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2.1 ���ØØØ555

3y¢­.�êþ'X¥,<�Äk@£�1, 2, 3, · · ·ù
��ê,3��

ê�m�±�\{$�.�
U�~{$�q*¿�K�êÚ".�N��ê

�¤
g,ê8ÜN.�N�K�êÚ"�¤
�ê8ÜZ.�ê8ÜÚg,

ê8Ü´Ð�êØïÄ�é�.

3�ê8ÜZ¥�±?1\!~!¦$�,¿�÷v�
5Æ(~X,\{

���ÆÚ(ÜÆ,¦{é\{�©�Æ�).��ØU�Ø{$�,¤±,ïÄ

�êmUÄ�Ø´�«�êA5���­�Ãã.

2.1.1 ���ØØØ'''XXX999ÙÙÙ555���

½Â 2.1. a, b´�ê,a���ØØØb��=��3�êd,¦�ad = b,¿P

�a | b,�¡a ´b���ÏÏÏfff.

�Ø5�N
ü��ê�m��«'X,X−3 | 6, 3 | −6, 4 - 6.

½n 2.1. �a, b, c, x, y ∈ Z.�Ø'XäkXe�
5�:

1◦ é?Ûaþka | a;
2◦ ea | b�b | a,Ka = ±b;
3◦ ea | b�b | c,Ka | c;
4◦ ea | b,Ka | (bc);
5◦ ea | b�a | c,Ka | (bx+ cy);

6◦ ea, b > 0�a | b,Ka 6 b;

yyy²²² 1◦, 3◦, 4◦, 5◦|^�Ø½Â�±y².ùp�y²2◦Ú6◦.

12
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y²2◦ da | bÚb | a,��3x, y ∈ Z,¦�ax = b, by = a.ò§�

��>!m>©O�¦��abxy = ab,íÑxy = 1.l
�Ukü«�

¹x = y = 1½x = y = −1,=a = b½a = −b.
y²6◦ a, b > 0�a | b,7kx ∈ N¦ax = b.ùpx > 1, �Ña 6 b.

���/,ea, b ∈ Z,�a, b 6= 0, a | b,@o|a| | |b|.d6◦íÑ|a| 6 |b|,=− |b| 6
a ≤ |b|.ùL²�"��êb�kk�õ�Ïf.du?Ûx ∈ Z, x • 0 = 0,l


0kÃ�õ�Ïf.

2.1.2 ������úúúÏÏÏfff

k
�Ø�VgÒ�±½Âü��ê���úÏf.

½Â 2.2. a, b´ü�ØÓ��"��ê,a, b�������úúúÏÏÏfffd = (a, b)÷

v:

1◦ d | a, d | b,=d´a�b�ú�Ïf;

2◦ ec | a, c | b,Kc 6 d,=d´a�b�¤kú�Ïf¥�����.

aq/�±½Â(a1, a2, · · · , an).

Ø
1±	��ê��kü�Ïf:1Úg�.ü��ê��k��úÏ

f1.c¡®²©ÛL,z��"�ê�kk�õ�Ïf.l
�a, bØ��"

�,§��úÏf��kk�õ�.dK´���@�úÏf.w,d = (a, b) >

1.~X,(−3,−6) = 3, (−3, 6) = 3, (2, 3) = 1.XJü��ê���úÏf

�1,K¡ùü��ê´p��.

�
�	´Ä�3�êx, y,¦�a�b���úÏfd = ax + by.�Ò

´a, b���úÏfd´ÄU^a�b�5L«Ñ5.�d,·�k*���ïÄ

8Ü

S = {ax+ by | x, y ∈ Z}.

T8ÜkXe5�:

1◦ em,n ∈ S,Km± n ∈ S;

2◦ en ∈ S, c ∈ Z,Kcn ∈ S;

3◦ PS¥����ê�d,@oS¥z�êÑ´d��ê.�L5,d�z�

�ê�7áuS.
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þ¡�5�1◦Ú2◦´w,�.yy²5�3◦.Ï�a, bØ��",±a,±bw
,áu8ÜS.�Ò´`,8ÜS¥k���,¤±S¥�½�3X�����

��êd.?�c ∈ S,kc = qd + r,Ù¥qÚr©O�cØ±d���ûÚ�K

{ê,0 6 r < d.Ï�d ∈ S,d5�2◦�q • d ∈ S.qÏc ∈ S,d5�1◦�r =

c− q • d ∈ S.dud´S¥�����ê,l
7kr = 0,=c = q • d,�

S = {ax+ by | x, y ∈ Z} = {k • d | k ∈ Z}.

e¡y²S�����êdÒ´a�b���úÏf.dud ∈ S,�3x0, y0

∈ Z,¦�d = ax0 + by0.Ï�(a, b) | a, (a, b) | b,u´(a, b) | d.d�Ø�

5�6◦,�(a, b) 6 d.,��¡,Ï�a ∈ S, b ∈ S,@o�3k1, k2 ∈ Z,¦

�a = k1d, b = k2d,l
d´a�b�úÏf.
(a, b)´a�b���úÏf,¤

±d ≤ (a, b). nþ�d = (a, b).

lþ¡�?ØwÑ,ea, b´Ø��"��ê,@o�½�3�êx, y¦ax

+by = (a, b).,	,�ên�±L«¤ax + by/ª�¿�^�´(a, b) | n.w

,,�a�bp��,?Û�ênÑ�±L«¤ax+ by�/ª,dd��:

½n 2.2. �a, b´Ø�"��ê,@o

1◦ (a, b)´8ÜS = {ax+ by | x, y ∈ Z}¥�����ê;

2◦ �ên�±L«¤ax+ by/ª�¿�^�´(a, b) | n.

|^½n2.2�±��'u��úÏf��
k^�5�.

íØ 2.1. em���ê,K(ma,mb) = m (a, b).

yyy²²²

(ma,mb) =/X max+mby �����ê

= m •/X ax+ by �����ê

= m • (a, b) .

AOk:

1◦ e(a, b) = d,Kd = (a, b) = d
(
a
d ,

b
d

)
.ü>Ø±d,��

(
a
d ,

b
d

)
= 1.

2◦ em´a�b�úÏf,a = ma1, b = mb1. (a, b) = m (a1, b1),¤±m |
(a, b),=a�b�úÏf´��úÏf�Ïf.
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íØ 2.2. e(a,m) = (b,m) = 1,K(ab,m) = 1.

yyy²²² d(a,m) = (b,m) = 1��3x0, y0, x1, y1 ∈ Z,¦�ax0 +my0 =

1,bx1 +my1 = 1.òùü�ªf�mü>©O�¦,��

abx0x1 +m (ax0y1 + bx1y0 +my0y1) = 1.

l
(ab,m) = 1.

íØ 2.3. a, b´Ø��"��ê,é?¿�êxk(a, b) = (a, b+ ax).

yyy²²² -g = (a, b) , h = (a, b+ ax).dg | a, g | b�g | (b+ ax),=g´a�b

+ax�úÏf.líØ2.1¥�2◦�g | h.,��¡h | a, h | (b+ ax),íÑh |
b.l
h´a�b�úÏf.Ónh | g.d½n2.1¥2◦Úh, g > 0,�Ñh = g,=(a, b)

= (a, b+ ax).

íØ 2.4. ec | ab�(c, b) = 1,Kc | a.

yyy²²² dc | ab, c | ac,�âíØ2.1¥�2◦�c | (ab, ac).
líØ2.1�(ab, ac) =

a (b, c) = a • 1 = a.u´c | a.

þ¡�y²(a, b)�±L«¤ax+ by/ª�L§¥,vk�Ñ�«�1�

�{¦Ñx Úy.·�|^íØ2.3,�±��¦)ax + by = (a, b)�îAp�

�{.du(a, b) = (|a| , |b|),·�ùpØ�b�a > b > 0.

½n 2.3. a, b���ê,ke�'Xª:

a = bq0 + r0, 0 < r0 < b,

b = r0q1 + r1, 0 < r1 < r0,

r0 = r1q2 + r2, 0 < r2 < r1,

· · · · · · · · · · · ·

ri = ri+1qi+2 + ri+2, 0 < ri+2 < ri+1,

ri+1 = ri+2qi+3,

K(a, b) = ri+2.



16 CHAPTER 2. êØÐÚ

yyy²²² 3þãÎ=�Ø��X�'Xª¥,b > r0 > r1 > · · · ri+1 >

ri+2 > 0´���K�4~S�.Ïd²Lêg�Ø±�¤���{ê7�0.

·�ùpb�ri+3 = 0.�âíØ2.3k

(a, b) = (b, r0) = (r0, r1) = · · · = (ri, ri+1)

= (ri+1, ri+2) = ri+2.

dþãÎ=�Ø�{,Ø=�±��(a, b),|^ù
'Xª�í£�,Ò

�±��(a, b) = ax+ by¥�x, y��.

~ 2.1. O�(963, 657).

))) U½n2.3Jø�Î=�Ø�{��'Xª:

963 = 657 • 1 + 306,

657 = 306 • 2 + 45,

306 = 45 • 6 + 36,

45 = 36 • 1 + 9,

36 = 9 • 4,

u´(963, 657) = 9.

qk

9 = 45− 36 • 1 = 45− (306− 45 • 6) = 45 • 7− 306

= (657− 306 • 2) • 7− 306 = 657 • 7− 306 • 15

= 657 • 7− (963− 657 • 1) • 15 = 657 • 22− 963 • 15,

�§963x+ 657y = 9�)�x = −15, y = 22.

2.1.3 ������úúú���êêê

½Â 2.3. a, b��ê,a�b�������úúú���êêêc = [a, b]÷v:

1◦ a | c, b | c,�c > 0;

2◦ ea | e, b | e,Kc 6 |e|.
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aq�±½Â[a1, a2, · · · , an].

?Ûü��êa, b�3X�ú�ê,X|ab|.·���,eu´a�b�ú�ê,

Kéu?Û��êx,ux�´a�b�ú�ê.¤±a�bØ�3��ú�ê.w

,a�bk���ú�êc.·�¡c�a�b���ú�ê.

éuü��"�ê���ú�ê�kaqu��úÏf�(Ø.

½n 2.4. a, b��"�ê,a�b�z�ú�êþ´��ú�ê��ê.

yyy²²² �Ä8ÜS′ = {a�b�¤kú�ê}.T8ÜkXe5�:

1◦ em,n ∈ S′,Km± n ∈ S′;
2◦ en ∈ S′, c ∈ Z,Kcn ∈ S′;
3◦ S′¥k����êu,@oS′¥z���þ´u��ê.�L5u�?

¿�ê7áuS′.w,uÒ´a�b���ú�ê.

1◦, 2◦´w,�.ÏS′´da�b�¤kú�ê|¤�,±ab ∈ S′,=S′ ¥k
�ê,l
S′¥�3����êu.?�v ∈ S′, v = qu + r, 0 6 r < u. d

uv, u ∈ S′, q ∈ Z,¤±r = v − qu ∈ S′.u´S′¥�����ê,Ïd7kr =

0,=v = qu.da�b���ú�ê�½Â�u = [a, b].S′ = {ku|k ∈ Z}.ù`²
�"�êa, b�z�ú�êÑ´��ú�ê��ê.

|^½n2.4�±��'u��ú�ê��
k^�5�.

íØ 2.5. m���ê,K[ma,mb] = m [a, b].

yyy²²² da | [a, b] , b | [a, b],�ma | m [a, b] ,mb | m [a, b],=m [a, b]´ma

�mb �ú�ê,l
[ma,mb] | m [a, b].,��¡,el´ma�mb�ú�ê,7

km | l.Ø�-l = l′m,@ol′´a�b�ú�ê,l
[a, b] | l′.ddíÑm [a, b] |
l,y�l = [ma,mb],��m [a, b] | [ma,mb].d½n2.1¥2◦±9m [a, b] > 0,

[ma,mb] > 0,���Ñ

[ma,mb] = m [a, b].

íØ 2.6. ea,b���ê,K[a, b] (a, b) = ab.

yyy²²² Äk?Ø(a, b) = 1��¹,[a, b]´a�b���ú�ê,�3m1¦

�[a, b] = m1a.db | [a, b],�b | m1a.
(a, b) = 1,díØ2.4�Ñb | m1.m1A

T´÷vd'X�����ê,¤±m1 = b,=[a, b] = ab.
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�(a, b) = d�,díØ2.1¥�1◦�
(
a
d ,

b
d

)
= 1.lþ¡�(Ø,k

[
a
d ,

b
d

]
=

1
d2
ab.�âíØ2.1ÚíØ2.5,

(a, b) [a, b] = d2
(
a
d ,

b
d

) [
a
d ,

b
d

]
= d2 • 1 • 1

d2
• ab = ab.

ù�´¤��(Ø.

2.1.4 ���ÏÏÏfff©©©)))������555½½½nnn

a´b�Ïf��=�a | b.XJ��êb�k1Úb�ÙÏf,K¡b��

ê.~X2, 3, 5, 7, 11, 13, 17, 19, · · · ,z��u1��êÑ�±����ê�

Ø,l
��T�ê��Ïf©)ª.~X60 = 22 • 3 • 5.XJØ�ÄÏfÑy

�gS,@où«©)/ª´���.·��Qã�Ïf©)��5½n,
Ø

\±y².

½n 2.5. (�Ïf©)��5½n)

?¿��êÑU^�«�ª��k�«�ª�¤�ê�¦È.

·��±^\{���Eg,ê�Ãã,?Û��ên = 1 + 1 + · · ·+ 1︸ ︷︷ ︸
n

,

ÙÄ���Ò´1.�^¦{���Eg,ê�Ãã�,ÙÄ���´�N�

ê.ù�(Ø´�Ïf©)��5½nw�·��.

@okõ���êQ?(Ø´:�3XÃ�õ��ê.�^�y{y²ù

�(Ø.be�kk�õ��êp1, p2, · · · , pk.-n = p1p2 · · · pk + 1.n´g,

ê,�3���êpi¦pi | n,íÑpi | 1.�)gñ,�Ø�.¤±kÃ�õ��ê.

��5`,é�½��ê?1�Ïf©)´é(J�.Äk���¯K´

vk�«/�15�{05(½¤���ê´Ä´�ê.c/|U©Æ[^

�¼ç{s
20c�m��
108 ±S��ê.20 ­V60c�{I\Ù¦�

�O�ÅS��Xc5× 108��ê.1985c9�{I3CRAY X-MP�?O�

ÅþO�����ê�2216091 − 1 > 1065050.ù´8c<�������ê.

2.2 ���555ØØØ½½½���§§§

��3,aê¥(X��ê!knê�)¦)��§�¿�ã�§,�{

ü�¿�ã�§Ò´�5Ø½�§
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a1x1 + a2x2 + · · ·+ anxn = n.

¦Ù�ê).

@31400õcc,��5Ü£è�»6�Ö¥���¯´­.Í¶�z

/¯K.¯K´:/±�,�aÊ,/1�,�an,/cn,�a�,zaïz/,¯

/±!/1!/c�AÛ?�/±x�,/1y �,/c3z�.dK¿�Ñ�§

5x+ 3y + z = 100

x+ y + 3z = 100.

��z,��7x+ 4y = 100.ù�õ��5Ø½�§z����5Ø½�§.

±e·��?Ø���5Ø½�§.

½n 2.6. a,b,n��ê.ax+by = nk)��=�(a, b) | n.XJx0,y0´ax+

by = n��|),KÏ)�

x = x0 + b
(a,b) t, y = y0 − a

(a,b) t,

Ù¥t��ê.

yyy²²² dþ!½n2.2é8ÜS = {ax+ by | x, y ∈ Z}�?Ø�ax +

by = nk)��=�(a, b) | n.

XJx0,y0´ax+ by = n��|),=ax0 + by0 = n.du

a
(
x0 + b

(a,b) t
)

+ b
(
y0 − a

(a,b) t
)

= n.

¤±x = x0 + b
(a,b) t,y = y0 − a

(a,b) t´ax + by = n�).�L5,ex,y´�

§ax+ by = n�),K

a(x− x0) + b(y − y0) = 0.

dd�Ñb | a (x− x0),= b
(a,b) |

a
(a,b) (x− x0).


(
a

(a,b) ,
b

(a,b)

)
= 1,u´ b

(a,b) |
(x− x0),=x = x0 + b

(a,b) t,Ù¥t����ê,òx�L�ª�\a (x− x0) +

b (y − y0) = 0,)Ñy = y0 − a
(a,b) t.dd��T�§�Ï)�

x = x0 + b
(a,b) t, y = y0 − a

(a,b) t.
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~ 2.2. c¡�z/¯K7x+4y = 100.Ï(7, 4) = 1,¤±�§k),x0 =

0, y0 = 25´�|A).Ï)�x = 4t, y = 25 − 7t.��yx, y���ê,t�U

��0, 1, 2, 3.�T�§�)�ko|.§�´


x = 0

y = 25

3z = 75,


x = 4

y = 18

3z = 78,


x = 8

y = 11

3z = 81,


x = 12

y = 4

3z = 84.

2.3 ÓÓÓ{{{ªªª������555ÓÓÓ{{{���§§§

2.3.1 ÓÓÓ{{{ªªª999ÙÙÙ555���

32.1!¥·�ù��Ø5.�êaØ±�êb,XJ{ê�0,¡b | a.�b -
a�,{êk�«�U5.�
«©§�,·�Ú\Ó{�Vg.

½Â 2.4. �a, b,m ∈ Z,m 6= 0,a�b���mÓÓÓ{{{��=�m | (a− b),¿P
�a ≡ b (mod m).

w,a ≡ b (mod m)�a ≡ b (mod −m)�d.¤±,±�b�m > 0.

Ó{ªkNõ�Ï~�ª�aq�5�.·��ÞXe(�a, b, c, x, y ∈
Z):

1◦ a ≡ a (mod m);

2◦ ea ≡ b (mod m),Kb ≡ a (mod m);

3◦ ea ≡ b (mod m),b ≡ c (mod m),Ka ≡ c (mod m);

4◦ ea ≡ b (mod m),c ≡ d (mod m),K

a+ c ≡ b+ d (mod m) , ac ≡ bd (mod m);

5◦ ea ≡ b (mod m)�d | m,Ka ≡ b (mod d);

6◦ ea ≡ b (mod m),Kax ≡ bx (mod m);

7◦ ax ≡ ay (mod am)��=�x ≡ y (mod m);

8◦ eax ≡ ay (mod m)�(a,m) = 1,Kx ≡ y (mod m);
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9◦ x ≡ y (mod mi),1 6 i 6 r��=�x ≡ y (mod [m1,m2, . . . ,mr]).

±þÃ5�Ñ�±dÓ{½Â����.y²lÑ.

2.3.2 ���555ÓÓÓ{{{���§§§

a, b��ê,·��¦�5Ó{�§ax ≡ b (mod m)�).kw��AÏ

�¹.

½n 2.7. �(a,m) = 1.éuz��êb,Ó{�§ax ≡ b (mod m)k

�m��).

yyy²²² Ï�(a,m) = 1,éuz��êbÑ�3Xx, y ∈ Z,¦�ax+my =

b,=ax ≡ b (mod m),xÒ´TÓ{�§�).

e¡y²)´�m���.ex1, x2Ñ´ax ≡ b (mod m)�),=ax1 ≡
ax2 ≡ b (mod m).du(a,m) = 1,��x1 ≡ x2 (mod m).ù`²�§�?¿

ü�)´�mÓ{�,=)�m��.

½n 2.8. Ó{�§ax ≡ b (mod m)k)��=�(a,m) | b.�^�÷
v�,TÓ{�§k(a,m)��mØÓ{�):

x = x0 +
m

(a,m)
t (mod m) , 0 6 t 6 (a,m)− 1.

Ù¥x0´Ó{�§

a

(a,m)
x ≡ b

(a,m)

(
mod

m

(a,m)

)
�).

yyy²²² �x0´Ó{�§ax ≡ b (mod m)�).=m | (ax0 − b).du(a,m)

| m,w,k(a,m) | (ax0 − b).qd(a,m) | a,íÑ(a,m) | b.�L5,�(a,m) |
b�,�3x1, y1 ∈ Z, ¦ax1 +my1 = b,=ax1 ≡ b (mod m).ùL²x1Ò´Ó{

�§ax ≡ b (mod m)���).
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�÷vÓ{�§k)�^�(a,m) | b�,ax ≡ b (mod m)�±z¤�d

�Ó{�§
a

(a,m)
x ≡ b

(a,m)

(
mod

m

(a,m)

)
.

du
(

a
(a,m) ,

m
(a,m)

)
= 1,T�§k� m

(a,m)��)x ≡ x0

(
mod m

(a,m)

)
.ùpØ

��0 6 x0 <
m

(a,m) .ù�x0�´ax ≡ b (mod m)���).e¡y²x0 +

i m
(a,m) , 0 6 i 6 (a,m)− 1�´ax ≡ b (mod m)�).r§��\�§

a

(
x0 + i

m

(a,m)

)
= ax0 +

a

(a,m)
im ≡ b (mod m) .




0 6 x0 + i
m

(a,m)
<

m

(a,m)
+ ((a,m)− 1)

m

(a,m)
= m,

¤±x0 + i m
(a,m) , 0 6 i 6 (a,m) − 1´(a,m)��mØÓ{�).�L5,b

�y´ax ≡ b (mod m) ���).7kax0 ≡ ay ≡ b (mod m),íÑx0 ≡
y
(

mod m
(a,m)

)
,=y = x0 + k m

(a,m) .-iL«kØ±(a,m)��K{ê,@oy ≡
x0 + i m

(a,m) (mod m).ù`²ax ≡ b (mod m)Øþã(a,m)�)�	vkÙ¦

/ª�).

~ 2.3. )14x ≡ 27 (mod 31).

))) Ï(14, 31) = 1, 14x ≡ 27 (mod 31).k�31��),

14x ≡ 27 ≡ 58 (mod 31) .

Ï(2, 31) = 1,|^Ó{ª5�8◦��

7x ≡ 29 (mod 31) .

qd7x ≡ 29 ≡ 91 (mod 31),�(7, 31) = 1,)Ñx ≡ 13 (mod 31).

~ 2.4. )6x ≡ 30 (mod 33).

))) (6, 33) = 3�3 | 30,d½n2.8�TÓ{�§k3��33ØÓ{�).

�6x ≡ 30 (mod 33)�d�Ó{�§2x ≡ 10 (mod 11)¥(2, 11) = 1, x ≡
5 (mod 11)´§��11��).x ≡ 5 + 11t (mod 33) , 0 6 t 6 2´Ó{�

§6x ≡ 30 (mod 33)�n��33ØÓ{�),=TÓ{�§�)�

x ≡ 5, 16, 27 (mod 33) .
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2.3.3 ¦¦¦)))���555ÓÓÓ{{{���§§§|||

·I��êÆÍ�5�f�²6¥/ÔkØ�Ùê0�¯:/8kÔØ

�Ùê.nnê�{�,ÊÊê�{n,ÔÔê�{�,¯ÔAÛ?0^êÆ�ó

5£ãÒ´(�Ùê�x) 
x ≡ 2 (mod 3)

x ≡ 3 (mod 5)

x ≡ 2 (mod 7) .

ù�¯K����{3§� �5�{Úm6¥o(¤:

/n<Ó1Ô�D,

Êärsö�{,

Ôfì����,

Øz"ÊB��.0

¿g´±70, 21, 15©O¦TêØ±3, 5, 7¤��{ê2, 3, 2,ò(J�\2

�105. =

x ≡ 70 • 2 + 21 • 3 + 15 • 2 = 233 ≡ 23(mod 105).

I	êØ©z¥rù��{¡��¥I�{½n.3e¡½n¥ò�Ñy².

½n 2.9. �g,êm1,m2, · · · ,mr,üüp�,é?¿�êa1, a2, · · · , ar,
�5Ó{�§|x ≡ ai( mod mi),1 6 i 6 rþk),¿�)´�m1m2 · · ·mr�

��.

yyy²²² -M = m1m2 · · ·mr,Mi = M
mi
, (Mi,mi) = 1, 1 6 i 6 r.é

z�i,Mibi ≡ 1(mod mi)k)¿��j 6= i�,Mibi ≡ 0(mod mi).y-y =∑r
j=1Mjbjaj ,w,

y = Mibiai ≡ ai(mod mi), 1 6 i 6 r,

l
y´Ó{�§|�).Ó��y�m1m2 · · ·mrÓ{�ê�´TÓ{�§|

�).
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-y1, y2Ñ´Ó{�§|�),@oy1 − y2 ≡ 0(mod mi), 1 6 i 6 r.�Ò

´`y1−y2´m1,m2, · · · ,mr�ú�ê,l
[m1,m2, · · · ,mr] | (y1−y2).
m1,

m2, · · · ,mr üüp�,[m1,m2, · · · ,mr] = m1m2 · · ·mr. ���Ñ

y1 ≡ y2(mod m1m2 · · ·mr).

T½n�y²´�E5�,§®�²)�5Ó{�§|�äNÚ½.

~ 2.5. )Ó{�§| 
x ≡ 2(mod 3)

x ≡ 3(mod 5)

x ≡ 2(mod 7).

))) �K¥M = 3 • 5 • 7 = 105,M1 = 35,M2 = 21,M3 = 15.d35b1 ≡
1(mod 3), 21b2 ≡ 1(mod 5), 15b3 ≡ 1(mod 7)©O)Ñb1 = 2, b2 = 1, b3 =

1.l


y = 35 • 2 • 2 + 21 • 1 • 3 + 15 • 1 • 2

= 70 • 2 + 21 • 3 + 15 • 2 = 233.

y ≡ 23(mod 105)´TÓ{�§|�).

½n 2.10. �5Ó{�§|x ≡ ai(mod mi), i = 1, 2,k)�¿�^�

´(m1,m2) | (a1 − a2).3^�÷v�,T�§�)�[m1,m2]��.

yyy²²² T�§k)Ò´�3X�ês, t,¦x = m1t+ a1�x = m2s+ a2,

=m1t −m2s = a2 − a1.l½n2.6�T�§k)��=�(m1,m2) | (a2 −
a1).¤±�5Ó{�§|k)�¿�^�´(m1,m2) | (a1 − a2).
e�^�÷v�,x1Úx2Ñ´T�§|�),Kx1 − x2 ≡ 0(mod m1)

x1 − x2 ≡ 0(mod m2).

x1−x2´m1,m2�ú�ê.u´[m1,m2] | (x1−x2),=x1 ≡ x2( mod [m1,m2]).

§`²T�§�)�[m1,m2]��.
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~ 2.6. ¦) x ≡ 2(mod 4)

x ≡ 0(mod 6).

))) Ï(4, 6) | (2 − 0),T�§|k)¿�)�12��.e¡Ò¦§�

).dx ≡ 2(mod 4),�x = 2 + 4k1,òÙ�\x ≡ 0(mod 6), ��4k1 ≡
4(mod 6),z{��k1 ≡ 1(mod 3).u´k1 = 1 + 3k2.2�\x = 2 + 4k1,

��x = 6 + 12k2.l
)�

x ≡ 6(mod 12).

2.4 îîî...½½½nnn999îîî...¼¼¼êêê

2.4.1 ���XXX���   XXX

éu�½��êm,z��êÑ��=�8Ü{0, 1, · · · ,m − 1}¥��ê
�mÓ{.��/,

½Â 2.5. �ê8Ü{x1, x2, · · · , xm},XJz��êÑ��=�T8Ü
¥��xi�mÓ{,K¡{x1, x2, · · · , xm}��m����XXX.

w,{0, 1, 2, 3, 4}´�5 ��X,{10, 21, 27, 38,−1}�´�5 ��X.ØJ

wÑ, �m��Xkü�A�, Äk§´dm���|¤�,Ùgù
���

pØ�mÓ{.

·�r�m�Ó{aL«¤Ai = {x|x ∈ Z, x ≡ i(mod m)}, 0 6 i 6

m − 1.z��êÑ�{0, 1, · · · ,m − 1}¥��êÓ{,¤±z��ê�á

uA0, A1, · · · , Am−1 ¥���.ex ∈ Ai�(x,m) = 1,@oAi¥�?¿�

�yÑ7k(y,m) = 1,ù´Ï�x, y ∈ Ai, x ≡ y(mod m),=x = y + km, X

J(y,m) = d,K7kd | x.2dd | m�d | (x,m).
(x,m) = 1,l
(y,m) =

d = 1.

ex ∈ Ai�(x,m) = 1,K¡Ai´�mp��Ó{a,�mp��Ó{a�

êP�φ(m),¡�îîî...¼¼¼êêê.

½Â 2.6. 3z��mp��Ó{a¥��������L�3�å�

¤�8Ü{r1, r2, · · · , rφ(m)}���m�   XXX.
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~ 2.7. {0, 1, 2, 3, 4, 5}´�6��X,8�Ó{aAi = {6k + i|k ∈
Z}, 0 6 i 6 5¥A1, A5´�6p��Ó{a,�φ(6) = 2.{1, 5}, {7,−1}Ñ´
�6 � X.

¢Sþ,r{1, 2, · · · ,m − 1}¥�mp��ê�3�åTÐ´�m���
 X.φ(m)Ò´Ø�Lm��mp����ê�ê.ØJ�yφ(2) = 1, φ(3) =

φ(4) = φ(6) = 2, φ(5) = φ(8) = 4, φ(7) = 6.·�5½φ(1) = 1.w,éu�

êp, φ(p) = p− 1.

Ún 2.1. ®�(a,m) = 1.e{x1, x2, · · · , xm}´�m��X,K{ax1, ax2,
· · · , axm}�´�m��X,e{r1, r2, · · · , rφ(m)}´�m� X,K{ar1, ar2, · · · ,
arφ(m)}�´�m� X.

yyy²²² {x1, x2, · · · , xm}´�m��X,dÙ½Âi 6= j, xi 6≡ xj(mod

m). XJaxi ≡ axj(mod m),du(a,m) = 1,íÑ7kxi ≡ xj(mod m).ù

�{x1, x2, · · · , xm} ´�m��Xgñ. dd�Ñax1, ax2, · · · , axm´üü
�m pØÓ{�m���, §��Ð�¤���m��X.

{r1, r2, · · · , rφ(m)}´�m� X,dÙ½Â�(ri,m) = 1, 1 6 i 6 φ(m),¿

�i 6= j, ri 6≡ rj(mod m).l(ri,m) = 1Ú(a,m) = 1,�âíØ2.2 �(ari,m)

= 1.c¡®²y²Li 6= j, ari 6≡ arj( mod m).ar1, ar2, · · · , arφ(m)T´φ(m)�

�mp��üü�m ØÓ{���.§�TÐ�¤�m��� X.

2.4.2 îîî...½½½nnn���¤¤¤êêê½½½nnn

½n 2.11. £££îîî...½½½nnn¤¤¤

XJ(a,m) = 1,Kaφ(m) ≡ 1(mod m).

yyy²²² ����m� X{r1, r2, · · · , rφ(m)}.�(a,m) = 1�,{ar1, ar2,
· · · , arφ(m)}�´�m� X.?À��ri,7�3��rj¦ri ≡ arj( mod m),¿

�ØÓ�eIiéAØÓ�eIj.dd�Ñ

r1r2 · · · rφ(m) ≡ arj1 • arj2 · · · arjφ(m)

= aφ(m) • r1r2 · · · rφ(m)(mod m).
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du(ri,m) = 1, 1 6 i 6 φ(m),�âíØ2.2�

(r1r2 · · · rφ(m),m) = 1,

lcªá=íÑ

aφ(m) ≡ 1(mod m).

3½n2.11¥�m��êp,(a, p) = 1Ò´p - a,φ(p) = p− 1, l
��¤

ê½nµp��ê�p - a,K

ap−1 ≡ 1(mod p).

ep|a,a ≡ 0(mod p),Kw,¤áap ≡ a(mod p).
�p - a�,l¤ê½n

�ap−1 ≡ 1(mod p).2dÓ{ª5�6◦,E¤áap ≡ a(mod p).¤±,éu?

ÛaÑkap ≡ a(mod p),Ù¥p´�ê.

2.4.3 OOO���îîî...¼¼¼êêê

Ún 2.2. p��ê,é����ên,φ(pn) = pn−1(p− 1).

yyy²²² �u�upn�ê�kpn�, Ù¥�pnkúÏfp�ê´p, 2p, · · · ,
pn−1p,��kpn−1�.@o�pnÃúÏfp�,=�pnp��ê�kpn−pn−1 =

pn−1(p− 1)�.

½n 2.12. �(m,n) = 1�,φ(mn) = φ(m) • φ(n).

yyy²²² φ(mn)´�u�umn��mnp����ê�ê,e¡r¤k�

u�umn���ê�¤����

1 m+ 1 2m+ 1 · · · (n− 1)m+ 1

2 m+ 2 2m+ 2 · · · (n− 1)m+ 2

3 m+ 3 2m+ 3 · · · (n− 1)m+ 3
...

...
...

...

m m+m 2m+m · · · (n− 1)m+m

e(m, r) = d > 1,@or¤31��Ü��r,m+r, 2m+r, · · · , (n−1)m+rþ

�mnkúÏfd,dd��,�mnp��ê�U3(m, r) = 1�φ(m)¥Ï
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é,
�(m, r) = 1 �,{r,m+ r, 2m+ r, · · · , (n− 1)m+ r}´n�8Ü,¿�ü

ü�nØÓ{.§´�n��X.3���n��X¥kφ(n)�ê�np�.
T

�X¥z�êþ�mp�,l
§p¡kφ(n)�ê�mnp�.

lþ©Û��φ(mn) = φ(m) • φ(n).

e(m,n) = 1,÷vf(mn) = f(m)f(n)�¼êf¤�ÈÈÈ555¼¼¼êêê.î.¼

êφ´È5¼ê.l½n2.12ØJwÑ.en��Ïf©)ª�n = pl11 p
l2
2 · · · p

lk
k ,

K

φ(n) = pl1−11 (p1 − 1) · · · plk−1k (pk − 1) = n(1− 1

p1
) · · · (1− 1

pk
).

~ 2.8. ¦2340Ø±341�{ê.

))) 341 = 11 • 31.dî.½n210 ≡ 1(mod 11), 230 ≡ 1(mod 31).

2340 = (210)34 ≡ 1(mod 11),

2340 = (230)11 • 210 ≡ 210 = (25)2 ≡ 1(mod 31),

=2340´e¡�5Ó{�§|�)µx ≡ 1(mod 11)

x ≡ 1(mod 31).

)�x ≡ 1(mod 341),=2340 ≡ 1(mod 341).

�~`²¤ê½n�_½nØ¤á,2340 ≡ 1(mod 341),�´341Ø´�

ê.

~ 2.9. )9x ≡ 7(mod 13).

))) 13´�ê.d¤ê½n�312 ≡ 1(mod 13).

x ≡ 312 • x ≡ 310 • 9x ≡ 310 • 7 ≡ (13− 4)5 • 7 ≡ (−4)5 • 7

≡ (13 + 3)2(−28) ≡ 9 • (−2) ≡ 8(mod 13)

x ≡ 8(mod 13)´T�§�).
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2.4.4 %%%���ÖÖÖ½½½nnn

%�Ö½n�Ñ
�½�ê�¿�^�.�dk�Ñü�Ún.

Ún 2.3. x2 ≡ 1(mod p)TÐkü�)x ≡ 1, p− 1(mod p).

yyy²²² x2 ≡ 1(mod p)´�gÓ{�§.�r´Ù),r2 − 1 ≡ 0(mod

p),=p | (r + 1)(r − 1).ùpkü«�Uµep | (r + 1),Kr ≡ p − 1(mod p)¶

ep | (r − 1),Kr ≡ 1(mod p).

Ún 2.4. p�Û�ê,a′L«�5Ó{�§ax ≡ 1(mod p)�),ù

pa�±��1, 2, · · · , p− 1.�a 6≡ b(mod p)�,a′ 6≡ b′(mod p).ea′ ≡ a(mod

p), Ka = 1½p− 1.

yyy²²² dua��{1, 2, · · · , p − 1}, (a, p) = 1.�§ax ≡ 1(mod p)T

Ðk��)a′.bea′ ≡ b′(mod p),3Ó{ªü>Ó¦ab,aa′b ≡ ab′b(mod

p).Ïaa′ ≡ 1(mod p), bb′ ≡ 1(mod p),íÑa ≡ b(mod p).l
�a 6≡ b(mod

p) �,7ka′ 6≡ b′(mod p).qea′ ≡ a(mod p),Ó{ªü>Ó¦a,ka2 ≡ 1

(mod p).lÚn2.3 �a ≡ 1(mod p)½a ≡ p− 1(mod p).

½n 2.13. (%%%���ÖÖÖ½½½nnn) p��ê��=�(p− 1)! ≡ −1(mod p).

yyy²²² p´�ê.�p = 2�,w,(2 − 1)! ≡ −1(mod 2).�p > 2�.dÚ

n2.4�a��u8Ü{2, 3, · · · , p − 2}�,�3a′ 6= a�aa′ ≡ 1(mod p).�a�

�ØÓ��A�a′�´ØÓ�,l
2, 3, · · · , p− 2ùp− 3�ê�±ra �a′|

¤�é,=

2 • 3 · · · (p− 2) ≡ 1(mod p);

(p− 1)! = (p− 1) • 2 • 3 · · · (p− 2) ≡ p− 1 ≡ −1(mod p)

�L5,®�(n − 1)! ≡ −1(mod n).-a´n�Ïf�a 6= n.dn | ((n − 1)! +

1),��a | ((n − 1)! + 1).w,a | (n − 1)!,u´a | 1.ddíÑa = 1. ù`

²nØ
g��	�kÏf1, n´�ê.
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2.5 ���êêê���ÏÏÏfff999������êêê

n���ê,d(n)L«n��Ïfê,σ(n)L«n��Ïf�Ú.w,

d(n) =
∑

d|n 1, σ(n) =
∑

d|n d.

en = pl11 p
l2
2 · · · p

lk
k ,@opf11 p

f2
2 · · · p

fk
k (0 6 fi 6 li, 1 6 i 6 k)´n��Ïf.z

�fi kli + 1«ØÓ���,l
nk(l1 + 1)(l2 + 1) · · · (lk + 1)��Ïf,=

d(n) = (l1 + 1) (l2 + 1) · · · (lk + 1) ,

σ(n) =
∑

06fi6li
16i6k

pf11 p
f2
2 · · · p

fk
k

=
∑

06fi6li
16i6k−1

pf11 p
f2
2 · · · p

fk−1

k−1

 lk∑
fk=0

pfkk


=

∑
06fi6li
16i6k−1

pf11 p
f2
2 · · · p

fk−1

k−1

(
plk+1
k − 1

pk − 1

)

· · · · · · · · · · · ·

=
pl1+1
1 − 1

p1 − 1
•
pl2+1
2 − 1

p2 − 1
· · · · · ·

plk+1
k − 1

pk − 1
.

ØJwÑ,�(m,n) = 1�,σ(mn) = σ(m)•σ(n),d(mn) = d(m)•d(n),=dÚσþ

´È5¼ê.

½Â 2.7. ��ên�������êêê��=�n�uØg��	��Ïf�

Ú,=σ(n) = 2n.

~X6 = 1 + 2 + 3,28 = 1 + 2 + 4 + 7 + 14,6�28´��ê.éu��ê®

²��
éÐ�(J.

½n 2.14. p��ê.XJ2p − 1�´�ê,K2p−1(2p − 1)´��ê.
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yyy²²² p�2p − 1Ñ´�ê,d2p−1 < 2p − 1�,(2p−1, 2p − 1) = 1.σ´È

5¼ê�

σ
(
2p−1

)
=

2p − 1

2− 1
= 2p − 1, σ (2p − 1) = (2p − 1) + 1 = 2p,

σ(n) = σ
(
2p−1 (2p − 1)

)
= σ

(
2p−1

)
σ (2p − 1)

= (2p − 1) • 2p = 2n.

§`²2p−1(2p − 1)´��ê.

½n 2.15. n´��ó��ê,7kn = 2p−1 • (2p − 1),Ù¥pÚ2p − 1þ

��ê.

yyy²²² n�ó��ê,�±L«¤n = 2k •m,Ù¥2 - m,k > 1.�â��

ê�½Âσ(n) = 2n,=

2k+1 •m = σ
(
2k •m

)
= σ

(
2k
)
σ(m) =

(
2k+1 − 1

)
• (m+ l).

)Ñm = (2k+1 − 1) • l,ùpl´m��um�Ïf�Ú¿�l���´m�

Ïf.¤±�Ul = 1.l
m = 2k+1 − 1, σ(m) = m + 1.ù`²m´�ê.b

�k + 1Ø´�ê,k + 1 = c • d,m = 2k+1 − 1 = 2c•d − 1 = (2c − 1) (2c(d−1) +

2c(d−2) + · · ·+ 1),ù�m´�êgñ,�Ø�U.¤±,k + 1��êp. nþ©Û

�n = 2p−1 (2p − 1) ,Ù¥pÚ2p − 1þ��ê.

/X2p − 1��ê��Mersenneê,��1985cé����Mersenneê

�2216091−1.8c=uy51�rÜ�ê,���´282589933−1,k24862048 "

2.6 ������������êêê

�!·��)Ó{�§xn ≡ c(mod m).�(c,m) = 1�,x0´xn ≡
c( mod m)���A),
y´xn ≡ 1( mod m)�),Kx ≡ yx0( mod m)´xn ≡
c(mod m) �).�L5xn ≡ c(mod m)�z�)Ñ�±�¤yx0/ª,Ù

¥y´xn ≡ 1(mod m)�).¤±,)Ó{�§xn ≡ c(mod m),��é��

�A)x0,¿^x0 ¦±xn ≡ 1(mod m)��Ü)Ò��
xn ≡ c(mod m)�

�Ü).

e¡·�Ò5ïÄxn ≡ 1(mod m)�).�dÚ?�!��9�ê�V

g.
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2.6.1 a���m������

�(a,m) = 1�,�Ä8Ü

A = {n | n ∈ Z�an ≡ 1(mod m)} ,

dî.½n�φ(m) ∈ A�φ(m) > 0.@o8ÜA¥�½�3����êl.8

ÜAw,kXe5�:

1◦ en1, n2 ∈ A,Kn1 ± n2 ∈ A;

2◦ en ∈ A, c ∈ ZKcn ∈ A;

3◦ 8ÜA´dl��ê�ê|¤�,¿��dù
�ê�ê|¤,=A

= {k • l | k ∈ Z}.
·�¡l�a�m��.d8ÜA�5��,�(a,m) = 1�,a�m���l,@

oéz�÷van ≡ 1(mod m)��ênþkl | n.AO/,l | φ(m).ØJw

Ñan1 ≡ an2(mod m)��=�n1 ≡ n2(mod l).

íØ 2.7. e(a,m) = 1,l�a�m��,Kak�m��� l
(l,k) .

yyy²²² Äkw÷v
(
ak
)j ≡ 1(mod m)�jAäk�o5�.l8ÜA�

5��l | k • j,=
l

(l, k)
| k

(l, k)
• j,

du
(

l
(l,k) ,

k
(l,k)

)
= 1,�� l

(l,k) | j,a
k��A´÷vT5������ê,�ak

��� l
(l,k) .

2.6.2 ������

½Â 2.8. e(g,m) = 1�g�m���φ(m),K¡g��m�������.

~X,2´�5���,φ(5) = 4, 24 ≡ 1(mod 5).3´�7���,φ(7) = 6,

36≡ 1(mod 7).�¿Ø´¤kmÑk��.~Xm = 8, φ(8) = φ
(
23
)

= 4.

{1, 3, 5, 7} ´�8� X,
1�8���1;3,5,7�8���2.?Û�8p��ê

þ��=�{1, 3, 5, 7}¥������8 Ó{,�Ù�8���T���Ó.d

d����ê8Ã��.
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�0 6 i, j 6 φ(m)−1, i 6= j,w,gi 6≡ gj( mod m),
{
g0, g1, · · · , gφ(m)−1}

�¤�m� X.�Ò´`,g´�m���,z��mp��aþ��=�,

�gi�mÓ{,Ù¥0 6 i 6 φ(m)−1.�m���Ñ3
{
g0, g1, · · · , gφ(m)−1}¥.

e(l, φ(m)) = 1,Kgl�´�m���.

e¡�e�?Ø=
êk��,Ù(Ø´¤k��êpÑk��,���

ê�φ(p− 1).�dk�Ñü�Ún.

Ún 2.5. ef(x)´ng�Xêõ�ª,f(x) ≡ 0(mod p)�õkn�).

yyy²²² f(x)´ng�Xêõ�ª,f(x) = anx
n + an−1x

n−1 + · · ·+ a0,Ù

¥an 6≡ 0(mod p).éf(x)�gên?18By².

�n = 1�,a1x + a0 ≡ 0(mod p)�a1 6≡ 0(mod p),d½n2.7 �T�5

Ó{�§k��).·K¤á.

b�n = k�,akx
k+ak−1x

k−1+· · ·+a0 ≡ 0( mod p)�õkk�).yn =

k + 1.XJf(x) ≡ 0(mod p)Ã),w,·K¤á.XJf(x) ≡ 0(mod p)��k

��)r,=f(r) ≡ 0(mod p).

f(x) ≡ f(x)− f(r)

= ak+1

(
xk+1 − rk+1

)
+ ak

(
xk − rk

)
+ · · ·+ a1(x− r)

= (x− r)g(x)(mod p),

Ù¥ak+1 6≡ 0( mod p), g(x)´kg�Xêõ�ª.f(x) ≡ (x−r)g(x) ≡ 0( mod

p)�?¿)s¦(s − r)g(s) = 0(mod p),=s ≡ r(mod p)½g(s) = 0(mod p),

�Ò´`s½´r½´g(s) ≡ 0(mod p)�).d8Bb���ö�õkk�),

¤±f(x)�õkk + 1�).·Kén = k + 1�¤á.

Ún 2.6. en > 1,K
∑

d|n φ(d) = n.

yyy²²² dd | n�n
d | n.�

∑
d|n φ(d) =

∑
d|n φ

(
n
d

)
.

�Ä8ÜCd,Ù¥d´n�Ïf.

Cd = {m | 1 6 m 6 n �(m,n) = d}

=
{
m | 1 6 m 6 n �

(m
d
,
n

d

)
= 1
}
,
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w,|Cd| = φ
(
n
d

)
.{1, 2, · · · , n}¥z���þ3�=3��Cd¥,l


n =
∑
d|n

|Cd| =
∑
d|n

φ
(n
d

)
=
∑
d|n

φ(d).

~Xn = 6, n�Ïf©O�1, 2, 3, 6.8ÜC1 = {1, 5}, C2 = {2, 4}, C3 =

{3}, C6 = {6}.

½n 2.16. p��ê,l | (p− 1).@o�p��l�êTÐkφ(l)�.

yyy²²² éuz�l | (p− 1),-�p��l����ê�ψ(l).XJé,�lØ

�3�p��l���,@oψ(l) = 0.XJ�3a,a�pp��a�p��l,=al ≡
1(mod p).38Ü

{
a0, a1, · · · , al−1

}
¥,du������ê�lØÓ{,¤±

ù
��þ�pØÓ{.
éu0 6 i 6 l − 1,(
ai
)l

=
(
al
)i ≡ 1(mod p),

a0, a1, · · · , al−1þ´xl ≡ 1(mod p)�).�âÚn2.5,TÓ{�§�õkl�

).ù`²a0, a1, · · · , al−1´§��Ü),líØ2.7�ak �p��l��=�(k,

l) = 1.{0, 1, · · · , l−1}¥kφ(l)��lp��ê,¤±
{
a0, a1, · · · , al−1

}
¥kφ(l)

��p��l�ê,=ψ(l) = φ(l).nþ�,é?Ûl | (p− 1)þ¤áψ(l) 6φ(l).

,��¡,�â¤ê½n(a, p) = 1, ap−1 ≡ 1(mod p).ea�p���t,K

7kt | (p − 1).÷vT^��a��kp − 1�.dc¡b�ψ(l)´�p��l �

���ê.2dÚn2.6��∑
l|(p−1)

ψ(l) > p− 1 =
∑
l|(p−1)

φ(l).

¿íÑψ(l) > φ(l).

����ψ(l) = φ(l),=�p��l�êTÐkφ(l)�.

AO�l = φ(p),�p��φ(p)����ê�φ(φ(p)) = φ(p − 1).ù`²

kφ(p− 1)��p���.~X37´�ê,§���ê�

φ(φ(37)) = φ(36) = φ
(
22
)
φ
(
32
)

= 21 • (2− 1) • 31(3− 1) = 12.

ÏL{üO��1´2���,3´4���,�±y²:mk����=�m = 2,

4, pk, 2 • pk,Ù¥p´Û�ê,k���ê.2g`²8vk��.
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2.6.3 ���êêê

�g��p���,
{
g0, g1, · · · , gp−2

}
��p� X.éz��ên,e(n, p)=

1,K�3m, 0 6 m 6 p − 2,¦�n ≡ gm(mod p)¤á.·�¡m�n(éu�

�g)��p�ê,¿P�indg n.

ekl¦n ≡ gl(mod p),
n ≡ gind gn(mod p),¤±l ≡ indg n(mod p −
1).

�p�êkXe5�:

1◦ p - ab, indg ab ≡ indg a+ indg b(mod p− 1);

2◦ p - a, indg a
l ≡ l • indga (mod p− 1).

ù
5�l�ê�½ÂéN´yÑ.ØJwÑ�p�ê�éê¼êk�a

q�5�.

½n 2.17. e(n, p) = 1, g��p���,KÓ{�§xk ≡ n (mod p)k

)��=�(k, p− 1) | indg n.�^�÷v�,T�§k(k, p− 1)�).

yyy²²² -y = indg x, x ≡ gy (mod p) �\xk ≡ n (mod p)��gyk ≡
gindg n (mod p),=yk ≡ indg n (mod p− 1). T�§k)y��=�(k, p− 1) |
indgn,¿�^�÷v�k(k, p− 1)�).§�´

y ≡ y1, y2, · · · , y(k,p−1) (mod p− 1).

@ox ≡ gy1 , gy2 , · · · , gy(k,p−1) (mod p)´xk ≡ n (mod p)�).

~ 2.10. )Ó{�§x8 ≡ 3 (mod 11).

))) ����êL�11�����´2, 3éu��2��11�ê´8,-y =

ind2 x,k)8 • y = ind2 3 = 8 (mod 10) .Ï(8, 10) = 2,T�5Ó{�§k2�

�10ØÓ{�),§�´

y ≡ 1, 6 (mod 10),

dd��x ≡ 21, 26 ≡ 2, 9 (mod 11),§�´x8 ≡ 3 (mod 11)�).

~ 2.11. )�5Ó{�§5x ≡ 7 (mod 11).

))) d5x ≡ 7 (mod 11),±911������2�
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ind2 5 + ind2 x ≡ ind2 7 (mod 10).

l���êL�ind2 5 = 4, ind2 7 = 7,�\þª��ind2 x ≡ 3 (mod 10),�x ≡
8 (mod 11)´�Ó{�§�).

~ 2.12. )Ó{�§x8 ≡ 3 (mod 143).

))) Ï143 = 11 • 13.�)x8 ≡ 3 (mod 143)Ò´�)Ó{�§|x8 ≡ 3 (mod 11)

x8 ≡ 3 (mod 13) .

d~2.10�x8 ≡ 3 (mod 11)�)�x ≡ 2, 9 (mod 11).^~2.10¥��{)

Ñx8 ≡ 3 (mod 13)�)�x ≡ 4, 6, 7, 9 (mod 13).

e¡¦) x ≡ a (mod 11)

x ≡ b (mod 13) ,

Ù¥a = 2, 9; b = 4, 6, 7, 9.¦)�{32.3.4�!¥®�ãL,ùp��Ñ(

Jx = 13 • 6 • a+ 11 • 6 • b (mod 143).�\a, b��,��

x = ±9,±20,±35,±46 (mod 143).

8cé�½�êpXÛ¦Ñ�p���ÿÃ����{.,	,�½���

êa,§´=
�ê����vk����{.3¦^��3���êØÖ¥

����ê���9�A��êL.L2.1�Ñ
50±S��ê�����

9�A��ê.TL¥1�1�Ñ50±S��Ü�êp,1��´��ên.�

êp�A�¥ê��1���éA�n�K´T�ê�����g,T��Ù¦

��K´indg n.
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L 2.1: �êp(6 50)�����Ú�êL

n

indgn p
3 5 7 11 13 17 19 23 29 31 37 41 43 47

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

2 1 1 2 1 1 14 1 2 1 24 1 26 27 18

3 3 1 8 4 1 13 16 5 1 26 15 1 20

4 2 4 2 2 12 2 4 2 18 2 12 12 36

5 5 4 9 5 16 1 22 20 23 22 25 1

6 3 9 5 15 14 18 6 25 27 1 28 38

7 7 11 11 6 19 12 28 32 39 35 32

8 3 3 10 3 6 3 12 3 38 39 8

9 6 8 2 8 10 10 2 16 30 2 40

10 5 10 3 17 3 23 14 24 8 10 19

11 7 7 12 9 25 23 30 3 30 7

12 6 13 15 20 7 19 28 27 13 10

13 4 5 14 18 11 11 31 32 11

14 9 7 21 13 22 33 25 20 4

15 6 11 17 27 21 13 37 26 21

16 8 4 8 4 6 4 24 24 26

17 10 7 21 7 7 33 38 16

18 9 12 11 26 17 16 29 12

19 15 9 4 35 9 19 45

20 5 24 8 25 34 37 37

21 13 17 29 22 14 36 6

22 11 26 17 31 29 15 25

23 20 27 15 36 16 5

24 8 13 29 13 40 28

25 16 10 10 4 8 2
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L 2.2: YL2.1

n

indgn p
3 5 7 11 13 17 19 23 29 31 37 41 43 47

26 19 5 12 17 17 29

27 15 3 6 5 3 14

28 14 16 34 11 5 22

29 9 21 7 41 35

30 15 14 23 11 39

31 9 28 34 3

32 5 10 9 44

33 20 18 31 27

34 8 19 23 34

35 19 21 18 33

36 18 2 14 30

37 32 7 42

38 35 4 17

39 6 33 31

40 20 22 9

41 6 15

42 21 24

43 13

44 43

45 41

46 23
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SSSKKK

1. y²:

(1) ea|b, a > 0,K(a, b) = a;

(2) ((a, b) , b) = (a, b) .

2. y²:

(1) é¤kn > 0¤á(n, n+ 1) = 1;

(2) �n > 0�,(n, n+ k)���o�º

3. ¦xÚy¦�:

(1) 314x+ 159y = 1;

(2) 3141x+ 1592y = 1.

4. y²: éu¤kn > 0,k6 |
(
n3 − n

)
.

5. y²: eéu,�mk10 | (3m + 1),Ké¤kn > 0, 10 |
(
3m+4n + 1

)
.

6. ¦234593456ü�ê��ê©)ª.

7. y²: �n > 0�,n(n+ 1)Ø´��²�ê.

8. -n = 5! + 1,y²n+ 1, n+ 2, n+ 3, n+ 4þ�Üê.

9. ¦e��§�¤k�ê)

(1) x+ y = 2;

(2) 2x+ y = 2;

(3) 15x+ 16y = 17.

10. ¦e��§�K�ê):

(1) 6x− 15y = 51;

(2) 6x+ 15y = 51.

11. ^30Ü¦¡��5©!1�!2�5©��1,�5�a.¯kõ�«ØÓ

�ç��{?

12. ,<^0.99�ï
°JÚ"f�12�,z�°J'z�"fB3©

a,ï�°Jêõu"fê.¯°JÚ"f�ïõ��?

13. ek ≡ 1 (mod 4),K6k + 5�4�uõ�?

14. y²: z��u3��ê�6½�1Ó{½�5Ó{.

15. y²: �U�ü�á�ê��ØU�3�Ø.
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16. y²: e���ê�� êi�ÚU�3�Ø,@oTê�U�3�

Ø.

17. y²:

(1) 10k ≡ (−1)k (mod 11) , k = 0, 1, 2, · · · ;
(2) í�Ñ���êU�11�Ø��O{.

18. )e��5Ó{�§:

(1) 2x ≡ 1 (mod 17); (2)3x ≡ 6 (mod 18);

(3) 4x ≡ 6 (mod 18); (4)3x ≡ 1 (mod 17).

19. )e�Ó{�§|:

(1)

{
x ≡ 1 (mod 2)

x ≡ 1 (mod 3)
(2)

{
x ≡ 31 (mod 41)

x ≡ 59 (mod 26)

(3)


x ≡ 1 (mod 2)

x ≡ 1 (mod 3)

x ≡ 6 (mod 7)

(3)


2x ≡ 1 (mod 5)

3x ≡ 2 (mod 7)

4x ≡ 1 (mod 11)

20. Á¦Ó�÷vXeü^�¦���êx, y, z:

(1) §�©O¦±3, 5, 7¤�¦È�20�{ê´ú��1��â?ê;

(2) §�©O¦±3, 5, 7¤�¦ÈØ±20���û©O�u(1) ¥��A

�{ê.

21. ¦÷v2 | n, 3 | (n + 1), 4 | (n + 2), 5 | (n + 3), 6 | (n + 4)����

ên(> 2).

22. O�φ(42), φ(420), φ(4200).

23. �u18��18p����ê´=
? �m = 18, a = 5�,�yÚ

n2.1.

24. p��ê,(m,n) = p,¯φ(mn)�φ(m)φ(n)�mk�o'X?

25. y²:

(1) XJ6 | n,Kφ(n) 6 n
3 ;

(2) XJn− 1Ún+ 1þ��ê,n > 4,Kφ(n) 6 n
3 .

26. (1) �y1 + 2 = 2
3φ(3), 1 + 3 = 4

2φ(4), 1 + 2 + 3 + 4 = 5
2φ(5), 1 + 5 =

6
2φ(6), 1 + 2 + 3 + 4 + 5 + 6 = 7

2φ(7), 1 + 3 + 5 + 7 = 8
2φ(8);

(2) í���½n;

(3) y²\�½n.
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27. 314159Ø±7�{ê´õ�?

28. 7355�" ê´�o? "ü ê´�o?

29. p��ê.y²: é�K�êk, (k + 1)p − kp ≡ 1 (mod p),¿ddíÑ

¤ê½n.

30. b�p´��Û�ê.y²:

(1) 1p−1 + 2p−1 + · · ·+ (p− 1)p−1 ≡ −1 (mod p);

(2) 1p + 2p + · · ·+ (p− 1)p ≡ 0 (mod p).

31. O�d(42), d(420), d(4200), σ(42), σ(420), σ(4200).

32. ¦äk60�Ïf�ên
(
n < 104

)
.

33. y² ∑
d|n

1

d
=

1

n
σ(n).

34. y²¤k�ó��ê±6½8(�.

35. en�ó��ê,n > 6,y²n ≡ 1 (mod 9).

36. y²

∑
p6x

σ(p) =
∑
p6x

φ(p) +
∑
p6x

d(p).

37. ¦2, 4, 7, 8, 11, 13, 14�15��´õ�?

38. (1) �Ñ'u��2����ê(mod 29);

(2) |^dL)9x ≡ 2 (mod 29);

(3) |^dL)x9 ≡ 2 (mod 29).

39. 457911 ≡ 1 (mod 10021)éØé? (ùp457, 911Ñ´�ê,10021 =

11 • 911.)

40. ¦37�12���.

41. y²: ep, q�Û�ê,q | (ap + 1),Kkq | (a + 1)½q | (2kp + 1),Ù

¥k�,��ê.

42.y²: ea�p���3,Ka+ 1�p���6.


