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11.1! n«Âñ�£�

VVVÇÇÇ1ÂÂÂñññ(½Â5.5.6) ¡�ÅCþS�{Xn}±VÇ1Âñ(converge
almost surely) u�ÅCþX§XJé?¿ε > 0§Ñk

P( lim
n→+∞

|Xn − X | < ε) = 1.

P�Xn
a.s.−→ X .

���VVVÇÇÇÂÂÂñññ(½Â5.5.1) ¡�ÅCþS�{Xn}�VÇÂñ(converge
in probability)u�ÅCþX§XJé?¿ε > 0§Ñk

lim
n→+∞

P(|Xn − X | < ε) = 1.

P�Xn
P−→ X ½öXn

p−→ X .
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���©©©ÙÙÙÂÂÂñññ(½Â5.5.10) ¡�ÅCþS�{Xn}�©ÙÂñ(converge
in distribution)u�ÅCþX§XJéFX (x)�?¿ëY:x§Ñk

lim
n→+∞

FXn(x) = FX (x).

P�Xn
L−→ X ½öXn

d−→ X .

5 nörf'X
a.s.−→ ⇒ P−→ ⇒ L−→ .

��ÅCþS�{Xn}i .i .d .§EXi = µ§Var(Xi ) = σ2 �µ < ∞,

0 < σ2 < ∞"'uX n = 1
n ∑n

i=1 Xi�
1 Kolmogorovr�ê½Æ;
2 f�ê½Æ;
3 Lindeberg¥%4�½n.

Theorem (½n5.5.4)

��ÅCþS�{X1,X2, · · · } �VÇÂñu�ÅCþX, h´��ëY¼
ê§Kh(X1), h(X2), · · · �VÇÂñu�ÅCþh(X ).
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Example (1.1)

®��ÅCþS�{X1, · · · ,Xn} Ó©Ù§EXi = µ§Var(Xi ) = σ2

�µ < ∞, 0 < σ2 < ∞"�

Cov(Xi ,Xj ) =

{
c , |i − j | = 1
0, Ù§

,

ùpc > 0"¯µX n = 1
n ∑n

i=1 Xi´Ä�VÇÂñuµº

Lemma (Slutsky ½n§½n5.5.17)

-{Xn}Ú{Yn}´ü��ÅCþS�§÷v�n→ ∞�§
Xn

L−→ X, Yn
P−→ c £c �k�~ê¤§Kk

(1) Xn ± Yn
L−→ X ± c;

(2) XnYn
L−→ cX ;

(3) Xn/Yn
L−→ X/c(c 6= 0).
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11.2! ∆�{

===½½½ÂÂÂ5.5.20>>>Taylorõõõ���ªªª XJ¼êg(x)kr��¼ê§=�
3g (r )(x) = d r

dx r g(x),Ké?¿~êa§g(x)3aNC�r �Taylorõ
�ª£Taylor Polynomial of order r about a¤�

Tr (x) =
r

∑
j=0

g (j)(a)

j !
(x − a)j .

Theorem (Taylor½n§½n5.5.21)

XJg (r )(a) = d r

dx r g(x)|x=a�3§§K

lim
x→a

g(x)− Tr (x)

(x − a)r
= 0.

() December 1, 2022 6 / 10



Taylor½n3ÚOÆ¥�A^

��Å�þS�Tn = (T1,n, · · · ,Tk,n)�Ï"þ�θ = (θ1, · · · , θk).

e¼êg���ê�3k�§��n→ 0�Eθ|Tn − θ|2 → 0§Kë
ê�Og(Tn)�Ï"Cq�O

Eθ[g(Tn)] ≈ g(θ) +
k

∑
j=1

g ′j (θ)Eθ(Tj ,n − θj ) = g(θ).

ùpg ′j (θ) =
∂

∂xj
g(x)|x=θ.

e?�Ú§�n→ 0�Eθ|Tn − θ|` = o

(
Eθ|Tn − θ|2

)
, ` = 3, 4§

���Cq�O

Varθ[g(Tn)] ≈
k

∑
j=1

[
g ′j (θ)

]2
VarθTj ,n+ 2

k

∑
j>i

g ′j (θ)g
′
i (θ)Covθ(Tj ,n,Ti ,n).
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Theorem (∆�{§½n5.5.24)

��ÅCþS�Tn÷vµ
√
n(Tn − θ)�©ÙÂñuN(0, σ2), ¼êg3�

½θ?÷vµg ′(θ)�3�Ø�"§K�n→ ∞ �§

√
n[g(Tn)− g(θ)]

L−→ N(0, σ2[g ′(θ)]2).

Example (1.2)

®�X1, · · · ,Xn i .i .d , EX1 = µ > 0, �Var(X1) = σ2, E|X1 − µ|4 = µ4

þk�"�©O�ÑoN��σ2®�Ú���/eg(X n) =
1
X n
��ì

C©Ù"

éu�ÅCþS�Tn§e�3�òz©ÙF9an(θ)9bn(θ) > 0 s.t.

lim
n→∞

Pθ

(
Tn − an(θ)

bn(θ)
≤ x

)
= F (x), ∀x ∈ R, θ ∈ Θ.

K¡TnäkìììCCC©©©ÙÙÙF "
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∆�{�í2

Example (1.3)

��Å��X1, · · · ,Xn oNÑlBernoulli(p), 0 < p < 1. ¯µUÄ�
Ñh(X n) = X n(1− X n)�ìC©Ùº

¯K XJ¼êg ′(θ) = 0§K∆�{´ÄE·^º

Theorem (��∆�{§½n5.5.26)

��ÅCþS�Tn÷vµ
√
n(Tn − θ)

L−→ N(0, σ2), ¼êg3�½�θ?
÷vg ′(θ) = 0§g ′′(θ)�3�Ø�"§K

2n

σ2g ′′(θ)

[
g(Tn)− g(θ)

] L−→ X 2
1 .
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∆�{�í2

Theorem (õ�∆�{§½n5.5.28)

��Å��X1, · · · ,Xn ÷vµEµXij = µi �Cov(Xik ,Xjk) = σij§¼
êgkëY�� �§�3�½�µ = (µ1, · · · , µp)?÷

vµτ2 = ∑ ∑ σij
∂g (µ)

∂µi

∂g (µ)
∂µj

> 0§K

√
n[g(X 1, · · · ,X p)− g(µ1, · · · , µp)]

L−→ N(0, τ2).

Example (1.4)

�(X1,Y1), · · · , (Xn,Yn) i .i .d ∼ N2

((
µx

µy

)
,

(
σ2
x σxy

σxy σ2
y

))
,

µxÚµyþØ�""��Ñ¼êµx/µy���:�O¿�ÑÙìC©Ù"

�� SK5: 29, 31, 32¶44.
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