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2.1 �Ü5Úk�5

=½Â10.1.1> ¡���OþS�Wn = Wn(X1, · · · ,Xn) ´ë
êθ������ÜÜÜ½������(Consistent)�OþS�, XJ

Wn
P−→ θ, ∀Pθ.

=~10.1.2> (X ��Ü5) �X1,X2, · · · i .i .d . ∼ N(θ, 1)§¯S
�X n = 1

n ∑n
i=1 Xi ´Ä´θ����Ü�OþS�º

Theorem (½n10.1.3)

XJWn´ëêθ����OþS�§§éuz�θ ∈ ΘÑ÷v

(i) limn→∞ Varθ(Wn) = 0,

(ii) limn→∞ Biasθ(Wn) = 0,

KWn´ëêθ����Ü�OþS�"
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Þ~`²

~~~2.1 �X1,X2, · · · i .i .d . ∼ U(0, θ)§θ > 0§y²X(n)´θ����
Ü�Oþ"

~~~2.2 �X1,X2, · · · i .i .d .§oN©Ùc.d.f�Fθ(x)§θ > 0§÷
vFθ(θ) = 1§
∀x < θ§Fθ(x) < 1"y²X(n) ´θ ����Ü�
Oþ"

Theorem (½n10.1.5)

�Wn´ëêθ����Ü�OþS�§a1, a2, · · · , Úb1, b2, · · · ,´~ê
S�§÷v

(i) limn→∞ an = 1,

(ii) limn→∞ bn = 0,

KS�Un = anWn + bn´ëêθ����Ü�OþS�"
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k�5

=½Â10.1.7> éu���OþTn§X
Jlimn→∞knVar(Tn) = τ2 < ∞§Ù¥{kn}´��~êS�§
Kτ2¡�4���£limiting variance¤½���4�"
=~10.1.8> �X1,X2, · · · i .i .d ., EX1 = µ, Var(X1) = σ2, ¦X n�
4���"

¯K �µ 6= 0§O�Tn = 1/(X n)�4���"
=½Â10.1.9> éu���OþTn§b½∃{kn}~êS�§s.t.

kn
(
Tn − τ(θ)

) L→ N(0, σ2), as n→ ∞.

Këêσ2¡�Tn�ìC��½Tn�4�©Ù���"
=~10.1.10> ©��.

Yn|Wn = ωn ∼ N(0, ωn + (1−ωn)σ
2
n ),

Wn ∼ Bernoulli(pn).

©O?ØYn�4���ÚìC����35"

��1 SK10µ1, ¿?Ø�Oþ�4���ÚìC��.
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ìCk�5ÚìC�é�Ç

=½Â10.1.11> ¡���OþS�Wn´��ëêτ(θ)�ìììCCCkkk���
���OOO (Asymptotic Effective Estimators, AEE)§XJ

√
n[Wn − τ(θ)]

L→ N(0, υ(θ)),


�

υ(θ) =
[τ′(θ)]2

Eθ{
[

∂
∂θ log f (X|θ)

]2} .

i.e. Wn�ìC����
Cramér-Raoe."
=½Â10.1.16> XJü��OþWn ÚVn÷v

√
n[Wn − τ(θ)]

L→ N(0, σ2
W )

√
n[Vn − τ(θ)]

L→ N(0, σ2
V )

Vn'uWn�ìììCCC���ééé���ÇÇÇ(Asymptotic Relative Efficiency, ARE)´

ARE (Vn,Wn) =
σ2
W

σ2
V

.
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2.2 Ý�O

ÎÒ�½µoNk�¥%Ýµk = E(X −EX )k ;
��k�¥%Ýµ̂k = 1

n ∑n
i=1(Xi − X )k .

oNk��:Ýαk = E(X k); ��k��:Ýα̂k = 1
n ∑n

i=1 X
k
i ;

Theorem (=2>½n1.9)

�X1,X2, · · · i .i .d . ∼ X§µ4 = E(X −EX )4�3k�§PE(X ) = µ,
Var(X ) = σ2, e¼êh(x)�o��ê�3�k.§Kk

E[h(X n)] = h(µ) +
1

2n
h′′(µ)σ2 +O(n−2)

Var [h(X n)] =
1

n
[h′(µ)]2σ2 +

1

2n2
{
h′(µ)h′′(µ)µ3 + [h′′(µ)]2σ4

+h′(µ)h′′′(µ)σ4
}
+O(n−3)

=~5.5.23> ��ÅCþX�Ï"�EµX = µ 6= 0§-g(µ) = 1
µ§

��Ñg(µ)���Ý�O§¿�ÑÙÏ"Ú���Cq�O"
��2 SK10µ4
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Ý�O��Ü5

Theorem (=0>½n3.2.1, =2>½n2.9)

�X1,X2, · · · i .i .d . ∼ F§ëêθ = g(α1, · · · , αk , µ1, · · · , µs)§ù
pαk , µsk�"egëY§KÝ�Oθ̂MOM = g(α̂1, · · · , α̂k , µ̂1, · · · , µ̂s)
´θ�£r¤�Ü�O"

=0>~3.2.9 �X1,X2, · · · i .i .d . ∼ U(θ1, θ2), ©O�Ñθ1Úθ2��
�r�Ü�O"

=0>½Â3.2.2 �X1,X2, · · · i .i .d . ∼ f (x |θ), θ ∈ Θ, ĝn(
→
X ) ´g(θ)

�f�ÜÝ�O"¡ĝn(
→
X ) ´g(θ)����ÜÜÜìììCCC������£Consistent

Asymptotic Normal, {PCAN¤�O, e�3¼êAn(θ) ÚBn(θ), Ù
¥Bn(θ) > 0, ∀θ ∈ Θ, s.t. �n→ ∞ �

ĝn(
→
X )− An(θ)

Bn(θ)
L−→ N(0, 1).
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Ý�O�ìC��5

3�3ëY �ê^�e§Ý�O´�ÜìC��£CAN¤�O"

Theorem (=0>½n3.2.2, =2>½n2.10)

�X1,X2, · · · i .i .d . ∼ X§oNX�α2kk�"P
→
θ = (θ1, · · · , θd )

T , Ù
¥θi = gi (α1, · · · , αk), egi 'uαjkëY �ê, i = 1, · · · , d,

j = 1, · · · , s, Ké
→
θ�Ý�O

→̂
θ MOM =

(
g1(α̂), · · · , gd (α̂)

)T

, Ù

¥α̂ = (α̂1, · · · , α̂k)
T , k

√
n(
→̂
θ MOM −

→
θ )

L−→ Nd (
→
0 ,GΣGT ) (1)

Ù¥G =

(
∂gi
∂αj

)
d×k
§Σ´k × k�Ý
§Ù(i , j)���αi+j − αiαj .
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5 e��ëê©þθi = gi (α1, µ2, · · · , µr )§ùpµrk�, gi '
uα1, µ2, · · · , µr þkëY �ê, KÝ�O

→̂
θ MOM =

(
g1(α̂1, µ̂), · · · , gd (α̂1, µ̂)

)T

Ó�´
→
θ �CAN�O§ìC��(J(1)¥Σ���σij äNë�

=0>½n3.2.3.

~~~2.3 �X1,X2, · · · i .i .d . ∼ X§oNX�α4k�"¦CÉX
êν = σ

µ�Ý�O¿?Ø§�ìC��5"(ë�=0>~3.2.10)

��3 =0>SK3µ1, ¿?ØS2�ìC��5"
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2.3 4�q,�O£MLE¤
MLE��Ü5

Theorem (½n10.1.6)

�X1,X2, · · · i .i .d . ∼ f (x |θ)§÷vEθ | log f (X |θ′)| < ∞, ∀θ, θ′ ∈ Θ.
Pθ̂n�θ�MLE, ¿�τ(θ) ´θ ���ëY¼ê. @o�f (x |θ)÷vXe
�K^�A1− A4 �§éuz�ε > 0Úz�θ ∈ Θ§k

lim
n→∞

P(|τ(θ̂n)− τ(θ)| ≥ ε) = 0.

=§τ(θ̂n)´ëêτ(θ)����Ü�Oþ"

^�A

A1 X1, · · · ,Xn i .i .d . ∼ f (x |θ);
A2 XJθ 6= θ′§Kf (x |θ) 6= f (x |θ′);
A3 ���Ýf (x |θ)k�Ó�| 8§¿�f (x |θ)'uθ��¶

A4 ëê�mΘ�¹��m8O§ý¢ëê�θ0�Tm8���S:"
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MLE�ìCk�5

A5 éuz�x ∈ X§�Ýf (x |θ)'uθ��ëY��¶

A6 é?¿θ0 ∈ Θ§�3���êcÚ��¼êM(x)£�ö���
6θ0¤§¦�éu¤kx ∈ X , θ0 − c < θ < θ0 + c ¤á∣∣∣∣ ∂2

∂θ2
log f (X |θ)

∣∣∣∣ ≤ M(x),±9Eθ0 |M(X )| < ∞.

Theorem (½n10.1.12, =0>½n3.3.2)

�X1,X2, · · · i .i .d . ∼ f (x |θ)§÷vEθ | log f (X |θ′)| < ∞, ∀θ, θ′ ∈ Θ, ¿
Pθ̂n �θ �MLE. �τ(θ)´θ ���ëY¼ê§�3θ?��, τ′(θ) 6= 0,
@o�f (x |θ)÷v�K^�A1− A6 �§k

√
n[τ(θ̂n)− τ(θ)]

L→ N(0, υ(θ))

=§τ(θ̂n)´ëêτ(θ)����Ü�ìCk���Oþ"£���Y¤

() December 22, 2022 11 / 26



½½½nnnYYY Ù¥

υ(θ) =
|τ′(θ)|2

I(θ)
.

ùpI(θ)�oNFisher&Eþ§

I(θ) = Eθ

∣∣∂
∂

ln f (X |θ)
∣∣2.

=½Â10.1.11> �Tn´τ(θ)��Ü�O§τ(θ)��§I(θ)�3k
�§� √

n[Tn − τ(θ)]
L→ N(0, υ(θ)),

K¡Xee(θ,Tn)�Tn�ìììCCC���ÇÇÇ:

e(θ,Tn) =
[τ′(θ)]2

I(θ)υ(θ)
.

XJe(θ,Tn) = 1, K¡Tn´τ(θ)�ìììCCCkkk������OOO"

51 ÷vCramer-Rao Ø�ª�K^��©Ùx§~X�êx§½n^
���Ñ÷v£5¿����3!ëY!ýé�È5¤"�
�Cramer-Rao�Kx��U¤á�Ü�ìC��5"
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=2>~2.28 �X1, · · · ,Xn i .i .d . ∼ 1
2e
−|x−θ|, x ∈ R, θ ∈ R,

Kθ̂MLE = m1/2¥ ê§÷v�n→ ∞�§

√
n(m1/2 − θ)

L−→ N(0, 1).

52 XJ^�AØ÷v§KMLE��Ü5ÚìC��5¿Ø�½¤á"

=2>~2.29 �X1, · · · ,Xn´5gü:©Ù���{ü��§

P(X1 = 1) = 1−P(X1 = 0) =

{
θ, θ�knê

1− θ, θ�Ãnê

Kdθ̂MLE = X n ��

θ̂MLE
a.s.−→

{
θ, θ�knê

1− θ, θ�Ãnê

i.e. θ̂MLEØ´θ��Ü�O"

~~~2.4 �X1, · · · ,Xn i .i .d . ∼ U(0, θ), θ > 0, Kθ̂MLE = X(n), ÷

vn(θ − Xn)
L−→ Exp(θ−1), i.e. θ̂MLE �ìC©Ù���"

() December 22, 2022 13 / 26



A^1

� e©Ùx÷v^�A1− A6§K�O�����Cq��"

MLEìCk�⇒ C-Re.�OMLE��"üÚ�O(*)

Varθ{h(θ̂)} ≈
[h′(θ)]2

nI(θ)
=

[h′(θ)]2

nEθ

(
− ∂2

∂θ2
log f (X |θ)

)
≈

[h′(θ)]2|θ=θ̂

−n ∂2

∂θ2
log f (X |θ)|θ=θ̂

©1µ*ÿ&EêIn(θ̂).
=~10.1.14> �X1,X2, · · · i .i .d . ∼ Bernoulli(p), Pp̂ = X n, ©O
¦���Og(p̂) = p̂

1−p̂Ú���Oh(p̂) = p̂(1− p̂) ùü�ÚOþ

����üÚ�O"
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A^2

� '��Oþ£�ìC��¤– ìC�é�Ç£ARE¤

=~10.1.17> X1, · · · ,Xn i .i .d . ∼ Poisson(λ),

τ = h(λ) = Pλ(X1 = 0) = e−λ,

¦τ�Xeü��Oþτ̂1Úτ̂2 �ARE:
1 �Oþ�µτ̂1 = 1

n ∑n
i=1 Yi , ùpYi = I (Xi = 0);

2 �Oþ�µτ̂2 = e−λ̂ (MLE), Ù¥λ̂ = X .

=~10.1.18> X1, · · · ,Xn i .i .d . ∼ Gamma(α, β), p.d.f

f (x |α, β) =
1

Γ(α)βα
xα−1e−x/β.

¦µ = αβ�µ̂MLE'uÙÝ�Oµ̂MOM�ARE"

��4 SK10µ3, ¿?Ø�Oþθ̂MLE�ìC��5.

��4 =0>SK3µ5, ¿¦θ̂1'uθ̂2�ARE.
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õ�ëê�/

=2>½Â2.8 �X1,X2, · · · i .i .d . ∼ X , p.d.f �f (x |θ), θ ∈ Θ ⊆ Rk ,
k ∈N+. P`(θ|X ) = log f (X |θ)§b�∀θ ∈ Θ, Xe�Å�þk½
Â

Sθ(X ) =

(
∂`(θ|X )

∂θ1
, · · · ,

∂`(θ|X )

∂θk

)T

,

�÷vEθSθ(X ) = 0, Eθ‖Sθ(X )‖2 < ∞, ∀θ ∈ Θ. K¡Sθ(X )���
�


I(θ) = Varθ(Sθ(X )) = Eθ[Sθ(X)S
T
θ (X )]

�oNX�Fisher&EÝ
§{¡Fisher&E"
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õ�ëê�/

õ�ëê�/eMLE��Ü5�ìC��5µ^�Ó½n10.1.12§
'uθ�p���5U�'uθi , i = 1, · · · , k �p� �§K

Theorem (õ�ëêMLE�CAN)

b�Fisher&EÝ
I(θ)�½§Pθ̂n´ëêθ�MLE§Kθ̂n´ëêθ��
��Ü�Oþ§�

√
n[τ(θ̂n)− τ(θ)] =

1√
n
[∇τ(θ)]I−1(θ)

n

∑
i=1

Sθ(Xi ) + oP(1)

L→ N

(
0, [∇τ]I−1(θ)[∇τ]T

)
ùp∇τ = ∇τ(θ) =

( ∂τ(θ)
∂θ1

, · · · , ∂τ(θ)
∂θk

)
.
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12.4! ­è�O

�½µdIO§�Z�Oþ´3b½�.�(�cJe�Ñ"XJ
�.Ø�(§KØU�y�Z5"

b½�.k��½¥� l�/⇒)û�Yµ­è�Oþ£Robust
Estimator¤

­è5½Âµ
1 3b½�.eäk��Ün�£�Z½�C�Z¤Ð�Ç¶
2 3þã�Z¿Âe§éub½�.��� l=Úå5U����
ú¶

3 éu�.���
� l�Ø¬��/J5�J"
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þ�Ú¥ ê

=~10.2.1> £��þ��­è5¤ b½�.X1, · · · ,Xn i .i .d . ∼
N(µ, σ2), d�Var(X n) =

σ2

n ⇔C-R e.. i.e. X �µ �UMVUE§
÷v­è5^�1"

¢S�.£�� l¤– δÀ/�.£δ-contamination model¤,

Xi ∼
{

N(µ, σ2), ±1− δ�VÇ
f (x), ±δ�VÇ

Ù¥f (x)´,�Ù§©Ù�VÇ�Ý/�þ¼ê"b�Ùþ��θ§
��τ2§K

Var(X n) = (1− δ)
σ2

n
+ δ

τ2

n
+

δ(1− δ)

n
(θ − µ)2.

XJθ ≈ µ �τ ≈ σ§KX n�C�Z§÷v­è5^�2"

<s�/µf (x)�Cauchy©Ùp.d.f, d�Var(X n) = ∞"
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­è5^�3µ�ÄÉ~*ÿ��Ñy¬Ø¬��/J5�Jº

=½Â10.2.2> �Tn´��Äu^S��X(1), · · · ,X(n)�ÚOþ§
¡Tnäk�$�£breakdown value¤b, 0 ≤ b ≤ 1, XJéuz�
�ε > 0§Ñk

lim
X([(1−b)n])→∞

Tn < ∞ Ú lim
X([(1−(b+ε))n])→∞

Tn = ∞

i.e. b�ªuÃ¡�����Ó�����'~"

51 ��þ���$�b = 0§=?Û'~����ªuÃ¡Ñ¬�
�X n�ªuÃ¡§K�´/J5�"

52 ��¥ ê3ù«CzeØC§�$�b = 50%§é4à*ÿ�Ø
¯a"�=§��¥ ê�é��þ�§3­è5�¡k¤Uõ§
�3Ù§�¡´Äk¤��º
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�Z5'�OKµ ��¥ êé��þ��ìC�é�Ç£ARE¤

=~10.2.1£Y¤> �f (x)�N(µ, τ2)�p.d.f, K
√
n(X n − µ)

L−→ N
(
0, σ2

1

)
,

√
n(m1/2 − µ)

L−→ N
(
0, σ2

2

)
,

Ù¥

σ2
1 = (1− δ)σ2 + δτ2

σ2
2 =

π

2

(1− δ

σ
+

δ

τ

)−2
KARE(m1/2,X n) =

σ2
1

σ2
2

.

1 �τ�Cσ½δé��§ARE(m1/2,X n) < 1§=X n`um1/2¶
2 �τ = 4σ, δ = 0.05 ½τ = 10σ, δ = 0.01 �§ARE(m1/2,X n) > 1§
=m1/2`uX n.

äNë�=2>~2.44.

5 ��¥ êé��þ��ARE§�©Ù��Ü�­K���ARE�
�"�=§3­�©Ù�¹e§^¥ ê5U¬Uõ"ë�
~10.2.4"
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M-�Oþ

·�¦^�éõÚOþ´��z��AO�OK�(J"~X
-ρ(θ|x) = − log f (x |θ), K

θ̂MLE = arg max
θ

n

∏
i=1

f (xi |θ) = arg min
θ

n

∑
i=1

ρ(θ|xi ).

M-�O´MLE�ò�£Huber,1954¤.
=2>½Â2.19 �X1, · · · ,Xn ´5g,oN�����§ρ(θ|x)�
�À½�K¼ê§e�Oþθ̂ = θ̂(X)÷v

n

∑
i=1

ρ(θ̂|Xi ) = min
θ

n

∑
i=1

ρ(θ|Xi )

K¡θ̂�θ���M-�Oþ£M-estimator¤"
eρ(θ|x)'uθ��§Pψ(θ|x) = ∂ρ(θ|x)

∂θ §KM-�O�

n

∑
i=1

ψ(θ|Xi ) = 0

�)"
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~~~2.5 ©O-OK¼êρ1(x) = x2, ρ2(x) = |x |, K
1 X n = arg minθ ∑n

i=1 ρ1(Xi − θ)§
2 m1/2 = arg minθ ∑n

i=1 ρ2(Xi − θ)§

=~10.2.5> Huber�Oþ"-

ρ(x) =

{
1
2x

2 |x | ≤ k
k |x | − 1

2k
2 |x | > k

(2)

·�¡¦∑n
i=1 ρ(xi − θ)�����θ��Oþ�Huber�Oþ"

Þ~`²§êâ

x = −1.28,−0.96,−0.46,−0.44,−0.26,−0.21,−0.063, 0.39, 3, 6, 9

x = 1.33§¥ êx(6) = −0.21§Huber�Oþ

k 0 1 2 3 4 5 6 8 10

�O� -0.21 0.03 -0.04 0.29 0.41 0.52 0.87 0.97 1.33

ë�L10.2.1 "
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�Ü5�ìC��5

Theorem (�Ü5§=2>½n2.19)

�X1, · · · ,Xn ´5gF (x)�����§ψ(x)3(−∞, ∞)þ�ü§¿
�θ´Xe�§���)µλ(t) =: Eψ(X − t) = 0. b½�
§∑n

i=1 ψ(Xi − θ) = 0 é��nÚX1, · · · ,Xnk)§±θ̂nP§���)§

Kθ̂n
a.s.−→ θ.

Theorem (ìC��5§=2>½n2.20)

�=2>½n2.19^�÷v§¿��3ε > 0,¦3(θ − ε, θ + ε)Sk:
(1) λ(θ)ëY¶(2) σ2(t) =: Var [ψ(X − t)] > 0�3k��ëY, K

√
nλ(θ̂n)/σ(θ)

L−→ N(0, 1).

?�Ú§eλ′(θ)�3�Ø�0§K

√
nλ′(θ)(θ̂n − θ)/σ(θ)

L−→ N(0, 1).

() December 22, 2022 24 / 26



íííØØØ 3=2>½n2.20 ^�e§M-�OþäkXeìC��5µ
√
n(θ̂n − θ)

L−→ N

(
0,

Eθ [ψ(X−θ)]2

[Eθψ′(X−θ)]2

)
=~10.2.6> Huber�Oþ�ìC©Ù"�X1, · · · ,Xn

i .i .d . ∼ f (x − θ), Ù¥f'u0é¡§Kd(2)��

ψ(x) =


x , e|x | ≤ k
k , ex > k
−k, ex < −k

O���§Huber�Oþ�ìC��©ÙÙþ��θ§��∫ k
−k y

2f (y )dy+k2Pθ(|X |>k)

[Pθ=0(|X |≤k)]2 "

A«ØÓ©Ù�	Huber�Oþ�ARE"

=~10.2.5> Huber�Oþ�ARE,k=1.5.
��©Ù Û6d0�©Ù V�ê©Ù

�þ�'� 0.96 1.08 1.37
�¥ ê'� 1.51 1.31 0.68

��5 SK10: 29(b)

() December 22, 2022 25 / 26



ìC�é�Ç

�
��­è5§M-�Oθ̂M3�Ç�¡�U�ï
�o?

PoN©Ù�éêq,`(θ|x) = log f (x − θ)§K

Eθψ′(X − θ) = −Eθ

[ ∂

∂θ
ψ(x − θ)

]
= Eθ

[
ψ(x − θ)`′(θ|X )

]
.

'�M-�OþÚMLE�ìC��

ARE (θ̂M , θ̂MLE ) =

[
Eθ

[
ψ(x − θ)`′(θ|X )

]]2
Eθ [ψ(x − θ)]2Eθ [`′(θ|X )]2

≤ 1.

��M-�Oþ��Ço´'MLE$§�k�ψÚ`′¤'~�
£ψ = `′§θ̂M = θ̂MLE¤§§��ÇâU�MLE��'"
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