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3.1 EXRMEHAK

B Resampling is a computationally intensive statistical
technique in which multiple new samples are drawn (gener-
ated) from the data sample or from the population inferred

by the data sample.
W T A BRSO ?

XA IR B RS A A AR
TR GeRa I8 7 Fir s B A PR AN 2
o PN, REEAGHHERAGIE
W bR, Al AR A



_ DA EE s

T — AT R PR 2255 (Jackknife, Boot-
strap)

R RHEIXI (R EASSM)
BEALIEAESS (permutation tests)

B IEFE (cross-validation)



BEREFREARAE

1935 randomization tests, Fisher

1948 cross-validation, Kurtz e

1958  jackknife, Quenouille-Tukey @39

1979 bootstrap, Efron




ERERARDE
B In randomization we systematically shuffle observed data

many times (no replacement)

e Unconcerned about parameters, used for testing hy-

potheses concerning distributions

B In bootstrapping we draw samples with replacement from

the observed data

o Focused primarily on parameters (e.g. confidence in-

tervals, hypothesis testing)



3.2 Jackknife(7]¥]) Hi&

B Jackknife(JJY)¥%) /& H Quenouille(1949,1956) 2 H
AR AT ¥

B Jackknife 7] H Tl 1w 2=, H 22T leave-one-
out” HIZE XHHIET ¥, ANJ5t_ BN Mo ok A AR AT

B4 o= (21,...,0,) AWMEIRIREAR, ELH ¢ D
Jackknife FEA N R4 ¢ DA HIRIAFEAR, HI

L) = (331,"‘ yLi—1y Lit1y """ ,fUn)-

0 = To(x), WELEE i 4 Jackknife EEH G, =
Tn—l(fr(i)), 1= 1,--' , 1.
B RS0 = T(F), N5rA F M. F, A F

6



LI ATEREL T 0 97 plug-in” fiiT4 6 = T(F,).
B FR—plug-in” fTE 6 & P, AEREE /N
THMT 0 {/NEZEL.

RZEH) Jackknife {&it

0 H—METE 0 WiRZEE XN
Definition

bias(é) —E)—0.

W Y 0 W AR B T R 2 1 R AR
AIRE (A AT TP R AR AR A, Monte Carlo J7¥EANHT

7



1), PAURAEBESE ) SRATHARIE 0 RYFER (7524,
XS T w22 AR R

B R O AP (plug-in) f e, W3R 22
bias() W1

W id 0y = T(F,_i(zw), AKX

- 1 n R
O = > 6.
=1
W R 0 A mAGTE,
- 1 n R
0y n; Oy =0

_IECSI
bias(f) = E — 0 = 9y b + 0(i)

n  n2 n3



i

= a (2n —1)b 1
Elf) — 0] = nin—1) n2(n—1)2 O(ﬁ)
1 b 1 N
=7 [%—Fﬁ—i—O(ﬁ)] N bias(6)
EEFENMGIT

n

o= > (i)
B i 6 2 o WA, W28 bias(d) = B —
0.2 — 702

B Jackknife fEHRIETHAL: 0 1 (9REAH
i, R Jackknife & é(i) MIRZE R — <= FLA

n—1

Elf) — 0] = Elf) — 0] — E[0 — 0]



ias(0 (P o’ o? bias(f
= bias(0y)) — bias(0) = - (_;) == _(1).

W XL R R AT LMG R 22 1 — A B Al

\
% Xy,...,X, iid F, 0 F 0 = T(F) #h—
M E, WA £ bias(d) ¥ Jackknife fit
(Quenouille) #

biasjger = (n — 1)(9A(,) — é) Definition

0 B Jackknife f&itH

éjack: = é - biasjack;(é) = né — (TL — ]_)é()

10



X Jackknife i1, FRATA N HINEE 8!

Theorem 1. % X,.... X, iid F, § % 6 =T(F) #—
MMEFE, Ojoer A 0 49 Jackknife W3+ F, & 0 491k £
bias(0) = Ep0—0 =372 2O = O(1), 1| 9 # Jackknife
B3 Ojoer 894 E bias(Ojaer) = Erbjac, — 0 = O(%).

Proof.
bias(éjack) = EFéjack —0= Ep[né — (n — 1)%] -0
= n[Erd — 0] — (n— D[Erb, —

n

= nlBef — 0] — (n— D= > (Bebly — 0]

i=1

:b1(9)+§:b n—1z":°° bk(e

k=2 i=1 k=1




=bi(0)+ > b’“*n# ey + Y 2@
k=1 k=1

— (n—-1)
_ (9 S 1 11
T onn-1) kz:;bk“(e)[m - ﬁ] = O(ﬁ)
O
Bl 5T patch Bl L BRI (MRS Jackknife |
fhit.
‘ | {Example
‘ $Code

12



data(patch, package = "bootstrap")
n <- nrow(patch)
y <- patch$y
z <- patch$z
theta.hat <- mean(y) / mean(z)
print (theta.hat)
#compute the jackknife replicates
theta.jack <- numeric(n)
for (i in 1:n)

theta.jack[i] <- mean(y[-il) / mean(z[-i])
bias <- (n - 1) * (mean(theta.jack) - theta.hat)
print(bias) #jackknife estimate of bias

1 Code

13



FREZER Jackknife f&it
W % Jackknife 1 0,00 BUE N

~ 1 n - 1 n . .
Bjack = > 0i= n > Inf = (n = 1)f-]
=1

i=1

B M\ Jackknife fifii] éjack W72 Var(éjack) ATt

A
ar jack 77’1, ar\v; 77171—17;:1 3 jack
11 & s . ) _
=———=> (00— (n = 1)) — (nf — (n = 1)0)]
=1
_n_]‘ - A "72
=—> (O — 0™

i=1

14



W 0 HIFRIEZER Jackknife {51 (Tukey) &M

~ n—1 LI -
Sej“’ézd — > (0 — 02

i=1
W GIY 0 AR, § = 7, $7 20N
R 6.2 1 n )
VCLT(Q) - Z - n(n — 1) 2 (l‘i - l‘)
I8 0y = 2=, W 0y = LY 0 = 0, 0y — 0y = =5,
Al
SAejack - Va’f’(é)

15



TExample

U B patch BRI H (2 B i BRIE 221 Tackknife
it

| iExampIe
FCode
se <- sqrt((n-1) *
mean((theta. jack - mean(theta.jack))~2))
print(se)
{4 Code

16



W E SRR, TTLAEY Var(fju) N Var(0jex)
HIAE A ATt

Theorem 2. 4 = EXy,0% = Var(X;) < oo, i 6, =
g(X), ¥ X AHKRYME, g AELERK, £ p KA FER
F4, 0

(1) 2520 N(0,1), 0% = g ()]*0”.

(2) Var(B;am) /0% — 1, a.s.
B Y T(F) N6, WA REA KA.
Theorem 3. (Efron,1982) & T(F) = F~1(p) % p 2124%,
fAF QEE N Var(f.,) AR EEF, H3lk, st
p=1/2 8 Var(boe)/0% ~ (33)%, % F 02 = 1hes. m
A BAR AL

17



FMEHS Jackknife fHit
| WEIRVA- AP e

L(z) = lim [T<<1 —&)F + €d,) — T(F)}

€

W EAREIMEH I = — L 0

Lo () ~ [T((l —€)F, +€€5mi) — T(Fn)}

(n_l)(e 9())5
_IN(]
1 n n

= n(n_1)<Zl¢2—an), b= —%Zli_

=1 i=1

18



Jackknife &IEH
B iR 0 B, Jackknife J7 IR RES L5

LR A SE R

TExample

1 (Jackknife 773 K%%) A Jackknife 773%:4f1H M 1,2,...,100
HREEFLAH ) 10 DR AR AR EEZE

| {Example

TCode
set.seed(123) #for the specific example given
#change the seed to see other examples

n <- 10
x <- sample(1:100, size = n)

19



#jackknife estimate of se

M <- numeric(n)

for (i in 1:n) { #leave one out
y <= x[-i]
M[i] <- median(y)

Mbar <- mean(M)
print(sqrt((n-1)/n * sum((M - Mbar)~2)))
#bootstrap estimate of se
Mb <- replicate(1000, expr = {
y <- sample(x, size = n, replace = TRUE)
median(y) })
print(sd(Mb))

ABH Jackknife i 111 Bootstrap i i HHZERIE, TR
e, FLE TR P Y, Jackknife 77326
T

20

{Code



3.3 Bootstrap(BEI) A&

B Bootstrap(H B) Jiik 2 —JERFET %, Akl
Wit T, = g(Xu, ..., X,,) BT 250,

B AEEIRESHE T EFEZN
%, Casella & Berger #RHA “perhaps the single most im-
portant development in statistical methodology in recent
times” .

B Bootstrap — I 1] LAf§IEZ 4L Bootstrap, 1] LIiE
24 Bootstrap.

B 24{ Bootstrap /&8 SR 562 B4, FIH Monte
Carlo J7 15 MR A AERE T Se 11 HE T, 1T 4E 24 Boot-
strap J2 i BRI 58 AR R, T BRAE T i MR A

21



(FF) EEBEf TG HE T
BBz = (21, ,2n) A DIEMEDAT F(x) 8L
MBS FHEAR, X* AWM 2 FEEPLIES AT — R,

M AR B SRS B MR X, -, XL RAARE
WA Xy, X N dd WIEERLAE B IRAN {21, L2}
RIS A
B 28R F, (2) & F(x) M, e {z, -, 2.}
RS AL e X BRI AR R BT F, 18I
F, Bootstrap BHE I N AT KA FF 2 F, W8
. XM AE T LARIR A
F—-X—>F,
22



F,—X"—F]

Real World
Unkllo_“fn Observed random
probability

A sample
distribution I

P X = (X,... X

!
0— s(X)

Statistic of interest

Bootstrap World

Empirical Bootstrap
distribution sample
= P X* = (X7,...,X)
!
0" — s(X*)

Bootstrap replication

23




B 1% 0 = T(F) 2FAVELBA 25, T(F,) N T(F)
i) plug-in flrif. Wtk T(F,) R ARHERT Bootstrap J7
HE

1 BUHFEREAR RN X, ..., X! id.d ~ F,, 135
Fy

2. IWWH T =T(F})

3. EEALR 1M 2, BUAREI T ... Th 5, WIATE
BB AR F p(t) = L S, YT, < t).

24



‘ TExample

¥ (F,, 5 Bootstrap i) EI N TUELRIFEA
x=1{2,2,1,1,5,4,4,3,1,2}

T F, 1 Bootstrap HFE.
\

| {Example

Moz HECSRRAMR IEIERE 1,2,3,4,5 FIHER 518 0.3,
0.3, 0.1, 0.2, 0.1 #E17. MMM = FREMLESRFE A — DA

25



0, r <1
03, 1<x<2;
06, 2<x<3;
0.7, 3<x <4
0.9, 4<z<5h;
1, T > 5.

IR F, BASU Py, WES TR R
SFOE Fy. FBIRIIREA ¢ 3255 LM Poisson(2) T
PR RS, M o ok R T R AT LRI 9 (3 F,, (E2
REEMIFHIM T Fy, FATCWEE £/ ERE, 5511
Bootstrap FEARHSA 0.

26



3.3.1 #RHEZEHR] Bootstrap fhit

B {5 0 IFRIEZER Bootstrap filiit, /& Bootstrap
EE OO, .. 0B REARRRIEE:

sen(67) = J ﬁ S (@0 - 6y

S = 1y

B R Efron F1 Tibshirini(1993), 15 #IbriEZE —1
IrrfhTt, EERRE B HIETEIEF K. B =50 HH D
ZUENS T, B > 200 ARILHY (B XIEERIN).

27



B (FR#EZEH) Bootstrap fiii1) bootstrap@ﬁﬁ/‘ﬁd&ﬁ TEamele
BE i E Flaw, 105 1 15 ATk BB A 7 % 1 Y~ 24 ik
4 (LSAT) Fl GPA(FET 100).

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
LSAT 576 635 558 578 666 580 555 661 651 605 653 575 545 572 594
GPA 339 330 281 303 344 307 300 343 336 313 312 274 276 288 296

flitt LSAT 1 GPA Z [RIFIAHIC REL, FEREAME R
HHIPRUEZE R Bootstrap fiiit.

| {Example

1 AR 2 = (24, 0:),i = 1,...,15.

28



2. A LAB IS FEARE O REUS THAE R REL
_ n Y — Xy T
Vi al = (3w’ vl - (i)
3. Bootstrap XX LEEH T FORAER AL THARHEZ . KL, &
iy

1. X} Bootstrap BEE HIZH b IX (b=1,...,B),
(a) ABCE BTN 2oz, HHAE 2O =

(27, ..., 20).

(b) M 2*® HE 70,
2. i+ rB) AL ARIEE.

FEARA R RECH cor(LSAT,GPA) = 0.7763745, i H
29



Bootstrap it ARz R P F:

library(bootstrap) #for the law data
print (cor(law$LSAT, law$GPA))
#set up the bootstrap

TCode

B <- 200 #number of replicates
n <- nrow(law) #sample size
R <- numeric(B) #storage for replicates

#bootstrap estimate of standard error of R
for (b in 1:B) {
#randomly select the indices
i <- sample(l:n, size = n, replace = TRUE)
LSAT <- law$LSAT[i] #i is a vector of indices
GPA_<- law$GPA[il]
R[b] <- cor(LSAT, GPA)

}
print(se.R <- sd(R))#output

hist(R, prob = TRUE)
iCode

30



se(T) Eﬁ Bootstrap it/ 0.1371913, Elaﬁm& NS e iJﬁéZIR

i Fiboot AT Bootstrap fli i1 hr¥EZE TExample

| JExample

E R ', f3boot L boot AR LT Bootstrap fiiil.

boot(data, statistic, R, sim = "ordinary", stype = c("i", "f", "w"),
strata = rep(1,n), L = NULL, m = O, weights = NULL,
ran.gen = function(d, p) d, mle = NULL, simple = FALSE,

parallel = c("no", "multicore", "snow"),

ncpus = getOption("boot.ncpus", 1L), cl = NULL)

boot U?ﬁlqjﬁ’]ﬁﬁl statistic &=—"TPREL, FIokiR[A]
LB it B, XD R R/ EWA S, H

31



B REAE, 550K Bootstrap T BUFRAR [ 4,
IR IE S, UL RATE RS — P REaT & 0. H
i = (i1, ,in) FONERA, WA REAIRRN

TCode
tau<-function(x,i){
xi<-x[1,]
;or(xi[,ll ,xi[,21)

{Code

SRIEFATHE AT LA Fboot BKELH T Bootstrap fili i1

TCode
library(boot) #for boot function
obj <- boot(data = law, statistic = tau, R = 2000)
obj

32



# alternative method for std.error
y <- obj$t
sd(y)
detach(package:boot)
iCode

MEN) 6 {E ¢1% bR, 2000 XEE T Bootstrap Hi
AT 0.1326418.

Fiboot AU RER K £ Ebootstraptl [/ bootstrap
. S RECES R AR

TCode
library(bootstrap) #for boot function
n <- 15
theta <- function(i,x){ cor(x[i,1],x[i,2]) }
results <- bootstrap(l:n,2000,theta,law)
sd(results$thetastar) #0.1325971

33



detach(package:bootstrap)
{4 Code

WA EREL ) I B A 22 5% bootstraptl &% T Efron
& Tibshirani B 45 B A7 FIEHE. boot fl &2UE T
Davson & Hinkley HY45 HHRE 7 FI%E.

3.3.2 {®WZEHR Bootstrap f&it

B HERMNELH TR, W B v LUEE Boot-
strap JHE T TR, AT DA 2R 2 B Al it

bzasB(G) E*0* —

E* 37K Bootstrap £25609347.
34



B A — Al T R B R Z B Bootstrap il i1, A2 i
HEH 6 Bootstrap E & kAt EO. X — AR
x= (1, ,xn), A O(z) B B A iid it 60, ) {90}
M EAE E6* I Al i, A 22 19 Bootstrap
it N

biasp () = 6+ — 0.
XH G =LY F o),
B & ZEEIE (Bias-correction) HIfl 14

—

0 =0 — biasp(6).

35



TExample

1 ( Bootstrap fliZ= 1 it) fili iJrJ:WUEPﬁZIK*H?%%%ﬁE’J‘
I 22

| | {Example

1Code

theta.hat <- cor(law$LSAT, law$GPA)
#bootstrap estimate of bias
B <- 2000 #larger for estimating bias
n <- nrow(law)
theta.b <- numeric(B)
for (b in 1:B) {

i <- sample(l:n, size = n, replace = TRUE)

LSAT <- law3$LSAT[il

GPA <- law$GPA[i]

36



theta.b[b] <- cor(LSAT, GPA)

bias <- mean(theta.b - theta.hat)

bias
iCode
IXAMEFTRT ] H ) boot PREUR 1] i 25 S 3 F AHIE.
Bl ( Bootstrap WM ) B & = (21, 000) ~
N(p,0%), 3K o Bttt 62 = 130 (x; — 2)? M2 e
| {Example
FCode

37



n<-10
x<-rnorm(n,mean=0,sd=10)

sigma2.hat<-(n-1)*var(x)/n
#bootstrap estimate of bias
B <- 2000 #larger for estimating bias
sigma2.b <- numeric(B)
for (b in 1:B) {
i <- sample(l:n, size = n, replace = TRUE)
sigma2.b[b] <-(n-1)*var(x[i])/n

bias <- mean(sigma2.b - sigma2.hat)
bias
{Code

FERXFMEIE T, 62 ARAIMG T T 24 02

38



B (HAEZEUE TR W ZE /9 Bootstrap fiiit) U\@bootstreﬁ;ﬁple
fpatchZE M. ZEER SN E T 8 A 3 FORE [
25 I MR P SR /RSBt X =R 25990 il e
A, Ay (4t FDA SHERT), Bredm GE8L) HIRRY
TZTFAET7Y, % FDA FLE, Fr L) A5 125 228 4L).
WFSERT H B2 L BSHr 25 I 25 B9 S84 M. QSR w] LAIE B3 24
THZG 2 A HSEM I, W B 2550 75 22 58 2 BT ) FDA
FIEHAL 1. SN IRt B2

_ E(new) — E(old)
E(old) — E(placebo)’
5 10] < 0.20, WEFr 25 R0 H 25840, Al 0 B4t el
Y/Z. EWAE S Epatch B 5 P 245 . FRATHY HiR &1 5E
39




Al T 2 /9 Bootstrap fiiit.
|

| {Example
TCode
data(patch, package = "bootstrap")
patch
n <- nrow(patch) #in bootstrap package
B <- 2000

theta.b <- numeric(B)
theta.hat <- mean(patch$y) / mean(patch$z)
#bootstrap
for (b in 1:B) {
i <- sample(l:n, size = n, replace = TRUE)
y <- patch$y[i]
z <- patch$z[i]
theta.b[b] <- mean(y) / mean(z)
}
bias <- mean(theta.b) - theta.hat

40



se <- sd(theta.b)
print(list(est=theta.hat, bias = bias,
se = se, cv = bias/se))

3.4 Jackknife-after-Bootstrap

B {2 FAR HEZE 1Y Bootstrap il 11 HY J7 2= 7T LA A
Jackknife 773K A1t

W RS se(d) £ B K 0 1 Bootstrap EA LT
FEATRUEZE, IR AARIATRALE @« FEA, W Jackknife
BHEILRNEA i, NIRRT n — 1 DREARMEHERFE B

41

{4 Code



K, K se(fu) (Bootstrap i), HI—~> Jackknife
=R IEEb R (G

B LS (seno(6) — seniy ()

i=1

sAejack(SAeB(é)) = J -
Hi sep)(6) = L3 Sepg(0 )). BIRHEAS i, BATBES
Bootstrap A&, X YINERBCRAL N, KEREA LR
LA B Bootstrap.

B Jackknife-after-Bootstrap T3 1 4& % 5> "leave-one-
out” 1 Bootstrap FEATFE— Mt BEARKQF:

L af = (z1,...,25) N—IK Bootstrap I, z7,- -+ 2%
TR KR/INA B 1 Bootstrap FEA. 4 J(i) 7~ Boot-
strap FEARHANE o BIARLEREARIENR; B(i) FRAE 2 1Y

42



Bootstrap FEANEL, KIIATAT MEHER B — B(i) ™%
A x; WA HRFEARITE—1 Jackknife EE. fi
PRIEZEAG T Jackknife fdiT1h

. s n—1x~, . .
sejan(Sep(0)) = \l D (Senq) — Sen()?,
=1

n

)
+

A I S
sep@) = \/B(Z.) > 106y = O,

JEJ(3)

= 1 A
oo = B > bo)

jed (@)

43



TExample

1 (Jackknife-after-Bootstrap) XJHi {5l AR Z ) Boot-
strap il ses(0), ] Jackknife-after-Bootstrap J7 il
THHAREZE.

\

| JExample

+Code
# initialize
data(patch, package = "bootstrap")
n <- nrow(patch)

y <- patch$y
z <- patch$z
B <- 2000

theta.b <- numeric(B)
# set up storage for the sampled indices

44



indices <- matrix(0, nrow = B, ncol = n)

# jackknife-after-bootstrap step 1: run the bootstrap
for (b in 1:B) {

i <- sample(l:n, size =
y <- patch$y[i]

z <- patch$z[i]

theta.b[b] <- mean(y) / mean(z)

#save the indices for the jackknife
indices[b, ] <- i

n, replace = TRUE)

#jackknife-after-bootstrap to est. se(se)
se.jack <- numeric(n)
for (i in 1:n) {
#in i-th replicate omit all samples with x[i]
keep <- (1:B)[apply(indices, MARGIN = 1,

FUN = function(k) {!any(k == 1)})]
se.jack[i] <- sd(theta.b[keep])

45



print(sd(theta.b))
print(sqrt((n-1) * mean((se.jack - mean(se.jack))"2)))

{4 Code

3.5 Bootstrap E{5X g

B Bootstrap J7 & H H T4 1E H ARS8 i B A5
X [H], B 7 I FERRHE IEZS Bootstrap B X R, FEAT)
Bootstrap E{5 X [A], Bootstrap H 741 (percentile) BEF
X[E])F1 Bootstrap t B 15 X [A].

46



3.5.1 Normal Interval

W PR IR Bootstrap B X [ALE — R L] HLH 7
B RIE 6 2Z8 0 MR, LRSI R bR E N
se(0). 7 0 WL E A, R

YA A AR TR A AT
W0 K 0 TR, B84 6 19— L 100(1 —
)% PRIEIESS Bootstrap A X [A]4
0 + 20 05e5(0),
HH 240 = 711 — o/2). MXARGIHE, (HEAIESNE
E¥EEE CLT Fiikar. LA 6 K 0 BT mitir.
47



3.5.2 Percentile Interval
B X
P(L<O<U)=1-a

1, AT LAE A Bootstrap B A& HIFEAH M EORA 1 L #
U.

W0 N0 Wi, RILEE 0 1 1 — o BEXIA
NS48 Bootstrap EEMIFEAR 1 — o/2 A2 AL
Ot 1)01-aszy T /2 FBEC Ol 5 1))

B Efron & Tibshirani ©FEB T 5 M ZCX R AH He T b i
IEA X R A B B3R B TR .

B FHEFEANTIES N bias-corrected and accelerat-
ed(BCa) H 7 MLELX (], & & [ 40 A £ X R ) — & IE

48



JA, 7 S BB i LA R AR B RO A B A

3.5.3 Basic Interval

|
P(L<f§-6<U)=1-a
16 6 — 0 W53 R AN, 11T Bootstrap A 6* HIFEAS
BB 0] 5110072 T O 1)1y WA

~

P(0pi1)ayy =0 < 0" — 0 < Oipiy1—asey —0) ®1— o

W A 100(1 — )% EfE XA

A~

(20 = O 511y (1-ay2): 20 = O{(B41)a/2)
49



B bootf B K% boot.cilt & L Fh 2 1) B (5 X [H]:
HEARW), B2, AANLEL, AR BCa.

1l patch¥E SR Bootstrap B X ] FExample

{Example

A A AT - bootfboot.citf U5 2] IE A, FEA
HIFITH %L Bootstrap B 15 X [A]. T AT & L ES
AT 95% EE X ).

‘ TCode
library(boot) #for boot and boot.ci
data(patch, package = "bootstrap")
theta.boot <- function(dat, ind) {

50



#function to compute the statistic
y <- datl[ind, 1]

z <- dat[ind, 2]

mean(y) / mean(z)

y <- patch$y
z <- patch$z
dat <- cbind(y, z)
boot.obj <- boot(dat, statistic = theta.boot, R = 2000)
print (boot.obj)
print (boot.ci(boot.obj,
type = c("basic", "norm", "perc")))
{4 Code

W R (0] < 0.2 B, HZGFH 245 A A A 2 S Y.

DRI DX TR Ay 198 SZ R IHZG RO 25 A A0 k. P TR A TR P
Bootstrap A5 DX [A] & ST EAF DX TR], A1 b 1Y 25 R AH
51



XL,

1Code
#calculations for bootstrap confidence intervals
alpha <- c¢(.025, .975)
#normal
print(boot.obj$t0 + gnorm(alpha) * sd(boot.obj$t))
#basic
print (2xboot.obj$t0 -
quantile(boot.obj$t, rev(alpha), type=1))
#percentile
print(quantile(boot.obj$t, alpha, type=6))
1 Code
TExample

52



% patch ZidH AR REH Bootstrap BEA5 X [H]

| iExampIe

Xlaw&ids, HHHRMHKSE R 95% BF XA

1Code
library (boot)
data(law, package = "bootstrap")
boot.obj <- boot(law, R = 2000,
statistic = function(x, i){cor(x[i,1], x[i,21)})
print(boot.ci(boot.obj, type=c("basic","norm","perc")))
1 Code

“MEEXEBES T p = T6(M I T 5 B A
FElaw821H FHY). 0 (LECE(F X 18] A1 IE 25 B A5 X A #Y
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ZSFAET AR R R AT 2 AR EIL A . 45
TR AR FENTIEAS Y, 7 2020 X AR I 2 DX el 2 —
.

3.5.4 The Bootstrap ¢ interval

WY G AR IEASME, H 0 R 0 BITCIRAG T
Z = (0 — 0)/se(0) M AE—E RN, KRN
T se(d).

B RANTEARED Z (A& ¢ 5040, A28 Bootstrap
it se(d) WO AR

B Bootstrap ¢ X[HFFA M ¢ 540 1VE A HER A0
T A B RAETT A5 B — >t 680 fgeit- S i oA

B BiE x = (21,...,2,) AMIWEFFEEA W 100(1 —
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a)% Bootstrap t EAF X [A]H

(0 — 174 25e(0),0 — 15, /55€(0))

Hr sAe(é),t(*l/2 i a2 HI N TR T B R
B Bootstrap t X & (FH£{LH Bootstrap X|g])
1 EAE 6.
2. WMEANEL b=1,--,B:
(a) M o FAE AR RS b DA 20 =
(xgb), . .,x%b)).
(b) HI%8 b DNERFEREATIE 90,

(c) HHEFRMEZET se(0®). (R4 Bootstrap FEA
z®) | BRI T—1 Bootstrap ffiit).
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(d) WHEHE b MEE T Giithl: 1@ = (90 -
0)/se(6™).

3. EAREA W B I AAE N HEWT AT, R
AR ) W o

4. HHE ge(0), B Bootstrap HE {90} AREAFRHEZ.
5. HHEEF (0 —t;_, ,5e(0),0 — t7, ,5¢(0)).

B Bootstrap t DX [A] B — > i & EF R Boot-
strap JTEAFRIFRIEZRIMG T $e(0®). XL Bootstrap B
k& Bootstrap. #1 B = 1000, I Bootstrap t X []J5 ¥
2 FEAII T ¥ 1000 fi5 A,
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TExample

i (Bootstrap t [X[A]) AGIFATE — N EREOR I —IT
5% 2 TEHEA T Bootstrap t EHE X . BIAMI ERKF R
95%, Bootstrap BE XA 500, fli TR 2= By S A
A 100.
|

| iExampIe

FCode
boot.t.ci <-
function(x, B = 500, R = 100, level = .95, statistic){
#compute the bootstrap t CI

x <- as.matrix(x); =n <- nrow(x)
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stat <- numeric(B); se <- numeric(B)
boot.se <- function(x, R, f) {
#local function to compute the bootstrap
#estimate of standard error for statistic f(x)
x <- as.matrix(x); m <- nrow(x)
th <- replicate(R, expr = {
i <- sample(l:m, size = m, replace = TRUE)

f(xli, D
»
return(sd(th))

}

for (b in 1:B) {
j <- sample(l:n, size = n, replace = TRUE)
y <= x[j, ]
stat[b] <- statistic(y)
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se[b] <- boot.se(y, R = R, f = statistic)
}
stat0 <- statistic(x)
t.stats <- (stat - stat0) / se
se0 <- sd(stat)
alpha <- 1 - level
Qt <- quantile(t.stats, c(alpha/2, 1-alpha/2), type = 1)
names (Qt) <- rev(names(Qt))
CI <- rev(stat0 - Qt * se0)

iCode

59



fil:patchZidid T HAESS T 5 Bootstrap t A5 X [H] TExample

{Example

(5 (I

TCode
#boot package and patch data were loaded in Example 7.10
#library(boot) #for boot and boot.ci
#data(patch, package = "bootstrap")
dat <- cbind(patch$y, patch$z)
stat <- function(dat) {
mean(dat[, 1]) / mean(dat[, 2]) }
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ci <- boot.t.ci(dat, statistic = stat, B=2000, R=200)

print(ci)
iCode

3.5.5 BCa Interval

W 0T oA AR X R & 1E ] LA 2 B 41 Y Bootstrap
B X R), HE A B B B R TR B4 ) SE R A R .

WX 1 — o BREXIE, A BRI AR
/2 M1 — /2 % —DMEZE (bias) FUEIE, — 1w T
(skewness) HEIE. fWZHMEIEICHN by, I EEE™ HHE”
EIEIE N a. BALHY Bootstrap B X AL H FRA BCa.
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B 100(1 — )% BCa BFIX[FA: i

. b .
Oélzq)(b()+ AO—J_Z/Q ),
1- a/(bO + Za/Z)
. bo + 21
a2:<1>(b0+ 0 T Hay2 )
1 —a(bo + z1-ay2)

He 2, = (). by,a B FEATHE. W BCa [X[H]
H
(0% .67 ).

BCa X [A]fYF A A1_E A E Bootstrap EE WAL oy I
g SHIEL.

W i 208 IE R 7SR BR_ LR 6 TS 6 fY B
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%z, HAhih

B
(5 316" < ).
b:l

W I R 7R Jackknife B

Z?:l(% - e(i))g
6377, ((Bc) — 0@))?)>/*

W o I LARROY R Nd A1, A RO B Ak T B2 A
THRSH 0, 0 MbriE2Z M, AL RIS
Bootstrap BN, BEGSOTEN AL 5 0 oK.

SEARZ B T ZZ BT REAN 0 A%, s K 719 H At 2
E%Jﬁ@ﬁi RN E T RES 5 AR 2H0A %, I S
FLATIHE.

d:
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BCa FiEHIKIRE

3% 6 ~ N (0 — byog,02) 09 = 1 4 af , RIFFRZER
JTZEEARA 0 1. W) FTLAGEFRRN: 6 = 0 + 0 (Z — by)
Fl1+a0=(1+4ab) (1+a(Z—by)). PiBEXTEAGH]:

Y=a+W

Hr 4 =log(14ab), v = log(1+af), W = log (1 + a (Z — by)).

AL 4, v 1 1 — o BIFIX[EN

Y E (’S/ - wlfoc/QafAy - wa/Q)
Al 0 RET, JATA:
0 c ( é— (Zl—a/2 - bo) é— (Za/2 - bo) )

1 +(1(21—a/2 — bo)’ 1 +a(za/2 *bo)
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BB A A

Za+b0
9[(1] - 9+09m

FTxt 6 mfEE

Fy(xz) = ®((x — 0)/og + by))
Kl 6% 1 bootstrap CDF A

Fy.(z) = ®((x — 0)/0g + bo))

TE by, a AL P(6 < 0) = ®(bo) Tl a = skew(l;) /6,
HHr 1y = 0fp(z) /00 M35 BREL, FTLAFIH] bootstrap Ji ¥
BTN
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B BCa HI%/R
BCa Bootstrap &5 X [A14 > EHZ N He M I
o —RATM, W 0 WEFEXIEN 05 ,07), () N

—— R, W g(0) 1FEFE XN (9(05,), 9(0%,)).

o BINTMEFRZM BN, RRZELL 1/n HHEE
T 0.

B Bootstrap t B {5 X A& g, HEAEAAR

. Bootstrap F 2 ALEUX B A AR, (HAZAE Bk

BaR; PRI EASEAE R BE A A, o 3E S

66



. N $E><am le
f5]: BCa Bootstrap &1 X.[H] P

| {Example

ABEE — Rk E BCa Bootstrap B 7 X [A].

TCode
boot.BCa <-

function(x, thO, th, stat, conf = .95) {
# bootstrap with BCa bootstrap confidence interval
# thO is the observed statistic

th is the vector of bootstrap replicates

stat is the function to compute the statistic

<- as.matrix(x)

B X ®# #®

<- nrow(x) #observations in rows
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N <- 1:n
alpha <- (1 + c(-conf, conf))/2
zalpha <- gnorm(alpha)
# the bias correction factor
z0 <- gnorm(sum(th < thO) / length(th))
# the acceleration factor (jackknife est.)
th.jack <- numeric(n)
for (i in 1:n) {
J <= N[1:(n-1)]
th.jack[i] <- stat(x[-i, 1, D)
}
L <- mean(th.jack) - th.jack
a <- sum(L"3)/(6 * sum(L"2)"1.5)
# BCa conf. limits
adj.alpha <- pnorm(z0 + (zO+zalpha)/(1-a*(z0+zalpha)))
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limits <- quantile(th, adj.alpha, type=6)
return(list("est"=thO, "BCa"=limits))

}
{4 Code
/fﬁ” (BC& %’f—_g B: I‘E_l,l) T‘j“ %:patchéﬂl EI:E EFI H: /TE é}‘ﬁ _H‘% EI/:J TExample
BCa BE{FIX.
‘ | {Example
$Code

n <- nrow(patch)
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B <- 2000
y <- patch$y
z <- patch$z
x <- cbind(y, z)
theta.b <- numeric(B)
theta.hat <- mean(y) / mean(z)
#bootstrap
for (b in 1:B) {
i <- sample(l:n, size = n, replace = TRUE)
y <- patch$yl[i]
z <- patch$z[i]
theta.b[b] <- mean(y) / mean(z)
}
#compute the BCa interval
stat <- function(dat, index) {
mean(dat[index, 1]) / mean(dat[index, 2]) 7}
boot.BCa(x, thO = theta.hat, th = theta.b, stat = stat)
1 Code

TEGERT /2 = 0.025 F1 1 — /2 = 0.975 #5 BTN
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0.0334 1 0.982.

A N ; TExample
{8 FH efi b oot.citt B _EFH ) BCa Bootstrap /5 ’
IXTa]
| | JExample
FCode
#using x from previous example
boot.obj <- boot(x, statistic = stat, R=2000)
boot.ci(boot.obj, type=c("perc", "bca"))
{Code

BE o TR T A DX T
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3.6 Bootstrap 5H/3
W 2l [ )
yi=vB+e, g~ (00°) Y =XB+e
e BMLSES = (X'X)'X'Y, H1 % Var(3) = o2(X'X) !

e WEe=Y -Xf=(I-XX'X)X)Y =(-H)Y,
var(e) = o*(I — H)

W TSR ) E A

y; =B+ ¢ € ~ECDF(e1 —¢,....e, —€)
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o XPTIEFEERITE X, XSGR TEANRE, AR
TR TE Y.

o FIRESMMEEIE (v;,y;) PEAT R/ ZFA 1T, 155
B = (X'X)' XY, EEZHR, HEFES LM 5,
MR g EE XK.

W LT E gl
(xjayj)* ~ ECDF<<$17y1)a ey (xnayn))

o BOFFE X ARG, ARG T F HAUR, 4 HE B

[F]
n ML B
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3.7 Bootstrap S5{RiZIEIE

W Hy: 00 Hy:0¢ 0y, T NS H
BORIHMeAE 8 R AR, p (HA

p=P(T(X) 2 T(z)|Ho) = sup P(T(X) = T'(z))

[ASSH)

W i Bootstrap Ji Ik p {8
o H Hy FEBEAESIMAT E
o 16 Fy Z FHMTEE, 158 T = T(a*), X* ~ F
o fliit p R

.1
p:

Y I(T(x") > T(x))

|

74



= Tﬂ[l + ZI(T(CE*) > T(z))]

b=1

3.8 Application: Cross Validation

2 SUKHIE (Cross Validation) A&—Fpor #1%E 77 1%, H
AT LAFIREGHES G T AR M, 73 2R Rk A i, 1
(G HEVESESE. Jackknife P AR N A2 58 B IE R — i
i, H B R RAN T ZE R0 T A BRI 2.

e fA] B ) 58 SUBGIE TS ¥ 2 T I Y "holdout” J5 . HA%
AR N INZREE (training set) FHMHLE (testing set)
[ R AL RN E2 T YN R =:y P AN EP G URIL
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BRI TPEAL . HAL AR training/testing HLBIANEK
T H A R R SRR TR A 2357 2, Ll ]
REMABEAN I AE ) T 3ELE S AT RE 22 ik A B, 31X
75 2 I "Mente Carlo” W ah1E, RIFEHL S FIAIE, 45
RN

" K-fold” 38 X EGUE X "holdout” J7 5, HAG4L
P Eh K A 74E, SRS EE "holdout” J7 ik K XK. BRIK
50 DRI AR R K — 1 DT
BAE MG TR, SETHE K RIFHRZE. 2L
SRR B 73 F7 AR E A RAR IR, D S UF — IR
MG, TAENGEFE K — 1. Ffhiti s 242k
& K RSk . BRSCR T I [A) A AR RS .

"leave-one-out” 3¢ I A" K-fold” 3¢ X 3G UE AT — >
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Frl (K = n), SUEH— A VB AR, Hom iy sl
AR, HOR SRR R R T T RE S HU S

Bl 18 A EIZ B UDAAG HE MironslagE it
TWMT7# (chemical, magnetic) &S E Y 53 K4
HUSE SR chemical A1 magnetic 48 FA&1EAHICHY, [HE R
RATREA R LR, AR BT EAE Y, — k20, 5
HATRE— MR, SO BE B 47 B I X0

AN FRATIE A8 R EAR AT R e 5. a8 SRR
Al TS B TNR 22, IR LA
1. ZRMERRL Y = By + 81 X +e.
2. IR Y = Bo+ 1 X + B X% +e.
3. F8EL log(Y) = log(Bo) + B1 X +e.
4. log-log: log(Y) = By + P1log(X) + e.

T



VORI Y S 2 THRR e R

FCode
par (ask = TRUE)

library(DAAG); attach(ironslag)
a <- seq(10, 40, .1) #sequence for plotting fits

L1 <- lm(magnetic ~ chemical)

plot(chemical, magnetic, main="Linear", pch=16)
yhatl <- Li1$coef[1] + Li$coef[2] * a

lines(a, yhatl, lwd=2)

L2 <- I1m(magnetic ~ chemical + I(chemical™2))

plot(chemical, magnetic, main="Quadratic", pch=16)
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yhat2 <- L2$coef[1] + L2$coef[2] * a + L2$coef[3] * a™2
lines(a, yhat2, lwd=2)

L3 <- 1m(log(magnetic) ~ chemical)

plot(chemical, magnetic, main="Exponential", pch=16)
logyhat3 <- L3$coef[1] + L3$coef[2] * a

yhat3 <- exp(logyhat3)

lines(a, yhat3, lwd=2)

L4 <- 1m(log(magnetic) ~ log(chemical))

plot(log(chemical), log(magnetic), main="Log-Log", pch=16)
logyhat4 <- L4$coef[1] + L4$coef[2] * log(a)
lines(log(a), logyhat4, lwd=2)

{Code
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SR TRAT S A8 SCHG AR A XS e AR F) 52 22 BE A T A 1T
HHIT

LA E=1,...,n, % (zr,ye) NEEFEAR, (HHHRRE
AN BT T, SR E T AR .

(a) fHERBIFEAX B TG

(b) PHEBME: g, = Bo + Bi.

(c) WHEWMIRZE: er = yp — Ui

2. AR HMNRE: o2 = L5 el

HERPmT

TCode
n <- length(magnetic)

el <- e2 <- e3 <- e4 <- numeric(n)
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# for n-fold cross validation

# fit models on leave-one-out samples

for (k in

1:n) {

y <- magnetic[-k]

x <- chemical[-k]

J1 <~
yhatl
el[k]

J2 <~
yhat2

e2[k]

Im(y ~ x)
<= Ji1$coef[1] + Ji$coef[2] * chemical [k]
<- magnetic[k] - yhatl

In(y ~ x + I(x72))

<- J2$coef[1] + J2$coef[2] * chemicall[k] +

J2$coef [3] * chemicall[k]~2
<- magnetic[k] - yhat2
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J3 <- Im(log(y) ~ x)

logyhat3 <- J3$coef[1] + J3$coef[2] * chemicall[k]
yhat3 <- exp(logyhat3)

e3[k] <- magnetic[k] - yhat3

J4 <- Im(log(y) ~ log(x))
logyhat4 <- J4$coef [1] + J4$coef [2] * log(chemical [k])
yhat4 <- exp(logyhat4)
e4[k] <- magnetic[k] - yhat4
}

c(mean(e1”2), mean(e272), mean(e3"2), mean(ed"2))
iCode

S5 R Tk 22 B A T R 22 B/, FRATTRT LA
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Hiplot (L2) AT A 12 .
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