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2.1 Zitize&

W ERZEE, BRI (S50 WTLAFIR i R F R
¥, 18HN T(F) : Fo — R, BKAGITZE. Ho Fy h—2 CDF A
FRHISEE, W2

(i) FeFo=F, € Fo

(i) Fo NIMEE (ie, F,G € Fo 88 F + MG — F) € Fo, XI5
A€ 0,1])

| RIS

o HlE: T(F) = [2dF(z)
o Ji%T(F) = [(z — p)dF(x)
o SMIET(F) = F(p)

. KRB p(ty,ta, s, ta, ts) = ——B3=1t2 i 7y (F) =
MR REL p(t1, ta,ts,ta, ts) et HTy(F)




Jf zdF (=, 2(F) = [[ydF(z,y), T5(F) = [2ydF(z,y), T4(F) =
[ 2*dF(, ) 5(F) = [y*dF(z,y)

e Mann-Whitney 32 : T(F,G) = P(X < Y|X ~ FY ~

G) = [ F(z)dG(z

[
it F, AZBAHEK, NHitzE 0= T(F) #"Plug-in" Do

N efinition
A 0= T(F,).
L

B LS THZ R AT plug-in 1T

o HEASE: T(F) = [adFa(z) =237 X,

. BEAJE: T(F,) = [ 22dF.(x (fa:dIF )2:%22;1(%_

z)?




o FEARMR AL

p=p(t1(Fn), t2(Fn), t3(Fn), ta(Fn), t5(Fn))
(X - X)(vi-Y)

IS SN SN A o

o Mann-Whitney Ftil i
1
= n(r) = — HX; <Yj
W%@>/mwww>mg;{_ﬁ

o ZICHIITERRE: kBRI S X ~ FiCFa(z) = 230 1{X; <
2= 10 YXa <wi,.., Xop <@y}, WHET 2R

1(F) = [ (@~ [vaF )~ [ vaF )" dF @)
—; [[@-ve - ir@ar)




KUREA T2
75 = [ (@~ [ vata )~ [ i) aE, @)
—; [[ @ v -0 @)
o (M fli): #p:R¥xR =R, © 4R _EHFFE, T
T(F) = argmin / p(z,0)dF (z), F € Fo

H—A M-, T (F,) = argmineo Y1y p(Xi,t) N T(F)
9 M At
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%

[
W T:F—R%E F, s, WX F, Fh&2 R >

T(F,) — T(Fb).
| |

Bl: T(F) = (1—2a)7" [17* F " (w)du (0 < a < 1/2) EHA
Fo Whi&ES:: T, = Fy 288 Tt (t) — Fy '(t) a.e. Lebesgue. UL

Definition

T (Fn) = (1—2a)""

/;_ FoL ()
—(1-2a)"" /:7& Fy ' (u)du = T (Fp)




Bl: %5 Fn=(1— 2)Fo + L6a,, an/n — oo, W T(F) = [zdF
T Fy AbANESE,
FAL, HITAMET AR ¢ A
/¢d]Fn =(1- n_l)/d}dFo +n" P(an) - /¢dFo
WA Fn = Fo. B2

T(F,) =1 —n"DT(Fo)+n ‘an — oo

B Plug-in fiiit T(F,) & T(F) —"0Fh1 e

B The Glivenko-Cantelli EFHIE T F,, — F,a.s., A RWE
WE T(F,) — T(F),a.s.?

W ESE: ARMRATLL, AR




B U1 Plug-in % flit
2 T(F) = L F(x) 1 plug-in ARG
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[ |
7F/ﬂ”~ T(F) = f a(m)dF(J:) j’]%'[‘i’;zl& . Definition
\ |
Gateaux derivative W& F,G € Fo, X F, = (1 —t)F +tG, t €
[0,1], 7Z8R T £ F AT G 1 Gateaux S T(F; ) SN

T(F;G - F) = dT(F+t(G F))li=o = lim [M]

— [ vt )= [vr@aca

WARAAAES G TERMATIEEL p(2) = ¢ — [¢dF(z) 15 EAL
ST

B NHE ERFE, Gateaux FEUR TS F-FHAETZ 08 7047 HH A
=




B NG ERE, Gateaux FEIRAYZE I EEIHZ AL /)
BT G 55 T EAR LR
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Bl . BE f(z) B Gateaux SH#
® F A& CDF, G ATER o ALIRACHIBERLAS B 2341 bR
B2 T(F) = f(xo) B Gateaux FEZE 4?2

T(F;G — F) = lim [d%{(l ~)F(@) +1G(@)}ama = %F(w)lmo]

t—0 n
= lim [<1 — 1) f(wo) + tg (o) — f<a:o>]
t—0 t

H g(zo) = dG(x)|omw, = co. HIL, BME F 1 F, HZETCR/N,
AR T(F,) F T(F) " LMAZETCSGT K
B AfF Glivenko-Cantelli EHFFALLE T(Fn) — T(F), a.s.
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2.1.1 FMWEE

Esho =
SR—ITRRE

W EREGE T, BRI /N R B BRI

CAATRKHII R

B SR BRI B Gateaux FHL, MEMTH s
WA, WHFCARMmMES (Influence function), B G HFEM o

ALIRAL T BEATLAR 2 44T R AL
0,if u<wz
Lifu>zx

G(u) =z (u) = {

W U IRERACHICN © HRREL

T((1 - t)F +t6,) — T(F)

t—0

[F(z;T,F) = lim [ -

W 5 DA G 2 22 56 32 06 65 41

}

IF(2;T,F,) = lim [ .
in

T((1 — t)F,, + t6,) — T(Fn)]
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B F=0—-t)F+td, W
Bl: & T(F) = F(A), B A NZER S I
T(F) —T(F)
t
Bil: % T(F) = w(F) = [ zdF, N
[(F; 6, — F) = lim Tlk) =TF) _ T(F)

t—0 t

= 1a(@) - F(4)

Bl: % T(F) = Varp(X) = [(u— p(F))*dF(u), N

t

/(u— (F}))? dFi(u)
—/w—m )?d(6: — F)(w)
+2 [ (= (P (- DilFi5. = F)aF(w)
— [ ur)rae, - py

t=0
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- / {(u—pu(F))? - ot} dés(u)
= (z— u(F)* - o

W& (F; 0, — F) =z — p(F) U9BME = AKX, SRSITIER.

Bl. T(F) = F~Y(1/2), (8% F A% f B2 f(F1(1/2) >
0, SRR

d
aT (F)

_d
o dt

HE F(F7N1/2) =1/2, Fit

FH(1/2)

t=0

d —1
0= —F (Fy (1/2))
d

T dt

t=0

(P (F7 /) + 16, — F) (F'(1/2))}

t=0

=f(F'(1/2)) IF(z;T,F) + (6. — F) (F~'(1/2)) +0
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[
(0 — F) (F~'(1/2))
fF=1(1/2))
J (1(—00,F—1(1/2)) (u) = 1/2) ddz(u)
FF=1(1/2))
1
~FE @) L e @ — 1/2}

Bl W FAIEREE f, W T(F) = F~'(p) KR IERECH

f (1(—00,F_1(p)] (u) — p) ddz (u)
f(F=1(p)

—1 1
_{ffum@SF (p)
1
ey > )

IF(z;T,F) = —

IF(z;T,F) = —
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W 22 R Plog-in 1124

T(F,) = / a(@)dF,(z) = %Za(xi)

B & MEZEAT(F) = [a(z)dF(z), FAHE

o WIRREIF (2;T, F) = a(z)-T(F), &% WEE [F(2; T,F,) =
a(z) — T(F,).

o SMEE G,

T(G) = T(F) +/IF(;5;T, F)dG(z).

e [IF(z;T,F)dF(z) =0

o iL7% = [IF*(x;T,F)dF(z), W 7° = [(a(z)—T(F))*dF(z),
H¥ ? < oo i

Va(T(F) = T(Fy)) ~ N(0,7%).
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o iC

2 1¢
T2 = E;IFZ(X“T,]F»”

n

)= = S (a(X0) — T(F))?

i=1

W+ B 22 LR defse 5 1, H se = #/m, se

Var(T(Fy)).

VA(T(F) =T En)) ., N(O, 1)_
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MAZ B T(G) J2& Gateaux I FH, W T((1 — €)F + €G) AL
FIMAESR € = 0 4t Taylor BEITREI—Friifl (B e = 1):

T(G) - T(F) = / Vi (2)dG(x) + Rem

= /wp(m)d[G(x) — F(z)] + Rem
i F, A G, JATH

VAT (F,) - T(F)] = v/a / Vr(2)dF (z) + R
= n*l/QanwF(Xi) + R,

Bl & F AIERERE £, W T(F) = F~'(p) KIFERELCH

/ (1<—00,F_1(p)] (u) — p) dd.(u)

IF(z;T,F) = — f(F~(p)
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H T

/2 - N " p_I(—oo,Ffl(p)} (Xi)
2 4rX) = 2) )

A LMEW R, = Oas.(n”*logn) = 0,(1) (Bahadur,1966), H(A!
VAT (F) —T(F)] 5 N (o, % .

B L BB Gateaux Al FHIEZ LSS, ANREMRIE R, =
op(1).

W B2 Gateaux SEUFTE, tHATREANRIERI L ME—FTEN .
Xt /2 Hadamard B 50 FrdEfd de

19



Hadamard S#

[
—NEE T HWAE F XHENEE p & Hadamard FHLH,
WRHEE—ANEEMEMEZE T(F;.), XEEFF t, -0
#1 p(Dn,D) — 0 WEHK D,, #

Definition

T(F +t,Dy) — T(F) — T(F; t,Dy)
tn

—0
[

EE 1. w25 T & Hadamard TH# A, W T(F,) — T(F),in P.

EE 2 BEXT:F->RAEF AT ||| & Hadamard 7T H#
a5, Ml

Vi (T (Fn) — T(F)) =4 N (0, E (T2 (Fi 1o (X) — F)))
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St H
V(T (En) = T(F) =T (F; v (Fn — F)) = 0p(1)

Proof. "] LAHZLGITHEN Skorokhod 43 B f i) % ZE i 2 HE K
WER, Gill(1989) il T Skorokhod J71%; Wellner(1989) f5 i &
FZESEGTTER] o Gill(1989) /T Skorokhod J5#:; Wellner(1989)
feih T R IESGTIE o O
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Fréchet B#

—ANNZH® T #RHARZ p-Fréchet THHy, WRFLA—NEL
WAMZE T(F;), TEE#HL p(Gn, F) — 0 8 &HF 3
Gn, ;ﬁ— Definition

T(Gn) —T(F)—T(F;G, — F)

—0
p(Gn:F)

Fréchet A& = Hadamard A& = Gateaux A&

BE 3. & p A-FHWUEE, N

(1) 4o % T 7 Fréchet T $& LT AL, WERBE—FEY, F
A T & Gateaur T4, FHH T.

(2) 4R T # F 2R Fréchet T$48), W T & F %ik%.

(3) T(F;G —F) = [¢d(G—F) = [ (¢~ [¢dF)dG, ¥

22



AR FEG R
HEWI L, Huber (1981), proposition 5.1, page 37.

EBE 4. R THMNTF p & F AR Fréchet T8, # 2% /np(F,, F) =
Op(l); B‘h]

Vi (T (Fn) — T(F)) = / Yrd(ViFa) + op(1)
\/»Zi/)F +0P( )

—+ N (O,Ewp( )

23



Proof. 1 T [1] Fréchet 7] 544, A

Vi (T (F) = T(F)) = v/ / WrdFy + /10 (p (Fn, F))

- ﬁ/wpdm L oeEnD) o

p(Fn, F)
= Vn / YrdF, + o(1)0p(1)

H AT S R SRMBISE AL 7.

7F)
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EE 5. ESH Delta B £ %7 2H T(F) MxFIES p(F,G) =
sup, |F(z) — G(z)| & Hadamard TH#4, 1
V(T (Fn) = T(F)) ~ N(0,7%),
A¥ 2= [IF?(2;T,F)(z)dF (z). FlaH
(T(Fn) =T(F)) | N(0,1)

se
EF se=7/yn A%k F=213" TF(Xi;T,Fn).
B2 T(F) W1 — a BRnEBEXAN T(Fn) £ 2425
B Chain Rule B4 IHZ K T(F) MIHELEREL a(tr,. .. tm) B

X T(F) = a(Ty(F),..., Tm(F )) UEES-A Bk o)
da
IF(z;T,F) = 2 o, i(x; T, F)
Hrp

IF;(z; T, F) = lim Li((A - ) F +16.) — Ti(F)

t—0 t

25



B BIIEAR R T(F) = a(Ty(F), T2(F), T5(F), T4(F), Ts(F))
F 82 M R RN

L

IF(z,y; T, F) = & — ~T(F) (& +3°),

M
/
+
N

5= x—fcch G

\/f:chF—(fxdF)z

y—fde .
\/fyZdF—(fde)2
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B: M AL EIEE IEASE. R U(x,t) = 0p(x, t) /Ot FAEH
Ar(t) = / W(x, )dF(z) = % / (2, 1) dF ()
0 T(F) % Ar(t) = 0 BYfiE. L,
Ar (T(F)) = / Uz, T(F))dF(z) = 0 for all F € Fo
NTHE IF(2,T,F) = T ((1 —t)F +1t8,)|,_,, FIH

0= )‘(lft)F+t51{(1 - t)F + t(;z}

_ /\I/(u,T((l P +162)) d[(1 — ) F(w) + 164 (2)]

=1 ft)/\IJ(u,T((l — )F +18,)) dF (u) + T (2, T (1 — t)F + t6,,))
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WX ¢ SR SIS ¢ =0 153

0=— /\IJ(u,T(F))dF(u) + %/\P(u,T((l COF 4+ 15,)) dF(u)

t=0

L W(e, T(F)) +0

+ U (z, T(F))

= AR(T(F) + S Ar (T (1= )F +165,)
t=0

=04+ Ne(T(F)IF(x, T, F) 4 U(z, T(F))
B N (T(F)) # 0, TAA
IF(2,T,F) = —¥(x, T(F))/\e(T(F))
B HE
Ep [IF(X,T,F)] = —Ep[¥(X, T(F)]/Ne(T(F)) = =Ar(T(F))/Xp(T(F)) = 0
F

o*(F) = o — Varp _ [V (2, T(F))dF ()
(F) (F, V) = Varr [IF(X, T, F)] DT
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V[T (Fo) —T(F)]=n""? zn: IF(X;,T,F)+R, 5 N (0,0°(F, ¥))

i=1
REA LT R, = op(1).
B SRR, U (2, t) = —Olog f(x,t)/0t, & Fy = F(-,0),
T (Fp) =6, W
X, (T (F9)) = N, (0) = [ (— 225520 f(a,6)de = 1,(0), and
S0 (T (Fo)) dFo @) = [ (22550 f(a,0)de = 17(0)

Hrb 1,(0) &4 {f(z,t),t € ©} 75 t = 0 B Fisher {58
I o? (Fg, ) = l/If( ).

29



2.1.2 BME#H

BEEZE T F e R, FIFEEE g(t) = T(F), F, = F+tD
fE t = 0 &Y Taylor BIT=:

9(8) = 9(0) + 9/ (O)t + 26" (O + -+ — g™ (O™ +o(e™)

1 om .
:T(F)+tT}(F,D)+~--+ETIS )(F, D) + o(t™)

b TR, D) = 4w T(R)| -

B2 t=_, D=y, - F)=Gn, WEHVon Mises/f
It
_ 1 1 (m)
T(Fn)—T(F)—ﬁTF(F7Gn)+-~-+H m/QT (F,G) +

W EREEHE, m 85 TV (F, G — F) WLERA
T (.G — F) / /wm s )G — F)(@1) - d(G — F) ()

30



/ /me T1y.e T )dG(x1) -+ dG(Tm)

HHA e B FHOETTTRL:

dir=wi@) — [ iar,

Yo, p = Ya(21,22) — /ng (x1,z2)dF (z1)
—/wz(wl,xz)dF(xz)+//w2(x1,m2)dF(m1)dF(m2)

WY o =1 IHE, —f T (F, D) A—ZEizE, 0

T(Fn)-T(F) ~ %T}(F, Gn) = %Zwl,p(xi) = %ZIF(XZ;T, F)

i=1

31



M

1 n
—= Y IF(X;T,F)
\/ﬁ =1

PR OO IR E R, RIATA5S H AR KR A

V(T(Fn) = T(F)) ~

Va(T(Fn) = T(F)) ~ N(0,7%)

Hrf 72 = [IF?(2; T, F)dF ().
B 1723 Fisher {5 B

I(ngz/(%lnfg(x)g) dFy,

The Cramér-Rao information inequality: ¥R/ vl FRH)
Gt T,

ngT / 60ng,u d:E)

32



[aEoT]”

Var (T; Fy) > T

I T(F,) AW R0, 1Y
[F(a;T, F) = {I (Fp)™" % (In fo(z)) (%IEQT}Q.

W LT RO R A AR I SR

Gross error sensitivity of T at F'

V=T F) = sup |TF (2 T, F)|
{x:IF(x;T,F) exists }

KRR FAE—D R ERVNMESIE T BIEKE. & (T, F) <
oo, MFR T #£ F AbsE B-robust [1.(B is for bias).
Local shift sensitivity

{z#y:F(z;T,F) and IF(y;T,F) both exist } ly — x|

33



Reject point#y F /2R FRA) (HAFRALIAJE ), MIFR
p"=p"(T,F)=inf{r > 0:IF(z;T,F) =0, V|z|>r}

A . AAAFAEIXFER] 7, M p* = co. FTA KT p* B RE#ESE
E{EECN
Breakdown point ill F; = (1 — t)F + t5,. N

t* = inf{t > 0:sup |T(F) — T(F})| = oo}

FRAMG T T R RIS
B . FEEWZE T = T(F) = [2dF, W IF(x;T,F) =
x—T(F). N\ v* =00, \* =1, p* = o0, t* = 0, MEHZHFNER
ZERUMIARK, AR N S A E A UK.
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B ERFME T, RITE SR 1, HRMR IR 8 IE
BT ABRE, BT SECN 0, HELE ERITE —H
B Serfling’s Condition A,, %

=0 fork<m
>0 fork=m
1

-~ ml

Va?”p(’lf)k,p(Xl, e ,Xk)) {
Let Ryn = T(F,,) — T(F) TS (F, — F),

then n™?Ryn = op(1).
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B 6 (Serfling’s theorem A). & Xi,..., X, iid~ F, 2% T
W2 Serfling &M Ay, 2 w(T,F) = Ep¢1,p(X1) =0 A& 72 =
Var(i,r(X1)), Bi& 72 < oo, N
VA(T(E) — T(F)) = N(0, %)
Proof. 1RYEEAT Ay BIZE 4,
V(T (Fr) = T(F)) = 0,(1) + VnTr(F, Gr)

= 0,(1 IZMF(X ~ N(0,7%).
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B 7 (Serfling’s theorem B). & X1,..., X, 4.4.d ~ F, 2% T i#H 2
Serfling &4 As B apo p(2,y) = Y2, r(y,z), A% Epys p(X1,X2) <
oo, EF|¢2,F(X1,X1)| < 00, EF1/)27F(.T,X2) = 0, AL A EQ(F) —
Lo(F):

Ag(z) = / o.p (2, 9)9(W)dF (y), g € La(F)

T { Ak} A A WA, WA
n(T(Fn) = T(F)) ~ > MZi
k=1

EF {2} Hiid AFEESMMEE, N\, RET F 25 T,
Proof. %M Ax TRATTAH
1 /!
n(T(F,) — T(F)) = n{T(IFn) — T(F) = 5 TH(T, Fo - F)}

+ i TH(T.Fn — F)
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0,1+ [[barlar )b, (@)dEn (o)

IRIBHE A B IEACIRRAF At AR BORTAE B R AEAR 73 A { o} T {0k},
M Agr = Apor, LAK

a,r(2,y) Zwk(x ox(y)
k=1

1E Lo(F x F) HJkar. Bt
//1/)2 F(x1, 2)dFp (21)dFy (22)

T2 / / Z*Wk(x)%(y)dJFn(x)dJFn(y)
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Hob (2} W iid REESSABEIER, HH Eréu(X.) = 0,
Erdi(Xi) =1, Erg;(Xi)¢e(Xi) = 0. O
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