA = RSS(µ, α)−RSS(µ) =

∑

i

∑

j

(yi. − y..)
2, (9.4.2)

OZY ëH[
a− 1,

Õ�] @ Q 4 � J
SSe = y′y −RSS(µ, α) =

∑

i

∑

j

(yij − yi.)
2, (9.4.3)
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OZY ëH[
a(b− 1).

ë
(9.4.1) c (9.4.2)

�
(9.4.3),

³ ��d�¶�K�e�4 � ��5�æ��
y′y = SSµ + SSA + SSe

= y2
../(ab) + (yi. − y..)

2 + (yij − yi.)
2 . (9.4.4)

ç�f e�4 ��g � Y ëH[ L ª�¼ ^ 4�h
Q0 = y2

../(ab),

Q1 = (yi. − y..)
2/(a− 1),

Q2 = (yij − yi.)
2/[a(b− 1)].

Â U�W
αi J�i�§�j � ��k�l L ¥ ¶ f ^ 4�� ^�_ h

E(Q0) = abµ2 + bσ2
α + σ2

e ,

E(Q1) = bσ2
α + σ2

e ,

E(Q2) = σ2
e .

(9.4.5)

,�. R ¼ L � ������â�m�J�4�@�5�6 σ2
α c σ2

e � ��n Ø � L�o E(Q1) = Q1, i = 1,

2, Ã�ª�¼���? σ2
α c σ2

e � ��n 4�Ñ�p




bσ2
α + σ2

e = Q1,

σ2
e = Q2.

æ�q�4�Ñ�p�ª
σ̂2

e = Q2, σ̂2
α = (Q1 −Q2)/b.¬ . � M 4�@�5�6 σ2

α c σ2
e ��4�@�5�9�7�� ( ANOVA 7�� ) .

� k�r�¥ æ�s�Ñ L ,�.�t�b�E�æ q�rGuHv���� 4�´�J�4�@�5�9�´���D�c�w
� k�x � ~�� L ,�. ³ ��Q�4�@�5�9�´�y�z�{ � h
(1) \�| � 4�@�5�6 ��� L £�ç O i�§�j ��� R�SG}H~ j � LHU�� 3 4�@�5�9

4�´ ú ¶ f j � \ � ��e�4 � ( ����4 ).

(2)
¥ ��� e�4 � ( ����4 ) ����� ( q × ��i�§�j � t Â R�SG}H~ j � ), ��.M 4�@�5�6�� ��n Ø ��w

(3)
o �)� e)4 � ( �)�)4 ) �)? ¬ . f Y �)�)� L ª	¼	��?�4)@�5)6���| � �n 4�Ñ�p L æ�q�4�Ñ�p�Ã�ª�¼�4�@�5�6���7���w£�� Q�� x ��4�´ � ?�|���������j ����� w�J���A�� L���� 4�@�5�� ���

y = Xβ + U1ξ1 + U2ξ2 + e , (9.4.6)
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� ��� (9.0.1)

u
k = 3, � U3 = I , ξ3 = e. ��? ξ1, ξ2

�
e ��k�l�� ��� (9.0.1),� º σ2

3 = σ2
e . ��� Cov(y) = σ2

1U1U
′
1 + σ2

2U2U
′
2 + σ2

eI
4
= Σ(σ2).U�W I x � Å�� L P × Û ξ1 c ξ2 J }H~ j � L \�K�e�4 � y′y S e�4 � 5�æ

y′y = SSβ + SSξ1 + SSξ2 + SSe , (9.4.7)

���
SSβ J ��� y = Xβ + e

u
β �G�Hy�e�4 �

SSβ = RSS(β) = β̂′X ′y,
O u

β̂ = (X ′X)−X ′y,Õ
SSξ1 J � ��� y = Xβ + U1ξ1 + e

u L����
β ����� � L ξ1 ��e�4 �

SSξ1 = RSS(β, ξ1)−RSS(β) ,

��Ò�� L SSξ2 J � ��� y = Xβ +U1ξ1 +U2ξ2 + e
u LV���

β
�

ξ1 ����� � L ξ2

��e�4 �
SSξ2 = RSS(β, ξ1, ξ2)−RSS(β, ξ1) ,� � L

SSe J ] @�e�4 �
SSe = y′y −RSS(β, ξ1, ξ2) .

t�����¾
SSβ = y′Pxy ,

SSξ1 = y′(P(x:u1) − Px)y ,

SSξ2 = y′(P(x:u1:u2) − P(x:u1))y ,

SSe = y′(I − P(x:u1:u2))y ,

(9.4.8)

���
PA = A(A′A)−A′, ��J A ����������� �� �¡ ��� L � rk(PA) = rk(A).¢ ��¤ � ú�f e�4 � ����� L q × L ξ1, ξ2 t Â�£ R�SG}H~ j � LfÕ J�i�§�j� w�8�� ú E(SSξ1).

ë ~ E (3.2.1) ¤
E(SSξ1) = β′X ′(P(x:u1) − Px)Xβ

+tr[(P(x:u1) − Px)(σ2
1U1U

′
1 + σ2

2U2U
′
2 + σ2

eI)] . (9.4.9)

ë ? (P(x:u1) − Px)X = X −X = 0, ¥ Õ ����¦�|�§�J 0, ù � ~ E (2.3.3), � �� ¡ ������¨���? ¬ ��© L ? M ¤
tr(P(x:u1) − Px) = tr(P(x:u1))− tr(Px) = rk(X : U1)− rk(X) .

¥�q (9.4.9)
³�ö�ª

E(SSξ1) = a1σ
2
1 + (a2 − a3)σ

2
2 + r2σ

2
e , (9.4.10)
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O u
a1 = tr[U1U

′
1(I − Px)],

a2 = tr[U2U
′
2(I − Px)],

a3 = tr[U2U
′
2(I − P(x:u1))],

r1 = rk(X), r1 + r2 = rk(X : U1) .

� ��Ò���4�´ ³ ��¾?¿
E(SSξ2) = a2σ

2
2 + γ3σ

2
e , (9.4.11)

E(SSe) = (n− r1 − r2 − r3)σ2
e , (9.4.12)

���
r3
ë

rk(X : U1 : U2) = r1 + r2 + r3 «�~ L n J y ��¬���wo
(9.4.10) c (9.4.11)

�
(9.4.12)

f e�4 � ��������?�\ � ��e�4 ��L ª�¼��
?�4�@�5�6 σ2

1 c σ2
2

�
σ2

e � ��n 4�Ñ�p




a1σ
2
1 + (a2 − a3)σ

2
2 + r2σ

2
e = SSξ1 ,

a2σ
2
2 + γ3σ

2
e = SSξ2 ,

(n− r1 − r2 − r3)σ2
e = SSe .

(9.4.13)

æ�q�4�Ñ�p L ª�¼ σ2
1 c σ2

2

�
σ2

e ��7���w ¬ . � M ��� 4�@�5�6�� ANOVA 7���w­ |)�)� L \)4)@)5)6 �)� (9.0.1), l q′ = (Q1, · · · , Qk) J)\ � ?)j � ξ1,· · ·,ξk
����4 L � E(q) J σ2′

= (σ2
1 , · · · , σ2

k) � ��n Ø � L º�J E(q) = Aσ2.
o ��4GFH6

q ��? ¬ .������ Aσ2, ª�¼���? σ2 � ��n 4�Ñ�p
Aσ2 = q. (9.4.14)

ü
|A| 6= 0, æ�ª�4�@�5�6���7�� σ̂2 = A−1q, � E(σ̂2) = E(A−1q) = A−1Aσ2 = σ2,

¥�q�� � |A| 6= 0, σ̂2
� M

σ2 � ¡�¢ 7���wë ?�4�@�5�9�´�ì�¶���7�� σ̂2 S J�| � ��n 4�Ñ�p���æ L ��.�®�ý M � ��w� M 4)@)5)9	´)�)| �)®)¯ w±°)?�{)��\)²�4�@)5�6)��³�7)� L�´ IGµ ¡ |�¶)� R´·w�| 2·¸ �·¹·J L Ú·º � σ̂2
i < 0, �·»!¿ σ2

i = 0 �·¼·°·½ � M σ2
i = 0 �·| 2

¾�¾ L q × ³�� 0 S J σ2
i ��7���w Õ�¿ | 2�¸ ��¹�J LHÀ�Á ��2�Â�Ã ��D�¥ M �¾�t�Ä�Å�5�w ³�Æ M ��¾�t�Ç���t�ÄÉÈ þ�Ê L � ü�Â�Ë�Ì | � ��¾�w Â ¤�| 2 R ´M�L�Í�M 4�´�(�Î���¶ L q × � ��� O ¬ 4�´ L {�Ï�Ð�Ò�Ó�´ L�Ñ�Ò Ï�Ð�Ò�Ó�´��

��w ü Ó LÓ´ I�Ô���Õ ó�Ö L ¹ ~�× | 2�¸�Ø M \���w ��?�4�@�5�9�´�� ��Ä L  Ù ¤ ¤�| ��ó�X L {�Ú�Û [12] Ù [70] ��w
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\·?·|·�·�·�·�·j �·�
� (9.0.1), Ú·Û u�²·v � r 4�´·J Henderson 4�´·Ü

( Ý·Ú·Û [98]), Þ·ß·� 3 ��´ (fitting constants method), �·�·à v O J·ß·� 3 ��´� M ¥�J ��á�â 7���4�Ñ × L ,�.�Q�i�ã�j � R ª }H~ j � L Þ 3 ��wä\�?)e�å��
¾ ��� ( Þ�\���¤�¥ B ��T�e�p�� L è�æ�ç ��è���é�����ê 2 ��� ), ë�4�´���e�4ì 5�æ (9.4.7)

M�í |�� L ��î�ï�¾�4�@�5�9�ð�ñ�ò�wó
9.4.2 �GFH5������ �������ô ¤  �õ j � ���GFH5�� ���

yijk = µ+ αi + βj + γij + eijk ,

i = 1, · · · , a, j = 1, · · · , b, k = 1, · · · , c ,
(9.4.15)

Í �
µ, αi J }ö~ j � L βj , γij J)i)ã)j � Lø÷)ù)ú)� 3 ��k�l L Þ)��¤�� βj , γij ,

eijk

N t)é)û L � ô ¤)�)�)J 0, 4)@)J Var(βj) = σ2
β , Var(γij) = σ2

γ , Var(eijk) = σ2
e .P × Û βj , γij J }H~ j � L ë §7.3 ü�K�e�4 ì ¤�{�Õ�5�æ

y′y = SSµ + SSα + SSβ + SSγ + SSe, (9.4.16)Í �
SSµ = abc y2

...,
Y ëH[ J 1,

SSα = bc
∑

i

(yi.. − y...)
2,

Y ëH[ J a− 1,

SSβ = ac
∑

j

(y.j. − y...)
2,

Y ëH[ J b− 1,

SSγ = SSα×β = c
∑

i

∑

j

(yij. − yi..y.j. − y...)
2,
Y ëH[ J (a− 1)(b− 1),

SSe =
∑

i

∑

j

∑

k

(yijk − yij.)
2,

Y ëH[ J ab(c− 1).

\
i
ã
j � �
e
4 ì
ý f Y � Y ëþ[ ��g
L ñ�ò
��4 Q1 = SSβ/(b − 1), Q2 =

SSγ/(a− 1)(b− 1), Q3 = SSe/[ab(c− 1)], ÿ�����.������ LH÷�o�Í � ������?�\ �
����4 L ñ�ò�û�? σ2

β , σ2
γ , σ2

e ��� n 4���p




acσ2
β + cσ2

γ + σ2
e = Q1,

cσ2
γ + σ2

e = Q2,

σ2
e = Q3.

(9.4.17)

æ�q�4���p L ñ�ò�4�@�5�6���7���h
σ̂2

β = (Q1 −Q2)/(ac), σ̂2
γ = (Q2 −Q3)/c,

σ̂2
e = Q3.
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Ú ��� (9.4.15)
u
αi � J�i�ã�j � L�� ë ��� ��� J�|
	�i�ã ��� w�Õ x ,

.�� ����Í 2�Â�� wó
9.4.3 �GFH5���i�ã ��� (

 �õ j ��
 � )��� i�ã ���
yijk = µ+αi + βj + γij + εijk , i = 1, · · · , a,

j = 1, · · · , b, 1, k = 1, · · · , c ,Í �
µ J·K·e·� L�M } ~ j � L αi, βj , γij

N J·i·ã·j � L k·l αi ∼ N(0, σ2
α),

βj ∼ N(0, σ2
β), γij ∼ N(0, σ2

γ), εijk ∼ N(0, σ2
α) � N é õ���� w

ï�¾ § 7.3 � ó�X L�� ñ ñ�ò y′y � (9.4.16) ¤�é�����5�æ�h
y′y = SSµ + SSα + SSβ + SSγ + SSe

= abc y2
... + bc

∑

i

(yi.. − y...)
2 + ac

∑

j

(y.j. − y...)
2

+c
∑

i

∑

j

(yij. − yi..y.j. − y...)
2 +

∑

i

∑

j

∑

k

(yijk − yij.)
2.

Y ëH[ 5���J 1,a− 1, b− 1, (a− 1)(b− 1), ab(c− 1). \�i�ã�j � ��e�4 ì�ý f Y �Y ëö[ �)g)L ñ)ò)�)4 Q1 = SSα/(a−1), Q2 = SSβ/(b−1), Q3 = SSγ/(a−1)(b−1),

Q4 = SSe/[ab(c− 1)], ÿ�����.������ L�÷�o�Í � ������?·\ � ���·4 L ñ·ò�û·?
σ2

α, σ2
β , σ2

γ , σ2
e ��� n 4���p





bcσ2
α + cσ2

γ + σ2
e = Q1,

acσ2
β + cσ2

γ + σ2
e = Q2,

cσ2
γ + σ2

e = Q3,

σ2
e = Q4.

(9.4.18)

æ�q�4���p���æ�J
σ̂2

α = (Q1 −Q3)/(bc),

σ̂2
β = (Q2 −Q3)/(ac),

σ̂2
γ = (Q3 −Q4)/c,

σ̂2
e = Q4.

��. M σ2
α, σ2

β , σ2
γ , σ2

e ��4�@�5�9���7���w�� � 9.4.2 éG� L ,�.�t�� À���L � � u
û�? σ2

β , σ2
γ , σ2

e ��7���é���w�
y ��������5�� L�� σ̂2

α, σ̂2
β , σ̂2

γ , σ̂2
e

Í � 7�� � M MVU(minimum variance

unbiased) 7���w Í ó�Ö \�?���Ç 3 Ý���i�ã ��� ª � w���� ��Ý�Ú�Û [48].
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§9.5 (*)*+*,"%'&

\)|)�)�)�)�)j �)�)� L �)*�- Ö �)4�@)5�9/.�� Æ�0 ��4)@�5)6��)7��)w±(
*�1 /�0 ��Ï�Ð�2�3�. � t�3 L � Æ ��4�5�ñ }H~ j � ì 4�@�5�6���7���w
,�. ��� |���������j ��6�7

y = Xβ + U1ξ1 + · · ·+ Ukξk, (9.5.1)

Í � k·l ξi ∼ N(0, σ2
i Iti), i = 1, · · · , k, �·¤ ξi

N é õ
�
� w�8 Vi = UiU
′
i , σ

2 =

(σ2
1 , · · · , σ2

k)′, ? M

Cov(y) =

k∑

i=1

σ2
iUiU

′
i =

k∑

i=1

σ2
i Vi

4
= Σ(σ2).

,�.�k�l Σ(σ2) > 0, ¥�q y ∼ Nn(0, Σ(σ2)), ��à�9�ü���� β, σ2
1 , · · · , σ2

k ��2�3�:��J
L(β, σ2|y) = (2π)−

n
2 |Σ(σ2)|− 1

2 exp
{
− 1

2
(y −Xβ)′Σ(σ2)−1(y −Xβ)

}
,

; \�< L�=�� 3 <�§�> 3 <�? L ñ
l(β, σ2|y) = − ln |Σ(σ2)| − (y −Xβ)′Σ(σ2)−1(y −Xβ)

= − ln |Σ(σ2)| − trΣ(σ2)−1(y −Xβ)(y −Xβ)′.
(9.5.2)

@ ý {�Õ�A�B ( ��Ý § 2.7 ( C 2.7.15
ì C 2.7.16)):

(1)
∂Ax

∂x
= A,

(2)
∂x′Ax

∂x
= 2Ax,

(3)
∂A(t)−1

∂t
= −A(t)−1 ∂A(t)

∂t
A(t)−1,

(4)
∂

∂t
ln |A(t)| = tr

[
A(t)−1 ∂A(t)

∂t

]
,Í �

A(t)
M�D�E�L ��F�G�H�J t F�:�<�w

,�.�î�ñ
∂l

∂σ2
i

= −tr(ViΣ(σ2)−1) + tr[(Σ(σ2)−1ViΣ(σ2)−1)(y −Xβ)(y −Xβ)′],

i = 1, · · · , k,

∂l

∂β
= −2X ′Σ(σ2)−1Xβ + 2X ′Σ(σ2)−1y.
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o�Í�M�N <���?�O L ñ�ò�2�3�4��




X ′Σ(σ2)−1Xβ = X ′Σ(σ2)−1y,

tr(ViΣ(σ2)−1) = (y −Xβ)′(Σ(σ2)−1ViΣ(σ2)−1)(y −Xβ),
(9.5.3)

i = 1, · · · , k.
Õ x ,�.�î�à�Q Í 	�4���P�|�Q�R�S L ¥�J

tr[ViΣ(σ2)−1] = tr(ViΣ(σ2)−1Σ(σ2)Σ(σ2)−1)

=

k∑

j=1

tr[ViΣ(σ2)−1VjΣ(σ2)−1]σ2
j ,

��t������ (9.5.3) F�¦�|�4�����T�?
Xβ = X(X ′Σ(σ2)−1X)−X ′Σ(σ2)−1y

4
= Pσy,

? M 2�3�4���î ��� J




Xβ = X(X ′Σ(σ2)−1X)−X ′Σ(σ2)−1y,
k∑

j=1

tr[ViΣ(σ2)−1VjΣ(σ2)−1]σ2
j

= y′(I − Pσ)′(Σ(σ2)−1ViΣ(σ2)−1)(I − Pσ)y, i = 1, · · · , k .

(9.5.4)

� 8
H(σ2) = (hij(σ

2))k×k ,

hij(σ
2) = tr[ViΣ(σ2)−1VjΣ(σ2)−1],

h(y, σ2) = (hi(y, σ
2))k×1,

hi(y, σ
2) = y′(I − Pσ)′(Σ(σ2)−1ViΣ(σ2)−1)(I − Pσ)y,

�
(9.5.4) î�U ª J 




Xβ = Pσy,

H(σ2)σ2 = h(y, σ2).
(9.5.5)

Í�V�M ,�.�W�ÿ�F�2�3�4���wYX (9.5.4) F�¦�|�4�� L�Z�[ î�7�:�< c′β F ML 7\ J c′β̂(σ̂2) = X(X ′Σ(σ̂2)−1X)−X ′Σ(σ̂2)−1y,
O u

σ̂2 J σ2 F ML 7 \ w� |�� Â�Ã Õ L 2�3�4�� (9.5.5) ]�¤�^�_�`�w�Þ�a � ¤�^�_�`�F Â�� L σ2 F
`�9�b M�c ³�F L � J�³�� L � V ]�¤�d � ��<�����e L ��à ÷ t M ML 7 \ w Í
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4 L |���j ;�k�l . L Þ ; max{σ̂2

i , 0} S J ML 7 \ w � ]�¤�^�_�`�F Â���m�Æý�n�o .�ÿ�`�w
Anderson � [46] p ��|�q n�o . M

σ̂
2 (m+1)
i = H(σ̂

2 (m)
i )−1h(y, σ̂2 (m)) ,

Í �
σ̂2 (m) J σ2 F�¦ m è n�o � σ̂2 (m). r σ̂2 F�s�è�é�t n�o ��é�@�t�Ð�4 Ln�o�u�v�L�Í�V ñ�ò�w�x�@�y
z
F�{ \ w o
| (9.5.5) F�¦�|�x�� L a�î�ñ�ò }H~

j�}�F�{ \ w¿�~ |�q n�o . M X Hartley
ì

Rao[65] p ��F L�O d�� � _ M

σ̂
2 (m+1)
i = σ̂

2 (m)
i · hi

(
y, σ̂2 (m)

)

tr(Σ(σ̂2 (m))−1Vi)
, i = 1, · · · , k .

Í 	 n
o F·|
	
�
� M·L r
�
�·�
� c ³�4 L�� x F n
o �
�
�
t�� ; ³
�·w ��/� Í 	 n/o F Ë/�/�/�/� ])¤/`/�)w ¿�~ � ¤�| M/n�o x/. � { Newton-Raphson

x�. � ñ�y�x�. � à�>�� Ù � p �
F�|
q·¤�j
F
��F n
o x
.�h EM ��. � ¤��� F���¼�î�����Ú�Û [96].ó
9.5.1 ��� y�����ã 6�7��� ��� y�����ã 6�7

yij = µ+ αi + eij , i = 1, · · · , a, j = 1, · · · , ni,Í �
αi ����ã���} � αi ∼ N(0, σ2

α), eij ∼ N(0, σ2
e ), ����¤ αi,eij � é õ���� wä¥� ni � b�é�� � ��à Í���c�� å 6�7�  � �����

Σ(σ2) = σ2
eIn + σ2

αdiag(n1J̄n1 , · · · , naJ̄na),Í �
J̄n1 = 1ni1

′
ni/ni, n =

a∑
i=1

ni. ¡ �

|Σ(σ2)| = σ2 (n−a)
e

a∏

i=1

(σ2
e + niσ

2
α)

Σ(σ2)−1 = σ−2
e In + diag

(( 1

σ−2
e + n1σ2

α

− 1

σ−2
e

)
J̄n1 , · · · ,

( 1

σ−2
e + naσ2

α

− 1

σ−2
e

)
J̄na

)
,

2�3�:�<�F�¢�<��
lnL(µ, σ2

e , σ
2
α|y) = c− 1

2
(n− a) lnσ2

e −
1

2

a∑

i=1

ln(σ2
e + niσ

2
α)

−(2σ2
e)−1

a∑

i=1

ni∑

j=1

(yij − yi.)
2 − 1

2

a∑

i=1

ni(yi. − µ)2

σ2
e + niσ2

α

.
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¢ µ ¥ σ2
α ¥ σ2

e ÿ N�÷�¦�N <���¡�O � ñ�ò�2�3�x��
µ̂ =

a∑

i=1

niyi.

σ̂2
e + niσ̂2

α

/ a∑

i=1

ni

σ̂2
e + niσ̂2

α

,

n− a
σ̂2

e

+
a∑

i=1

(σ̂2
e + niσ̂

2
α)−1 −

∑

i

∑

j

(yij − yi.)
2

σ̂4
e

−
a∑

i=1

ni(yi. − µ̂)2

(σ̂2
e + niσ̂2

α)2
= 0,

a∑

i=1

ni

σ̂2
e + niσ̂2

α

−
a∑

i=1

n2
i ((yi. − µ̂)2)

(σ̂2
e + niσ̂2

α)2
= 0.

Í�M x�� � î�à�§ ¢ X (9.5.5) ñ�ò  �¨ ^�3 � Í 	�x���©�]·¤�^
_�`   î·à ý
no .�ÿ�`  ª ¢�¡ n1 = · · · = na = b F � å Â�� � ��« ñ�ò���¬�x���©�F�^�_�`
µ̂ = y..,

σ̂2
e =

∑

i

∑

j

(yij − yi.)
2/[a(b− 1)] = Q2,

σ̂2
α =

∑

i

∑

j

(yi. − y..)
2/(ab)− σ̂2

e/b =
a− 1

ba
Q1 −

1

b
Q2.

� §9.4 x/­/y/®/./F/¯/°)é²± � m/³ σ2
e F/{ \ � é/´/F   ^/3 � σ̂2

α î Æ ;/µ�¶/ Í 	/C/·)ð²� � 2/3/x��/F�`�9/b�����</F ML { \ �¹¸ } ý/º � j ý max{σ̂2
α, 0}» � σ2

α { \  ó
9.5.2 s�� y�¼�½�¾ 6�7

¢�s�� y�¼�½�¾ 6�7
yij = µ+ αi + βj + eij , i = 1, · · · , a, j = 1, · · · , b, (9.5.6)

Í
¿
µ, αi �ÁÀÃÂ
�
} � βj �
�·ã
�
} � βj ∼ N(0, σ2

β), eij ∼ N(0, σ2
e ), Ä
Å ³

βj , eij � é õ����   ë 6�7 F D�E � _��
y = X1µ+X2α+ Uβ + e, (9.5.7)

Æ�Ç î�à ý Kronecker È�É�ð�Ê�Ë \ E X1, X2

ì
U Ì

X1 = 1ab = 1a ⊗ 1b,

X2 = 1ab = Ia ⊗ 1b,

U = 1a ⊗ Ib.

À Â���}�F�Ë \ E � X = (X1
... X2), Í�x�­ E � Σ(σ2) = σ2

β1a1
′
a ⊗ Ib + σ2

eIab. ^
3 M(X1) ⊂ M(X2), ¡ � Æ�Ç ³ PX = PX2 = Ia ⊗ J̄b,

Í�¿
J̄b = 1b1

′
b/b. �
Î�Ï
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� PXΣ(σ2) = (aσ2

β + σ2
e)Ia ⊗ J̄b ¢�Ð �ÒÑ�Ó�� À Â���} µ, α1, · · · , αa F LS ` � �2
3
x
� (9.5.5) F
`   Ñ
Ó (9.5.5) F
Ô
Õ
x
�
� X1µ̂ +X2α̂ = PX y. 1
Ö o
|

(9.5.5) F�Ô�×�x�� ��Æ�Ç ñ�ò
aσ̂2

β + σ̂2
e =

1

b

b∑

j=1

(y.j − y..)
2,

b

aσ̂2
β + σ̂2

e

+
(a− 1)b

σ̂2
e

=
1

(aσ̂2
β + σ̂2

e )2

b∑

j=1

(y.j − y..)
2

+
(a− 1)b

σ̂4
e

∑

i

∑

j

(yij − yi. − y.j + y..)
2.

��« ÿ�ñ º ¬�x���©�F�^�_�`
σ̂2

e =
1

(a− 1)b

∑

i

∑

j

(yij − yi. − y.j + y..)
2,

σ̂2
β =

1

ab

b∑

j=1

(y.j − y..)
2 − 1

a
σ̂2

e .

ì�º C�Õ ��� σ̂2
β � î�Ø ;�µ�¶� 

¢
¡ � å
<
Ù � C 9.5.1 �
C 9.5.2 2
3
x
�
F
^
_
` � 
 ¸
� ª Æ
Ç ÷ � ØÚ ��Û�	�¯�Ü�ò�Õ�Ý � å�<�Ù�F�½�¾���} 6�7� �Þ ¬�Õ�	�C�·�a � Õ�	�ß�C  ó
9.5.3 s�� y�¼���ã 6�7 ( à õ ��} 
 ¸ )á�â ��ã 6�7

yijk = µ+ αi + βj + γij + εijk ,

i = 1, · · · , a, j = 1, · · · , b, 1, k = 1, · · · , c,

Û ¿ µ �
ã �
ä � � ÀÃÂ
�
} � αi, βj , γij � �
�·ã
�
} ��å Ë αi ∼ N(0, σ2
α),

βj ∼ N(0, σ2
β), γij ∼ N(0, σ2

γ), εijk ∼ N(0, σ2
α) Ä � é õ����   ë 6�7 F D�E � _

�
y = Xµ+ U1α+ U2β + U3γ + ε,

Û ¿
X = 1a ⊗ 1b ⊗ 1c, U1 = Ia ⊗ 1b ⊗ 1c, U2 = 1a ⊗ Ib ⊗ 1c, U1 = Ia ⊗ Ib ⊗ 1c,Ö�Í�x�­ E �

Σ(σ2) = σ2
αIa ⊗ 1b1

′
b ⊗ 1c1

′
c + σ2

β1a1
′
a ⊗ Ib ⊗ 1c1c + σ2

γIa ⊗ Ib ⊗ 1c1
′
c + σ2

ε Iabc.
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« � PXΣ(σ2) ¢�Ð ��è µ � ML { \�é ¡ LS { \ Ì µ̂ = 1′
abc y = y....

Ó ~ �
Σ(σ2)−1 =

1

σ2
ε

Ia ⊗ Ib ⊗ (Ic − J̄c) +
1

cσ2
γ + σ2

ε

(Ia − J̄a)⊗ (Ib − J̄b)⊗ J̄c

+
1

bcσ2
α + cσ2

γ + σ2
ε

(Ia − J̄a)⊗ J̄b ⊗ J̄c

+
1

acσ2
β + cσ2

γ + σ2
ε

J̄a ⊗ (Ib − J̄b)⊗ J̄c

+
1

bcσ2
α + acσ2

β + cσ2
γ + σ2

ε

J̄a ⊗ J̄b ⊗ J̄c.

Æ�Ç 1�Ö o�| (9.5.5), S�R�ñ
bcσ2

α + cσ2
γ + σ2

ε = Q1 −∆1,

acσ2
β + cσ2

γ + σ2
ε = Q2 −∆2,

cσ2
γ + σ2

ε = Q3 −∆3,

σ2
ε = Q4,

Ö�ê
∆1 =

1

(a− 1)
·

(bcσ2
α + cσ2

γ + σ2
ε )2

bcσ2
α + acσ2

β + cσ2
γ + σ2

ε

,

∆2 =
1

(b− 1)
·

(acσ2
β + cσ2

γ + σ2
ε )2

bcσ2
α + acσ2

β + cσ2
γ + σ2

ε

,

∆3 = − 1

(a− 1)(b− 1)
·

(cσ2
γ + σ2

ε )2

bcσ2
α + acσ2

β + cσ2
γ + σ2

ε

.

¨ ^�3 �ëÓ x���©�] ³ ^�_�`  ëì�í � º ¬�s�	�C�·�Õ ��� ÀîÂ���}/F ML { \ �
x/­/y/z/ï)û   Ó C)ð²� ÷/c Å ³ �/ð <�Ù/F�½/¾��/} 6�7 � 
 ¸ ML ^/_/`   ¢�/ð </Ù/F/½/¾/�/} 6/7 � û�¡/2�3�x/��^/_�` 
 ¸/ñ��/���óò�ô ê�õ ³ Õ�	/F�ö
Â�Â�÷ � ³ � � F���ø�î���� ò�ô [102] ù [96].

§9.6 ú*û*(*)*+ü,üýÿþ
x/­/y/z/F ML { \ F/Õ/	���� � ¸ N �/x/­/y/z/F/{ \ F��/�²ê � Æ/Ç ] ³á/â ò²ÀîÂ/�/} β F/{ \ Å����/F��îX	�/F�
��   � Ó/� Patterson � Thompon[86]

p ��F�Õ�q�
���x�. � Ð�����������2�3�. (restricted (or residual) maximum like-

lihood R
8
� REML). �
x
.
F���� ��� ¡ LS { \�� ­ � @�� ���
2
3
. N��
x�­�y�z�F�{ \   � ML { \�� ± � REML { \ F���­�
�� ¨�� � Ä�¢�¡�� ���
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� 6�7 �

REML x� �F�`���x�­�y�®�.�Å�!�F�{ \���é   r�3 ��¸ Õ�"�#�$ Þ �
REML x� �F�%�` m Ø�&�'�¡ n�o . � Ö n�o F�( ��ñ���� &�3�) ¸  Æ�Ç á�â 6�7

(9.5.1)

y = Xβ + ε, ε =

k∑

i=1

Uiξi ∼ N(0, Σ(σ2)), (9.6.1)

Û ¿ σ2 = (σ2
1 , · · · , σ2

k)′, Σ(σ2) =
k∑

i=1

σ2
i UiU

′
i =

k∑
i=1

σ2
i Vi > 0. � 6�7 F�*�+�×�È�{ \

F � ­�� NX y, Ö�ê NX = In −X(X ′X)−X ′.
å Ë X � n× p � z � rk(X) = r,,

rk(NX ) = n− rk(X) = n− r, - NX F�.�� z�ê0/ ³ n − r 1�2 ñ�3�4 � z �Æ�Ç�5 � Û n− r 1�2 ñ�3�4 � z » ��.�� z � !�6�Õ�1 n× (n− r) .�7�8 E B,

^�3
NXB = B, B′X = 0.Ñ
Ó
�

B′y ∼ N(0, B′Σ(σ2)B), Ä B′Σ(σ2)B > 0. 8 B = (b1, · · · , bn−r),
,

b′i =

b′iNX .
è

B′y F�9�Õ�1�G�H b′iy, B�: º � V�� Õ�1�;�­�¢�<   x�­�y
z�F REML

{ \ V�� ¢ B′y %�9�=���< σ2 F ML { \  $Þ ¬ Æ�Ç N�� ��������2�3�x� �©  
B′y >�¡�x�­�y�z σ2 F�¢�<�2�3�:�<��

l(σ2|B′y) = −1

2
(n− r) ln 2π − 1

2
ln |B′Σ(σ2)B| − 1

2
y′B(B′Σ(σ2)B)−1B′y. (9.6.2)

Æ�Ç 8
y∗ = B′y, X∗ = B′X = 0, V ∗

i = B′ViB,

Σ∗(σ2) = B′Σ(σ2)B =
k∑

i=1

σ2
iB

′ViB =
k∑

i=1

σ2
i V

∗
i .

§�?�@ � (9.5.3) !���������2�3�x� �©
tr(V ∗

i Σ∗(σ2)) = y∗
′

Σ∗(σ2)−1V ∗
i Σ∗(σ2)−1y∗, i = 1, · · · , k,

-
tr(ViB(B′Σ(σ2)B)−1B′) = y′B(B′Σ(σ2)B)−1B′ViB(B′Σ(σ2)B)−1B′y, i = 1, · · · , k.

(9.6.3)

8 Mσ = B(B′Σ(σ2)B)−1B′,
5�A ���

Mσ = Σ(σ2)−1 − Σ(σ2)−1X(X ′Σ(σ2)−1X)−1X ′Σ(σ2)−1, (9.6.4)

Ñ�Ó
Mσ = Σ(σ2)−1(In − Pσ) = (In − Pσ)′Σ(σ2)−1,
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Û ¿ Pσ B § 9.5 Å�Â�C   ¡ � (9.6.3)
é T�¡

tr(ViMσ) = y′(In − Pσ)′Σ(σ2)−1ViΣ(σ2)−1(In − Pσ)y, i = 1, · · · , k. (9.6.5)

@�� >�D MσΣ(σ2)Mσ = Mσ,
Æ�Ç�E «�FHG ��������2�3�x� 5 U�I

k∑

j=1

tr(ViΣ(σ2)−1(In − Pσ)VjΣ(σ2)−1(In − Pσ)′σj

= y′(In − Pσ)′Σ(σ2)−1ViΣ(σ2)−1(In − Pσ)y, i = 1, · · · , k.

(9.6.6)

1 (9.6.6) J�����2�3�x� �© (9.5.5)
� ± � ¢�¡�9�1 i, s�x� �F�K�L ��é � Ä�M�N

(9.6.6) O�L�F�P�Q E In−Pσ R I���S E In a 5 !�6�����T�U�x� �© (9.5.5) ê F� }�x�  WV [ 6 (9.6.6) ��X�Y B,
ì
í ¸ Ú N

(9.6.4)
@�� w B,

ª
(9.6.4)

é _
I 4 ¡ B F�Z�[�ï�> � /�W�% B � n× (n− r) .�7�8 D�E � Ä B′X = 0.

Ñ�Ó��
��������T�U�x� �J�\�] B F�Z�[�ï�>  

(9.6.6) ^ � ] ³ ^
_
` ��Æ
Ç�5�A @�� `�T�U
x� 
F n
o�_�`�a %�!
Ö n
o
`   b

9.6.1 s�� y�¼���c�d�e ( à�f���}�) ¸ )

yijk = µ+αi + βj + γij + εijk,

i = 1, · · · , a, j = 1, · · · , b, 1, k = 1, · · · , c,

Û ¿ µ ��ã ��ä � � À Â���} � αi,βj ,γij � ���gc���} ��å Ë αi ∼ N(0, σ2
α),

βj ∼ N(0, σ2
β), γij ∼ N(0, σ2

γ), εijk ∼ N(0, σ2
α) Ä � � f 3�4   ��d�e�h�i�j�k�l

�
y = Xµ+ U1α+ U2β + U3γ + ε,

Û ¿ X = 1a ⊗ 1b ⊗ 1c, U1 = Ia ⊗ 1b ⊗ 1c, U2 = 1a ⊗ Ib ⊗ 1c, U1 = Ia ⊗ Ib ⊗ 1c, x
­�j

Σ(σ2) = σ2
αIa ⊗ 1b1

′
b ⊗ 1c1

′
c + σ2

β1a1
′
a ⊗ Ib ⊗ 1c1

′
c + σ2

γIa ⊗ Ib ⊗ 1c1
′
c + σ2

ε Iabc.«�F
PXΣ(σ2) ¢�Ð � & (9.15), m é�n ¡

Pσ = PX = J̄abc.

§�? o�| ��������T�U�x� (9.6.6) !
(a− 1)bc

a1
=
bc

a2
1

a∑

i=1

(yi.. − y...)
2,
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ac(b− 1)

a2
=

1

a2
2

b∑

j=1

(y.j. − y...)
2,

(a− 1)(b− 1)c

a3
+

(a− 1)c

a1
+

(b− 1)c

a2

=
c

a2
3

a∑

i=1

b∑

j=1

(yij. − yi..y.j. + y...)
2

+
c

a2
1

a∑

i=1

(yi.. − y...)
2 +

c

a2
2

b∑

j=1

(y.j. − y...)
2,

ab(c− 1)

a4
+

(a− 1)(b− 1)

a3
+
a− 1

a1
+
b− 1

a2
=

1

a4

a∑

i=1

b∑

j=1

c∑

k=1

(yijk − yij.)
2

+
c

a2
3

a∑

i=1

b∑

j=1

(yij. − yi..y.j. + y...)
2+

c

a2
1

a∑

i=1

(yi.. − y...)
2 +

c

a2
2

b∑

j=1

(y.j. − y...)
2,

Û ¿
a2
1 = bcσ2

α + cσ2
γ + σ2

ε ,

a2
2 = acσ2

β + cσ2
γ + σ2

ε ,

a2
3 = cσ2

γ + σ2
ε ,

a2
4 = σ2

ε .Æ�Ç�z
Q1 =

a∑
i=1

(yi.. − y...)
2/(a− 1),

Q2 =
b∑

j=1

(y.j. − y...)
2/ac(b− 1),

Q3 =
a∑

i=1

b∑
j=1

(yij. − yi.. − y.j. + y...)
2/(a− 1)(b− 1),

Q4 =
a∑

i=1

b∑
j=1

c∑
k=1

(yijk − yij.)
2/ab(c− 1),

, º x� �© 5�{�| �
bcσ2

α + cσ2
γ + σ2

ε = Q1,

acσ2
β + cσ2

γ + σ2
ε = Q2,

cσ2
γ + σ2

ε = Q3,

σ2
ε = Q4.

Û�J/x/­/y/®�}/Å�!�6�h�2 ñ x� �© � ´ � Ñ/Ó ��������T�U/x� �h�~�J ANOVA

{�� � ´   ¢ ��ð�� Ù�h�½�¾���}�d�e � Û�������^ � I 4�� � ò�ô [47].
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§9.7 ���������������ÿýüþ
� ­�����h�*�+�� � ×��/ï������ (minimum norm quadratic unbiased estima-

tor,
{�z��

MINQUE)
�H�

C.R.Rao ¡ 20 ��� 70  �¡�¢�£�¤ � h�¥W¦�Å�§ � h¨ }�J�©�¬�¤�6�h � }�ª�U � ´   Ñ�� ANOVA }�¥ ML }�� REML } � ��«�¬õ ³ h�Õ�Â� �l�­�%�����¥¯®�¡�Å�!���� ³�° ñ�± ¥¯² «�³�´ =�µ�¶¯·�*�+�� � ×
�
ï�������h ��¸ ����¹ « ¤ � ����º�\ ³ h ñ�± ¥WU�»�¼ � 7�½
Û�¾ ñ�± Å�¿
h�À�Á�¤�I/Õ�1�� ¶�Â�Ã ¥Ä-�Å�Å�*�+�Æ Â�Ã (minimum trace problem). ~/Å�!�h
*�+�Æ Â�Ã ¥WÇ�!�6�Å�È�h�����¶á�â *�Õ�"�k�l�h ��É ����d�e

y = Xβ + U1ξ1 + · · ·+ Ukξk, (9.7.1)

Û ¿ Xn×p, Ui, n×ti

� õÊ=
Ë���i�j�¥ β
�

p× 1 ÀÃÂ�Ë�ºÍÌÊ��¥ ξi
�

ti × 1 Î
c�Ë�ºHÌ0��¥W7�½ E(ξi) = 0, Cov(ξi) = σ2

i Iti , ξi Ï ´ � >�¶WÐ�Ð Uk = In, ξk = e,

σ2
k = σ2

e > 0, -�*�»�Õ�Ñ � Î�c�; É ¶WM z
U = (U1

... U2
... · · ·

... Uk), ξ′ = (ξ′1, ξ
′
2, · · · , ξ′k),

, d�e (9.7.1)
5�Ò�Ó��

y = Xβ + Uξ, E(y) = Xβ, (9.7.2)

Cov(y) =
k∑

i=1

σ2
i Vi

4
= Σ ,

Ö²ê Vi = UiU
′
i ,
Æ/Ç h ��¸�Ô h�¹���� ��É ��� σ2

1 , · · · , σ2
k Õ Ö�2 ñ�Ö � ϕ = c′σ2,

Û ¿ σ2 = (σ2
1 , · · · , σ2

k)′, c′ = (c1, · · · , ck).Æ/Ç « Ï Å�%�h�������º�\ ³ h�Õ�¾ ñ�± ¥ Ñ�� � ¸ È�����h�× � ¹ ��É ¥ ÅA �ØU á/â ×���e���� y′Ay, Û ¿ A
��Ù Ð�j�¥ Æ/Ç È�%/Û�1�����\ ³ Þ�Ú ñ�± ¶

(1)
´�Û ñ -���� y′Ay >�Ü�× � β \ ³ ´�Û ñ ¶

M�N β Ý�Þ�!�6 γ = β−β0,
Ó�ß d�e (9.7.2)

Û �
y−Xβ0 = Xγ+Uξ, à�á/×

��e�����â Û � (y−Xβ0)
′A(y−Xβ0),

Æ/Ç È�% Ù Õ/Ý β0, (y−Xβ0)
′A(y−Xβ0) =

y′Ay, Û�1�È�%�¹�¾�÷�h�¶ Ñ�� � ¸�ã ����h ϕ = c′σ2 ¹ ��É ����h�2 ñ�Ö � ¥$ÅA ¥Wm�h�������º���J E(y) = Xβ ï�>�¶ � Ü
(y −Xβ0)

′A(y −Xβ0) = y′Ay − 2y′AXβ0 + β′
0X

′AXβ0, (9.7.3)

ä�å
(y −Xβ0)

′A(y −Xβ0) = y′Ay
Ù Õ�Ý�h β0 I 4 ¥Wæ�Ä�/�æ AX = 0. Û�1�²ç h�è�� ñ ¹�é�U�h�¥ê®�Ü�ë�È ñ ¥ V�ì 6 (9.7.3) K�í�»�î�Ñ�¹ β0 h � Ñ�l�¥êÈ
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m�ï é Ü�ð�¥�Ö�D � ë é Ü�ð�¥W- AX = 0. Ü�¹�×���e�����È�7�½ ´�Û ñ æ�Ä�/
æ AX = 0.

(2) ï�� ñ Æ�Ç�¸ 7�½ ´�Û ñ h�©�¤ Þ á�â ×���e���� = y′Ay h�ï�� ñ ¶Ó�ß &�Â�÷ (3.2.1)
³

E(y′Ay) = β′X ′AXβ + tr(AΣ) =

k∑

i=1

σ2
i tr(AVi).

Å A E(y′Ay) = ϕ = c′σ2,
Ù Õ�Ý σ2 I 4 ¥Wæ�Ä�/�æ

tr(AVi) = ci, i = 1, · · · , k. (9.7.4)

(3) *�+�� ��ñ ,5�A Ë���¥òM ti× 1 hHÌ0� ξi, i = 1, · · · , k ó�õ0=�¥òà�á σ2
i º�� � ξ′ξ/ti

a �
��¶WÜ�¹ ϕ = c′σ2 hô�¯U���� �

c1

(ξ′1ξ1
t1

)
+ c2

(ξ′2ξ2
t2

)
+ · · ·+ ck

(ξ′kξk
tk

) 4
= ξ′∆ξ, (9.7.5)

Ó�õ
∆ = diag

(c1
t1
It1 , · · · ,

ck
tk
Itk

)
.

� ¸ M � y′Ay ­���� ϕ = c′σ2,
¸ 7�½ ´�Û ñ h�À�Á Þ ¥
y′Ay = ξ′U ′AUξ . (9.7.6)

ä�å
y′Ay

� Õ�1�ö�h�����¥Wà�áô�¯U Ù Õ�Ý ξ, (9.7.5) � (9.7.6) º�� � É�÷ +�¥
-�i�j U ′AU J ∆

¸�ø � ì C Þ � É�÷ +�¶WM � i�j�� � ||U ′AU − ∆||
a ���

U ′AU J ∆
� É ��+�¥ ,�Æ�Ç º���Z�[ A ��+ | � � ||U ′AU −∆||.ù ¾ º�ú�û À�È�%�¥ Æ�Ç�ü � B Þ Â�C�¶ý�þ

9.7.1 M�2 ñ�Ö � ϕ = c′σ2 h���� y′Ay 7�½
AX = 0,

tr(AVi) = ci, i = 1, · · · ,k ,

Ä å � � ||U ′AU −∆|| ÿ�6���+�¥ , Ð y′Ay
�
ϕ = c′σ2 h�*�+�� � ×���ï������

(MINQUE).

Û ¿ § � ¿������0� � ¥�����i�j W = diag{σ2
0,1It1 , · · · , σ2

0,kItk} Ö�ê σ2
0,i

�
σ2

i h
Õ�1�� «�	�
�� (
«����

),
Ñ
Ó

W 
�â�¹ Cov(ξ) h
Õ�1�� «�	�
 j (
«��

j ).

 C F = W

1
2 (U ′AU −∆)W

1
2 ,
, ¿������0� �

||U ′AU −∆|| = tr(F ′F ) = tr[W
1
2 (U ′AU −∆)W (U ′AU −∆)W

1
2 ]

= tr(W
1
2U ′AUWU ′AUW

1
2 )− 2tr(W

1
2U ′AUW∆W

1
2 ) + tr(∆W )2.
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��� ï�� ñ ¥���l�Ô�×�Ñ
tr(W

1
2U ′AUW∆W

1
2 ) = tr(U ′AUWU ′A∆W )

=
k∑

i=1

ciσ
4
0,i

ti
tr(AVi) =

k∑

i=1

c2iσ
4
0,i

ti
= tr(∆W )2.

��z
Vw =

k∑
i=1

σ2
0,iVi, � � Vk = In, Vi ≥ 0, � σ2

0,k > 0, σ2
0,i ≥ 0, � A Vw > 0. Ü�¹

||U ′AU −∆|| = tr(AVw)2 − tr(∆W )2.

Û���¥ Ù ¿������0� � % ϕ = c′σ2 h MINQUE h Â�Ã ¥���� � % Þ�Ú � � h�~
min tr(AVw)2

{
AX = 0

tr(AVi) = ci,i = 1, · · · , k .
(9.7.7)

m�h Ô�� Ö � ¹�i�j�h�Æ�¥�� A�� (9.7.7)
� *�+�Æ Â�Ã ¶� Þ h Â�Ã ¹�¥ � � Â�Ã (9.7.7) h�~�¹���)� "! B�# )� �h�$�¥ m�%�Ü�&�á"!' ú h 
 ÷�(07�)�*,+�-�.�1 Â�Ã ¶ý�/

9.7.1 � � Â�Ã (9.7.7) h�~ �

A∗ = Bw

(
k∑

i=1

λi Vi

)
Bw, (9.7.8)

0�1
Bw = V −1

w − V −1
w X(X ′V −1

w X)−X ′V −1
w , (9.7.9)

� λi, i = 1, · · · , k
���  �2

k∑

i=1

tr(BwViBwVj)λi = cj , j = 1, · · · , k (9.7.10)

h�~�¥�.�3 Vi = UiUi ,Vw =
k∑

i=1

σ2
0,iVi.

© ú546	g� �g¥ Vw > 0, Üg¹ V −1
w )7 g¶ B7# ¨ Û R Ã = V

1
2

w AV
1
2

w , Ṽi =

V
− 1

2
w ViV

− 1
2

w , X̃ = V
− 1

2
w X , � � Â�Ã (9.7.7) % n Ü

min trÃ2

{
ÃX̃ = 0

tr(ÃṼi) = ci, i = 1, · · · , k .
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��8�9�:�; ¥�<�=�>�­@? ∼ AW!�6

min trA2

{
AX = 0

tr(AVi) = ci, i = 1, · · · , k .
(9.7.11)

� º�)�¥ FHG,
�B 9.7.1 % n Ü�È FHG B ' 
�B ¶ý�/
9.7.2 � � Â�Ã (9.7.11) h�~ �

A∗ = N

(
k∑

i=1

λi Vi

)
N , (9.7.12)

0�1
N = I −X(X ′X)−X , λi, i = 1, · · · , k

���  �2
k∑

i=1

tr(NViNVj)λi = cj , j = 1, · · · , k (9.7.13)

h�~�¶C�D FHG ��î�E�¶
(1)
«�F �  �2 (9.7.13)

� E ¶�F A0 7�½ (9.7.11) h�G�H�À�Á�¥
tr(A0Vj) = cj , j = 1, · · · , k, (9.7.14)

A0X = 0, (9.7.15)

�
(9.7.15) = M(A′

0) ⊂M(X)⊥, � N
� Ð M(X)⊥ ��h�I�J�P�Q�j ¥WÜ�¹ A0 =

A0N = NA0N .
z

V ∗
j = NVjN (j = 1, · · · , k),

,
(9.7.14)

Û �

cj = tr(A0Vj) = tr(NA0NVj) = tr(A0V
∗
j ), j = 1, · · · , k . (9.7.16)

z
gi = Vec(V ∗

i ), g0 = Vec(A0), PA

� Ð�K�L�M M(A) ��h�I�J�P�Q�j�¶ 
 C
u1 = P(g1,···,gk)g0 ,

u2 = g0 − u1.

, )� � � λ0
1, · · · , λ0

k,
å !

u1 =

k∑

i=1

λ0
i gi.

� A
g0 = u1 + u2 =

k∑

i=1

λ0
i gi + u2 ,

u′2gj = 0, j = 1, · · · , k .
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N
(9.7.16) O

cj = tr(A0V
∗
j ) = g′0gj =

(
k∑

i=1

λ0
i g

′
i + u′2

)
gj

=

k∑

i=1

λ0
i g

′
igj =

k∑

i=1

λ0
i tr(V

∗
i V

∗
j ) =

k∑

i=1

λ0
i tr(NViNVj), j = 1, · · · , k .

.�â FHG - λ0
1, · · · , λ0

k

�
(9.7.13) h�P�2�~�¶

(2)
FHG

A∗ � (9.7.11) h�~�¶ E�Q ��F A∗ 7�½ (9.7.11) h�G�H�À�Á�¶ B A
�

R P�1�7�½ (9.7.11) G�H�À�Á�h Ù���� j�¥ z D = A −A∗,
,

D
Ù�� ¥ DX = 0,

tr(DVi) = 0, � ND = D. Ü�¹

tr(A∗D) =

k∑

j=1

λjtr(NVjND) =

k∑

j=1

λjtr(NVjD) =

k∑

j=1

λjtr(VjD) = 0.

��S .�1�² ç ¥�T
tr(A2) =

k∑

j=1

tr(A∗ +D)(A∗ +D) = tr(A∗)2 + tr(D)2 ≥ tr(A∗)2.

% 9 I 4 h�è���ë�È�À�Á � D = 0, - A = A∗. .�â FHG - A∗ ¹ (9.7.11) h�~�¶ý�/
9.7.3

Ù���É ����d�e (9.7.1), 2�U Ö � ϕ = c′σ2 h MINQUE
�

c′σ̂2,0�1
σ̂2
� 2�U ��V 2

Hσ2 = d (9.7.17)

h�~�¥�.�3
H = (hij)k×k , hij = tr(BwViBwVj),

Ù P�W i, j , (9.7.18)

d =




d1

...

dk



, di = y′BwViBwy, i = 1, · · · , k,

Bw

�
(9.7.9) � 
 C�¶C�D

& 
�B 9.7.1, ϕ = c′σ2 h MINQUE
�

y′A∗y =

k∑

i=1

λiy
′BwViBwy = λ′d,

.�3 λ′ = (λ1, · · · , λk) 7�½ (9.7.10), - Hλ = c, λ = H−c,
� ��S

H h Ù�� U�¥O
y′A∗y = c′H−d = c′σ̂2.
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�B�F�X ¶
M H

5�Y ¥ , 2�U ��V 2 (9.7.17) O�Z�P�~ σ̂2 = (σ̂2
1 , · · · , σ̂2

k)′ = H−1d. J �É ��[�}�\�T�¥ MINQUE 
 ´ ë ��]�^ ����¶WÜ�¹ B °�_ I MINQUE
A Ç�T�6]�^ ���� �`�a 1 
�b�c�d�=�h V�ì ¶R�e ¥ V�ì�f�g U ��V 2 (9.7.17) h�% n k�l �

k∑

j=1

σ2
j tr(BwViBwVj) = y′BwViBwy, i = 1, · · · , k, (9.7.19)

.73 Bw = V −1
w (I − X(X ′V −1

w X)−X ′V −1
w ) = (I − V −1

w X(X ′V −1
w X)−X ′)V −1

w ,
S

Σ hg¡ �7V 2 (9.7.19)
1 h Vw, Ç7i7T f REML

�7V 2 (9.6.6). î7j7k7l7 gÜ
(9.7.19)

1 ¥ Vw ¹ 4,m h�¥�i�n�o�~�p ��V 2�h�~�¥�q MINQUE, · (9.6.6)
1 ¥

Σ
1 Y O�r m h ��É ����¥���s�^�t�u�v�w�x�T�U ��V 2�y�z S�{ ¡�}�|�~�¶} © ú�4 ¤ f h�¥ MINQUE h���i�j W

1 h σ2
0,i

�
σ2

i h «���� ¥�æ�<�=~ O���Ü σ2
i h�� ° «������ ß ¥�<�=�â�� σ2

0,i = 1(i = 1, · · · , k), q���i�j W = I,.�â�¹ Rao[90] ������h����0� � ¶� - MINQUE � e ¥ Rao �����7- ´�� O ´�Û U�������U�h������ � ���� Õ ��� ��É�� ��������� (minimum variance quadratatic unbiased estimator,
{

z��
MIVUE), ��`�a [94].�

9.7.1 � 
 Ë�º������ É���É h MINQUE.

<�=�� 	 p�¥�� 
 Ë�º����
y = Xβ + e, Ee = 0, Cov(e) = σ2In

i ����� ��É ������� (9.7.1) h�������k�  U1 = · · · = Uk−1 = 0, Uk = In, ξk = e.¡ Q ��¢
σ2 h MINQUE

�

y′A∗y = y′Ny/(n− r) = ||y −Xβ̂||2/(n− r) = σ̂2,

.�3 r = rk(X),β̂ = (X ′X)−X ′y
�

β h LS ����¶WÜ�¹� �£�¤�¥�<�=���|�¦�� É��É
σ2 ¦ LS ����¹ MINQUE.f �� ��§ ¥6<�=�����- ANOVA ����¨ ML ����¨ REML ����¨�© MINQU

����¶ª.�¾���� ´�« V�¬ )�­� �P�¾�®�¯�¥ª° } ¥ ANOVA ����© MINQU �W� ´z�± ¢ ����¦ ]�^ U�¥ · ML ����© REML ��� Ï�² È�|�~ ] g U ��V 2�¥6P�³~ O�é�´�~�¥µy�z�¶�T { ¡�·�¶µs e ¥ MINQU ��¸ ÷�¹ )�º�»�¢�¼ � ¦�½�h�¥µd��¾�¿ Î ì U�À�x�¶
��Á�¥ÃÂ�Ä�Å�©�Æ�Ç�È [10]¤�p�- « ß ��¸É� 
 Ë�º�© ��É ����¦�P�Ê�Ë ��Ì ¥����Í ��·���¸ (spectral decomposition estimate, SD ��¸ ). Ë ��Ì z ü p�� 
 Ë
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º�Õ�Ö�× SD Ø�¸�¥�Ù�= Ï ¹ g U�����Ø�¸�¶W·7Ú É�Û7Ü ¦ SD Ø�¸�¹ ��Ý ´gÛ����Ø�¸�¥Þ�� �� ° ��ß ' ¥ SD Ø�¸�© ANOVA Ø�¸�P�� Ï O�é�´�·�¶ æ�à�¥ÞÚÉ�Û�Ü
SD Ø�¸�
 ´ z�± ¢ Ø�¸�¦ ]�^ U�¥�.�¹�Ù�¦�P�×�®�¯�¶ Wu © Wang[118]¢�á - Ù P�¾�����¥6Ú É�Û�Ü SD Ø�¸�© ANOVA Ø�¸�â�%�¥ N ·�Ú É�Û�Ü ¦ SDØ�¸ � O ANOVA Ø�¸�¦�P�¾�ãåäæU�¶���Ü�.�×�Ø�¸�¦�ç�è�é�U ± ��O ã�ê P�E����¶

§9.8 ëíìíîíïíðòñôó
 �.�P�õ�ö÷<�=�ø�ù�Ú�ú Û�Ü ¦�û ��ü�ý ö ¾�þ�ÿ�� P�Ê���t���¦�Ú Ì   Waldû���ö�Ù�� §9.4 ����¦�Ú�ú Û [ Ì (Henderson Ú Ì�� ) O���W�¦�����	
ø�ù�
�����
����

y = Xβ + U1ξ1 + U2ξ2 + e, (9.8.1)

.�3�ö�<�=���F ξ1 ∼ N(0, σ2
1Is), ξ2 ∼ N(0, σ2

2Iq), e ∼ N(0, σ2
eIn), ��Ù�=���s��� 	 0�1 ö s, q

Û l�� 4,m�� U1 © U2 ¦�����	����
Cov(y) = σ2

1U1U
′
1 + σ2

2U2U
′
2 + σ2

eIn.

 §9.4, ��������t���¦�����ö�<�=���p�-�s�����Ú�ú Û�Ü σ2
1 ,σ2

2 © σ2
1 ¦�Ø¸�ö� �!�<�=�
 S «�" ¦�#�$�%�&�'�(�)���
 ξ2 ��*�­�+�¦�û�� ü�ý ö�q

H0   σ2
2 = 0←→ H1   σ2

2 6= 0

¦�û���,�¸ Ü 	- ��� (9.8.1) ./(�)���
 ξ1 © ξ2 ¦�0�1����/2���
�ö�����������3�¦�4�ú5 Ú�©��
SSe = y′y −RSS(β, ξ1, ξ2)

= y′(In − P(X:U1:U2)) y . (9.8.2)

Õ σ2
2 = 0, 6���� (9.8.1) 7�� y = Xβ + U1ξ1 + e ,

«�" 0�1�89.,¦�(�)���
 ξ1 ¦
���/2���
�:�ö�����������3�¦�4�ú 5 Ú�©�7��

SSe0 = y′y −RSS(β, ξ1, )

= y′(In − P(X:U1)) y . (9.8.3)

n ¿�; ö=< σ2
2 = 0 :�ö�����������3�¦�4�ú 5 Ú�© SSe0 � SSe 
�>�o�?�ö�q

SSe0 − SSe â�@�� SSe 
�>���ö�Õ�A�à�ö�B�C�D�E���(�)���
 ξ2
� S�F�G ö�q�o
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c σ2
2 6= 0. S

F =
(SSe0 − SSe)/t2

SSe/t1
, (9.8.4)

T�U
t1 = n− rk(X : U1 : U2),t2 = rk(X : U1 : U2)− rk(X : U1) .

 �!�B�C - ¢�á +�V���W H0  �ö F ∼ Ft2, t1 .X�Y
9.8.1 @������ (9.8.1),

(1) SSe/σ
2
e ∼ χ2

t1 ,

(2) Õ σ2
2 = 0, 6 (SSe0 − SSe)/σ

2
e ∼ χ2

t2 , Z���� SSe â�[�� � ö
(3) <���W σ2

2 = 0 ��\�:�ö�6 F ∼ Ft2, t1 .]�^ _�`�f
SSe = y′(In − P(X:U1:U2))y = e′(In − P(X:U1:U2))e , (9.8.5)

a�b 2�c 3.4.3,
��d

SSe/σ
2
e ∼ χ2

t1 . (1)
d ¢ 	

Õ σ2
2 = 0, 6���� (9.8.1) 7�� y = Xβ + U1ξ1 + e, e�f

(SSe0 − SSe) = y′(P(X:U1:U2) − P(X:U1))y = e′(P(X:U1:U2) − P(X:U1))e . (9.8.6)

«�" º�2�c 3.4.3, i m (SSe0 − SSe)/σ
2
e ∼ χ2

t2 . g9h/� ((P(X:U1 :U2) − P(X:U1)))(In −
P(X:U1:U2)) = 0, h/i�� 3.4.4, B�C�j�i�i d (SSe0 − SSe) � SSe â�[�� � 	 (3) �k !�l�m�¦�n�o�n�o�ö�2�c ¢�p 	

Wald û���D������ T ×�q�r�¦�s�t d�u ¦�û���	�
9.8.1 l�v�w Û�x (�)����

yijk = µ+ αi + βj (i) + eijk ,

i = 1, · · · , a, j = 1, · · · , b, k = 1, · · · , c,

T�U
αi,βj (i) y (�)���
�öz��W αi ∼ N(0, σ2

α), βj (i) ∼ N(0, σ2
β), eijk ∼ N(0, σ2

e), �{ â�[�� � 	-�| ����}�~�� ��� ´��
y = Xµ+ U1α+ U2β + e,

T�U
X = 1a⊗1b⊗1c, U1 = Ia⊗1b⊗1c, U2 = Ia⊗ Ib⊗1c. h ; !�¦���W�ö�B�C��

Cov(y) = σ2
αU1U

′
1 + σ2

βU2U
′
2 + σ2

eIabc .
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� +�B�C���ø�ù�(�)���
 βj (i) ��*�­�+�ö���û�����W σ2
β = 0. B�C�A���¸��d

SSe = y′(Iabc − P(X:U1:U2))y

= y′(Ia ⊗ Ib ⊗ (Ic − J̄c))y =
∑

i

∑

j

∑

k

(yijk − yij.)
2,

SSβ = y′(P(X:U1:U2) − P(X:U1))y

= y′(Ia ⊗ (Ib − J̄b)⊗ J̄c)y = c
∑

i

∑

j

(yij. − yi..)
2,

T�U
J̄m = 1m1′

m/m. ��� ¢ SSe/σ
2
e ∼ χ2

ab(c−1), < σ2
β = 0 ~ � :�ö SSβ/σ

2
e ∼

χ2
a(b−1), ��� SSe � � ö�h/2�c 9.8.1, ��û���¦�û���,�¸ Ü �

F =

c
∑
i

∑
j

(yij. − yi..)
2/a(b− 1)

∑
i

∑
j

∑
k

(yijk − yij.)
2/ab(c− 1)

,

+���W σ2
β = 0  �ö F ∼ Fa(b−1), ab(c−1).�

1 @������ (9.8.1), Õ�û�� σ2
1 = 0 ��*�~ � ö�B�C�� ² - U1ξ1 � U2 ξ2¦�����@������ d�u 8�����û���	�

2 +�2�c 9.8.1 ¦�� á���� .Þö�B�C������ u Õ ξ1 � Û�� � ξ1 ∼ n(0, R),R ≥
0, 2�c� �à�~ � ö T j�� Seely ¡ EL-Bassiouni[99] ¢ ø�ù ��£ � 	�

3 2�c 9.8.1 ¤�ø�ù�¥ t2 > 0 � M(X
... U1

... U2) 6=M(X
... U1) ��£ � ö

< M(X
... U1

... U2) =M(X
... U1), h/� (9.8.4) ¢ 2�¦ F � Û�§ 7�� 0/0 ¨�ö�e�f

Wald û���A�� b 	�©�ª�ö�+�© 9.8.1 ./@ σ2
α = 0

ê�« û���j�¬�� T Ê £ � ö�e��
M(X

... U1
... U2) =M(X

... U2) =M(Ia ⊗ Ib ⊗ 1c). ­�@ T Ê £ ß�ö öFversten ®�¯
¥�°�±�Ê�Ú Ì�² öFversten

d Û û�� Ì 	�³�´�µ ��¶�· ��¸�¹�º�» [58].¼ ��Ú�ú Û�Ü � û�� ü�ý ö�?�½���A�¾�¿ ��À�Á n�o�ö�º�» [72] � T Ú�!�ÂÃ � ±�×�Ä�n�	
Å Æ Ç

9.1 ÈJÉ�ÊÌËJÍJÎJÏJQJR
yij = µ + αi + βj + eij , i = 1, · · · , a, j = 1, · · · , b,

ÐJÑ
αi Ò βj ÓÌÔ ÎJÏJOJPJÕ αi ∼ N(0, σ2

α), βj ∼ N(0, σ2
β),eij ∼ N(0, σ2

e), αi,βj , eij ÖJ×JØÙJÚzÛJÜ
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(1) y′y ÞJËJßJà
y′y = y2

../(ab) + b

a∑

i=1

(yi. − y..)
2 + a

b∑

j=1

(y.j − y..)
2

+
∑

i

∑

j

(yij − yi. − y.j + y..)
2

4
= y′A0y + y′A1y + y′A2y + y′A3y ;

(2) á Q0 = y′A0y, Q1 = y′A1y/(a− 1), Q2 = y′A2y/(b− 1),

Q3 = y′A3y/(a− 1)(b− 1),
ÛJÜ

E(Q1)
4

= a2
1 = bσ2

α + σ2
e ,

E(Q2)
4

= a2
2 = aσ2

β + σ2
e ,

E(Q3)
4

= a2
3 = σ2

e ;

(3)
ÛJÜ

(a− 1)Q1/a2
1 ∼ χ2

a−1,

(b− 1)Q2/a2
2 ∼ χ2

b−1,

(a− 1)(b− 1)Q3/a2
3 ∼ χ2

(a−1)(b−1)â
y..,Q1, Q2 Ò Q3 ÖJ×JØ ÙJÚ ( ãJäJåzæ�çÌèJNJéJêìëJíìî Ö PìïJðìñìRìÕzÍìòìó (9.4.8).)

(4)
ÛJÜ ÕzôJõJËJö σ2

α,σ2
β ,σ2

e ïJôJõJËJ÷JøJù Ô å
σ̂2

α = (Q1 −Q3)/b, σ̂2
β = (Q2 −Q3)/a, σ̂2

e = Q3,

ú ÛJÜJûJüJý ÔJþJÿ���� ò��Jô���� (9.6.6) ïJß Ú
9.2 ����	�
Jï����JÕ�
�������� H0: σ2

β = 0←→ H1: σ2
β 6= 0 ï������JùJöJÕ ú ÛìÜ��

����� Wald ��� Ö�� Ú
9.3 ��
 9.4.1 �JÕ���� y ïJË�� Ô���� Õ ÛìÜ��� µ ï�!�"�#�$ Ô

{
y.. − t(a−1)

√
(a− 1)Q2/ab, y.. + t(a−1)

√
(a− 1)Q2/ab

}
.

9.4 � ��� ����%JÕ
(1) ù�&�
 9.4.2 �JôJõJËJöJøJù σ̂2

β Ò σ̂2
γ '�(  ï�)�*�+

(2) ù�&�
 9.4.3 ��,JôJõJËJöJïJøJùJôJõJÕ.-Jù�& Var(σ̂2
α), Var(σ̂2

β), Var(σ̂2
γ) Ò Var(σ̂2

e).

( ãJäJå�/�0�1�2 3.4.1 å�3 x ∼ N(µ, V ), 4 Cov(x′Px) = 2tr(PV PV ) + 4µ′PV Pµ.)

9.5
ÛìÜ �ìQìR (9.6.1) �ìÕzÈ�5�6ìÉ�7 n × (n − r) ï�8�9�:�;�< B1,B2, 3ìÞ B′

iX =

0, i = 1, 2, 4 B′
1y � B′

2y ïJÈJêJò���=Jê�>�?ìõ�@�7ìéJêìÕA-
l(σ2 |B′

1y)− l(σ2 |B′

2y)
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ÔCB 7 é ê Ú ÐCDCE @C7CFCG Û ÜCH þJÿC�C� òC�Jø ùC� B ICJCKCL Ú ( ã ä å Û Ü B′
1Σ(σ2)B1 =

kB′
2Σ(σ2)B2, B1(B

′
1Σ(σ2)B1)

−1B1 = B2(B
′
2Σ(σ2)B2)

−1B2, k Ô éJê Ú )
9.6 ÈJóJË�MJLJNJOJPJQìR

y = X1β1 + X2β2 + Uξ + e, ξ ∼ N(0, σ2
1), e ∼ N(0, σ2

e),

ÐJÑ
X Ô n × p 8�9�:�<JÕ M(X1) ⊂M(U), M(X2) ∩M(U) = {0}. N ü éJé�OJÈJQJR��

ï β2 øJù�P�Q�R Ú
(1) 
�S���TJË�UJê β2 ï BLU øJù β∗

2 Ò LS øJù β̂2 .

(2) 0 Qu = I − U(U ′U)−U ′ V�W�X QJRJÕzí�Y�ZìQìR
Qu y = QuX2β2 + ε, ε ∼ N(0, σ2

eQB) .

D�[ íJî β2

E @�Y�\JøJù
β̃2 = (X ′

2QuX2)
−1X ′

2Quy,


 ÛJÜ β̃2 = β∗
2 ⇐⇒M(QBX2) ⊂M(Q1X2) .
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