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3.1 LRT�ìC©Ù

q,'u�ÚOþ

λ(x) =
supΘ0

L(θ|x)
supΘ L(θ|x)

áý�{x : λ(x) ≤ c}§0 ≤ c < 1.
Y²αu�§ÀJ~êc§s.t.

supΘ0
Pθ(λ(X ≤ c)) ≤ α.

¯Kµáý�{x : λ(x) ≤ c}vk�d�{üL�§XÛ�Ñ�A
���©Ù?
�ÑY²αu�º

Theorem (½n10.3.1, =2>½n3.18§{üH0�/)

�X1, · · · ,Xn i .i .d . ∼ f (x |θ), θ = (θ1, · · · , θk), ëê�mΘ ´Rk¥��
¹kS:�8Ü. 'uu�

H0 : θ = θ0 ↔ H1 : θ 6= θ0.

ef (x |θ)÷v½n10.1.12¥^�A1− A6§K�H0¤á�§

−2 log λ(X)
L−→ X 2

k , as n→ ∞.
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EÜH0�/

�X1, · · · ,Xn i .i .d . ∼ f (x |θ), θ = (θ1, · · · , θk), ëê�mΘ ´Rk¥
��¹kS:�8Ü, �Äu�¯K

H0 : θ ∈ Θ0 ↔ H1 : θ 6∈ Θ0, Θ0 ⊂ Θ.

�A´Rr (r < k) ¥��¹kS:�8Ü, ¿3Aþ½Âk�n��
�¼êg = (g1, · · · , gk), ¦�A�Θ0��éA§

Θ0 = {θ : θ = g(ϕ),ϕ ∈ A}.

LRTÚOþλ(X) = ∏n
i=1 f (Xi |θ̂0)

∏n
i=1 f (Xi |θ̂)

, ùpθ̂0Úθ̂©O´θ3Θ0ÚΘþ

�MLE. Pf̃ (x |ϕ) = f (x |g(ϕ))§K��Xe(Øµ

Theorem (½n10.3.3§=2>½n3.19)

ef̃ (x |ϕ)÷v½n10.1.12¥^�A1− A6§K�H0¤á�§

−2 log λ(X)
L−→ X 2

k−r , as n→ ∞.
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=~10.3.2> �X1, · · · ,Xn i .i .d . ∼ Poisson(λ)§�Äu�¯K

H0 : λ = λ0 ↔ H1 : λ 6= λ0,

��Ñ����/eìCY²α�LRT.

=~10.3.4> �θ = (p1, p2, p3, p4, p5)§Ù¥pi > 0, i = 1, · · · , 5§
�∑5

i=1 pi = 1 "�X1, · · · ,Xn i .i .d .§

Pθ(Xi = j) = pj , j = 1, · · · , 5.

�Äu�¯K

H0 : p1 = p2 = p3, p4 = p5 ↔ H1 : H0¥�ª��k��Ø¤á

��Ñ����/eìCY²α�LRT"

�� SK10µ31, 33.
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3.2 [Ü`Ýu�

¯K �X1, . . . ,Xn i .i .d . ∼ F§u�Xeb�µ

H0 : F = F0 ↔ H1 : F 6= F0 (1)

Ù¥F0´�®�©Ù¼ê§¡�nØ©Ù"

u��ÐÚ�{´JÑ���N¢Sêâ�nØ©ÙF0 ��ÚO
þD = D(X1, . . . ,Xn;F0)"XJD���§KáýH0.

XJ�ÉH0§�Ä�Ñ�x¢Sêâ�nØ©ÙF0�mÎÜ§Ý�
Ýþº

-d0 = D(x1, . . . , xn;F0), ùp(x1, . . . , xn)´��*ÿ�¶¡Xe^
�VÇ

p(d0) = P(D ≥ d0|H0)

�3À½� l�ID�e§���nØ©ÙF0�[[[ÜÜÜ`̀̀ÝÝÝ
(Goodness of Fit).
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3.2.1 nØ©Ù��®��/e�[Ü`Ý

51 [Ü`Ýp(d0)��C1§L«���nØ©Ù[Ü��Ð§Ï

H0�ý��&Ý�p¶��§��C0§K�b�H0�Ø�&"

52 �p(d0)�$��½Y²α±e§KáýH0.

Y²�α�[[[ÜÜÜ`̀̀ÝÝÝuuu���

/�p(d0) < α�§áýH0.0

(1) F0lÑ§��k�õ�� �X1, · · · ,Xn, i .i .d . ∼ X ,
P(X = ai ) = pi , i = 1, . . . , r , i.e. nØ©Ù

X a1 a2 · · · ar
P p1 p2 · · · pr

PX1, · · · ,Xn ¥�uai��ê�νi , i = 1, . . . , r , ¡�*	ªê§w
,∑r

i=1 νi = n¶

5 pi�MLEp̂i =
νi
n§¡ai�ªÇ§
¡npi�ai�nØªê"
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[Ü`Ýu�µlÑ�/

���nØ©Ù� l�I(K. Pearson,1900):

Kn = Kn(X1, . . . ,Xn;F0) =
r

∑
i=1

(νi − npi )2

npi

5 Pλ(X)´�c�/eu�¯K(1)�LRTÚOþ. �¦�p̂i =
νi
n´pi

�MLE. �y

−2 log λ(X) = 2
r

∑
i=1

νi log
p̂i
pi

= Kn + op(1).

l
��µ

Theorem (3.1, K.Pearson)

(=0>½n6.4.1) e�b�H0¤á§K���Nþn→ ∞ �§k

Kn
L−→ χ2

r−1.
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Y²Cq�α�u�µ

/�Kn > χ2
r−1(α)�áýH0.0

U? ���nØ©Ù l§Ý�Ýþµ[[[ÜÜÜ`̀̀ÝÝÝ

p(k0) = P(Kn ≥ k0|H0) ≈ P(χ2
r−1 ≥ k0),

5 p(k0)���§K�ÉH0��½��5�p"

Example (3.2.1)

ykáu5^)���ØÜ��¬�ê©O�15§27§31§19§11§¯
ù5^)���ØÜ��¬¤Ó'Ç´Ä��ºu�Y²α = 0.05.

u�b�

H0 : p1 = p2 = · · · = p5 = 0.2↔ H1 :��kü�pi , pjØ��.

Y²�α�[Ü`Ýu�:

p(k0) = P(Kn ≥ k0|H0) ≈ P(χ2
4 ≥ 13.36) < 0.01 < α,

ÏdáýH0.

öS =0>~6.4.1

�� =0>SK6µEx. 7, 8.
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[Ü`Ýu�µëY�/

(2) FëY§rc.d.f.©�¤eZ°§z¤lÑ.

�X1, · · · ,Xn, i .i .d . ∼ X , X���mRm,m ≥ 1"

Step1 òRm©)�r�*dÃú�:�«m½«�I1, . . . , Ir .
Step2 O�r�¯�3H0¤áe�VÇ

pj = PF (X ∈ Ij ), j = 1, . . . , r .

Step3 -νj�X1, . . . ,Xn¥á\Ij�*	ªê§j = 1, . . . , r . O�

Kn =
r

∑
i=1

(νi − npi )2

npi

Step4 |^½n3.1§�Y²Cq�α�u�

/�Kn > χ2
r−1(α)�áýH0.0

±9[Ü`Ýp(k0).
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3.2.2 nØ©Ù�k��ëê�/e�[Ü`Ý

¯K �X1, · · · ,Xn i .i .d . ∼ X , u�Xeb�µ

H0 :�3θ0 ∈ Θ0,¦�X�©Ù�F (x ; θ0). (2)

Ù¥F (x ; θ)´�k��ëêθ = (θ1, · · · , θs) ∈ Θ0���(½©Ù
x"

(1) FlÑ§��k�õ�� �X1, · · · ,Xn, i .i .d . ∼ X ,
P(X = ai ) = pi (θ), i = 1, . . . , r , i.e. nØ©Ù

X a1 a2 · · · ar
P p1(θ) p2(θ) · · · pr (θ)

Step1 ¦θ�MLE θ̂§§´q,�§ ∂`(θ)
∂θ = 0 ���)§Ù¥

`(θ) = ln L, L =
n!

ν1! · · · νr !

(
p1(θ)

)ν1

· · ·
(
pr (θ)

)νr

.
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[Ü`Ýu�µlÑ�/

5 ùpb�pj (θ), j = 1, . . . , r÷vXeü�^�µ
1 ∑r

j=1 pj (θ) = 1§∀θ ∈ Θ0;
2 pj (θ)'uθk��ëY �§∀j = 1, . . . , r .

u�¯K(2)�z�Xeu�¯K

H0 : P(X = aj ) = pj (θ̂), j = 1, · · · , r .

Step2 �Ñu�ÚOþ

K ∗n = ∑r
j=1

(νj−npj (θ̂))2

npj (θ̂)

ùp§νj´aj�*	ªê, j = 1, · · · , r .
5 Pλ(X)´�c�/eu�¯K(2)�LRTÚOþ. �y

−2 log λ(X) = 2
r

∑
i=1

νi log
p̂i

pj (θ̂)
= K ∗n + op(1),

Ù¥p̂i =
νi
n . d½n10.3.3��Xe(Jµ
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[Ü`Ýu�µlÑ�/

Theorem (3.2, R.A. Fisher)

(=0>½n6.4.2) �u�¯K(2)�b�H0¤á§e
⇀̂
θ´

⇀
θ��Ü�O§

K�n→ ∞�§
K ∗n

L−→ χ2
r−1−s .

u�¯K(2)Y²Cq�α�u�µ

�K ∗n > χ2
r−1−s(α)�§áýH0.

Step3 Pk∗0������K ∗näN�§u��[Ü`Ý

p(k∗0 ) = P(K ∗n ≥ k∗0 |H0) ≈ P(χ2
r−1−s ≥ k∗0 ).

éu�½�u�Y²α§ep(k∗0 ) < α§KáýH0.
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Þ~`²

(2) �F�ëY�/�§u��{Ó3.2.1�!§rc.d.f.©�¤eZ°§
z¤lÑ."

Example (3.2.2)

k1000<U5O�Ú_©aXe

�~ Ú_

I 442 38
å 514 6

U¢DÆ�.§êâAke��éA�VÇ

�~ Ú_

I p/2 (1− p)/2
å 1

2p
2 + p(1− p) 1

2 (1− p)2

Ù¥p ∈ [0, 1]. ¯êâ��.´Ä�Îºu�Y²α = 0.05.
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Þ~`²

Step1 ¦��ëêp�MLE§�p̂ ≈ 0.913"

¯Kz�u�

H0 : p∗11 = 0.4565, p∗12 = 0.0435, p∗21 = 0.496, p∗22 = 0.004,

Step2 ¦K ∗n����§�k∗0 = 2.81.

Step3 O�[Ü`Ý"ùpr=4, s=1, �r-1-s=2§K

p(k∗0 ) = P(K ∗n ≥ k∗0 |H0) ≈ P(χ2
2 ≥ 2.81) > 0.10 > α,

ØáýH0§=vk¿©�yâL²êâ��.Ø�Î"

öS =0>~6.4.2, 6.4.3.

�� =0>SK6§Ex.10, 12.
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3.3 �éL¥�Õá5Úà�5u�
3.3.1�éL¥�Õá5u�

¯K �,oNS�z��N£¯Ô½<¤�ü�á5AÚB§�krÚs�
Y²§u�ùü«á5�'é5"

Example (3.3.1, áëÚ¡J�'X)

�oN�,/«A½��+<§loN¥�ÅÄ�n�<�N�§(J
Xe

A � B �¡J ��¡J

áë n11 n12
Øáë n21 n22

¯áë´Ä¬��¡Jº

)� -X =

{
1, áë
0, Øáë

§Y =

{
1, �¡J
0, ��¡J

"eáë�¡JÃ

'§=X�Y�m�pÕá"
Ïd§¯K�duu�

H0 : P(X = i ,Y = j) = P(X = i)P(Y = j), i , j = 0, 1.
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¯K�í2

�á5A,B©OkrÚs�Y²§©OP�A1, . . . ,Ar ,B1, . . . ,Bs"

Ú?�Å�þ(X (1),X (2))©OPÓ��N�A,Bá5�Y²"1i�

�N�*	(JP�Xi = (X
(1)
i ,X

(2)
i )"

r × s�éL£Contingency Table¤

X (1) � X (2) 1 · · · j · · · s ∑
1 n11 · · · n1j · · · n1s n1·
...

...
...

...
...

i ni1 · · · nij · · · nis ni ·
...

...
...

...
...

r nr1 · · · nrj · · · nrs nr ·
∑ n·1 · · · n·j · · · n·s n

ni · = ∑j nij§n·j = ∑i nij§n = ∑i ni · = ∑j n·j .

¯K u�
H0 : X (1)ÚX (2)Õá (3)
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[Ü`Ýu�

PP(X (1) = i ,X (2) = j) = pij , i = 1, · · · , r , j = 1, · · · , s,

pi · =
s

∑
j=1

pij , p·j =
r

∑
i=1

pij .

Ku�¯K(3)�du

H0 : P(X (1) = i ,X (2) = j) = pi ·p·j , i = 1, · · · , r , j = 1, · · · , s
(4)

÷v�å^�
r

∑
i=1

pi · =
s

∑
j=1

p·j = 1.

^4�q,�O{¦�pi ·Úp·j�MLEXeµ

p̂∗i · =
ni ·
n
, i = 1, · · · , r ,

p̂∗·j =
n·j
n
, j = 1, · · · , s.
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u�¯K(4)�z�Xeu�¯K £ë�=0>6.4.3¤

H0 : P(X (1) = i ,X (2) = j) = p̂∗i ·p̂
∗
·j , i = 1, · · · , r , j = 1, · · · , s

u�ÚOþ

K ∗n =
r

∑
i=1

s

∑
j=1

(nij − np̂∗i ·p̂
∗
·j )

2

np̂∗i ·p̂
∗
·j

=
r

∑
i=1

s

∑
j=1

(nij − ni ·n·j/n)2

ni ·n·j/n

= n

(
r

∑
i=1

s

∑
j=1

n2ij
ni ·n·j

− 1

)

aq=0>½n6.4.2§�y��H0¤á�§k

K ∗n
L−→ χ2

rs−1−(r+s−2) = χ2
(r−1)(s−1), as n→ ∞.

u�¯K(3)Y²Cq�α�u�µ

�K ∗n > χ2
(r−1)(s−1)(α)�§áýH0.

Pk∗0������K ∗näN�§u��[Ü`Ý

p(k∗0 ) = P(K ∗n ≥ k∗0 |H0) ≈ P(χ2
(r−1)(s−1) ≥ k∗0 ).
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Þ~`²

[Ü`Ýu�µep(k∗0 ) < α§KáýH0.

Example (3.3.2)

eL´�°M 150�[Ì�¯òN�®oL§ù°N�´,/uÑ�
ï��À/'�î­�ó��Ïw�§\ÎØ¬éuÕÑ��Ý"òØ
¬�â�«�ó�ål±9¦�éuÕÑ�¿�©aXeµ

ÕÑ� ål 1-6 7-12 13+ ÜO

Ó¿ 18 15 33 66

�é 20 19 45 84

ÜO 38 34 78 150

¯µØ¬éuÕÑ��Ý´Ä�6uØ4/ló��ålº��Ñ[Ü
`Ýu�(J§u�Y²α = 0.05"

öS =0>~6.5.1.

�� =0>SK6§Ex.16
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3.3.2 �éL¥�à�5u�

¯K r�ó�)�Ó�«�¬§©�?1, · · · , s"Ppi (j)�1i�ó�)
�j��¬'Ç§i = 1, · · · , r§j = 1, . . . , s"¯ùr�ó��¬Ó�
�?�þ´Ä�Óº

)º ¯K=�u�/r�ó��¬�þà�50ù�b�§�L«X
eµ

H0 : p1(j) = p2(j) = · · · = pr (j), j = 1, · · · , s. (5)

)û �l1i�ó��ÅÄ�ni ·��¬§1, · · · , s�¬�ê©O
�ni1, · · · , nis"IPó��X§�?�a§K��LXeµ

X � a 1 · · · j · · · s ∑
1 n11 · · · n1j · · · n1s n1·
...

...
...

...
...

i ni1 · · · nij · · · nis ni ·
...

...
...

...
...

r nr1 · · · nrj · · · nrs nr ·
∑ n·1 · · · n·j · · · n·s n
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[Ü`Ýu�

5 dL��Ù4.1�!¥Õá5u���éL�Ó§«O3u4.1�!
��éL¥ni ·´�Å�§�6uÄ�§
dL�ni ·´¯kÀ½�®
�ê"

Case I ©Ù®�

p1(j) = p2(j) = · · · = pr (j) = p0j , j = 1, · · · , s.
ùpp01 , · · · , p0sþ®�§÷v∑s

j=1 = 1"

u�ÚOþ

Kn =
r

∑
i=1

s

∑
j=1

(nij − ni ·p0j )
2

ni ·p0j
.

aq=0>½n6.4.1§�y��H0¤á�§k

Kn
L−→ χ2

rs−r , as ni · → ∞ for every i = 1, . . . , r .

u�¯K(5)Y²Cq�α�u�µ

�Kn > χ2
(s−1)r (α)�§áýH0.
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Pk0������KnäN�§u��[Ü`Ý

p(k0) = P(Kn ≥ k0|H0) ≈ P(χ2
(s−1)r ≥ k0).

ep(k∗0 ) < α§KáýH0.

Case II ©Ù��

p1(j) = p2(j) = · · · = pr (j) = pj , j = 1, · · · , s.

ùpp1, · · · , ps���"
p1, · · · , ps�MLE:

p̂∗j =
n·j
n
, j = 1, · · · , s.

�\Kn§�u�ÚOþ

K ∗n =
r

∑
i=1

s

∑
j=1

(nij − ni ·n·j/n)2

ni ·n·j/n
= n

(
r

∑
i=1

s

∑
j=1

n2ij
ni ·n·j

− 1

)
�H0¤á�§k (ë�=0>p263)

K ∗n
L−→ χ2

(r−1)(s−1), as ni · → ∞ for every i = 1, . . . , r .
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Þ~`²

u�¯K(5)Y²Cq�α�u�µ

�K ∗n > χ2
(r−1)(s−1)(α)�§áýH0.

Pk∗0������K ∗näN�§u��[Ü`Ý

p(k∗0 ) = P(K ∗n ≥ k∗0 |H0) ≈ P(χ2
(r−1)(s−1) ≥ k∗0 ).

ep(k∗0 ) < α§KáýH0.

Example (3.3.3)

�
'�n^)��)��ØÜ��¬'Ç§�þ��ó§�lz^)
���ÅÄ�500��¬§n^)���ØÜ�êþ©O�12§17§7"
¯n^)����¬Ü�Çk�Éíº)��ÚØÜ��¹�'íº�
�Ñ[Ü`Ýu�(J§u�Y²α = 0.05"
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Þ~`²

J« u�b�H0 : p1 = p2 = p3.

O�K ∗n�����k∗0 = 4.269§l
[Ü`Ý

p(k∗0 ) = P(K ∗n ≥ k∗0 |H0) ≈ P(χ2
2 ≥ 4.269) > 0.10 > α.

Ïd§vk¿©yâL²n^)���ØÜ�Ç�3�É"

öS =0>~6.5.2.

�� =0>SK6§Ex.17.
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