= 3 py
F6F AH
AT RAANRITEHGLEN, F2— TR TFHNGER.

6.1 &#H 5Lagrange® ®

ENX 6.1. HEGH T#. EGLEZABHR & X4, Ya,be G, 4»
Faxb € H, WikaE5bBEHR %, ittfa = b(mod H).

T 6.1. BHR A XAZRGLEYFEMXRZ. XTGP TEa, aPTE
BEM LA

Ha = {h xalh € H},
HAGYHNE R, THaREEHatyRET.

EH HERa e G, axd =e € H, #%a = a(modH). ¥ HRF 4 %
FRARKY. Rabe G, a =bmodH), Braxb € H RHHRZZ,
(axb) =bxd € H. b = a(modH). BHRE &% Z A, 4o
¥a,b,ce G, a =b(modH), b= c(modH), FFaxb € H, bxc € H.
HRGHY T #, HMN#HGHWIE FH3t 1, (a*b)*(b*c’) = axc € H,

#}a=c(mod H). BHR R XZARMEHY. 20 BHRARXERG
LasEM XA,
GF L FatIFM £,

[a] = {b]b € G,b*d € H}
= {h*alh € H} = Ha.

B Ra € Ha, atizFMEHREL.
WHRB & XFEH T HR
1° He= H,;
2° a=b(mod H) <= Ha = Hb;
3° a€ H< Ha=H.

121
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5 6.1. ERAEHREE(Q o), H={-1,1} C Q, RiZFKk
BUT#H. QP AR AENEREEHe = {a,—a}. %a = b(mod H)H,
b= +a, $/AHao= Hb.

5l 6.2. =k —@ikZ (D3, 0), H= {po,p1,p2} = Dst8T 2, BHp; €
H, 0<i<2, #Hpy=Hp =Hpy=H XBp;*p; € H 1<i,j<3,
¥CHuy = Hps = Hus = {p1, 2, pu3t. HA AATR 8 & % % HieHy,
Ds = HU Huyy LHN Hyy = ©.

B 6.3. GRUgHERTHINERE, G=1{"q", g%, ¢®=e.
H={¢° ¢3 ¢°} & Gty 3% T 2.

H¢’ = Hg® = Hg® = {¢°, ¢, ¢°} = H,
Hg' = Hg"* = Hg" = {¢*, 9% ¢"},
Hg?> = Hg® = Hg® = {¢%,¢°, ¢*}.

HAZATRRAWALE%H, Hy, Hy*. G= H{JHg|Hy?, BiXs%
I 2 7 R E 3.

s TFHGHFHHLUTARL CHAERE, AAGLEZLE M £ 7.
Va,b € G,

a=b(mod H) <= da xbe H.

GF L EaFEHSEH £[a) = {blbe G,d' xbe H} = {axhlh € H} = aH,
HRA a P by £ 1E S

IR 6.2. HE#H G T#, HWITA £ % %4685, = {aHla € G}#=
TR &% %46 Sk = {Hala € G} RFH.

EH Af: S, — Sg, f(aH) = Hd. X2 HREHRAZHRHERE
LB A%, BPEeH =bH, 2 HHd = H' . aH = bH%d b € H,
HA#, (d xb) =b %) € HA®Hd = H' . SRfABH. 4o
Ra1H,ao H € Sp A A Haty )2 1%, f(anH) = f(azH) = Ha, f«?&Hall =
Hay, #H (a)) * (ay) = a) xay € H 83T 4wa H = ap H. X5 SR

4.
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L2 Lo, KS FeSpZ KA ARG, S5 SpHH.

EE AR L6 26EWF R LGBHRf(aH) = Hd', mAAHa E#
CAAES. YoH=bHW, TAtRiEHa = Hb.

EX 6.2. BHGATCHTHHNE (% )EENKNUHEGY QIEH,
TH[G: H.

EI 6.3. (Lagrangex< )

EGREAWRE, HEGW T, A

|G| =[G H||H|.

W HoAGYH® —AHTRE. R4S : H— Ha, f(h) =
hxa, SRFARS. GRAWRE, HEGHTH, MTUAHLZHRE, 17
$H|H| = |Ha|. ® %36, 142, GFHWMEEEL2EMRGH —/A5 K],
AGATIBHWMEGEMNIG : H =k, M TRAMEREGKET
57\7‘3']}’3@1,@2,'-‘ , Ak ;Jlg/AG = HCL1UHCL2'-‘UHak, i\t“}’HaiﬂHaj =
@, (i # j). A

|G| = |Ha1| + |Has| + - - - + | Hay|
=ke|H| =[G: H) e |H|

W B ST AR B A AR A R 69 i,
I 6.1. ARHEGY TEHYNZ|G| ET.

W AARHEFTHAEALEONLARAREY., XGF LRt
Am, AH={aad', - a1}, RRHAGHmMYF#. dLagrange< 2
#2|G| =[G : Hle |H|=[G: H em, #m||G|.

HEIR 6.2, F RN AFAR R A B

EH RGAPI A, pRFH, CHETRALp. B#kiL6. 1wGF
HAENN AR TARABFGHEAZAHN N, FFEZTTEaIN Ap,
M G = (a).

5 6.4. IEBA LI BE G H £ YN HEIFBE Cy R A A Klein-|# K.
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WY AN BEGFTAENNTRAL24. 4 RG ¥ & AN Ta, A
2G=(a) ={a’,a',a% a3}, BR GRANERAECy. 2 R G ¥ ZHFAN T, A
LR Az Tedh, RHAZHR2MT, BG = {e,a,b,c}, a> =02 =c =e.
HAT @69 ) Mg B R R IF. axbERa,be, TNiEHb=¢c, a=ce,
a=>b Mfmaxb=c. BHET4axc=>5b, bxc=a. TEFHZFHGRELEL:

*x|le a b c

ele a b c

ala e c¢ b

#% GAKlein-4# K.
5] 6.5. GR6Mr 2, GE 'V AH— /NN FE.

P GRCNEH. GYAEMHTRAL 2, 3, 6. WRGV AN
La, 4 (a)HAEGH3NT#H. WmRGF HOH Ta, A A(a®) AN T #.
T&IERGF RTREAIN LALLM L. LAHALG T TRk £ 4z
Tesh R 20 L. R REk, BIXG = {e,a,b,c,d, f}, Ha® =1 = =
d>=f>=e. §FaxbA~THa,be, BK = {e,a,b,axb}, EFaxbc
(e,d,f}, THRKRKleind%. ®mK C G #KAGHT#. |K| — 4.
m4+16, HSLagrange® ¥ F /. . 42 LN B o B =0T 3.

6.2 ERATHLEHH
AN B—EHHRGTH AT

EX 6.3. HE#HGW T #. XA GG TiHg FHF TAEIA
#g xhxge H, MAMHEGHEATE, HiLHH< G.

T 6.4. HEHGWT#. HEGHEATFTH L AR L GRHEELT
%9, Hg=gH.
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Y EHAGWENTH. ERy e gH, 54k € Higz — g+ hy.
mr=(g) xhixg xg, WERFHMGEL, (¢) xhi*g € H, ¥z c Hg,
FTRgH C Hg. Ritk, H8y € Hg, #H&hy € HiEy = hy x g, Ty =
gxg *hyxg, WENFHGYRZ LG xhoxge H, ¥y e gH FAHg=gH.
424, Hg=gH.

XEMNGYEEALFGHYAHg = gH, H£8hy € H, & #£hy €
Hiths xg = g« hy, TRg *xhsxg=hy € H A®HAGHENT

15'] 6.6. —‘i/k:—@/f$D3é/3‘%%H: {pl,pg,pg}%ﬁ%ﬁl‘%%,

poH = p1H = pyH = Hpy = Hp1 = Hps = {po, p1, p2},
piH = po H = ps H = Hpy = Hpp = Hpug = {1, pi2, i3}

HAD;t0F2, {212 EMTFE. 4o

poH = {py, p1}, Hpp = {2, pa}.
szIi‘é ffuz-
Bl 6.7. F54 N 209 F B EAT E

EYW HAHGWTHA[G: H =2, G =HHa, %%a ¢ H,
FHEHNHa =9. BMNERFGH L Ea, HARAMTRME: Fac H, |
FTaH = H, Ha = H, #aH = Ha; #a ¢ H, G= H|JHa = H\JaH.
Ho= G- H=aH FIARERNFFLAHoH = Ho. HAGH EAT

B AR BB OYAEAT T AR AT A

T @A KA GYY HW PR & &R 0y & L0 2 5 BoAn g o) KA
.

ENX 6.4. A, BRHEGWIZTE, T

AeB={axblac A,bc B}.
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GEH G HRELE e € Ae(Be (), #H#a € A, b € B,
c € Cltix = ax(bxc). HG PR EHRLZELHEr = (axb)xc, ¥x € (AeB)eC.
IhimAe(BeC)C (AeB)e C. FIZLTIEH(AeB)e CC Ae(BeC).
KE/ 5 Ae(BeC)=(AeB)eC.

EIE 6.5. NEEGHIENTZ, ({Nglg € G}, o)X, A GENH
B, it HG/N.

WEH AR EBEA BT R AL SR EABORE

Ngy ® Ng; = {(n1 * g1) * (n2 * g2)|n1,n2 € N}

ANAZGWENTZH, TGV TEg, HgrN= Ngi.gi*ns € g1 N, R4
HAEng € NfEgy xno =ngx g1, RALEK,
Ngi @ Ngy = {ny x (n3 % g1) * go|n1,n2 € N}
= {nx* (g1 % g2)|n € N}
= Ngi * go.

XERAGENTHELECENGREIZAEEGERALHERLX. XA
B4, 43R Ngy = Nay, Ngs = Nay, Bgy xal,gs*xal € N, A4
(g1 % g2) * (a1 * az)’ = g1 * (g2 * a;) * all.
é\m:gg*a;, nl*all :a/l*ng, ngzgl*a/l
(91 % g2) * (a1 * az)" = ng * ng € N.

F & Ny * go = Nay * as.

HEEE{Nglg € G} EWHRFZHIARRIME. ik 57,
N= NeR&#{z7, Ng#&Ngtyit . HivA(Nglg € G,e) 2.

L GAAREN, GREN®TTHG/ N T E AN EGE 944
, ¥

|G/N| = |G|/|INJ.

5 6.8. R IB(Z +)R X B, HNTEHAAENTH. ZEEAT
2 (n) = {knlk € Z} = nZH¥# #.



6.2. IEM-FHES R 127

ZInZ={nZ,1+nZ,---,(n—1)+nZ}.
FEWMHS: Z/InZ — Z,, f(i+nZ) =[] ZARFAIH, ¥
Z/nZ= Z,.

5 6.9. =k =@k Ds¥, TEHH={po,p1,p2} 93842 HAED:%
EHFE, DAH R #

Dy/H = {H. (12) H}
O HE IR EE .

il 6.10. GRA R HH. ZHpR|GWRET, NRAHGY LH—
Aphr .

B RANAFH GO AITEMNIEN. B |G| =28, G={ea}Ha®=
e. FH#2||G|. aR2M T, MR L. BIX|G| < ki, ARz A
K|G| = k, XF #pk HERGWENFEELZTEg, COHWN N, T
KtlkBt > 1. de Bplt, Bt = rp, Mg" RGF &phr . dafptt, %
B G EAF 2 () T G/ (g).

|G/(9)| =G|/t <|G| =F,

G/ A BB & TFplk, ptt, #p/|G/{g)]. & 13 HIKRIL%
£G/(g)F Aphr Talg). BiXalEGF W Au, ZAA (alg)" = (9). A
mplu. WATEIFiE, o/PRGHpH L. G| G| =k Sk .

— M, nMMEG, MFntEFd, EGFTAR—RAINTEH. Plde ik
v TAH E A Ay, |Ag] = 12. 6RI1200 BT, 12ALZXH6MN T2, X &
BAAF AN, 83T, 3420 L. HEHRAMIN T2, H2M
T RAIN. HT EVHINH AT, THRIEAAZ(a,bc) € H 34 abyid
A A3 T, B3N LMt A, #4i e € H FiAHY 2V A
— A2 T, AR IX A (ab)(ed) € H. ¥(a,b,c) € H, (ab)(cd) € HiE
& (abe)’ = (ach) € H, (abc)(ab)(cd) = (acd) € H, (acd) = (adc) € H,
(ab)(cd)(abe) = (bdc) € H, (bde) = (bed) € H,--- , HP 89 T & AN $ AR
$64, HHRAMONTHFE. BTA AL R H O T 2.
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6.3 HMRL
AP @R iTiem NN X Z,

EX 6.5. EB(G,MW(Gy o)X A EBRMS : G —» Gy, it
Fa,be Gy, flaxb) = f(a)e f(b), WAR[REMK G E Gyt B & WSt (F AR F
&) Ao BLABS (RS, WH), WASAHR A (E—RARS, B
HIWES ).

EFRMRBEGE G R AWM, G, Gu¥ix s 5 Aedeey,
Zf(er) = es. MiEFa € G, fla) = (fla)). REBRIEWF &5 R
MBS AR B2 P R AE B 77 kAR .

X 6.6. [RMHGIE Gt 3 F & WA, 4 HA G P B Lk
B Gty 43 Tea 9 AL A E AR ES, TH Kerf,

Kerf = {ala € Gy, f(a) = ea2}.

EIE 6.6. fAMEG 2] Gt B R A kst

1° KerfA# G 0 EAT#.

2° fARH @ EAE Kerf = {e1}.

JiE B

1° fRMREHG EIGHHRSWA. BT f(e1) = e, e €Kerf, BT

PKerfR G109 FZE T 5. H£8Rg1, 90 € Kerf, f(g1) = f(g2) =e2,
flg1%g92) = f(g1) ® f(g2) =

flg) = (f(q1) = ey = ea.

g * go € Kerf, g, € KerfAh mKerfR G 8 F 2, g € Gy, k €
Kerf,

€2 ® e = e,

flg *kxg)=(f(g)) o f(k)e f(g)
= (f(9)>/ ecy e f(g) = €2,
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g *kxgeKerfKerfAG 0 ENTE

2° HBfARHE, RAe891E Aes, #Kerf = {e1}, RiTk, HKerf =
{e1}Bf, R B g € Gy, CAANKERRG11, 912 € G1, 911 # 12,
flg11) = f(912) = g2.

f(g11 * 9,12) = f(g11) ® (f(912))/ =392 9,2 = €2.

A Zg11 * g1g € Kerf = {e1}, Blgi1 * g1g = e1. KM iF2 g1y = g1o, F/A.
XYL 4 R Go P 9 L E A RAL, A LARAGERE—E, FTUAfR L4

5 6.11. GGy ZAEZEFH/NFE, f G, — Gy, MNHEE &g € Gy,
f(g) = e2. ERg1,92 € Gy,

flgr1*g2) =ea=exeea = f(g1) e f(g2),
fRERABA. Kerf = Gy, AR A58 B S B4 A RE) A Bt

5] 6.12. G, = (Z,+), Gy = (C,e), &f : Z = C. f(m) =
flk+1) =i =ik eil = f(k)e f(I). fRAG1EI Gt &S, Kerf =
{n|i" =1} = {4m|m € Z}. fo9t%Imf = {1, -1,i, —i}.

,:;_fﬂcw fREG 2] Gty —/ F 5w st.

EH; < Gy, Nf(H) < Go, HAlHF(Gr) < Gy

FHy < Gy, Nf(Hy) < Gy;

*Hy < f(Gyr), Wf Y Hy) < Gy;

EFHy < f(Gy), Mf T (Hy) < GiAGy/f(Hy) = f(Gy)/H,.

%\C.@(\w;s\
o o o

JER] X P RGE2°, 3°, HAEEL4 A,

2 HIRGIWEATFE, Wl%f(H) < Gy. wf(H) C f(Gy) C
Go, f(G)AE, Wf(H)RF(G)®T#. TRy ¢ f(G1), = € f(H),
Hilge Gy, he H1Ef(g) =y, f(h)=ux.

/

yexey=f(g)ef(h)ef(g)=Ff(g xhxg).

W FH &G W ENTFE, gxhvg € Hy, tky exeyc f(Hy), f(H)RF(G)H
EHTFEE.



130 CHAPTER 6. T#

3 HyRf(G)®T#. Y (Hy) = {z|z € Gy, f(z) € Hy} C Gy,
fler) =e2 € Hy, R#Rer € T Hy). [T (H)RGWIEZET R Fay, a0 €
[TH(Hy), AAhi,hy € Hy, £ f(21) =h1, f(x2) = ho.

flxr xx2) = f(x1) @ f(x2) = hy ® ho € Hy,
f(@y) = (f(z1)) = h) € H,.

Thomy 19 € f-L(HD), o) € f~1(Hy). A f~L(Hy)R Gy 49T 3.

EIE 6.8. fRAMG 2] Gt #H R A B, dE&aec G, f~1f(a) =
aKerf.

W HERa € Gy, fRAMKG Gt IFRISBA, f(a) € Gy Bf IR
La f1(f(a)) = {zlz € G, f(z) = f(a)}. Rz € f7(f(a)), fld xz)=
f(a) e f(x) = (f(a)) e f(a) = es, #a xx € Kerf, Bz € aKerf. A

138 f1(f(a) C aKerf. X4EHy € aKerf, A&k € Kerfffy = axk,
110) = £a) o 5 = J(@) 002 = F(0) Hioty < £ (7(0). ¥ shaKer] €

(
FHf(a)). % EnAise

-

fH(f(a)) = aKerf.

EIANZEBIAT, EfFEAAGIE G HR L, WGyt HATE R
& IR AR SHKer fO9— A&, Bk, KT UE Gy /Ker fF2 GoZ 18]
HaR—I——E XA

I 6.9. (HRALARE)
2 G AT AR A GLI R A 1. 5 G R Gy R A MR, W Gl /Kerf =
Go.

W RHRFHGWEATHEH Zle: G - G1/H, ¢(a) = aH.
BRoZFRZBMH, o(G1) = Gi/H, EFIEW T # G 094547 7 B4R
A G 8RS

FGRGIWMRLEE, Bf: Gl — Ga, f(G) =Gy ZLSf: G/Kerf —
Go, f(aKerf) = f(a). BHWAFABA, AW A FaKerf = agKerf,
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7 Za)xas € Kerf. @ (f(ar)) o f(as) = f(a)xaz) = es, i f(ar) = f(ag),
PPkt f 5 KA TEIRE K.

HRy € Gy = f(Gy), Hac Gty = f(a), IF ZLaKerf € Gy /KerfZyhy
7M. XEFaKerf,asKerf € Gy/Kerf# £y € f(G)8 R, A4 f(ar) =
flaz). @ flay xaz) = (fla1)) e f(az) = ez, ¥a)*ay € Kerf, BajKerf =
aoKerf. &1 L@ 574 f - U5,

f(aKerf e bKerf) = f((a*b)Kerf)
= flaxb) = f(a)e f(b)
= f(aKerf) o f(bKerf).

HPRIPEH, RBRAMYS. R FE
Gi/Kerf = f(Gy)

fil 6.13. HA#HGHENT#H. 4o G- G/H, p(a) = aH, #HpHh
ARRIA. ot Rl A

Kerp = {z|x € G, p(x) = H}
= {z|r € G,oH = H} = H.

il 6.14. 4G, = (Z,+), Gy =(a) ={a’,a', - ,a" 1} Ha" =e. &
Xf:Z— (a), f(m)=a™, fRKG Z]Gt)i#HREBE, CHRSH

Kerf = {m|m € Z,a™ = a°} = {knlk € Z} =nZ.
W A B & A& A8 18 e
Z/nZ = (a).

WmZ/nZ = Z,, Frvkla) = Z,. HMNBRFE ‘o BFRFHRTER & £
B XL

5 6.15. AR ASAARCILIEHZIL6 TFPaY,°

EH CHR(G)HMENATFH. 2Lf: G — f(G1)/H;y.f(a) =
f(a)Hy. Ff: Gy — f(G)ZABREMRS, B fa 2iHRAmkS
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Kerf = {z|z € Gy, f(z)Hy = Hy}
= {z|lz € Gy, f(z) € Ho} = [~ (HD),

2326, 64 f L (Hy) R G0 ENT#H. BAHBERLSLRTE I
G/ (Hs) = f(G1)/Hs.
EIE 6.10. H, K¥AHGWENT#H, HKC H, LA

G/H= Fx.

W KREGWHT#H. KMTGFHEHMAz. KCH HYTG
vagis H MR, A KLRHGTH HRhc HC G, kc K, &
FKRAGWENTZ, h xkxhec K, TAKRH®GENTFH, AmH/ K2
#.

4bf: G/K — G/H, f(aK) = aH, ZHiEWAfHRETLERE £,
fARBRE, JHZ#HA.

flaKebK) = f(axbK)=axbH=aHebH
= f(aK) o f(0K),
[RIBHREBA, CHR S

Kerf = {aK|aK € G/K, f(aK) = H}
={aK|aK € G/K,aH = H}
= {aKl|a € H} = H/K.

W B & A K2 3 e
G/K ~
Wr=G/H
3] AR

1. HEAXBBEGHTH, IHHNENLEREELRE -—NETEE.
2. HAGWTHE, o, bRGF W TE, iIEHALT A2 FMay:
(1)a' b e H: (2)b' * a € H: (3)b € aH;
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(4)a € bH; (5)aH = bH, (6)aH(bH # 2.

3. BHAYXTH={e(12)(34),(13)(24),(14)(23)}89 £ % %
(EEy A SO

4. HRBEGWIHH209FT 2. BN FGEWHEELEalbHa® € H,
EHHHHA3, REFGHEELEaA® € H iEVRRGE .

5 HEKRGWHAATH#, [G: H =m, [G,K| =n, iE#F
HHONKEGTHHE LI men.

6. HGWHWNH Apeq, X¥p HIAFHKAp <q EPFHGRTHRA
NI B) # g F 2.

7. HRGWHEATH. wRafbs THOR—ANREY, cdbTH
R —ANTEE P, IR laxchobxdTHWE —/EEF.

8. GAR¥¥w#, H={mklkec Z}). AHG/HYANLTE? TH
B ARMFL? BHEZRAFGREL.

9. WRHEGFEH—ANENTH, NAZHLLENLTH.

10. H\#HyRZHGHIENTE. i£9: H | (\Hy, H e H, L% GH
GEHLF A

11. Hy, Hy, N¥AGWENT#H, #H0H, C Hy, it He N2 H;e
Ny EHT 2

12. HEK#AAHGHEATEHFLHNK = {c}. iE¥:34E&h € H,
ke K, #-Ah+k==Fkxh.

13. EG={f|f:Z— Z/(2)} Lz Lz H+.

(f+9)(z) = f(z) + g(x).

IE: (G, +) AR, HEERLEON A2

4. AFRFHRREHT, TR XGRS T, LR E B,
FHRECHRSH.

(D) fi(z) = |zf; (2)f2(x) = 2; (3)f3(z) = :E2;1

(4) fa2) = 3; (5)fs5(x) = —a; (6)fo(z) = -

15. 4G ={A|A € (Q).,|A| # 0}, GM TIEEREMRFE.
G — R*, f(A) = |A|l. iE9: f RAHGH L ERRHERWE A4
Rf(G)F=Kerf.
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16. GAX#HH, FLARTWELERK. f: G- G, f(a) =d". iE
. f AR &St Kt f(G)#=Kerf.
17. G = (a)ZnWiERE, G = (b)EmWMhEFH, LY

mlnk & 3p: G — G RRABSH Lp(a) = b,

18. HAGWENTH, (G: H =m. RN TFGCHEELT
%z,2™ ¢ H.
19. H KRGWENTH. wRG/H, G/KAZ#HE, I4G/HN KL
R TP
20. HAFHGYT, a,bEGFHAE, #d xb xaxbk GHyizT. IER:
(1) GH A HBA B ARBHMARG, G AGHENT
(2)G/ G R X ¥t
(3)ENRGHENFH LG/ NR R, 4G ANKTH.



