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n����$�§�vk�9ü���$��m�'X))¦{é\{�©

�Æ"�Ùò0��«#��ê(�))�Ú�"

7.1 ������½½½ÂÂÂ

½Â 7.1. 3äkü���$�\{+Ú¦{•�8ÜR¥§XJ

(1) 〈R,+〉´��+;

(2) 〈R, •〉´¹N�+¶

(3) ¦{é\{k�!m©�Æ§=é?¿�n���a, b, c ∈ R§Ñk

a • (b+ c) = a • b+ a • c,

(b+ c) • a = b • a+ c • a.

K¡〈R,+, •〉����"

XJ3�〈R,+, •〉¥§é?¿�ü���a, b ∈ R§Ñka • b = b • a§K

¡T�´���"

l��½Â¥�±wÑ§�¥�ü�$�+Ú•�/ ´ØÓ�"8

ÜRé+�¤��+§
é•��¤¹N�+"\{$��ü �¡�"

�§P�0¶¦{$��ü �¡�¦{ü �§P�1"R¥�?¿�

�a ∈ RÑk\{_�§¡�K�§P�−a¶�Ø�½Ñk¦{_�"k¦
{_����¡��¥��_�"

e¡´��A�~f"

~ 7.1. 〈R,+, •〉§〈C,+, •〉Ú〈Q,+, •〉©O´¢ê�!Eê�Úknê
�§Ù¥+Ú•$�´ÊÏ�\{Ú¦{$�"ù
�Ú¡�ê�"

~ 7.2. �Nn��ê�
Mn(Z)éÝ
\{ÚÝ
¦{�¤n�Ý


�〈Mn(Z),+, •〉"�Ü��Ñ�0�n��
�"�§n�ü Ý
�¦{ü

 �§T�´����"
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~ 7.3. 〈G,+〉´��+§E = {f |f : G → G ´Ó�N�}"3Eþ½
Â��$�+Ú•XeµéE¥�?¿ü�N�f, g§±9?¿�x ∈ G§

(f + g)(x) = f(x) + g(x),

(f • g)(x) = f(g(x)).

y²〈E,+, •〉´�§�¡���+Gþ�gÓ��"

yyy²²²µéu?¿�f, g ∈ E§±9x ∈ G§½Â(f+g)(x) = f(x)+g(x)"

w,§f + g´Gþ�N�"dufÚgÑ´Gþ�gÓ�N�§¤±k

(f + g)(x+ y) = f(x+ y) + g(x+ y)

= (f(x) + f(y)) + (g(x) + g(y))

= (f(x) + g(x)) + (f(y) + g(y))

= (f + g)(x) + (f + g)(y).

��§f + g�±\{$�§Ïdf + g´Gþ�gÓ�N�§=f + g ∈ E"
du〈G,+〉´��+§¤±E¥�+$�÷v(ÜÆÚ��Æ"-f0 : G →
G§é?¿�x ∈ G§f0(x) = 0G§Ù¥0G´��+〈G,+〉�"�"w,§
f0´E�"�"éuE¥�?¿��f : G → G§½Âf− : G → G§é?¿

�x ∈ G§f−(x) = −f(x)"´�f−´f�K�"nþ¤ã��§〈E,+〉´�
�+"

éu?¿�f, g ∈ E§±9x ∈ G§½Â(f • g)(x) = f(g(x))"w,§

f • g´Gþ�N�"dufÚgÑ´Gþ�gÓ�N�§¤±k

(f • g)(x+ y) = f(g(x+ y)) = f(g(x) + g(y))

= f(g(x)) + f(g(y)) = (f • g)(x) + (f • g)(y).

��§f • g�±\{$�§Ïdf • g´Gþ�gÓ�N�§=f • g ∈ E"N
��EÜ$�÷v(ÜÆ"-f1 : G→ G§é?¿�x ∈ G§f1(x) = x"w

,§f1´E�¦{ü �"nþ��§〈E, •〉´¹N�+"
é?¿�f, g, h ∈ EÚx ∈ G§k

(f • (g + h))(x) = f((g + h)(x)) = f(g(x) + h(x))

= f(g(x)) + f(h(x)) = (f • g + f • h)(x).
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((g + h) • f)(x) = (g + h)(f(x)) = g(f(x) + h(f(x))

= (g • f + h • f)(x),

=f • (g + h) = f • g + f • h§(g + h) • f = g • f + h • f§•é+÷v�!m©�

Æ"Ïd§〈E,+, •〉´�§¿�´����"y."

~ 7.4. 3Zn = {[0], [1], · · · , [n− 1]}þ½Â

[i] + [j] = [i+ j],

[i] • [j] = [i • j].

´yXd½Â�Ó{a\{Ú¦{��L��À�Ã'§=�[i1] =

[i2]§[j1] = [j2]§K[i1 + j1] = [i2 + j2]§[i1 • j1] = [i2 • j2]"w,§〈Zn,+〉´
��+§Ù¥[0]�"�§[−i]´[i]�K�¶〈Zn, •〉´¹N�+§Ù¥[1]�¦

{ü �"d	§• é+ ÷v�!m©�Æ"5¿�Zn¥�•÷v��Æ§Ï

d§〈Zn,+, •〉´�§
�´���§�¡��nÓ{a�"

l��½Â�§〈R,+〉´��+§÷v�!m��Æ"Ïd§

x+ a = a⇒ x = 0,

a+ x = 0⇒ x = −a,

a+ b = a+ c⇒ b = c.

é��ü�$�+Ú•§k±e(Ø"

½n 7.1. 3�〈R,+, •〉¥§0Ú1©O´"�Ú¦{ü �"éuR¥

�?¿��aÚb§k

(1) a • 0 = 0 • a = 0¶

(2) a • (−b) = (−a) • b = −(a • b)§AO/§(−1) • a = −a¶

(3) (−a) • (−b) = a • b§AO/§(−1) • (−1) = 1"

yyy²²²µ(1) a • 0 = a • (0 + 0) = a • 0 + a • 0§d��Æ��a • 0 = 0"Ó

n�y§0 • a = 0"
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(2) a • (−b) + a • b = a • ((−b) + b) = a • 0 = 0§Ïda • (−b) = −(a • b)"

Ón�y§(−a) • b = −(a • b)"AO/§�b = 1§=�(−1) • a = −a"
(3) (−a) • (−b) = −(a • (−b)) = −(−(a • b)) = a • b"AO/§�a = b§

=k(−1) • (−1) = 1"y."

3�〈R,+, •〉¥§XJ"�0R�u¦{ü �1R§=0R = 1R§?�r ∈
R§

r = r • 1R = r • 0R = 0R,

=R = {0R}"

½Â 7.2. 3�〈R,+, •〉¥§XJ|R| = 1§KR = {0R}§¡T��²²²���
���"XJ|R| > 1§@o7k0R 6= 1R§¡ù�������²²²������"

~ 7.5. �〈R,+, •〉¥¤k�_�'u•�¤+"

yyy²²²µµµ -H = {r|r ∈ R,∃r′ ∈ R, r • r′ = r′ • r = 1R}"?�r1, r2 ∈ H§
�3r′1, r

′
2 ∈ R§¦�r1 • r′1 = r′1 • r1 = 1R§r2 • r′2 = r′2 • r2 = 1R"d

u(r1 • r2) • (r′2 • r
′
1) = (r′2 • r

′
1) • (r1 • r2) = 1R§Ïd§r′2 • r

′
1 ∈ R´r1 • r2�

¦{_�§�r1 • r2 ∈ H§=Hé•$�´µ4�"Ï�〈R, •〉´¹N�+§

H ⊆ R§w,§•$�3H¥�÷v(ÜÆ"Ï�1R�¦{_�Ò´g�§

=1′R = 1R§¤±1R ∈ H"?�r ∈ H§r´r′�¦{_�§�r′ ∈ H"nþ
¤ã§〈H, •〉´+"y."

7.2 ������ÚÚÚ���

�!0�üaAÏ��))))��Ú�"k*	e¡�ü�~f"

~ 7.6. 3�ê�〈Z,+, •〉¥§0´"�"é?Ûm,n ∈ Z§XJm • n =

0§K7km = 0½n = 0"�é{`§XJm 6= 0§m • n = 0§K7

kn = 0"ù�5�#N·�3�Òü>���"��"ù´Ï�X

Ja • b = a • c�a 6= 0§@oa • (b− c) = 0"ddíÑb− c = 0§=b = c"

~ 7.7. 3�4Ó{a�¥§[0]´"�" [2] 6= [0]§�´[2] • [2] = [0]§

l[2] • [1] = [2] • [3] íØÑ[1] = [3]"
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½Â 7.3. 3�〈R,+, •〉¥§éu�"��a ∈ R§XJ�3���"�
�b ∈ R§¦�a • b = 0§K¡a����"""ÏÏÏfff"XJ�3���"��c ∈ R§
¦�c •a = 0§K¡a�mmm"""ÏÏÏfff"eaQ´�"Ïfq´m"Ïf§K¡a�

"""ÏÏÏfff"

½n 7.2. �〈R,+, •〉¥vk�"Ïf��=��¥�¦{k�!m�
�Æ"

yyy²²²µµµ XJ�〈R,+, •〉¥vk�"Ïf§éuR¥��"��a§X
Ja • b = a • c§=a • (b− c) = 0§��b− c = 0§=b = c§����Æ¤á"

bX�〈R,+, •〉¥�3m"Ïfb ∈ R�b 6= 0§@o7,�3�"�

�c¦�c • b = 0"Kc´R��"Ïf§��R¥Ã�"Ïfgñ"�é{

`§3�R¥Ã�"Ïf§@o��½vkm"Ïf"^�þ¡�Ó��{

Ón�ym��Æ¤á"

��§�R¥�¦{�3�!m��Æ"?��R¥��"��a§X

Ja • b = 0§dua • b = 0 = a • 0§�â���Æ��b = 0§¤±aØ´�"

Ïf"da �?¿5��§�R¥vk�"Ïf"y."

½Â 7.4. �²����〈R,+, •〉¥§XJvk"Ïf§K¡�����
���"

w,3��¥§éu?¿��a, b ∈ R§ea • b = 0§K7ka = 0½b =

0"d½n7.2�§��¥k�!m��Æ"

½n 7.3. 3��¥§z��"��'u\{$���({¡\�)½ö

´Ã��§½ö´�ê"

yyy²²²µµµ ��〈R,+, •〉¦{ü �1R�\�kü«�¹"

(1) 1R�\�´Ã��"b�R�,��"��a�\��m§=ma =

0R"

ma = a+ a+ · · ·+ a︸ ︷︷ ︸
m

= (1R + 1R + · · ·+ 1R︸ ︷︷ ︸
m

) • a = 0R.

Ï�a 6= 0R§¤±m1R = 1R + 1R + · · ·+ 1R︸ ︷︷ ︸
m

= 0R§ù�1R�\�´Ã�

�gñ§�R¥¤k�"���\�Ñ´Ã��"
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(2) 1R�\�´k�êk"b�kØ´�ê§�k = mn§=(mn)1R =

0R"


(mn)1R = 1R + 1R + · · ·+ 1R︸ ︷︷ ︸
mn

= (1R + 1R + · · ·+ 1R︸ ︷︷ ︸
m

) + (1R + 1R + · · ·+ 1R︸ ︷︷ ︸
m

) + · · · (1R + 1R + · · ·+ 1R︸ ︷︷ ︸
m

)

︸ ︷︷ ︸
n

= (m1R) + (m1R) + · · ·+ (m1R)︸ ︷︷ ︸
n

= (1R + 1R · · ·+ 1R︸ ︷︷ ︸
n

) • (m1R) = (n1R) • (m1R),

�R ´��§Ïdkm1R = 0R½ön1R = 0R"ù�1R�\��k = mng

ñ§Ïd1R�\�7��ê"-1R�\���êp§?�R¥��"��a,

pa = a+ a+ · · ·+ a︸ ︷︷ ︸
p

= (1R + 1R + · · ·+ 1R︸ ︷︷ ︸
p

) • a = 0R • a = 0R.

Ïd��a�\�´p�Ïf§
a 6= 0R§¤±a�\�Ø´1§�U´�êp"

y."

½Â 7.5. 3��¥§XJz��"���\���êp§K¡T��

�AAA����p"XJz��"���\�´Ã��§K¡T���A��0"

3A��p���¥§

(a+ b)p = ap + C1
pa

p−1b+ · · ·+ Cp−1p abp−1 + bp,

dup|Cip§1 ≤ i ≤ p− 1§¤±(a+ b)p = ap + bb"

½Â 7.6. 3�²����R¥§XJz��"��aÑ�3¦{_

�a′ ∈ R§K¡�R����"=§�²����¥§XJ¤k�"��'u¦
{$��¤��+§KT�´�"

½n 7.4. �´��"
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yyy²²²µµµ 3�F¥§ea • b = 0F�a 6= 0F§@o�"��ak¦{_

�a′ ∈ F§

b = 1 • b = (a′ • a) • b = a′ • (a • b) = a′ • 0F = 0F .

=F¥vk"Ïf§¤±�F´��"y."

d½n7.4Ú½n7.3�§k���A���êp"

½n 7.5. k���´�"

yyy²²²µµµ �〈R,+, •〉´k���"-R = {r0, r1, · · · , rn}"Ø�b�r0 =

0R§r1 = 1R"?�ri ∈ R§1 ≤ i ≤ n§

riR = {ri • r0, ri • r1, · · · , ri • rn} ⊆ R.

du��¥k�!m��Æ§�k 6= l�§ri • rk 6= ri • rl§¤±|riR| = |R|§
l
kriR = R"�3j¦�ri • rj = r1 = 1R§=rj´ri�¦{_�"ù`

²R¥¤k�"��Ñk¦{_�§¤±R´�"y."

~ 7.8. �p��ê§K〈Zp,+, •〉´�"

yyy²²²µµµ Zp = {[0], [1], · · · , [p − 1]}"´�§〈Zp,+, •〉´�²����§
[0]´"�§[1]´¦{ü �"XJ[a] 6= [0] �[a] • [b] = [0]§@o[a • b] = [0]§

=p|a • b"
p - a§Ïdp|b§=[b] = [0]"ù`²〈Zp,+, •〉´k���§¤±
§´�"y."

~ 7.9. 〈{a+ b
√

2|a, b ∈ Q},+, •〉´�"

yyy²²²µµµ -Q(
√

2) = {a + b
√

2|a, b ∈ Q}"N´�y§〈Q(
√

2),+〉´�
�+§〈Q(

√
2), •〉 ´¹N�+"0´"�§−a − b

√
2´a + b

√
2�K�§1´

¦{ü �"¦{$�´����§¿�¦{é\{k�!m©�Æ"

�a + b
√

2 6= 0 �§ a
a2−2b2 −

b
a2−2b2

√
2 ∈ Q(

√
2)´a + b

√
2�¦{_�"

�〈Q(
√

2),+, •〉´�"y."
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7.3 fff���ÚÚÚ���ÓÓÓ���

½Â 7.7. 3�〈R,+, •〉¥§S´R���f8"XJ

(1) 〈S,+〉´〈R,+〉�f+¶

(2) Sé¦{$�•µ4¶

(3) �R�¦{ü �1R ∈ S"

K¡〈S,+, •〉´〈R,+, •〉�fff���"

w,Xd½Â�f�〈S,+, •〉��´�"

~ 7.10. 〈Z,+, •〉´〈Q,+, •〉�f�"

~ 7.11. 〈R,+, •〉´�§-

Z(R) = {x|x ∈ R,∀a ∈ R, a • x = x • a},

K〈Z(R),+, •〉´〈R,+, •〉�f�"

yyy²²²µµµ Z(R)´�R¥�¤k��������8Ü"w,§R�¦{

ü �1R ∈ Z(R)§¤±Z(R)´R���f8"?�x, y ∈ Z(R)§∀a ∈ R§

(x+ y) • a = x • a+ y • a = a • x+ a • y = a • (x+ y),

(−x) • a = −(x • a) = −(a • x) = a • (−x),

=x+ y,−x ∈ Z(R)§�〈Z(R),+〉´〈R,+〉�f+"

(x • y) • a = x • (y • a) = x • (a • y) = (x • a) • y

= (a • x) • y = a • (x • y),

=x • y ∈ Z(R)§Ïd§Z(R)é•´µ4�"

nþ¤ã§〈Z(R),+, •〉´〈R,+, •〉�f�"y."
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½Â 7.8. R1, R2´�§f´lR1�R2�N�§1R1Ú1R2©O´R1ÚR2�

¦{ü �"XJé?¿a, b ∈ R1§k

f(a+ b) = f(a) + f(b),

f(a • b) = f(a) • f(b),

f(1R1) = 1R2 ,

K¡f´lR1�R2����ÓÓÓ���NNN���"

XJf´÷�(ü�!V�)§K¡f�÷�Ó�N�(ü��Ó�N�§

�Ó�N�)"

~ 7.12. lRn�Ùg���5C��Né\{Ú¦{$��¤
�〈L(Rn,Rn),+, •〉"n�¢êÝ
�P�〈Mn(R),+, •〉"y²ùü��´
Ó��"

yyy²²²µµµ lRn�Ùg���5C�αéuRn��|Äx1,x2, · · · ,xnk

α


x1

x2

...

xn

 =


a11x1 + a12x2 + · · ·+ a1nxn

a21x1 + a22x2 + · · ·+ a2nxn

...

an1x1 + an2x2 + · · ·+ annxn

 .

½ÂN�f : L(Rn,Rn)→Mn(R)�

f(α) =


a11 a12 · · · a1n

a21 a22 · · · a2n
...

an1 an2 · · · ann

 .

3�5�ê¥®²ÆSLµ�½n��m��|Ä§z��5C�éA�

�n��
§¿��5C��ÚéAuÝ
�Ú§�5C��ÈéAuÝ


�¦È"¤±§éu?¿ü��5C�α, β ∈ L(Rn,Rn)§

f(α+ β) = f(α) + f(β),

f(α • β) = f(α) • f(β).
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eγ´ü �5C�§Kf(γ)´ü Ý
"

��§é?¿n�¢êÝ
Ñ�±½Â�A��5C�"ØÓ��

5C�éAØÓ�Ý
§¤±f´÷�Úü�§Ïdf´�Ó�N�"�

�〈L(Rn,Rn),+, •〉��〈Mn(R),+, •〉´Ó��"y."

~ 7.13. 〈Z24,+, •〉�〈Z4,+, •〉´ü��"-f : Z24 → Z4§f([x]24) =

[x]4"Äk�ÑN�f�½Â��L��À�Ã'"ù´Ï�e[x]24 = [y]24§

K24|(x− y)"
4|24§�4|(x− y)§=[x]4 = [y]4"N´�y§

f([x]24 + [y]24) = f([x+ y]24) = [x+ y]4

= [x]4 + [y]4 = f([x]24) + f([y]24),

f([x]24 • [y]24) = f([x • y]24) = [x • y]4

= [x]4 • [y]4 = f([x]24) • f([y]24),

f([1]24) = [1]4.

¤±f´�Ó�N�"

�Ó�N��kaqu+Ó�N���
5�"

½n 7.6. �f´l�R1��R2�Ó�N�§0R1Ú0R2©O´�R1ÚR2�

"�"Kfk±e5�µ

(1) f(0R1) = 0R2¶

(2) f(−a) = −f(a)¶

(3) ea´R1��_�§Kf(a)´R2��_�¿�f(a′) = (f(a))′"

yyy²²²µµµ f´l�R1��R2�Ó�N�§@of�´l��+〈R1,+〉�
��+〈R2,+〉+Ó�N�§¤±(1)Ú(2)w,¤á"éu(3)§ea´R1 �

�_�§=�3a′ ∈ R1§¦�a • a′ = a′ • a = 1R1§@o

f(a) • f(a′) = f(a • a′) = f(1R1) = 1R2 ,

f(a′) • f(a) = f(a′ • a) = f(1R1) = 1R2 .

Ïd§f(a′)´f(a) ∈ R2�¦{_�§=f(a′) = (f(a))′"y."
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~ 7.14. 〈Z,+, •〉�〈Zn,+, •〉´�"-f : Z → Zn§f(m) = [m]"´

y§f´÷Ó�N�" 〈Z,+, •〉´��§�〈Zn,+, •〉Ø�½´��"¯¢þ§
�n´Üê�§〈Zn,+, •〉Ø´��"ù´Ï��n = k • l �§ [k] • [l] =

[0]�[k], [l] 6= [0]§�〈Zn,+, •〉 ¥k"Ïf§¤±Ø´��"

~ 7.15. 〈Z×Z,+, •〉�〈Z,+, •〉´�"-f : Z×Z→ Z§f((a, b)) = a"

´y§f ´÷Ó�N�"Z × Z¥��"��(2, 0)Ú(0, 1)´"Ïf§¤

±〈Z× Z,+, •〉Ø´��§�〈Z,+, •〉´��"

±þü�~f`²�Ó�N�¿Ø�±���Ü�ê(�"��Ó�

N�é��Ú�KØ,"

½n 7.7. f´l�R1��R2�Ó�N�§XJR1´��(�)§KR2�

´��(�)"

yyy²²²µµµ XJR1´��§K§´�²�����vk"Ïf"-f :

R1 → R2´�Ó�N�"Ï�R1´�²��§¤±0R1 6= 1R1§�0R2 =

f(0R1) 6= f(1R1) = 1R2§u´R2´�²��"

?�x2, y2 ∈ R2§7�3x1, y1 ∈ R1§¦f(x1) = x2§f(y1) = y2"

x2 • y2 = f(x1) • f(y1) = f(x1 • y1) = f(y1 • x1)

= f(y1) • f(x1) = y2 • x2.

¤±§R2´���"

XJx2, y2 ∈ R2�x2 • y2 = 0R2§du�3x1, y1 ∈ R1§¦f(x1) = x2§

f(y1) = y2§�k

0R2 = x2 • y2 = f(x1) • f(y1) = f(x1 • y1).


f´ü�§¤±x1 • y1 = 0R1"Ï�R1¥vk"Ïf§�kx1 = 0R1½y1 =

0R1§?
�Ñx2 = f(x1) = 0R2½y2 = f(y1) = 0R2§=R2¥Ã"Ïf§

�R2´��"

�R1´�"?�R2��"��x2§Ï�f´÷�§¤±7�3x1 ∈
R1¦f(x1) = x2"fq´ü�§¤±x1´R1¥��"��§3R1¥k¦{_

�x′1"

f(x1) • f(x′1) = f(x1 • x
′
1) = f(1R1) = 1R2
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¤±f(x′1) ∈ R2´x2�¦{_�"dx2�?¿5�R2´�"y."

½n 7.8. �〈R,+, •〉´�"3��8ÜR1þ½Âü�$�+Ú•"XJ

�3÷�f : R→ R1§éu?¿a, b ∈ Rk

f(a+ b) = f(a) + f(b),

f(a • b) = f(a) • f(b),

K〈R1,+, •〉´�"

yyy²²²µµµ f : R → R1´÷�§¤±R1¥���Ñ�±L«¤f(a)/ª§

a ∈ R"du〈R,+〉´��+§´y§R1¥+$�´µ4��÷v��ÆÚ

(ÜÆ§f(0R) ∈ R1´R1�"�§f(−a)´f(a)3R1¥�K�§�〈R1,+〉´
��+"du〈R, •〉´¹N�+§¤±§R1 ¥•$�´µ4��÷v(ÜÆ§

f(1R) ∈ R1´R1�¦{ü �§�〈R1, •〉´¹N�+"Ï�R¥•é+k�!

m©�Æ§¤±R1¥• é+�k�!m©�Æ"�〈R1,+, •〉´�"y."

7.4 nnn������ûûû���

�!ò^aqû+��{½Âû�§Ù¥��5f+éA�Vg´n

�"û�´Äué��n��¤k�8|¤�8Ü
½Â�"

½Â 7.9. �I´�〈R,+, •〉���f8"XJ∀x, y ∈ I§r ∈ R§kx−
y ∈ I§x • r ∈ I ¿�r • x ∈ I§K¡I´�R ���nnn���"

�â½Â7.9§du∀x, y ∈ I§kx − y ∈ I§´�〈I,+〉´〈R,+〉�f
+"

z��RÑkü�n�µRÚ{0R}§¡ùü�n��²²²���nnn���"�²�
n�¡�ýýýnnn���"

�I1, I2´�R�n�§½Â

I1 • I2 = {
n∑
k=1

r1k • r2k|r1k ∈ I1, r2k ∈ I2, 1 ≤ k ≤ n, n = 1, 2, · · · },

I1 + I2 = {r1 + r2|r1 ∈ I1, r2 ∈ I2},

@oI1 • I2�I1 + I2Ñ´R�n�"y²3�SK"
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~ 7.16. 3�6Ó{a�〈Z6,+, •〉¥§I1 = {[0], [3]}´n�"3�〈Z×
Z,+, •〉¥§I2 = {(0, n)|n ∈ Z} ´n�"

3�R¥§|^R�n�Iïá
��'Xµé�R¥?¿ü���x�y§

x�y�IÓ{ ��=�x− y ∈ I.

ØJy²�R¥��IÓ{'X´�d'X"��x¤3��da

[x] = {y|y ∈ R, x− y ∈ I} = {x+ i|i ∈ I} = x+ I.

3û8R/I¥½Â

[x] + [y] = [x+ y],

[x] • [y] = [x • y].

Äk�Ñ§Xd½Â��da\{Ú¦{´��L�À�Ã'�"ù´Ï

�§XJ[x1] = [x2]§[y1] = [y2]§@odx1 − x2 ∈ I§y1 − y2 ∈ I�

(x1 + y1)− (x2 + y2) = (x1 − x2) + (y1 − y2) ∈ I,

(x1 • y1)− (x2 • y2) = x1 • (y1 − y2) + (x1 − x2) • y2 ∈ I.

�(x1+y1)+I = (x2+y2)+I§(x1•y1)+I = (x2•y2)+I§=[x1+y1] = [x2+y2]§

[x1 • y1] = [x2 • y2]"

½n 7.9. �I´�R�n�"R/I = {x + I|x ∈ R}¥�\{+Ú¦

{•Xþ½Â"K〈R/I,+, •〉´�§�¡�R�I�ûûû���"

yyy²²²µµµ R/I¥�+Ú•$�´d�da�L��+�•$�¢y�§Ïd§

R/I�+$�÷v(ÜÆÚ��Æ§0R + I´R/I�"�§(−x) + I ´x+ I

�K�§�〈R/I,+〉´��+"R/I�•$�÷v(ÜÆ§1R + I´R/I�¦

{ü �§�〈R/I, •〉´¹N�+"• é+ w,k�!m©�Æ"nþ¤ã§

〈R/I,+, •〉´�"y."

~ 7.17. 3~7.16¥§

Z6/I1 = {[0] + I1, [1] + I1, [2] + I1},

Z× Z/I2 = {(m, 0) + I2|m ∈ Z}.
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½n 7.10. XJ�R�n�I¥k�_�§KI = R"

yyy²²²µµµ ��R�n�I¥kR��_�r§=Ù¦{_�r′ ∈ R"dn�
�½Â�1R = r • r′ ∈ I"?�r̃ ∈ R§r̃ = r̃ • 1R ∈ I§u´R ⊆ I"q�n

�I´R���f8§=I ⊆ R§ÏdI = R§=Tn�´²�n�"y."

3�F¥§eI´F�n��I 6= {0F }§K7�3���"��a ∈
I"
��¤k�"��Ñk¦{_�§d½n7.10�§I = F"�Ò´

`§�F�kü�²�n�{0F } ÚF§vkýn�"Ïd§�F�û�½
´F/{0F } = {r+ {0F }|r ∈ F} ∼= F§½´F/F = {F} ∼= {0F }"§��(�
é{ü§Ø7�\?Ø"

�!��?Ø�«AÏ�n�"

½n 7.11. �R´���"∀a ∈ R§(a) = {a • r|r ∈ R}´R�n�§
¡��da)¤�n�"ùaAÏ�n���ÌÌÌnnn���"

yyy²²²µµµ éua ∈ R, a = a •1R ∈ (a)"¤±(a)´R���f8"∀a1, a2 ∈
(a)§�3r1, r2 ∈ R¦�a1 = a • r1§a2 = a • r2"a1−a2 = a • (r1− r2) ∈ (a)"

é?¿r ∈ RÚa1 ∈ (a)§r • a1 = r • (a • r1) = a • (r • r1) ∈ (a)§a1 • r =

a • (r1 • r) ∈ (a)"¤±(a)´R�n�"y."

ù�Vg�±í2����R�f8þ"-S = {a1, a2, · · · , ak} ⊆ R§

(a1, a2, · · · , ak) = {a1 • r1 + a2 • r2 + · · ·+ ak • rk|r1, r2, · · · rk ∈ R},

´R�n�§�¡�S)¤�n�§�´Ìn�"

½Â 7.10. XJ�R�¤kn�Ñ´Ìn�§K¡R´ÌÌÌnnn������"

~ 7.18. �ê�〈Z,+, •〉´Ìn��"

yyy²²²µµµ �I´�ê�〈Z,+, •〉�n�"XJI¥vk�"��§=I =

{0}§KI´d0)¤�n�"

XJI¥k�"��§@o7k��êa ∈ I (XJb < 0�b ∈ I§d

uI´n�§−1 ∈ Z§−b = (−1) • b ∈ I§¿�−b > 0)"ù�Ò�±3I ¥

é������êk"éuI¥?¿��n§n = m • k + q§0 ≤ q ≤ k − 1"

duI´n�§¤±q = n−m • k ∈ I"
k´I¥�����ê§7kq = 0§

=n = m • k ∈ (k)"ÏdI ⊆ (k)"qduk ∈ I§w,m • k ∈ I§�(k) ⊆ I"

Ïd§I = (k)"=�ê�´Ìn��"y."
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7.5 õõõ���ªªª���

7.5.1 ���þþþ���õõõ���ªªª

�〈R,+, •〉þ�õ�ª½Â�

p(x) = a0 + a1x+ · · ·+ anx
n, an 6= 0R, n ≥ 0,

Ù¥a0, a1, · · · , an ∈ R¡�Xê§x��½�§n�p(x)�gê§=deg(p(x)) =

n"�Rþ��"��¡�"gõ�ª(½~êõ�ª)§"��0R¡�"õ

�ª"

�Rþ��Nõ�ª|¤�8ÜP�R[x]§3Ùþ½Â$�+Ú•"é?

¿�f(x), g(x) ∈ R[x]§Ù¥f(x) =
∑n

i=0 aix
i§g(x) =

∑m
j=0 bjx

j§

f(x) + g(x) =

max{m,n}∑
k=0

(ak + bk)x
k,

f(x) • g(x) =

m+n∑
k=0

ckx
k, ck =

∑
i+j=k

ai • bj , 0 ≤ k ≤ m+ n,

Ù¥m < n�ak = 0§n < k ≤ m¶m < n�bk = 0§m < k ≤ n"ØJ

�y〈R[x],+, •〉´�""õ�ª´"�§−f(x) ´f(x) �K�§~êõ�

ª1R´¦{ü �"

�R´��§=R´�²����¿�vk"Ïf"�f(x)�g(x)´R[x]¥

��"õ�ª§§��gê©O´n,m(≥ 0)§=f(x) = anx
n + · · ·§

g(x) = bmx
m + · · ·§an, bm 6= 0R"duR´��§¤±an • bm 6= 0R"�

f(x) • g(x) = anbmx
n+m + · · ·

´�"õ�ª§ÏdR[x]¥vk"Ïf"qR[x]´�²����§�R[x]´

��"

7.5.2 ���þþþ���õõõ���ªªª

½n 7.12. �F´�§f(x), g(x)´õ�ª�F [x]���"XJg(x)Ø

´"õ�ª§K�3���q(x), r(x) ∈ F [x]§¦�

f(x) = q(x) • g(x) + r(x),
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Ù¥r(x)½´"õ�ª§½´gê�udeg(g(x))�õ�ª"

yyy²²²µµµ -g(x) = b0 + b1x+ · · ·+ bmx
m§bm 6= 0F§m ≥ 0"�Ä8Ü

S′ = {f(x)− s(x) • g(x)|s(x) ∈ F [x]}.

kü«�U��¹µ

(1) "õ�ª0F ∈ S′"d��3q(x) ∈ F [x]§¦�f(x) = q(x) • g(x)"

(2) "õ�ª0F /∈ S′"PS′¥gê���õ�ª�r(x)§K�3q(x) ∈
F [x]§¦�r(x) = f(x)− q(x) • g(x)§=f(x) = q(x) • g(x) + r(x)"�r(x) =

ctx
t + · · ·+ c0§ct 6= 0F"b�deg(r(x)) = t ≥ deg(g(x)) = m"y�E��

#�õ�ª§

r1(x) = f(x)− q(x) • g(x)− ct • b′mxt−m • g(x) = r(x)− ctxt + · · · ,

u´deg(r1(x)) < deg(r(x))§


r1(x) = f(x)− [q(x) + ct • b
′
mx

t−m] • g(x)] ∈ S′.

ù�r(x)´S′¥gê�$�õ�ªgñ§¤±7kdeg(r(x)) < deg(g(x))"

e¡y²q(x)Úr(x)´���"b�q1(x), r1(x)9q2(x), r2(x)þ÷vµ

f(x) = q1(x) • g(x) + r1(x),

f(x) = q2(x) • g(x) + r2(x),

¿�r1(x)§r2(x)�gêþ�ug(x)�gê(=m)"òþ¡üª�~§��

(q1(x)− q2(x)) • g(x) = r2(x)− r1(x).

XJq1(x) − q2(x)Ø´"õ�ª§@oþª�>õ�ª�gê�u�um§


m>õ�ª�gê�um§gñ"�7kq1(x) = q2(x)§ddq��

Ñr1(x) = r2(x)"y."

½n7.12`²�þ�õ�ª�±�Ø{§ûÚ{ª´��(½�"X

Jf(x) = q(x) • g(x)§K¡g(x)´f(x)�Ïª"AO/§�g(x) = x − a§

f(x)Ø±x− a�{¼´�F���§=

f(x) = q(x) • (x− a) + r0, r0 ∈ F.
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-x = a§Kr0 = f(a)"dd��§3F [x]¥§õ�ªx− a´f(x)�Ïª�

�=�f(a) = 0F§ù�¡a´õ�ªf(x)��"

½n 7.13. �Fþ�õ�ª�F [x]´Ìn��"

yyy²²²µµµ �I´F [x]���n�"eI¥vk�"õ�ª§KI = {0F }§
§´d0F)¤�n�"eI¥k�"õ�ª§Ù¥gê�$��"õ�ªP

�g(x)"�âg(x)�gê�±©�ü«�¹µ

(1) deg(g(x)) = 0"=g(x) = a ∈ F�a 6= 0F"a3F¥k¦{_�a′§

a′ ∈ F [x]"a′ • a = 1F ∈ I§�½n7.10 �y²aq§��I = F [x]"I´

d1F)¤�n�"

(2) deg(g(x)) 6= 0"?�f(x) ∈ I§d½n7.12�§�3q(x), r(x) ∈
F [x]¦f(x) = q(x)•g(x)+r(x)"Ï�g(x) ∈ I�I´F [x]�n�§¤±r(x) =

f(x)−q(x) •g(x) ∈ I"dug(x)´I¥gê�$�õ�ª§�7kr(x) = 0F§

=f(x) = q(x) • g(x) ∈ (g(x))"df(x)�?¿5�I ⊆ (g(x))"��§g(x) ∈
I§é?Ûq(x) ∈ F [x]§q(x)•g(x) ∈ I§¤±(g(x)) ⊆ I"nþ§I = (g(x))"

¤±�Fþ�õ�ª�F [x]´Ìn��"y."

7.5.3 ���þþþ���õõõ���ªªªûûû���

�F�õ�ª�F [x]´Ìn��"F [x]�n�Ñ´P = (p(x))/ª§Ù

¥p(x) = a0 + a1x+ · · ·+ anx
n§an 6= 0F§K

F [x]/P = {f(x) + P |f(x) ∈ F [x]}.


f(x) = q(x) • p(x) + r(x)§f(x)− r(x) ∈ (p(x))§=f(x) + P = r(x) + P"

¤±

F [x]/P = {b0 + b1x+ · · ·+ bn−1x
n−1 + P |b0, b1, · · · , bn−1 ∈ F}.

~ 7.19. �ÑZ2[x]/(x2 + x+ 1)�\{LÚ¦{L"

)))µµµ Z2 = {[0], [1]}§{P�Z2 = {0, 1}"(x2 +x+ 1)´Z2[x]�Ìn�"

-P = (x2 + x+ 1)§Kk

Z2[x]/P = {(ax+ b) + P |a, b ∈ Z2}

= {P, 1 + P, x+ P, 1 + x+ P}.
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L 7.1: Z2[x]/(x2 + x+ 1)�\{LÚ¦{L

+ P 1 + P x+ P 1 + x+ P

P P 1 + P x+ P 1 + x+ P

1 + P 1 + P P 1 + x+ P x+ P

x+ P x+ P 1 + x+ P P 1 + P

1 + x+ P 1 + x+ P x+ P 1 + P P

• P 1 + P x+ P 1 + x+ P

P P P P P

1 + P P 1 + P x+ P 1 + x+ P

x+ P P x+ P 1 + x+ P 1 + P

1 + x+ P P 1 + x+ P 1 + P x+ P

§�\{LÚ¦{LXL7.1¤«"

7.6 ���ÓÓÓ���½½½nnn

½Â 7.11. �ϕ´l�R1��R2�Ó�N�"0R2´R2�"�"Kerϕ =

{r|r ∈ R1, ϕ(r) = 0R2}¡�ϕ�ÓÓÓ���ØØØ"

½n 7.14. �ϕ´l�R1��R2�Ó�N�§KKerϕ´R1�n�"

yyy²²²µµµ ϕ´lR1�R2��Ó�N�§¤±�´l��+〈R1,+〉�〈R2,+〉�
+Ó�N�"d½n6.6�§Kerϕ´〈R1,+〉��5f+"?�x1, x2 ∈ Kerϕ§

x1 − x2 ∈ Kerϕ"qex ∈ Kerϕ§r ∈ R1§

ϕ(x • r) = ϕ(x) • ϕ(r) = 0R2
• ϕ(r) = 0R2 ,

�x • r ∈ Kerϕ"Ón�yr • x ∈ Kerϕ"¤±§Kerϕ´R1�n�"y."
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½n 7.15. £�Ó�Ä�½n¤ �R1�?¿û�Ñ´�R1�Ó��"

eϕ´l�R1��R2�÷Ó�N�§K

R1/Kerϕ ∼= R2.

yyy²²²µµµ �I1´�R1�n�"-ϕ̃ : R1 → R1/I1§ϕ̃ = r + I1"w,§

ϕ̃´÷�"é?¿r1, r2 ∈ R1§

ϕ̃(r1 + r2) = (r1 + r2) + I = (r1 + I) + (r2 + I) = ϕ̃(r1) + ϕ̃(r2),

ϕ̃(r1 • r2) = (r1 • r2) + I = (r1 + I) • (r2 + I) = ϕ̃(r1) • ϕ̃(r2),

ϕ̃(1R1) = 1R1 + I,

Ïd§ϕ̃´÷Ó�N�§ϕ̃(R1) = R1/I1"Ïd§�R1�?¿û�Ñ´

�R1�Ó��"

eϕ´l�R1��R2�÷Ó�N�§@oϕ�´l〈R1,+〉�〈R2,+〉�
+Ó�N�"d+Ó�Ä�½n�ϕ̃ : R1/Kerϕ → R2§ϕ̃(r + Kerϕ) =

ϕ(r)´+Ó�N�",k

ϕ̃((r1 + Kerϕ) • (r2 + Kerϕ)) = ϕ̃(r1 • r2 + Kerϕ) = ϕ(r1 • r2)

= ϕ(r1) • ϕ(r2) = ϕ̃((r1 + Kerϕ)) • ϕ̃((r2 + Kerϕ)),

ϕ̃((1R1 + Kerϕ)) = ϕ(1R1) = 1R2 ,

�ϕ̃´�Ó�N�§l
R1/Kerϕ ∼= R2"y."

~ 7.20. Q[x]´knê�Qþ�õ�ª8Ü"-Q(
√

2) = {a+b
√

2|a, b ∈
Q}"y²

Q[x]/(x2 − 2) ∼= Q(
√

2).

yyy²²²µµµ-ψ : Q[x]→ Q(
√

2)§ψ(f(x)) = f(
√

2)"´y§ψ´lQ[x]�Q(
√

2)�

�Ó�N�"?�a + b
√

2 ∈ Q(
√

2)§�3a + bx ∈ Q[x]§¦ψ(a + bx) =

a+ b
√

2§¤±ψ´÷Ó�N�"

e¡¦Kerψ"ep(x) ∈ Kerψ§=p(
√

2) = 0"�g(x) = x2 − 2§d½

n7.12�§

p(x) = q(x)(x2 − 2) + a0 + a1x, a0, a1 ∈ Q.
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dp(
√

2) = 0��a0 + a1
√

2 = 0§Ïda0 = a1 = 0"dd��p(−
√

2) =

a0 − a1
√

2 = 0"�§x2 − 2´p(x)�Ïª"u´§Kerψ = {p(x)|x2 −
2´p(x)�Ïª} = (x2 − 2)§´x2 − 2)¤�n�"�â�Ó�Ä�½n

�§Q[x]/(x2 − 2) ∼= Q(
√

2)"y."

~ 7.21. y²R[x]/(x2 + 1) ∼= C"

yyy²²²µµµ -ψ : R[x] → C§ψ(f(x)) = f(i)§Ù¥i =
√
−1"´y§ψ´

lR[x]�C ��Ó�N�"?�a+ bi ∈ C§�3a+ bx ∈ R[x]§¦�ψ(a+

bx) = a+ bi§¤±ψ´÷Ó�N�"

e¡¦Kerψ"?�p(x) ∈ Kerψ§=p(i) = 0"�g(x) = x2 + 1§d½

n7.12�§

p(x) = q(x)(x2 + 1) + a0 + a1x, a0, a1 ∈ R.

dp(i) = 0��a0 + a1i = 0§Ïda0 = a1 = 0"dd��p(−i) = a0 − a1i =

0"�§x2 + 1´p(x)�Ïª"u´§Kerψ = {p(x)|x2 + 1´p(x)�Ïª} =

(x2 +1)§´x2 +1)¤�n�"�â�Ó�Ä�½n�§R[x]/(x2 +1) ∼= C"
y."

½n 7.16. f´l�R1��R2�Ó�N�§K

(1) eS1´R1�f�§Kf(S1)´R2�f�"AO/§f(R1)´R2�f�"

(2) eS1´R1�n�§Kf(S1)´f(R1)�n�"

(3) eS2´f(R1)�f�§Kf−1(S2)´R1�f�"

(4) eS2´f(R1)�n�§Kf−1(S2)´R1�n�§�R1/f
−1(S2) ∼= f(R1)/S2"

yyy²²²µµµ ùp�y²(1)Ú(4)§(2)Ú(3)�y²�{aq§3�SK"

(1) f´lR1�R2��Ó�N�§@of´l〈R1,+〉�〈R2,+〉�+Ó�
N�"S1´R1�f�§�〈S1,+〉�〈R1,+〉�f+"d½n6.7�〈f(S1),+〉
´〈R2,+〉�f+"?�x2, y2 ∈ f(S1)§�3x1, y1 ∈ S1§¦�f(x1) = x2§

f(y1) = y2"Ï�x1 • y1 ∈ S1§¤±

x2 • y2 = f(x1) • f(y1) = f(x1 • y1) ∈ f(S1).
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f(S1)é¦{•´µ4�"1R1 ∈ S1§f(1R1) = 1R2§=1R2 ∈ f(S1)"dd�

�§〈f(S1),+, •〉´〈R2,+, •〉�f�"AO/§�S1 = R1§��f(R1)´R2�

f�"

(4)Ï�S2´f(R1)�n�§¤±f(R1)/S2´�"-ψ : f(R1)→ f(R1)/S2§

ψ(f(r1)) = f(r1) + S2"w,§ψ´÷�"qÏ�f´lR1 �f(R1)�÷�§

¤±ψ ◦ f´lR1�f(R1)/S2�÷�"éur1, r2 ∈ R1§

(ψ ◦ f)(r1 + r2) = ψ(f(r1 + r2)) = f(r1 + r2) + S2 = (f(r1) + f(r2)) + S2

= (f(r1) + S2) + (f(r2) + S2) = (ψ ◦ f)(r1) + (ψ ◦ f)(r2),

(ψ ◦ f)(r1 • r2) = ψ(f(r1 • r2)) = f(r1 • r2) + S2 = (f(r1) • f(r2)) + S2

= (f(r1) + S2) • (f(r2) + S2) = (ψ ◦ f)(r1) • (ψ ◦ f)(r2),

(ψ ◦ f)(1R1) = ψ(f(1R1)) = f(1R1) + S2 = 1R2 + S2,

Ïd§ψ ◦ f´l�R1��f(R1)/S2�÷Ó�N�"

Ker(ψ ◦ f) = {r|r ∈ R1, (ψ ◦ f)(r) = S2}

= {r|r ∈ R1, f(r) ∈ S2} = f−1(S2).

d�Ó�Ä�½n��§R1/f
−1(S2) ∼= f(R1)/S2"y."

½n 7.17. I1, I2´�R�ü�n�§I2 ⊆ I1§KI1/I2´R/I2�n�§

�
R/I2
I2/I1

∼= R/I1.

yyy²²²µµµ I1, I2´�R�n�§¤±R/I2ÚR/I1´ü�û�"Ï�I2 ⊆
I1 ⊆ R§û8I1/I2 = {i + I2|i ∈ I1} ⊆ R/I2"½Âf : R/I2 → R/I1§

f(r + I2) = r + I1"�r1 + I2 = r2 + I2�§r1 − r2 ∈ I2§
I2 ⊆ I1§¤

±r1 − r2 ∈ I1§l
r1 + I1 = r2 + I1"¤±N�f��L�À�Ã'"w

,§f´÷�"éur1, r2 ∈ R§

f((r1 + I2) + (r2 + I2)) = f((r1 + r2) + I2) = (r1 + r2) + I1

= (r1 + I1) + (r2 + I1) = f((r1 + I2)) + f((r2 + I2)),

f((r1 + I2) • (r2 + I2)) = f((r1 • r2) + I2) = (r1 • r2) + I1

= (r1 + I1) • (r2 + I1) = f((r1 + I2)) • f((r2 + I2)),

f(1R1 + I2) = 1R1 + I1,
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¤±§f´l�R/I2��R/I1�÷Ó�N�"

Kerf = {r + I2|r + I1 = I1} = {r + I2|r ∈ I1} = I1/I2.

d�Ó�Ä�½n�§R/I2
I1/I2

∼= R/I1"y."

7.7 ���nnn���ÚÚÚ444���nnn���

I´�R�n�§KR/I´�"@o�o��n�U¦R/I���½ö�

�Qº±�ê�〈Z,+, •〉�~"�ê�Z�¤kn�Ñ´Ìn�"�p��ê§
(p) = {k • p|k ∈ Z}´Z�n�"

Z/(p) = {(p), 1 + (p), · · · , p− 1 + (p)} ∼= Zp.

XJ(i+(p)) • (j+(p)) = (p)§=i • j ∈ (p)§p|i • j§d�ê�5��p|i½p|j"
Ïd§i+ (p) = (p)½j + (p) = (p)"¤±§Z/(p) ´��"ddÚÑ�n�
�Vg"

½Â 7.12. I´�²����R�n�§I 6= R"éuR�?¿��a, b§

XJa • b ∈ I§7ka ∈ I ½b ∈ I§@o¡I��R����nnn���"

½n 7.18. I´�²����R�n�"R/I´����=�I´�n

�"

yyy²²²µµµ b�R/I´��"éR¥�?¿��a, b§XJa • b ∈ I§K(a+

I) • (b + I) = a • b + I = I"duR/I¥vk"Ïf§¤±7ka + I = I½

öb+ I = I (I´R/I�"�)"u´§a ∈ I ½öb ∈ I"¤±I´�n�"
��§XJI´�R��n�"3�R/I¥§e(a+I) •(b+I) = a •b+I =

I§K7ka • b ∈ I"Ï�I´�n�§¤±a ∈ I½öb ∈ I§=a + I = I ½

öb+ I = I"ù`²R/I¥vk"Ïf"¤±R/I´��"y."

~ 7.22. y²Ìn��F [x]�?¿n�(x)Ñ´�n�§Ù¥F´�"

yyy²²²µµµ �(x)´F [x]���n�§û�

F [x]/(x) = {f(x) + (x)|f(x) ∈ F [x]} = {a+ (x)|a ∈ F [x]}.
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½Âϕ : F [x]/(x) → F§ϕ(a + (x)) = a§´yϕ´�Ó�N�"Ïd§

F [x]/(x) ∼= F§F [x]/(x)´��§d½n7.18�§(x)´�n�"y."

½Â 7.13. I´�R�n�§I 6= R"eI ⊂ M§M´R�n�§K7

kM = R"¡ù��n�I´R�444���nnn���"

~ 7.23. �ê�Z¥§p´�ê§(p)´Z��n�§�´Z�4�n
�"ù´Ï�§eM´Z�n�¿�(p) ⊂ M§KM¥7k��m /∈ (p)§

=m = kp+ l§0 < l < p"Ï�m, p ∈ M§¤±l = m− kp ∈ M"el 6= p§

Kl�pp�§�3a, b ∈ Z¦la+ pb = 1§Ïd1 ∈ M§�½n7.10�y²a

q§��M = Z"

~ 7.24. �Fþ�õ�ª�F [x]¥§(x)´F [x]��n�§�´F [x]�

4�n�"ù´Ï�XJM´F [x]�n��(x) ⊂ M§KM¥�3f(x) /∈
(x)§=f(x) = anx

n + · · · + a1x + a0 ∈ M§a0 6= 0 (Ï�f(x) /∈ (x))"

-f(x) = f1(x) + a0§f1(x) ∈ (x) ⊂ M§dd��a0 ∈ M"
a0´�F�
�"��§¤±´F��_�§�´F [x]��_�"�Ò´`§F [x]�n

�M�¹�_�a0§d½n7.10�§M = F [x]"

½n 7.19. I´�²����R�n�"R/I´���=�I´4�n

�"

yyy²²²µµµ ®�R/I´�§I 6= R"eI ⊂ M§M´R�n�§@o�

3a ∈M�a /∈ I"w,§a+ I´�R/I��"��§§�¦{_�´x+ I§

=(a + I) • (x + I) = 1R + I"Ï�a ∈ M§x ∈ R§M´R�n�§¤

±a • x ∈ M"qI ⊂ M§�1R + I = (a + I) • (x + I) = a • x + I ⊆ M§�

k1R ∈M§l
M = R"=I´4�n�"

��§I´4�n�§?�a /∈ I§a + I´R/I��"��"XJx +

I´a+ I�¦{_�§@oxAT÷v

(a+ I) • (x+ I) = a • x+ I = 1R + I,

=a • x− 1R ∈ I"�Ä8Ü

A = {−i+ a • x|i ∈ I, x ∈ R}.
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w,§I ⊂ A§A´R���f8"?�−i1+a •x1,−i2+a •x2 ∈ A§y ∈ R§

(−i1 + a • x1)− (−i2 + a • x2) = −(i1 − i2) + a(x1 − x2) ∈ A,

(−i1 + a • x1) • y = −i1 • y + a • (x1 • y) ∈ A,

Ïd§A´R�n�§�I ⊂ A"duI´4�n�§¤±A = R§u´R�

¦{ü �1R ∈ A"Ïd�3i0 ∈ I, x0 ∈ R¦�1R = −i0 + a • x0§=a •

x0 − 1R = i0 ∈ I"Ïd§x0 + I´a+ I�¦{_�"ka+ I�?¿5��§

R/I´�"y."

XJI´�²����R�4�n�§@oR/I´�¶
�q´��§

¤±R/I´��§?
�ÑI´R��n�"�ke¡�íØµ

íØ 7.1. �²�����4�n��½´�n�"

díØ�_·KØ�½¤á"~X�ê�Zþ�õ�ª�Z[x]§(x)´Z[x]�

�n�"Z[x]/(x) ∼= Z§
ZØ´�§�(x)Ø´Z[x]�4�n�"

SSSKKK

1. e��êXÚ=
´�º

(1) 〈Z× Z,+, •〉§Ù¥+�•þ´é©þ�$�¶

(2) 〈2Z× Z,+, •〉§Ù¥+�•Óþ¶

(3) 〈R,+, ∗〉§Ù¥+´¢ê\{§a ∗ b = |a| • b"
2. �Ñe�����Ü�_�"

(1) 〈Z,+, •〉¶ (2) 〈Z,+, •〉¶
(3) 〈Z4,+, •〉¶ (4) 〈Z6,+, •〉"
3. 3�〈R,+, •〉¥§XJ〈R,+〉´Ì�+§K〈R,+, •〉´���"
4. 3�R¥§XJéu?¿a ∈ Rþka2 = a§K¡T�´Ù��"y

²µ

(1) ∀a ∈ R§2a = 0R¶

(2) R´���"

5. e��¥=
´��§=
´�º`²nd"
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(1) 〈Z× Z,+, •〉¶
(2) 〈{a+ b

√
2|a, b ∈ Z},+, •〉¶

(3) 〈{a+ b
√

3|a, b ∈ Q},+, •〉"
6. ea´�R��_�§K

(1) −a�´�_�¶
(2) aØ´"Ïf"

7. 3���¥§ea • b´"Ïf§Ka´"Ïf½b´"Ïf"

8. E\+〈G,+〉�gÓ��§XJH´G�f+§@o

EH = {f |f ∈ E, f(H) ⊆ H}

´E�f�"

9. ����?¿ü�f���E´f�"

10. -f : Z × Z → Z§f(a, b) = a"y²f´l�〈Z × Z,+, •〉�
�〈Z,+, •〉�Ó�N�§¿¦Kerf"

11. ¦Ñ�Z6�¤kn�"

12. eI1ÚI2´�R�n�§KI1 ∩ I2§I1 • I2§I1 + I2Ñ´R�n�§¿

�I1 • I2 ⊆ I1 ∩ I2"

13. y²I =

{(
0 2x

0 0

)∣∣∣∣∣x ∈ Z

}
´R =

{(
a b

0 c

)∣∣∣∣∣a, b, c ∈ Z

}
�n

�"û�R/I´d=
���¤�º

14. 3pd�ê�Z[i] = {a+ bi|a, b ∈ Z}¥§I = (2 + i)¹k=
��º

Z[i]/(2 + i)¹k=
��º

15. -R =

{(
a b

c d

)∣∣∣∣∣a, b, c, d ∈ Z

}
§I =

{(
2m 2n

2k 2l

)∣∣∣∣∣m,n, k, l ∈ Z

}
"

(1) y²I´R�n�¶

(2) R/I´d=
��|¤�º

16. Q[x]´knê�Qþ�õ�ª�§y²(2, x)´Q[x]�Ìn�"

17. F [x]´ê�Fþ�õ�ª�"3F [x]þ½Â$�f(x) • g(x) =

f(g(x))"K〈F [x],+, •〉´Ä´�º��oº
18. 〈Z7,+, •〉þ�õ�ªf(x) = −4 + 5x+ 3x3§g(x) = 3− x+ 4x3§Á

O�f(x) + g(x)§f(x) • g(x)"
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19. �〈Z2,+, •〉þ�õ�ª1 +x+x2 + · · ·+xnkÏª1 +x��=�n�

Ûê"

20. éÑlZ�Z�¤kÓ�N�§¿�ÑÙÓ�Ø"
21. éÑlZ�Z2�¤kÓ�N�"

22. y²µ(3)/(6)´Z/(6)�n�§¿�

Z/(6)

(3)/(6)
∼= Z/(3).

23. �½��êmÚr§�r|m"^aL«Zm¥a¤3�Ó{a§[a]L

«Zr¥a¤3�Ó{a"-f : Zm → Zr§f(a) = [a]"

(1) y²f´�Ó�N�¶

(2) ¦Kerf§¿éÑ�Zm/KerfÓ���"

24. -ϕ : R[x]→ R§ϕ(f(x)) = ϕ(a0 + a1x+ · · ·+ anx
n) = a0"

(1) y²ϕ´l�R[x]��R�÷Ó�N�¶
(2) ¦Kerϕ§¿éÑ�R[x]/KerϕÓ���"

25. eϕ´l�R1��R2�÷Ó�N�§I1´R1�n�"y²µ

(1) ϕ−1(ϕ(I)) = I + Kerϕ¶

(2) ϕ(I) = R2 ��=�I + Kerϕ = R1"

26. �ê�Z¥§(n)´Z��n���=�|n| = 0½p§Ù¥p´�ê"

27. y²µ3�Z[x]¥§(x, n)´4�n���=�n��ê"


