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6.1 ���+++���Lagrange½½½nnn

½Â 6.1. H´G�f+. 3Gþ½Â�HÓ{'X§∀a, b ∈ G§X

Ja ∗ b′ ∈ H§K¡a�b���HÓÓÓ{{{§P�a ≡ b(mod H).

½n 6.1. �HÓ{'X´Gþ��d'X. éuG¥���a§a¤3

��da�

Ha = {h ∗ a|h ∈ H}§

¡�G¥H�m�8§��a´�8Ha��L�.

yyy²²² ?�a ∈ G§a ∗ a′ = e ∈ H§�a ≡ a (modH ). �HÓ{'

X´g��. XJa, b ∈ G§a ≡ b(modH )§=a ∗ b′ ∈ H. ÏH´+§

(a ∗ b′)′ = b ∗ a′ ∈ H . �b ≡ a (modH). �HÓ{'X´é¡�. X

Ja, b, c ∈ G§a ≡ b (modH)§b ≡ c (modH)§=a ∗ b′ ∈ H§b ∗ c′ ∈ H.

H´G�f+§Hé+G�$�∗µ4§(a ∗ b′) ∗ (b ∗ c′) = a ∗ c′ ∈ H§

�a ≡ c (mod H). �HÓ{'X´D4�. nþ©Û��HÓ{'X´G

þ��d'X.

G¥���a��da§

[a] = {b|b ∈ G, b ∗ a′ ∈ H}
= {h ∗ a|h ∈ H} = Ha.

w,a ∈ Ha§a´T�da��L�.

�HÓ{'XkXe5�µ

1° He = H ;

2° a ≡ b (mod H)⇐⇒ Ha = Hb ;

3° a ∈ H⇐⇒ Ha = H .
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~ 6.1. �"knê¦{+〈Q∗, •〉§H = {−1, 1} ⊂ Q∗§´T¦{

+�f+. Q∗¥��a¤3�m�8Ha = {a,−a}. �a ≡ b (mod H)�§

b = ±a§w,Ha = Hb.

~ 6.2. ng�¡N+〈D3, •〉§H = {ρ0, ρ1, ρ2}´D3�f+§Ïρi ∈
H§0 6 i 6 2§�Hρ0 = Hρ1 = Hρ2 = H. qÏµi ∗ µ

′
j ∈ H§1 6 i, j 6 3§

�Hµ1 = Hµ2 = Hµ3 = {µ1, µ2, µ3}. Hkü�ØÓ�m�8HÚHµ1§

D3 = H ∪Hµ1�H ∩Hµ1 = ∅.

~ 6.3. G´±g�)¤��9�Ì�+§G = {g0, g1, · · · , g8}§g9 = e.

H = {g0, g3, g6}´G�3�f+.

Hg0 = Hg3 = Hg6 = {g0, g3, g6} = H§

Hg1 = Hg4 = Hg7 = {g1, g4, g7}§
Hg2 = Hg5 = Hg8 = {g2, g5, g8}.

Hkn�ØÓ�m�8H§Hg§Hg2. G = H
⋃
Hg
⋃
Hg2§�ù
m

�8üü��.

éu+G�f+H��±½Â§���8§k3Gþ½Â�d'X.

∀a, b ∈ G§

a ≡ b (mod H)⇐⇒ a
′ ∗ b ∈ H.

G¥��a¤3��da[a] = {b|b ∈ G, a
′ ∗ b ∈ H} = {a ∗ h|h ∈ H} = aH§

¡�a¤3���8.

½n 6.2. H´+G�f+§H�¤k��88ÜSL = {aH|a ∈ G}Ú
¤km�88ÜSR = {Ha|a ∈ G}´�³�.

yyy²²² -f : SL → SR§f(aH) = Ha
′
. ùpÄk�`²TN���L

�À�Ã'§=eaH = bH§7kHa
′

= Hb
′

. daH = bH�a
′ ∗ b ∈ H§

H´+§(a
′ ∗ b)′ = b

′ ∗ (a
′
)
′ ∈ Hl
Ha

′
= Hb

′
. w,f´÷�. X

Ja1H, a2H ∈ SLÑ´Ha���§f(a1H) = f(a2H) = Ha§�ÑHa
′
1 =

Ha
′
2§�k(a

′
1) ∗ (a

′
2)
′

= a
′
1 ∗ a2 ∈ H. dd��a1H = a2H. ù`²f´ü

�.
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nþ©Û§3SLÚSR�m�3��V�§�SL�SR�³.

5¿:3½n6. 2y²¥½Â�N�´f(aH) = Ha
′
§
Ø´Ha. �ö

§Ø´N�. �aH = bH�§ØU�yHa = Hb.

½Â 6.2. +G'u§�f+H��(m)�8�ê��H3G¥����êêê§

P�[G : H].

½n 6.3. (Lagrange½½½nnn)

eG´k�+§H´G�f+§@o

|G| = [G : H]|H|.

yyy²²² Ha´G¥H���m�8. ½ÂN�f : H → Ha§f(h) =

h ∗ a§w,f´V�. G´k�+§H´G�f+§¤±H�´k�+§�

Ñ|H| = |Ha|. d½n6. 1�§G¥H�m�8�N�¤G���©y§

-G'uf+H�m�8�ê[G : H] = k§k�ØÓ�m�8��L�

©O�a1, a2, · · · , ak§@oG = Ha1
⋃
Ha2 · · ·

⋃
Hak§Ù¥Hai

⋂
Haj =

∅, (i 6= j). l


|G| = |Ha1|+ |Ha2|+ · · ·+ |Hak|
= k • |H| = [G : H] • |H|

dd½n�±��ü��~k^�íØ.

íØ 6.1. k�+G¥����´|G| �Ïf.

yyy²²² 3k�+¥¤k����7,´k��. �G¥��a��

�m§-H = {a0, a1, · · · , am−1}§w,H´G�m�f+. dLagrange½n

�|G| = [G : H] • |H| = [G : H] •m§�m| |G|.

íØ 6.2. �ê�+Ñ´Ì�+.

yyy²²² �G´p�+§p´�ê§§�Ïf�k1Úp. díØ6. 1�G¥

�����´1½p. w,+G�ü ����1§�ü ���a���p§

l
G = 〈a〉.

~ 6.4. y²4�+G½ö´4�Ì�+C4½ö´Klein-4+K4.
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yyy²²² 4�+G¥�����U�1,2,4. XJG¥�)4��a§@

oG = 〈a〉 = {a0, a1, a2, a3}§=G´4�Ì�+C4. XJG¥vk4��§@

oØü �e	§Ù¦��þ´2��§=G = {e, a, b, c}§a2 = b2 = c2 = e.

dc¡�SK�T+7´��+. a ∗ bØU´a, b, e§ÄKíÑb = e§a = e§

a = b. l
a∗ b = c. Ón��a∗ c = b§b∗ c = a. âd�ÑT+�¦{Lµ

∗ e a b c

e e a b c

a a e c b

b b c e a

c c b a e

�G´Klein-4+K4.

~ 6.5. G´6�+§G��¹k��3�f+.

yyy²²² G´6�+. G¥�����U´1§2§3§6. XJG¥k3�

�a§@o〈a〉Ò´G�3�f+. XJG¥k6��a§@o〈a2〉�3�f+.

e¡y²G¥Ø�UQÃ3���Ã6��. �Ò´`G¥Ø�UØKü 

�e	Ñ´2��. ^�y{§b�G = {e, a, b, c, d, f}§�a2 = b2 = c2 =

d2 = f2 = e . dua ∗ bØ��a, b, e§�K = {e, a, b, a ∗ b}§Ù¥a ∗ b ∈
{c, d, f}§w,K´Klein-4+. 
K ⊆ G. �K´G�f+. |K| = 4.


4 - 6§�Lagrange½ngñ. �Ø�. nþ�8�+7kn�f+.

6.2 ���555fff+++���ûûû+++

�!0��aAÏ�f+—�5f+.

½Â 6.3. H´+G�f+. XJé¤k�G¥��g ÚH¥��hÑ

kg
′ ∗ h ∗ g ∈ H§@o¡H´G����555fff+++§¿P�H C G.

½n 6.4. H´+G�f+. H´G��5f+��=�éG¥?¿�

�g§Hg = gH.
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yyy²²² eH´G��5f+. ?�x ∈ gH§�3h1 ∈ H¦x = g ∗ h1.

x = (g

′
)
′ ∗ h1 ∗ g

′ ∗ g§d�5f+�½Â§(g
′
)
′ ∗ h1 ∗ g

′ ∈ H§�x ∈ Hg§

u´gH ⊆ Hg. �L5§?�y ∈ Hg§�3h2 ∈ H¦y = h2 ∗ g§
y =

g ∗ g′ ∗ h2 ∗ g§d�5f+�½Âg
′ ∗ h2 ∗ g ∈ H§�y ∈ gH. u´Hg = gH.

nþ�§Hg = gH.

qeéG¥?¿��gþkHg = gH§?�h3 ∈ H§7�3h4 ∈
H¦h3 ∗ g = g ∗ h4§u´g

′ ∗ h3 ∗ g = h4 ∈ H§l
H´G��5f

+.

~ 6.6. ng�¡ND3�f+H = {ρ1, ρ2, ρ3}´�5f+§

ρ0H = ρ1H = ρ2H = Hρ0 = Hρ1 = Hρ2 = {ρ0, ρ1, ρ2},
µ1H = µ2H = µ3H = Hµ1 = Hµ2 = Hµ3 = {µ1, µ2, µ3}.

H̃´D3�f+§�Ø´�5f+. ~X

µ2H̃ = {µ2, ρ1}§H̃µ2 = {µ2, ρ2}.

µ2H̃ 6= H̃µ2.

~ 6.7. �ê�2�f+´�5f+.

yyy²²² H´+G�f+�[G : H] = 2§=G = H
⋃
Ha1§Ù¥a1 /∈ H§

¿�H
⋂
Ha1 = ∅. ·�?�+G���a§kü«�U5µea ∈ H§d

uaH = H§Ha = H§�aH = Ha¶ea /∈ H§G = H
⋃
Ha = H

⋃
aH.

Ha = G −H = aH. ¤±Ø+´=«�¹þkaH = Ha. H´G��5f

+.

w,��+�?Ûf+Ñ´�5f+.

e¡ïÄ3G¥H�¤km�8�¤�8Üþ�$�9�A��ê(

�.

½Â 6.4. A§B´+G���f8§½Â

A •B = {a ∗ b|a ∈ A, b ∈ B}.
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T$�Î÷v(ÜÆ. ?�x ∈ A • (B • C)§�3a ∈ A§b ∈ B§

c ∈ C¦x = a∗(b∗c). +G¥¦{÷v(ÜÆx = (a∗b)∗c§�x ∈ (A•B)•C.

l
A • (B •C) ⊆ (A •B) •C. Ón��y²(A •B) •C ⊆ A • (B •C).

����A • (B •C) = (A •B) •C.

½n 6.5. N´+G��5f+§〈{Ng|g ∈ G}, •〉´+§¡�G�N�

ûûû+++§P�G/N.

yyy²²² ÄkïÄü��5f+�m�8N��¦{.

Ng1 •Ng2 = {(n1 ∗ g1) ∗ (n2 ∗ g2)|n1, n2 ∈ N}.

ÏN´G��5f+§éuG¥��g1§kg1N = Ng1.g1 ∗n2 ∈ g1N§@o
�3n3 ∈ N¦g1 ∗ n2 = n3 ∗ g1§�\þª§

Ng1 •Ng2 = {n1 ∗ (n3 ∗ g1) ∗ g2|n1, n2 ∈ N}
= {n ∗ (g1 ∗ g2)|n ∈ N}
= Ng1 ∗ g2.

ùp½Â��5f+m�8m�¦{$��m�8�L��À�Ã'. ù´

Ï�§XJNg1 = Na1§Ng2 = Na2§=g1 ∗ a′1, g2 ∗ a′2 ∈ N§@o

(g1 ∗ g2) ∗ (a1 ∗ a2)
′

= g1 ∗ (g2 ∗ a
′
2) ∗ a

′
1.

-n1 = g2 ∗ a
′
2§n1 ∗ a

′
1 = a

′
1 ∗ n2§n3 = g1 ∗ a

′
1

(g1 ∗ g2) ∗ (a1 ∗ a2)
′

= n3 ∗ n2 ∈ N.

u´Ng1 ∗ g2 = Na1 ∗ a2.
38Ü{Ng|g ∈ G}þ�¦{$�w,´µ4�. ¿�÷v(ÜÆ.

N = Ne´ü �§Ng
′
´Ng�_�. ¤±〈Ng|g ∈ G, •〉´+.

�G´k�+�§G�N�û+G/N¥����êÒ´N3G¥��

ê§�

|G/N| = |G|/|N|.

~ 6.8. �ê\+〈Z,+〉´��+. z�f+Ñ´�5f+. Z��5f

+〈n〉 = {kn|k ∈ Z} = nZ�û+.
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Z/nZ = {nZ, 1 + nZ, · · · , (n− 1) + nZ}.

eN�f : Z/nZ→ Zn§f(i+ nZ) = [i]§w,f´V�§�

Z/nZ ∼= Zn.

~ 6.9. ng�¡ND3¥§f+H = {ρ0, ρ1, ρ2}��ê�2. H´D3�

�5f+§D3�H �û+

D3/H = {H, (12)H}

´2�Ì�+.

~ 6.10. G´k���+. �êp´|G|�Ïf§@o+G¥7k�

�p��.

yyy²²² ·�é+G��ê?18By². �|G| = 2�§G = {e, a}�a2 =

e. �ê2| |G|. a´2��§·K¤á. b�|G| < k�§·K¤á. y

�|G| = k§,�êp|k. ?�G�,��ü ��g§§���t§w

,t|k�t > 1. XJp|t§=t = rp§Kgr ´G¥�p��. XJp - t§�
ÄG��5f+〈g〉�û+G/〈g〉.

|G/〈g〉| = |G|/t < |G| = k,

G/〈g〉E´k���+. dup|k§p - t§�p| |G/〈g〉|. d8Bb��
3G/〈g〉¥kp��a〈g〉. b�a3G¥���u§w,k(a〈g〉)u = 〈g〉. l

p|u. dc¡?Ø�§au/p´G�p��. ·Ké|G| = k �¤á.

��/§n�+G§én�Ïfd§3G¥Ø�½kd�f+. ~X:�N

o�ó���¤A4§|A4| = 12. 6´12�Ïf§�A4vk6�f+§ù´

Ï�A4¥k1�1��§8�3��§3�2��. eH´A4�6�f+§Ï2�

��k3�. �H¥��k1�3��§Ø�b�´(a, b, c) ∈ H. 3���_

�E´3��§�3��7L¤éÑy. ü �e ∈ H§¤±H¥��k

��2��§Ø�b�´(ab)(cd) ∈ H. d(a, b, c) ∈ H§(ab)(cd) ∈ Hí

Ñ(abc)
′

= (acb) ∈ H§(abc)(ab)(cd) = (acd) ∈ H§(acd)
′

= (adc) ∈ H§

(ab)(cd)(abc) = (bdc) ∈ H§(bdc)
′

= (bcd) ∈ H, · · · ,H¥����ê®�
L6�§�H´A4�6�f+gñ. ¤±A4vk6�f+.
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6.3 +++���ÓÓÓ���

�!UY?Øü�+�'X.

½Â 6.5. 3+〈G1, ∗〉Ú〈G2, •〉�m�3N�f : G1 → G2§é?

¿a, b ∈ G1§f(a ∗ b) = f(a) • f(b)§K¡f´lG1�G2�ÓÓÓ���NNN���({¡ÓÓÓ

���). XJf´÷�(ü�§V�)§K¡f´÷÷÷ÓÓÓ���NNN���(üüü���ÓÓÓ���NNN���§§§ÓÓÓ

���NNN���).

ef´l+G1�G2�Ó�N�§G1§G2ü �©O�e1Úe2§@

of(e1) = e2. é?¿a ∈ G§f(a
′
) = (f(a))

′
. d(Øy²�{�+Ó

�N��A5�y²�{�Ó.

½Â 6.6. f´l+G1�G2�+Ó�N�§f�ØØØ´G1¥ÏLfN

�G2�ü �e2�@
��|¤�8Ü§P�Kerf§

Kerf = {a|a ∈ G1, f(a) = e2}.

.

½n 6.6. f´l+G1�G2�+Ó�N�.

1° Kerf´+G1��5f+.

2° f�ü�
�=�Kerf = {e1}.

yyy²²²

1° f´l+G1�G2�+Ó�N�. duf(e1) = e2§e1 ∈Kerf§¤

±Kerf´G1���f8. ?�g1, g2 ∈ Kerf§f(g1) = f(g2) = e2§


f(g1 ∗ g2) = f(g1) • f(g2) = e2 • e2 = e2,

f(g
′
1) = (f(g1))

′
= e

′
2 = e2.

�g1 ∗ g2 ∈ Kerf§g
′
1 ∈ Kerfl
Kerf´G1�f+§?�g ∈ G1§k ∈

Kerf§

f(g
′ ∗ k ∗ g) = (f(g))

′ • f(k) • f(g)

= (f(g))
′ • e2 • f(g) = e2,
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�g
′ ∗ k ∗ g ∈ Kerf.Kerf´G1��5f+.

2° �f�ü��§�ke1���e2§�Kerf = {e1}§�L5§�Kerf =

{e1}�§XJ�3g2 ∈ G2§§kü�ØÓ���g11, g12 ∈ G1§g11 6= g12§

f(g11) = f(g12) = g2.

f(g11 ∗ g
′
12) = f(g11) • (f(g12))

′
= g2 • g

′
2 = e2.

@og11 ∗ g
′
12 ∈ Kerf = {e1}§=g11 ∗ g

′
12 = e1. l
��g11 = g12§gñ.

ù`²XJG2¥���k��§@o��´���§¤±f´ü�.

~ 6.11. G1ÚG2´?¿ü�+§-f : G1 → G2§é?¿g ∈ G1§

f(g) = e2. ?�g1, g2 ∈ G1§

f(g1 ∗ g2) = e2 = e2 • e2 = f(g1) • f(g2),

f´+Ó�N�. Kerf = G1§·�¡ù�AÏ�Ó�N��"Ó�N�.

~ 6.12. G1 = 〈Z,+〉§G2 = 〈C, •〉§-f : Z → C. f(m) = im.

f(k + l) = ik+l = ik • il = f(k) • f(l). f´lG1�G2�Ó�N�. Kerf =

{n|in = 1} = {4m|m ∈ Z}. f��8Imf = {1,−1, i,−i}.

½n 6.7. f´+G1�G2���Ó�N�.

1° eH1 6 G1§Kf(H1) 6 G2§AO/f(G1) 6 G2;

2° eH1 C G1§Kf(H1) C G1;

3° eH2 6 f(G1)§Kf−1(H2) 6 G1;

4° eH2 C f(G1)§Kf−1(H2) C G1�G1/f
−1(H2) ∼= f(G1)/H2.

yyy²²² ùp�y2°§3°§Ù¦3�öSK.

2° H1´G1��5f+§d1°�f(H1) 6 G2. 
f(H1) ⊆ f(G1) ⊆
G2§f(G1)�+§�f(H1)´f(G1)�f+. ?�y ∈ f(G1)§x ∈ f(H1)§

�3g ∈ G1§h ∈ H1¦f(g) = y§f(h) = x.

y
′ • x • y = f(g

′
) • f(h) • f(g) = f(g

′ ∗ h ∗ g).

duH1´G1��5f+§g
′∗h∗g ∈ H1§�y

′•x•y ∈ f(H1)§f(H1)´f(G1)�

�5f+.
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3° H2´f(G1)�f+. f−1(H2) = {x|x ∈ G1, f(x) ∈ H2} ⊆ G1§

f(e1) = e2 ∈ H2§w,e1 ∈ f−1(H2).f
−1(H2)´G1���f8. ex1, x2 ∈

f−1(H2)§�3h1, h2 ∈ H2§¦f(x1) = h1§f(x2) = h2.

f(x1 ∗ x2) = f(x1) • f(x2) = h1 • h2 ∈ H2,

f(x
′
1) = (f(x1))

′
= h

′
1 ∈ H2.

��x1 ∗ x2 ∈ f−1(H2)§x
′
1 ∈ f−1(H2). l
f−1(H1)´G1�f+.

½n 6.8. f´lG1�G2�+Ó�N�§é?¿a ∈ G1§f−1(f(a)) =

aKerf.

yyy²²² ?�a ∈ G1§f´lG1�G2�+Ó�N�§f(a) ∈ G2. df−1½

Â�f−1(f(a)) = {x|x ∈ G1, f(x) = f(a)}. ?�x ∈ f−1(f(a))§f(a
′ ∗ x) =

f(a
′
) • f(x) = (f(a))

′ • f(a) = e2§�a
′ ∗ x ∈ Kerf§=x ∈ aKerf . l


��f−1(f(a)) ⊆ aKerf . q?�y
′ ∈ aKerf§�3k ∈ Kerf¦y = a ∗ k§

f(y) = f(a) • f(k) = f(a) • e2 = f(a)§¤±y ∈ f−1(f(a)). q�ÑaKerf ⊆
f−1(f(a)). nþ©Û�

f−1(f(a)) = aKerf.

ù�½n`²
§ef´lG1�G2�÷Ó�§KG2¥z������

8�Ð´f�Ó�ØKerf����8. âd§·��±3G1/KerfÚG2�m

ïáå����éA'X.

½n 6.9. (+++ÓÓÓ���ÄÄÄ���½½½nnn)

+G1�?Ûû+Ñ´G1�Ó��.eG2´G1�Ó��§KG1/Kerf ∼=
G2.

yyy²²² �H´+G1��5f+. ½Âϕ : G1 → G1/H§ϕ(a) = aH.

w,ϕ´÷Ó�N�§ϕ(G1) = G1/H§ùÒy²
+G1�?Ûû+Ñ

´G1�Ó��.

eG2´G1�Ó��§=f : G1 → G2§f(G1) = G2. ½Âf̃ : G1/Kerf →
G2§f̃(aKerf) = f(a). Äk`²f̃´N�§Ò´`XJa1Kerf = a2Kerf§
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@oa
′
1∗a2 ∈ Kerf . 
(f(a1))

′ •f(a2) = f(a
′
1∗a2) = e2§�Ñf(a1) = f(a2)§

=N�f̃��L�À�Ã'.

?�y ∈ G2 = f(G1)§�3a ∈ G1¦y = f(a)§@oaKerf ∈ G1/Kerf´y�

��. qea1Kerf, a2Kerf ∈ G1/KerfÑ´y ∈ f(G1)���§@of(a1) =

f(a2). 
f(a
′
1 ∗ a2) = (f(a1))

′ • f(a2) = e2§�a
′
1 ∗ a2 ∈ Kerf§=a1Kerf =

a2Kerf . dþ¡©Û�f̃´V�.

f̃(aKerf • bKerf) = f̃((a ∗ b)Kerf)

= f(a ∗ b) = f(a) • f(b)

= f̃(aKerf) • f̃(bKerf).

�f̃�±$�§´+Ó�N�. ����

G1/Kerf ∼= f(G1)

~ 6.13. H´+G��5f+. -ϕ : G→ G/H§ϕ(a) = aH§¡ϕ�

g,Ó�. ϕ�Ó�Ø

Kerϕ = {x|x ∈ G, ϕ(x) = H}
= {x|x ∈ G, xH = H} = H.

~ 6.14. -G1 = 〈Z,+〉§G2 = 〈a〉 = {a0, a1, · · · , an−1}�an = e. ½

Âf : Z→ 〈a〉§f(m) = am§f´lG1�G2�÷Ó�N�§§�Ó�Ø

Kerf = {m|m ∈ Z, am = a0} = {kn|k ∈ Z} = nZ.

d+Ó�Ä�½n�

Z/nZ ∼= 〈a〉.


Z/nZ ∼= Zn§¤±〈a〉 ∼= Zn. ·�2g��/n�Ì�+Ó�u�nÓ{a

+0ù�(Ø.

~ 6.15. ^Ó�Ä�½ny²½n6. 7¥�4°.

yyy²²² ®�H2´f(G1)��5f+. ½Âf̃ : G1 → f(G1)/H2.f̃(a) =

f(a)H2. duf : G1 → f(G1)´÷Ó�N�§´�f̃�´÷Ó�N�.



132 CHAPTER 6. û+

Kerf̃ = {x|x ∈ G1, f(x)H2 = H2}
= {x|x ∈ G1, f(x) ∈ H2} = f−1(H2),

d½n6. 6�f−1(H2)´G1��5f+. 2d+Ó�Ä�½n�

G1/f
−1(H2) ∼= f(G1)/H2.

½n 6.10. H§Kþ´+G��5f+§�K ⊆ H§@o

G/H ∼= G/K
H/K .

yyy²²² K´+G�f+. KéuG¥�$��¤+. K ⊆ H§HéuG

¥�$���¤+§l
K�´H�f+. ?�h ∈ H ⊆ G§k ∈ K§d

uK´G��5f+§h
′ ∗k ∗h ∈ K§¤±K´H��5f+§l
H/K´

+.

-f : G/K → G/H§f(aK) = aH§N´y²f��L�À�Ã'§

f´N�§¿�´÷�.

f(aK • bK) = f(a ∗ bK) = a ∗ bH = aH • bH
= f(aK) • f(bK),

f´÷Ó�N�§§�Ó�Ø

Kerf = {aK|aK ∈ G/K, f(aK) = H}
= {aK|aK ∈ G/K, aH = H}
= {aK|a ∈ H} = H/K.

dÓ�Ä�½n�

G/K
H/K

∼= G/H.

SSSKKK

1. H´��+G�f+§y²H�z���8�´��m�8.

2. H´G�f+§a, b´G¥���§y²±e8�·K´�d�:

(1)a
′ ∗ b ∈ H; (2)b

′ ∗ a ∈ H; (3)b ∈ aH;
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(4)a ∈ bH; (5)aH = bH; (6)aH
⋂
bH 6= ∅.

3. �ÑA4¥'uH = {e, (1 2)(3 4), (1 3)(2 4), (1 4)(2 3)}���8©
)�m�8©).

4. H´+G��ê�2�f+. y²:éuG�?¿��a7ka2 ∈ H§

eH��ê�3§´ÄéG�?¿��aka3 ∈ Hºy²\�äó.

5. H,K´G�ü�f+§ [G : H] = m§ [G,K] = n§y²f

+H
⋂

K3G¥��ê6 m • n.

6. +G��ê�p • q§Ù¥p, qþ��ê�p < q. y²:+GØ�Uk

ü�ØÓ�q�f+.

7. H´G��5f+. XJaÚbáuH�Ó���8¥§cÚdáuH

�Ó���8¥§@oa ∗ cÚb ∗ dáuH�Ó���8¥.

8. G´�ê\+§H = {mk|k ∈ Z}. û+G/H¹k=
��º§�

ü �´�oº�ÑTû+�¦{L.

9. XJ+G¥¹k��,�f+§@oT+7´�5f+.

10. H1ÚH2´+G��5f+. y²µH1
⋂

H2§H1 •H2 �´G�

�5f+.

11. H1,H2,NÑ´G��5f+§¿�H1 ⊂ H2§y²H1 •N´H2 •
N��5f+

12. H,KÑ´+G��5f+¿�H
⋂
K = {e}. y²:é?¿h ∈ H§

k ∈ K§Ñkh ∗ k = k ∗ h.

13. 3G = {f |f : Z→ Z/(2)}þ½Â$�+.

(f + g)(x) = f(x) + g(x).

y²µ〈G,+〉´��+§¿��"�����2.

14. 3�"¢ê¦{+¥§Xe½Â�N�f¥§=
´Ó�N�§

¿�éÑ§�Ó�Ø.

(1)f1(x) = |x|; (2)f2(x) = 2x; (3)f3(x) = x2;

(4)f4(x) = 1
x ; (5)f5(x) = −x; (6)f6(x) = −1

x
.

15. -G = {A|A ∈ (Q)n, |A| 6= 0}§GéuÝ
¦{�¤+. f :

G → R∗§f(A) = |A|. y²: f ´l+G��"¢ê¦+R∗�Ó�N�.

¦f(G)ÚKerf .
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16. G´��+§k´�½���ê. f : G → G§f(a) = ak. y

²:f´Ó�N�. ¦Ñf(G)ÚKerf .

17. G = 〈a〉´n�Ì�+§G
′

= 〈b〉´m�Ì�+§y²:

m|nk ⇔ ∃ϕ : G→ G
′
´Ó�N�¿�ϕ(a) = bk.

18. H ´G��5f+§ [G : H] = m. y²:éuG�?¿�

�x, xm ∈ H.

19. H,K´G��5f+. XJG/H§G/K´��+§@oG/H
⋂
K�

´��+.

20. 3+G¥§a, b´G¥���§¡a
′ ∗ b′ ∗a ∗ b�G�� �. y²:

(1)G�¤kk��� �¦È�¤G
′
§G

′
´G��5f+;

(2)G/G
′
´��+;

(3)eN´G��5f+�G/N´��+§@oG
′
´N�f+.


