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4.1 ÄÄÄ���VVVggg

4.1.1 '''XXX���½½½ÂÂÂ

½Â 4.1. �A1, A2, · · · , An´8Ü§A1 × A2 × · · · × An�f8R¡

�A1!A2! ...!Anm���n�'X"XJR = ∅§¡R��'X½²�'
X¶XJR = A1 ×A2 × · · · ×An§K¡R��'X"

XJR´8ÜA�8ÜBm���'X§K�¡�´lA�B���'

X"d�§R�½Â�½Â�

Dom(R) = {x|x ∈ A§��3y ∈ B§¦�(x, y) ∈ R}.

R���K½Â�

Ran(R) = {y|y ∈ B§��3x ∈ A§¦�(x, y) ∈ R}.
N´��§Dom(R) ⊆ A§Ran(R) ⊆ B"XJ(a, b) ∈ R§·�¡a�b

k'XR§P�aRb¶XJ(a, b) /∈ R§·�¡a�bvk'XR§P�a/Rb"X
JA = B§K¡R�Aþ���'X"

~ 4.1. ò�ê8ÜZþ��u'XP�L"Ï�4 < 6§¤±(4, 6) ∈ L§
½ö4L6§�´(6, 4) /∈ L"

~ 4.2. ½Âg,ê8ÜNþ��ê�'XM§(x, y) ∈ M��=

�x´y��ê�§=

xMy ⇔�3k ∈ N§¦�x = ky.

XJx ∈ N�x /M2§Kx�Ûê"�p ∈ N�p > 1§e?�q 6= 1�q 6= p§Ñ

kp /Mq§K¿�Xp´�ê"

~ 4.3. ¢ê8Üþ���'XéAu(k��I²¡�:8Ü"~

X'XR = {(x, y)||x|+ |y| ≤ 1} éAuã4.1¥xÒK�Ü©"

é'8ÜA�8ÜB�N�f�A× Bþ���'XR§¦+§�Ñ�±
�¤Xe�kSé8Ü�/ªµ
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ã 4.1: ~4.3éA�ã

f = {(x, y)|x ∈ A, y ∈ B,¿�f(x) = y}§
R = {(x, y)|x ∈ A, y ∈ B,¿�xRy}"

üöwþ��~aq§�´§lN��½Â��§3f��^e§A¥�

z���3B¥Ñk��éA��"Ïd§f�½Â�´Dom(f) = A§�

´R�½Â�Dom(R) ⊆ A",��¡§éu?�x ∈ A§3f ��^e§x
3B¥��´���§�Ò`§e(x, y1) ∈ f�(x, y2) ∈ f§Kky1 = y2"

�´éu'XR5`§��k�U�3x ∈ A§y1, y2 ∈ B�y1 6= y2§¦

�(x, y1) ∈ R�(x, y2) ∈ R"¤±§'X´¼ê�ò�§�éu¼ê5`§
'XL�
8Üm�2��éX"

dun�'X�±L�¤kSn�|�8Ü�/ª§k
'X��±æ

^8B½Â"~X§g,ê8ÜNþ��u'X/L0�±ÏLe¡�/ª
?18B½Âµ

(1) Ä:�éµ(0, 1) ∈ L¶

(2) 8B�éµXJ(x, y) ∈ L§K(x, y + 1) ∈ L§(x+ 1, y + 1) ∈ L¶

(3) ª(�éµLdk�g¦^5K(1)�(2))¤�kS��||¤"

4.1.2 '''XXX���555���

½Â 4.2. �R´Aþ���'X§

(1) XJéu?¿x ∈ A§ÑkxRx§K¡R´g��¶
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(2) XJéu?¿x ∈ A§Ñkx/Rx§K¡R´�g��¶

(3) XJéu?¿x, y ∈ A§exRy§K�½kyRx§@o¡R´é¡�¶

(4) XJéu?¿x, y ∈ A§exRy�yRx§K�½kx = y§@o¡R ´

�é¡�¶

(5) XJéu?¿x, y, z ∈ A§exRy�yRz§K�½kxRz§@o¡R´
D4�"

éu8ÜAþ���'XR5`§�U�3x, y ∈ A§¦�xRx§�y /Ry"
¤±§lþ¡�½Â�±wÑ§�3��'X§QØ´g��§�Ø´�

g��§g���g��5�¿Ø´pÖ�"Ùg§éu�é¡'X5`§

Ì���´§ex, y ∈ A�x 6= y§KxRy�yRxØUÓ�¤á"

~ 4.4. ò=©i1LP�Σ = {a, b, · · · , x, y, z}§Σ∗�Σ¥i1|¤

�iÎG8Ü§b½α, β ∈ Σ∗§½ÂΣ∗þ���'XR1!R2!R3§Ù¥µ

αR1β§��=�α�β�Ý��§

αR2β§��=�α'β�§

αR3β§��=�α�,�ýcM´β���ý�M"

~X§�α = abc§β = xyz§γ = xyzab§KkαR1β§α /R1γ§γR2β§

α /R2β§αR3γ§α /R3β"Ù¥§ab´α�ýcM§Ó�q´γ�ý�M"

d½Â�§R1´g��¶R2´�g��¶R3QØ´g��§�Ø´�

g��"'X`§aaR3aa§�´ab/R3ab"

~ 4.5. Σ∗�½ÂX~4.4"�α, β ∈ Σ∗§½ÂΣ∗ þ���'XR4!

R5!R6§Ù¥µ

αR4β§��=�α´β�fG§

αR5β§��=�α�βk���Ó���cM§

αR6β§��=�α�β��"

~X§�α = abc§β = xyz§γ = xyzab§δ = xyz§KkαR4α§βR4γ§

α /R4β§βR5γ§α /R5β§βR6δ§α /Rbβ"

d½Â�§R4´�é¡�¶R5´é¡�¶R6Q´é¡�§�´�é¡

�"b���'XR Q´é¡�§�´�é¡�§@oeα 6= β§Kα�β�

½Ø÷v'XR§=α/Rβ"
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~ 4.6. Σ∗�½ÂX~4.4"�α, β ∈ Σ∗§½ÂΣ∗ þ���'XR7!

R8!R9§Ù¥µ

αR7β§��=�α´β�cM§

αR8β§��=�α´β�fi§

αR9β§��=�α�βk�Ó�iÎ"

d½Â�§R7�R8´D4�¶�R9Ø´D4�"~X§�α = abc§

β = xyzab§γ = xyz§KkαR9β§βR9γ§�´§α/R9γ"

4.1.3 '''XXX���LLL«««

3'X�½Â¥§·�Q^kS��|�/ª5L«��'X"b

�R´8ÜA�Bþ���'X§�±òRL«�

R = {(x, y)|x ∈ A, y ∈ B, xRy}.

�!0�,	ü«��'X�L�/ª§='XÝ
�'Xã"

½Â 4.3. �R´lk�8ÜA�k�8ÜB���'X§Ù¥A =

{a1, a2, · · · , am}!B = {b1, b2, · · · , bn}§½ÂÝ
MR = (mij)m×n§Ù¥

mij =

0 �ai /Rbj�,

1 �aiRbj�.

·�¡MR´'XR�'XÝ
§MR�1ê��ê©O�8ÜA¥����

ê�8ÜB¥����ê"

~ 4.7. �A = {a1, a2, a3, a4}!B = {b1, b2, b3}§R´8ÜA�8ÜBþ
�'X§

R = {(a1, b1), (a1, b2), (a2, b2), (a3, b1), (a3, b3), (a4, b1), (a4, b2)}.

R�'XÝ
MR´4× 3�Ý
§

MR =


1 1 0

0 1 0

1 0 1

1 1 0

 .
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~ 4.8. �R´A = {a1, a2, a3, a4}þ���'X§R = {(a1, a1), (a1, a2),
(a1, a4), (a2, a2), (a2, a3), (a3, a1), (a3, a3), (a3, a4), (a4, a1), (a4, a2), (a4, a3)}§
KR�'XÝ
MR´4��
§

MR =


1 1 0 1

0 1 1 0

1 0 1 1

1 1 1 0

 .

l'XÝ
�½Â�±wÑµéuk�8ÜA = {a1, a2, · · · , an}þ�
��'XR§XJR ´g��§@oMR�Ìé��þ¤k��Ñ´1¶X

JR´�g��§@oMR �Ìé��þ¤k��Ñ´0¶XJR´é¡�§

@oMR´é¡Ý
¶XJR´�é¡�§@oMR¥'uÌé��é¡�

ü� �ØUÓ��1§=3i 6= j�§emij = 1§�½kmji = 0"�´§

'XR �D45ØN´lMR¥��wÑ"

½Â 4.4. �½k�8ÜA = {a1, a2, · · · , an}þ���'XR§·��
±^��k�ãGR5L«R"GR �½Â´µ^n�:©OL«A¥�z�

��§Ù¥�Lai�:IP�ai§�¡�!:ai¶XJaiRaj(i 6= j)§@ol

!:ai�!:ajx�^k�l¶XJaiRai§K3!:aiþx�^k��"

~ 4.9. ~4.8¥'XéA�'Xãë�ã4.2"

a1

a4a3

a2

ã 4.2: ~4.8éA�'Xã

k�8Üþ���'X�±^'Xã5L«§l'Xã�±�*/w

Ñ'X��
5�"XJ'XR ´g��§@o'Xã¥�z�!:Ñk
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���"XJ��'X´�g��§K'Xã¥�z�!:þÑvk�"

�ai �aj ´ü�ØÓ�!:§XJ'X´é¡�§ai �ajkk�l§Kaj

�ai �½k�l¶XJ'X´�é¡�§ai�aj kk�l§Kaj �ai �½

vkk�l"�ai !aj �ak ´n�ØÓ�!:§XJ'X´D4�§ai

�aj!aj�ak Ñkk�l§Kai�ak �½kk�l"

'XÝ
�±L«k�8ÜA�k�8ÜBþ���'X§��±L«

k�8ÜAþ���'X"'Xã^5L«k�8ÜAþ���'X"��

�¹e§Ø^'XãL«k�8ÜA�,��k�8ÜBþ���'X"

4.1.4 '''XXX���$$$���

l8ÜA�8ÜB���'XR§�duA × B���f8"8Ü�m
�����¹�'X§±98Üm�¿!��Ö�$�§Ñ�±��½Â

¤'X�m��p'X±9'X�$�"

½Â 4.5. �R1�R2Ñ´8ÜA�8ÜB���'X"��A× B�f
8
ó§XJR1 ⊆ R2§K¡R1�u�uR2§P�R1 ≤ R2"

XJR1 ≤ R2�R1 6= R2§K¡R1�uR2§P�R1 < R2"

aq/§�±½Â'Xm�/�u�u0�/�u0'X§©OP�

/≥0�/>0"
éuü�8ÜA�B
ó§e÷vA ⊆ B§Ù¹Â´µ?�a ∈ A§K7

ka ∈ B"
éu8ÜA�8ÜB�ü���'XR1�R2
ó§e÷vR1 ≤
R2§�±�y¤µexR1y§K7kxR2y¶aq/§e÷vR1 < R2§�±

�y¤µexR1y§K7kxR2y§¿��3x0 ∈ A!y0 ∈ B§¦�x0 /R1y0§

�´x0R2y0"

½Â 4.6. �R!R1�R2Ñ´8ÜA�8ÜB���'X"½ÂR�

ÖR!R1�R2�¿R1 ∪R2§±9R1�R2��R1 ∩R2Xeµ

£1¤?�x ∈ A!y ∈ B§exRy§��=�x/Ry¶
£2¤?�x ∈ A!y ∈ B§ex(R1 ∪R2)y§��=�xR1y½xR2y¶

£3¤?�x ∈ A!y ∈ B§ex(R1 ∩R2)y§��=�xR1y�xR2y"
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~ 4.10. �R1�R2´¢ê8ÜRþ���'X"§��½Â©O�µ
?�x, y ∈ R§£1¤xR1y§��=�x = y¶£2¤xR2y§��=�x = −y"
@o

x(R1 ∪R2)y§��=�|x| = |y|"

~ 4.11. �R1�R2´¢ê8ÜRþ���'X"§��½Â©O�µ
?�x, y ∈ R§£1¤xR1y§��=�x ≥ y¶£2¤xR2y§��=�x ≤ y"@
o

x(R1 ∩R2)y§��=�x = y§

xR1y§��=�x < y"

Ï�l8ÜA�8ÜB���'XR�duA×B���f8§¤±8Ü
m$�/∪0!/∩0!/A0¤÷v�Ä�5K���·Üu'Xm�$�"
~X§

£1¤��ÆµR1 ∪R2 = R2 ∪R1§R1 ∩R2 = R2 ∩R1¶

£2¤(ÜÆµ (R1 ∪ R2) ∪ R3 = R1 ∪ (R2 ∪ R3)§(R1 ∩ R2) ∩ R3 =

R1 ∩ (R2 ∩R3)"

Ø
�8Ü$�a'�A�'X$�/∪0!/∩0!/A0�	§�kü
�AÏ�'X$�µ'X�Ü¤�'X�4�"

½Â 4.7. �R1´l8ÜA�8ÜBþ�'X§R2´l8ÜB�8

ÜCþ�'X§½ÂR1�R2 �EÜ'XR2 ◦ R1�l8ÜA�8ÜCþ�

'X§äN½ÂXeµ

?�x ∈ A!z ∈ C§x(R2◦R1)z§��=��3y ∈ B§¦�xR1y�yR2z"

~ 4.12. �R�SÑ´8ÜA = {1, 2, 3, 4, 5}þ�'X§Ù¥§
R = {(1, 2), (2, 2), (3, 4)}§
S = {(1, 3), (2, 5), (3, 1), (4, 2)}§

@o

R ◦ S = {(1, 4), (3, 2), (4, 2)}§
S ◦R = {(1, 5), (2, 5), (3, 2)}"

R ◦ S�S ◦ RÑ´8ÜA�Ùg�þ���'X§�´R ◦ S 6= S ◦ R§��
'X�EÜ$�Ø÷v��Æ"
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½n 4.1. 'X�EÜ$�÷v(ÜÆ"

yyy²²²µµµ�R1´l8ÜA�8ÜBþ�'X§R2´l8ÜB�8ÜCþ

�'X§R3 ´l8ÜC�8ÜDþ�'X"·��y²R3 ◦ (R2 ◦ R1) =

(R3 ◦R2) ◦R1"

ky²R3 ◦ (R2 ◦R1) ⊆ (R3 ◦R2) ◦R1"?�a ∈ A!d ∈ D§e(a, d) ∈
R3 ◦ (R2 ◦ R1)§�âEÜ'X�½Â��§�3c ∈ C§¦�(a, c) ∈ R2 ◦
R1�(c, d) ∈ R3"qdu(a, c) ∈ R2 ◦ R1§dEÜ'X½Â�§�3b ∈ B§
¦�(a, b) ∈ R1�(b, c) ∈ R2"
d(b, c) ∈ R2Ú(c, d) ∈ R3§��(b, d) ∈
R3 ◦R2§2d(b, d) ∈ R3 ◦R2Ú(a, b) ∈ R1 �§(a, d) ∈ (R3 ◦R2) ◦R1"Ï

d§R3 ◦ (R2 ◦R1) ⊆ (R3 ◦R2) ◦R1"

Ón�y§(R3 ◦ R2) ◦ R1 ⊆ R3 ◦ (R2 ◦ R1)"Ïd§(R3 ◦ R2) ◦ R1 =

R3 ◦ (R2 ◦R1)"y."

|^'X�EÜ$�§±9'XEÜ$�÷v�(ÜÆ§�±�¤'

X��$�"�R´8ÜA þ���'X§�±48½ÂR��µR1 = R!

R2 = R ◦R!R3 = R2 ◦R = R ◦R2!...!Rn = Rn−1 ◦R = R ◦Rn−1!..."

d'XEÜ$�÷v(ÜÆ��§éun > m > 0§÷v

Rn = Rm ◦Rn−m.

5¿§R7L´,�8ÜA�Ùg�þ���'X§â�±½ÂR��"

½Â 4.8. �R´8ÜAþ���'X§XJ�3Aþ���'XR1§

R1÷v±en�^�µ

£1¤R1´g��§

£2¤R ⊆ R1,

£3¤?�Aþ���'XR2§eR2´g��§�R ⊆ R2§K�½

kR1 ⊆ R2§

@o¡R1´R�g�4�"

¯¢þ§R�g�4�Ò´�¹R�÷vg�5����'X"aq/§

�±½ÂR�é¡4��D44�"�´§�ì½Â4.8§ØU½ÂR��g

�4���é¡4�"
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½n 4.2. �R´8ÜAþ���'X§½Â8ÜAþ���'XR+µ

?�a1, a2 ∈ A§

a1R
+a2§��=��3n > 0§¦�a1Rna2§

KR+´'XR�D44�"

yyy²²²µµµÄky²R+´D4�"?�a, b, c ∈ A§XJaR+b�bR+c§K

�3n1 > 0!n2 > 0§¦�aRn1b!bRn2c§dEÜ'X�½Â�§a(Rn2 ◦
Rn1)c = aRn1+n2c§¤±aR+c§l
R+´D4�"

2y²R ≤ R+"?�a, b ∈ A§eaRb§=aR1b§¤±aR+b"Ïd§

R ≤ R+"

��y²R+´�¹R���D4'X"b�R∗´Aþ?¿���¹R�

D4'X"?�b, c ∈ A§ecR+b§@o�3X,�n > 1§¦�cRnb"d

�'X�½Â�§�3a1, a2, · · · , an−1 ∈ A§¦�

cRa1, a1Ra2, · · · , an−2Ran−1, an−1Rb,

Ï�R ≤ R∗§¤±k

cR∗a1, a1R
∗a2, · · · , an−2R∗an−1, an−1R∗b.

Ï�R∗÷vD45§¤±cR∗b"l
R+ ≤ R∗§R+´�¹R���D4'

X"

nþ©Û�§R+´'XR�D44�"y."

½n 4.3. �R´8ÜAþ���'X§KR
′

= IA ∪ R´'XR�g�
4�"Ù¥§IA´A þ�ð�'X§=é?�a ∈ A§ÑkaIAa§
éu?
�a, b ∈ A�a 6= b§aIAbÑØ¤á"

yyy²²²µµµ3�SK5"

½n 4.4. �R´8ÜAþ���'X§½ÂAþ���'XR
′
Xe

R
′

= {(y, x)|x, y ∈ A�(x, y) ∈ R},

KR̃ = R ∪R′´R�é¡4�"
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yyy²²²µµµÄk§duR̃ = R ∪R′ ⊇ R§¤±R ≤ R̃"
e¡y²R̃´é¡�"?�a, b ∈ A§eaR̃b = a(R ∪ R′)b§d'X�

¿$��½Â��§aRb½aR
′
b"eaRb§dR

′
�½Â�§bR

′
a§¤±b(R∪

R
′
)a§=bR̃a¶eaR

′
b§dR

′
�½Â�§bRa§Ó���±��b(R ∪ R′)a§

=bR̃a"¤±§ÃØ´aRb½aR
′
b§Ñ�±��bR̃a"¤±R̃´é¡�"

��y²R̃´�¹R���é¡'X"b�R∗´�¹R�é¡'X"

?�a, b ∈ A§eaR̃b§KkaRb½aR′b"£1¤eaRb§Ï�R∗ �¹
R§¤

±aR∗b¶£2¤eaR
′
b§KdR

′
�½Â�§bRa"Ï�R∗�¹
R§¤±bR∗a"

2Ï�R∗´é¡'X§��aR∗b"¤±§ÃØ´aRb§�´aR
′
b§ÑkaR∗b"

Ïd§aR∗b"R∗�¹
R̃"

nþ��§R̃´R�é¡4�"y."

4.2 ���ddd'''XXX

½Â 4.9. �R´8ÜAþ���'X§XJR´g��!é¡�!D

4�§K¡R´�d'X"

�R´8ÜAþ��d'X§a, b ∈ A"XJaRb§K¡a�b�d"X

JaRb§dR �é¡5��§bRa§·�¡a�b*d�d"dR�g�5�

�§?�a ∈ A§aRa§¤±A ¥z����Ùg��d"qdR�D45
��§ea�b�d§�b�c�d§Ka�c�d"

½Â 4.10. �R´8ÜAþ��d'X"?�a ∈ A§P[a]R�A¥¤

k�a�d����¤�8Ü§=

[a]R = {x|x ∈ A, aRx}.

dua�Ùg��d§a ∈ [a]R§¡[a]R���a¤á��da§�¡��a´

�da[a]R��L�"

½n 4.5. �R´8ÜAþ��d'X§K�da÷vµ

£1¤?�a, b ∈ A§�o[a]R = [b]R§�o[a]R ∩ [b]R = ∅"
£2¤

⋃
a∈A[a]R = A"
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yyy²²²µµµ £1¤?�a, b ∈ A§�oaRb§�oa/Rb§üö7ØÙ�"
kwaRb��¹"dR�é¡5��§bRa"?�x ∈ [a]R§d�da�

½Â�§aRx§2dR�D45�§bRx§¤±x ∈ [b]R"�[a]R ⊆ [b]R"Ó

n��§[b]R ⊆ [a]R"¤±[a]R = [b]R"

2wa/Rb��¹"XJ[a]R ∩ [b]R 6= ∅§K�3x ∈ [a]R ∩ [b]R§=x ∈
[a]R�x ∈ [b]R"d�da�½Â�§aRx�bRx"Ï�R´é¡�§dbRx

�ÑxRb"qÏ�R´D4�§daRxÚxRb�ÑaRb"�b�a/Rb gñ§

�[a]R ∩ [b]R = ∅"
dþ¡�y²��§*d�d���áuÓ���da§*dØ�d

���¤á��davkú���"

£2¤?�x ∈
⋃
a∈A[a]R§�3a ∈ A§¦�x ∈ [a]R"Ï�[a]R´A �

f8§�x ∈ A"dd�Ñ§
⋃
a∈A[a]R ⊆ A"

��§?�x ∈ A§w,x ∈ [x]R ⊆
⋃
a∈A[a]R"¤±§A ⊆

⋃
a∈A[a]R"

nþ��§A =
⋃
a∈A[a]R"y."

½Â 4.11. �A´����8Ü"XJ8ÜxA = {A1, A2, · · · , Ak, · · · }÷
vµ

£1¤?�i§Ai ⊆ A§=Ai´A�f8§
£2¤?�i 6= j§Ai ∩Aj = ∅½öAi = Aj§

£3¤
⋃+∞
i=1 Ai = A§

K¡8ÜxA´A���y©"

eR´8ÜAþ��d'X§Kd½n4.5�§�da8Ü{[a]R|a ∈
A}´8ÜA���y©§·�¡��8ÜA'u�d'XR�û8§P
�A/R"

~ 4.13. �Z´�ê8Ü§Rn´Zþ��nÓ{'X§=?�a, b ∈ Z§

xRny, ��=� n|x− y§�=x ≡ y mod n.

·�Q²31�Ù0�L§Ó{'X´g��!é¡��D4�§¤

±Rn´Zþ��d'X"[0]Rn , [1]Rn , · · · , [n − 1]Rn´Rn¤(½��Ü�d

a"
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~ 4.14. �R´Eê8ÜCþ���'X§?�x, y ∈ C§xRy��=
�|x| = |y|§Ù¥|x|! |y|©O�Eêx�y��"KR´Cþ��d'X"?
�x ∈ C§x¤3��da[x]RÒ´±�I�:O��%§�»�|x|��§ë
�ã4.3"¤k±O ��%���¤C'uR�¤k�da"�ê¶[0,+∞)

þ¤k�ê´¤k�da��L�§ù´Ï�z��da¥Ñk�=k�

���3�ê¶þ"

O

Y

X

ã 4.3: ~4.14¥�da�«¿ã

~ 4.15. 3²¡AÛ¥§�A´�«AÛã/�¤�8Ü§XJ��

AÛã/²L²£½^=§�±�,��AÛã/��­Ü§K¡ùü�

AÛã//��0"ù«/��0'X´�d'X"*d���AÛã/�

¤���da"

XJ��AÛã/²L¤'~��½ �§�±�,��AÛã/�

�­Ü§K¡ùü�AÛã//�q0"AÛã/m�/�q0'X�´�

d'X"*d�q�AÛã/�¤���da"~X§¤k��Ò´áu

Ó���q��da"

d½n4.5�§8ÜAþ��d'Xû½
A���y©§Ty©d��

ØÓ��da�¤"�L5§�½8ÜA���y©§�û½
8ÜA��

��d'X"

½n 4.6. �8ÜxA = {A1, A2, · · · , Ak, · · · }´��8ÜA���y
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©"½Â8ÜAþ���'XR§?�x, y ∈ A§

xRy ��=��3i§¦�x ∈ Ai�y ∈ Ai,

K'XR´8ÜAþ��d'X"

yyy²²²µµµÏ�A = {A1, A2, · · · , Ak, · · · }´8ÜA���y©§¤±
⋃+∞
i=1 Ai =

A§?�x ∈ A§�3i§¦�x ∈ Ai"dR�½Â�§xRx§¤±R´g�
�"?�x, y ∈ A§XJxRy§K�3i§¦�x ∈ Ai �y ∈ Ai§¤±yRx§
�R´é¡�"?�x, y, z ∈ A§exRy�yRz"dxRy��§�3i§¦

�x ∈ Ai�y ∈ Ai¶
dyRz q�±��§�3j§¦�y ∈ Aj�z ∈ Aj"
Ï�A´A�y©§¤±A¥z����Uáu,��Ai"Ï�y 3Ai�Aj
¥§¤±i = j"l
x, y, z ∈ Ai = Aj"dR�½Â�§xRz§¤±R´D4

�"

nþ©Û�§R´8ÜAþ��d'X§§¤(½��da8ÜÒ´A"
y."

3��8Üþ§^ØÓ�ª½Â�ü��d'X�U�)Ó��8Ü

y©"~X§�A = {1, 2, · · · , 9}"3Aþ½Â�d'XR1ÚR2§Ù¥R1�

½Â�µ?�x, y ∈ A§

xR1y ��=�3|x− y.


R2KÏLe¡�Ý
5½Â
1 2 3

4 5 6

7 8 9

"
?�x, y ∈ A§xR2y��=�x�y3þãÝ
�Ó��¥"KR1�R2Ñ´

8ÜA þ��d'X§§��)��daÑ´

[1]R1 = [1]R2 = {1, 4, 7}, [2]R1 = [2]R2 = {2, 5, 8}, [3]R1 = [3]R2 = {3, 6, 9}.

ù�·�¡R1 = R2"¯¢þ§8Ü�y©�8Üþ��d'X��éA§

ü��d'XéA�8Üy©�Ó§¿�Xü��d'X��þ�Ó"
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4.3 SSS'''XXX

S'X´,�a­����'X"

4.3.1    SSS'''XXX

½Â 4.12. ��´8ÜAþ���'X§XJ�´g��!�é¡�!
D4�§K¡� ´8ÜAþ� S'X§½� S"8ÜAÚAþ��� 
S��¤ S8§P�< A,�>"

~ 4.16. ¢ê8ÜRþ��u�u'X/≥0Ú�u�u'X/≤0Ñ
´ S"< R,≥> �< R,≤>Ñ´ S8"

~ 4.17. b�A´��8Ü§3A��8P(A)þ½Â�¹'X/⊇0
���¹'X/⊆0§K/⊇0�/⊆0Ñ´P(A)þ� S'X§< P(A),⊇>!
< P(A),⊆>Ñ´ S8"

��´8ÜAþ� S§a�b´A¥ü���"XJa � b½öb � a§K
¡a�b´�'��¶ea/�b�b/�a§K¡a �b´Ø�'��"d S��g
�5��§A¥z����Ùg�Ñ´�'��"��5`§8Ü¥?�ü

���a�b§�Ua�bØ�'�"~X§b�A = {1, 2, 3}§�8P(A)þ

��¹'X/⊇0´ S"�´§A�ü�f8{1, 2}�{2, 3}�mÒØ�'
�"

4.3.2 ���SSS'''XXX

½Â 4.13. ��´8ÜAþ� S"XJA¥?¿ü���a�bÑ´�
'��§=a � b ½b � a¤á§@o¡�´�S'X½��S'X§{¡�
S½��S"< A,�>¡��S8"

5¿§3½Â4.13¥§ea = b§Ï��´g��§�,ka � b �b �
aÓ�¤á¶�´ea 6= b§Ka � b�b � a�Uk��¤á"
~4.16¥�< R,≥>�< R,≤>Ñ´�S8"
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~ 4.18. �< A,�>´�S8"�
�B§·�^a �6= bL«a �
b�a 6= b"y3½ÂAnþ���'X�′"?�(a1, a2, · · · , an), (b1, b2, · · · , bn) ∈
An§(a1, a2, · · · , an) �′ (b1, b2, · · · , bn)§��=�e¡n�^���¤áµ

£1¤(a1, a2, · · · , an) = (b1, b2, · · · , bn)§

£2¤a1 �6= b1§

£3¤�31 ≤ i ≤ n − 1§¦�é?¿1 ≤ j ≤ i§Ñ÷vaj = bj§


�ai+1 �6= bi+1"

K�′´Anþ� S§�´�5S"

yyy²²²µµµ¯¢þ§(a1, a2, · · · , an) ∈ An�dua1a2 · · · an´A¥���¤
���n �iÎG"XJò�w�A¥���m��«^S§K'X�′Ò´
dA ¥���¤��n�iÎG�m�i;S"éu�ê�iÎG5`§ù

´�«~��üS�ª§3O�Å�Æ¥k­�A^"

Äk§d^�£1¤��§�′´g��"
Ùg§e(a1, a2, · · · , an) �′ (b1, b2, · · · , bn)§Kd½Â¥�n�^��§

�oa1 = b1§�oa1 �6= b1§Ñ÷va1 � b1"Ón§XJ(b1, b2, · · · , bn) �′

(a1, a2, · · · , an)§Kkb1 � a1"Ï�� ´ S§÷v�é¡5§�±�
Ña1 = b1"3��a1 = b1 ��§^�£2¤Ø¤á§Ïd�o^�

£1¤¤á§��(a1, a2, · · · , an) = (b1, b2, · · · , bn)¶�o^�£3¤¤á§

Kd(a1, a2, · · · , an) �′ (b1, b2, · · · , bn) �§a2 = b2½öa2 �6= b2§Ñ�±�

Ña2 � b2"Ón§d(b1, b2, · · · , bn) �′ (a1, a2, · · · , an)�±�Ñ§b2 � a2"

d� ��é¡5§�a2 = b2¶...¶Xd48�±�Ña1 = b1!a2 = b2!...!

an = bn§=(a1, a2, · · · , an) = (b1, b2, · · · , bn)"��′´�é¡�"
��y²�′´D4�"�(a1, a2, · · · , an) �′ (b1, b2, · · · , bn)§K÷vc

¡�n�^�£1¤!£2¤Ú£3¤"b�(b1, b2, · · · , bn) �′ (c1, c2, · · · , cn)§

K÷ve¡�n�^���µ

£I¤(b1, b2, · · · , bn) = (c1, c2, · · · , cn)§

£II¤b1 �6= c1§

£III¤�31 ≤ i
′ ≤ n− 1§¦�é?¿1 ≤ j ≤ i

′
§Ñ÷vbj = cj§


�bi′+1 �6= ci′+1"

·��±nÜ©Û§3÷vn�^�£1¤!£2¤!£3¤��Ú÷v
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n�^�£I¤!£II¤!£III¤����«|Ü§5y²(a1, a2, · · · , an) �′

(c1, c2, · · · , cn)"ùp§��Ñ÷v^�£3¤�£III¤��y²"

b�^�£3¤�£III¤¤á§©ü«�¹"Äk§ei ≥ i
′
+ 1§@o

é?¿1 ≤ j ≤ i
′
§Ñ÷vaj = bj = cj§
�ai′+1 = bi′+1!bi′+1 �6= ci′+1§

¤±kai′+1 �6= ci′+1"d�
′
�½Â�§(a1, a2, · · · , an) �′ (c1, c2, · · · , cn)"

2ö§ei < i
′
+ 1§Ké?¿�1 ≤ j ≤ i§Ñ÷vaj = bj = cj§
�bi+1 =

ci+1!ai+1 �6= bi+1§l
ai+1 �6= ci+1"d�
′
�½Â�§(a1, a2, · · · , an) �′

(c1, c2, · · · , cn)"¤±�′÷vD45"
nþ��§�′´Anþ� S"
¯¢þ§�′�´Anþ��S"?�A¥ü���(a1, a2, · · · , an)Ú(b1, b2,

· · · , bn)§·��Il��m§Å�'�ü�n�|���=�"'�L§

´µea1 6= b1§du�´�S§7ka1 � b1½b1 � a1§¤±ka1 �6=
b1½b1 �6= a1§d^�£2¤�§(a1, a2, · · · , an) �′ (b1, b2, · · · , bn)½ö(b1, b2, · · · , bn) �′

(a1, a2, · · · , an)"XJ§a1 = b1§Ò'�a2Úb2"��/§ea1 = b1!

a2 = b2!...!ai = bi§
ai+1 6= bi+1§Kai+1 �6= bi+1½bi+1 �6= ai+1§l


(a1, a2, · · · , an) �′ (b1, b2, · · · , bn)½ö(b1, b2, · · · , bn) �′ (a1, a2, · · · , an)"

��§e(a1, a2, · · · , an) = (b1, b2, · · · , bn)§�Ó�÷v(a1, a2, · · · , an) �′

(b1, b2, · · · , bn)"¤±§�′´Anþ��S§´An¥���i;S"

4.3.3 444���������444������

½Â 4.14. �< A,�>� S8§x, y ∈ A§XJx �6= y§¿�Ø�

3z ∈ A§¦�x �6= z�z �6= y§K¡��y����x§½ö`��x ��

�y ��§P�x�̂y"

3 S8¥§Ø´z���ÑU��X,�Ù§��§�Ø´z��

�Ñ�O���¤��"~X§ S8< R,≤>¥§z���ÑØ��O�
��§
�z����Ø�Ù§��¤��"

½n 4.7. �< A,�>� S8"�A´k�8Ü�§éuA¥��a§
XJk��b ∈ A§¦�a �6= b§K�½�3b

′
§¦�a�̂b′§=a�����

�½�3"
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yyy²²²µµµ�< A,�>� S8§éua ∈ A§�3b ∈ A§¦�a �6= b§

Kkü«�U"£1¤eb´a�����§a�̂b§�b′ = b =�¶£2¤bØ´a

�����§@od½Â4.14��§�3b1 ∈ A§¦�a �6= b1�b1 �6= b"

ùpE,kü��U§��´b1´a�����§,��´�3b2 6= b1§

¦�a �6= b2�b2 �6= b1"ùp·��±�Ñb2 6= b"ÄK§eb2 = b§@

ob2 �6= b1Ò´b �6= b1§2\þb1 �6= b§d� ��é¡5��§b1 = b"ù

�b1 6= bgñ"�b2 6= b"

XJ·���éØ���a�����§þãL§Ò�±Ã�/?

1e�§��Ã�S�b1, b2, · · · , bn, · · ·§Ù¥bi ∈ A§÷va �6= · · ·!
bn �6= bn−1!bn−1 �6= bn−2! ...!b3 �6= b2!b2 �6= b1!b1 �6= b§


�b1, b2, · · · , bn, · · · pØ�Ó§�A´k�8Ügñ"u´§�3,�i§
¦�þãL§ª�§=a �6= bi§�bi´a�����"y."

lù�½n�±wÑ§e�´k�8ÜAþ� S'X§Kéu?
¿a ∈ A§�oØ�3��b§¦�a �6= b¶�oa�3����"Ó���

n��§�oØ�3��b§¦�b �6= a¶�oa��,���"

~ 4.19. �S = {1, 2, 3, 4, 6, 12}"Sþ��Ø'X´ S'X"�

�1������2�3"��2 ������4�6§��3������6§

��4�6������12"��12vk����"

½Â 4.15. �< A,�>� S8§éua ∈ A§XJØ�3��b ∈ A§
¦�a �6= b§K¡a� S8< A,�>�4��¶XJØ�3��b ∈ A§¦
�b �6= a§K¡a � S8< A,�>�4��"

�â½n4.7§z�k� S8Ñ�±±¤��ã§¡�MF£Hasse¤

ã"b�< A,�>� S8§�A´k�8Ü"òA¥�z���^��:
5L«§éua, b ∈ A§XJb´a�����§=a�̂b§Kòbx3a�þ�§
�3a �b�mx�^�"ù�Ò��
< A,�> éA�MFã"MFã�
±�*/ò S'XL«Ñ5§éïÄ S8�(�Jø�B"3MFã

¥§ u�þ����´4��§ u�e����´4��§Ù{z�

��^�ã�þë�§��Ü����§�e^�ãë��Ü�§���

��"
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{1,2,3}

{2,3}

{2} {3}{1}

{1,3}{1,2}



ã 4.4: ~4.20éA�MFã

{2,3}

{2} {3}{1}

{1,3}{1,2}

ã 4.5: ~4.21éA�MFã

~ 4.20. �S = {1, 2, 3}" S8< P(S),⊆>�MFãë�ã4.4"Ù

¥{1, 2, 3}´4��§∅´4��"

~ 4.21. < {{1}, {2}, {3}, {1, 2}, {1, 3}, {2, 3}},⊆>´ S8§éA�
MFãë�ã4.5§Ù¥§{1, 2}, {1, 3}, {2, 3}Ñ´4��§{1}, {2}, {3}Ñ´
4��"

~ 4.22. B = {1, 2, 3, 5, 6, 10, 15, 30}§B�Ùþ��Ø'X�¤ S
8< B, | >§éA�MFãë�ã4.6§Ù4��´30§4��´1"

~4.20�~4.22¥ü� S8�MFã�Ó"ùL²§¦+< P(S),⊆>�<
B, | >�äN¹ÂØÓ§�§����m�S(����Ó"eü� S8
�MFã�Ó§·�¡Ù´SSSÓÓÓ����"

~ 4.23. < {1, 2, 4, 5, 10},≤>´ S8§éA�MFãë�ã4.7§§

�MFã´�^ó"ØJwÑ§eA´k�8Ü§KAþ� S8´�S8§

��=�§�MFã´�^ó"

4.3.4 ���������������������

½Â 4.16. �< A,�>� S8§a ∈ A"e?�b ∈ A§Ñkb � a§

K¡a�< A,�> ����¶e?�b ∈ A§Ñka � b§K¡a�< A,�>
����"
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30

15

3 52

106

1

ã 4.6: ~4.22éA�MFã

10

5

4

2

1

ã 4.7: ~4.23éA�MFã

3~4.20¥§{1, 2, 3}´���§∅´���"~4.21¥vk�����

��"~4.22¥§30´���§1 ´���"3~4.23¥§10´���§1´

���"

e¡©Û4��!4��!��������5�"

½n 4.8.  S8< A,�>�����½´4��"

yyy²²²µµµ^�y{"�a´ S8< A,�>����§eaØ´< A,�>�
4��§K�3b ∈ A§¦�a �6= b§=a 6= b�a � b"dua ´< A,�> �
���§¤±7,kb � a"2l���é¡5§�±íÑa = b§�a 6= bg

ñ"¤± S����7´4��"y."

½n 4.9.  S8< A,�>�����õ�k��"

yyy²²²µµµlc¡�~f�±wÑ§ S8Ø�½k���§'X`

~4.21¥� S8Òvk���"

XJ S8< A,�>k���§�a, b ∈ AÑ´���"Ï�a´��
�§K?�x ∈ A§Ñ÷vx � a§¤±kb � a"Ón§db´���§�

±�Ña � b"du�÷v�é¡5§b � a�a � b§¤±a = b"ù`²

�< A,�>k����§�½��"y."

½n 4.10. b�A´k�8Ü§ S8< A,�>�3���§��=
�< A,�>�k��4��"
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yyy²²²µµµ�a´< A,�>����"d½n4.8 �§a ´< A,�>�4�
�"bX�3b ∈ A�b 6= a§b�´4��"dua ´���§¤±b � a"


�b 6= a§¤±b �6= a§ù�b´4��gñ"¤±`§< A,�> �k��
4��"

��§�a´< A,�>���4��§·��y²a´< A,�>���
�"?�b ∈ A�b 6= a"Ï�bØ´4��§¤±�3c1 ∈ A§¦�b �6= c1"

e¡©ü«�¹5?Ø"

Ù�´c1 = a§Kdub �6= c1§�±��b � a"
,�«�¹´c1 6= a"Ï�a´��4��§�c1�Ø´4��§l


�3c2 ∈ A �c2 6= c1§¦�c1 �6= c2"ù�qkü«�¹µ£1¤c2 = a§

@olb �6= c1!c1 �6= c2±9c2 = a§�±�Ñb � a¶£2¤c2 6= a§@

oc2�Ø´4��§�3c3 ∈ A§¦�c2 �6= c3§
�db �6= c1!c1 �6= c2!

c2 �6= c3 ��§b, c1, c2, c3 pØ��"ù���©Ûe�§����S

�c1, c2, c3, · · · ,§
�ù�S�¥���üüØÓ"duA´k�8Ü§
ù�L§�½¬ª�"�Ò´`§�3,�i§¦�

b �6= c1, c1 �6= c2, c2 �6= c3, · · · , ci−1 �6= ci, ci �6= ci+1§


�ci+1 = a"du�÷vD45§�±�Ñb � a"
nþ�±�Ñ§?�b ∈ A§Ñ÷vb � a§¤±a´< A,�>����"
Ïd§eA´k�8Ü§ S8< A,�>�3���§��=�<

A,�>�k��4��"y."
aq§�±y²e¡�½nµ

½n 4.11. b�A´k�8Ü§ S8< A,�>�3���§��=
�< A,�>�k��4��"

4.3.5 þþþ...���eee...

½Â 4.17. �< A,�>� S8§M ⊆ A§a ∈ A"XJéu?

¿m ∈ M§Ñkm � a§K¡a´f8M�þ.¶XJéu?¿m ∈ M§Ñ
ka � m§K¡a´f8M�e."
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8ÜA�?¿f8MØ�½kþ.½e."=¦kþ.½e.§�

Ø�½��"~X§< {1, 2, 3, 4, 5, 6}, | >´ S8§§�MFãë�
ã4.8"< {1, 2, 3, 4, 5, 6}, | >����´1§Ã���§4, 5, 6´4��"f

8{1, 2, 4}�þ.´4§f8{1, 3}�þ.´3Ú6§f8{3, 4}Ãþ."

3 52

64

1

ã 4.8: þe.«~

���þ.�e.éïÄ¯K�¿ÂØ´é�§<�  �'5�´

��þ.���e."ë�½Â4.18"

½Â 4.18. �< A,�>� S8§a ∈ A´M ⊆ A�þ."XJ?

�M�þ.a
′
§Ñka � a′§K¡a´M���þ.½þ(."

b ∈ A´M ⊆ A�e."XJ?�M�e.b
′
§Ñkb

′ � b§K¡b ´M

���e.½e(."

4.4 888ÜÜÜ���³³³

éuk�8Ü5`§·��±êÑÙ¥����ê§��k�8Ü�

�§l
�±'�ü�k�8Ü¥���õ�"�éuÃ�8Ü5`§·

�ÒÃ{êÑÙ¥����ê"�
'�Ã�8Ü3���êþ��É§

�!Ú\8Ü³�Vg"8Ü³·^uk�8Ü�Ã�8Ü"

½Â 4.19. XJ�3l8ÜA�8ÜB�V�§@o¡8ÜA�8

ÜB�³§P�A ∼ B"

~ 4.24. 8ÜN = {0, 1, 2, 3, · · · }§N2 = {0, 2, 4, 6, · · · }"½ÂN�f :

N→ N2§?�n ∈ N§f(n) = 2n§Kf ´N�N2�V�"l
N�N2�³"
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½n 4.12. �E´�k8Ü§P(E)´¤k8Ü�¤�8Üx"8Üm

��³'X∼´P(E) þ��d'X"

yyy²²²µµµ?�8ÜA ∈ P(E)§½ÂN�IA : A → A"?�a ∈ A§

IA(a) = a§KIA´A�Ùg��V�§¤±A ∼ A§�∼÷vg�5"
?�A,B ∈ P(E)§eA ∼ B§K�3A�B�V�f : A → B§Kf�

_N�f−1 : B → A´B�A�V�§¤±B ∼ A§�∼÷vé¡5"?
�A,B,C ∈ P(E)§eA ∼ B�B ∼ C§K�3V�f : A → BÚV

�g : B → C§dEÜN��5�£½n3.8¤��§g ◦ f : A → C´8

ÜA�8ÜC�V�§¤±A ∼ C"�∼÷vD45"
nþ§∼´P(E)þ��d'X"y."

|^�³'X§�±é¤k�8Ü?1�d©a§3Ó���da¥

�8Ü´�³�"

4.4.1 kkk���888ÜÜÜ������êêê888ÜÜÜ

½Â 4.20. P|0, n| = {0, 1, 2, · · · , n}§¡�g,ê8Ü���ä¡"
�g,ê�,�ä¡�³�8Ü¡�k�8Ü"�8Ü∅�¡�k�8Ü"
Ø´k�8Ü�8Ü��Ã�8Ü"

XJ8ÜA�|0, n|�³§K�3V�f : |0, n| → A§éu0 ≤ i ≤ n§

Pf(i) = ai§KkA = {a0, a1, a2, · · · , an}"�±òk�8Ü¥�����
��/êÑ5§¤±k�8Ü�³�±^Ù¥����ê5L«§�Ò´

k�8Ü��"�8Ü�³�0"

?Ûk�8ÜØU�Ùýf8�³"ù´Ï�§eA!B´k�8Ü

�A ⊂ B§K7k|A| < |B|"A�B�mØ�U�3V�§�A/∼B",
§
Ã�8Ü�±�Ùýf8�³"~X§3~4.24 ¥§N2 ´N�ýf8§�
´N ∼ N2"

½Â 4.21. �g,ê8ÜN�³�8Ü���êÃ�8Ü"

k�8Ü��êÃ�8ÜÚ¡��ê8Ü§��ê8Ü¡�Ø�ê8

Ü"
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e8ÜA�g,ê8ÜN = {0, 1, 2, · · · }�³§@o�3V�f : N→ A"

Pf(i) = ai§KA = {a0, a1, a2, · · · }§¤±Ã��ê8Ü¥����±Å�
qÞÑ5§g,ê8Ü�³P�N0"

e¡5w��Ø�ê8Ü�~f"

~ 4.25. 8Ü(0, 1) = {x|x ∈ R, 0 < x < 1}´Ø�ê8Ü"

yyy²²²µµµÄky²(0, 1)´Ã�8Ü"�(0, 1)�f8C = {12 ,
1
3 , · · · ,

1
n , · · · } ⊂

(0, 1)§½ÂN�f : C → N§f( 1
n) = n− 2§Kf´C�N�V�§�C ∼ N"

Ï�C´Ã�8Ü§
�C ⊂ (0, 1)§¤±(0, 1)´Ã�8Ü"

e¡y²(0, 1)´Ø�ê8Ü"b�(0, 1)´�ê8Ü§ò(0, 1)¥¤k�

��Å�qÞÑ5§P�(0, 1) = {b1, b2, · · · , bn, · · · }"ò(0, 1)¥�z��

�L«¤�ê§��

b1 = 0.a11a12 · · · a1n · · ·§
b2 = 0.a21a22 · · · a2n · · ·§
· · · · · · · · · · · ·§
bn = 0.an1an2 · · · ann · · ·§
· · · · · · · · · · · ·§

·��d = 0.d1d2 · · · dn · · ·§Ù¥§?�i = 1, 2, · · · , n, · · ·§di 6=
aii, 0, 9§�Ò´`§di�±?�{1, 2, 3, 4, 5, 6, 7, 8}¥,�Ø�uaii�êi§
ù´�½�±���"Ï�di 6= 0, 9§¤±d ∈ (0, 1)",��¡§éu?

¿i ≥ 15`§di 6= aii§�Ò´d�1i �êØ�ubi�1i �ê§¤±

kd 6= bi§l
d /∈ {b1, b2, · · · , bn, · · · } = (0, 1)"gñ"¤±§(0, 1) ´Ø�

ê8Ü"

R

(0, 1)

ã 4.9: (0, 1)�R�³y²«¿ã

�±y²§8Ü(0, 1)�¢ê8ÜR´�³�"ã4.9�Ñ
Ùy²�«

¿ã"·�òm«m(0, 1)�k���ã�­¤����§^Ã���î�
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I¶5L«¢êR§î�I¶���l��u��l�¥:"XJl���

�%ÚÑ��§¦����l§±9î�I¶��§ùü��:7½¤é

Ñy§l
/¤l(0, 1)�R�V�"�(0, 1)�R�³�Ó§P�N1"

4.4.2 ³³³���������

½Â 4.22. XJ8ÜA�8ÜB���f8�³§K¡B|�A§P

�A � B§¿�`A�³�u�uB�³§P�A�³≤B�³"
XJA � B§¿�A/∼B§K¡A ≺ B§�`A�³�uB�³§P�A

�³<B�³"

~X§g,ê8Ü´¢ê8Ü�f8§=N ⊆ R§�g,ê8ÜN �
³N0≤¢ê8ÜR�N1"qÏ�N/∼R§¤±N0 < N1"

½n 4.13. ò8ÜA��8P�P(A)§@oA�³�uP(A)�³§

=A ≺P(A)"

yyy²²²µµµÄky²A � P(A)"PP(A) = {{a}|a ∈ A}§KP(A) ⊂
P(A)"½Âf : A→P(A)§?�a ∈ A§f(a) = {a}§K´�f´A�P(A)�

V�§
�P(A) ⊂P(A)§¤±A �P(A)"

e¡y²A ≺ P(A)"Ï�®²y²A � P(A)§�Iy²A/∼P(A)"

b�A ∼P(A)§K�3V�g : A→P(A)"·�r8ÜA¥���©¤ü

aµSÜ¤
�	Ü¤
"?�a ∈ A§XJa ∈ g(a)§K¡a�SÜ¤
§

ÄK¡a�	Ü¤
"-B = {x|x ∈ A, x /∈ g(x)}§=B´�N	Ü¤
�
¤�8Ü§´A�f8§B ∈P(A)"

Ï�g´V�§¤±´÷�§Ïd�3b ∈ A§¦�g(b) = B"XJb´

SÜ¤
§Kkb ∈ g(b) = B"
B�	Ü¤
8Ü§�b ∈ g(b)gñ"X

Jb´	Ü¤
§ATb /∈ g(b) = B",��¡B´¤k	Ü¤
�¤�8

Ü§b´	Ü¤
§ATb ∈ B§�b /∈ B§�gñ"
nþ¤ã§A ∼ P(A)Ø¤á§=A/∼P(A)§\�A � P(A)§�

�A ≺P(A)"y."

½n 4.14. �E´�k8Ü"P(E)¥8Üm�|�'X/�0´ S
'X"
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yyy²²²µµµ £1¤é?¿8ÜA ∈ P(E)§½ÂN�f : A → A§¦�?

¿a ∈ A§f(a) = a"Kf´A�A�V�§�A ⊆ A§¤±A � A"/�0´
g��"

£2¤?�A,B,C ∈ P(E)§XJA � B!B � C§K�3f8B1 ⊆
B!C1 ⊆ C§±9V�f : A → B1Úg : B → C1"Ï�B1 ⊆ B§¤

±f(B1) ⊆ f(B)§
�Ï�g´8ÜB�8ÜC1�V�"¤±f(B) = C1"

nþ§Pf(B1) = C2§KkC2 ⊆ C1"òg������B1þ§Kg �´B1

�C2�V�§¤±EÜN�g ◦ f : A→ C2´A �C2�V�"
C2 ⊆ C§¤
±A � C"/�0´D4�"

£3¤e¡y²|�'X/�0´�é¡�"b�A,B ∈ P(E)§A �
B�B � A§K�3A1 ⊆ A�B1 ⊆ B§±9V�f : A→ B1Úg : B → A1§

l
A�B1�³§B�A1�³§=A ∼ B1�B ∼ A1"-g(B1) = A2 ⊆ A1 ⊆
A§òg������B1 þ§g : B1 → A2 ´V�§B1 ∼ A2"d�³'X

�D45§�ÑA ∼ A2§=�3V�h : A → A2"aq§·��±��§

�3A�f8ÜS�A1, A2, A3, · · ·§÷v

h(A) = A2§Ù¥A2 ⊆ A1, (1)

h(A1) = A3§Ù¥A3 ⊆ A2, (2)

h(A2) = A4§Ù¥A4 ⊆ A3, (3)

h(A3) = A5§Ù¥A5 ⊆ A4, (4)

· · · · · ·
l
A ⊇ A1 ⊇ A2 ⊇ · · · ⊇ An−1 ⊇ An · · ·"Ï�h ´��N�§d£1¤ª

�£2¤ª§��h(A−A1) = h(A)− h(A1) = A2 −A3§u´k

A−A1 ∼ A2 −A3 (5)

Ón§d£3¤ª�£4¤ª§��h(A2 − A3) = h(A2) − h(A3) =

A4 −A5§u´k

A2 −A3 ∼ A4 −A5 (6)

· · · · · ·

P8ÜC = A1 ∩A2 ∩ · · · ∩An−1 ∩An · · ·"?�a ∈ A§PA0 = A§k

±eü«�U5µ

£1¤a ∈ C§K?�i = 1, 2, · · ·§Ñ÷va ∈ Ai¶
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£2¤a /∈ C§K�3,�n ∈ {1, 2, · · · }§¦�a ∈ An−1§�´a /∈ An§
¤±a ∈ An−1 −An"
lþ¡�©Û��§

A = C ∪ (A−A1) ∪ (A1 −A2) ∪ (A2 −A3) ∪ · · ·§
A1 = C ∪ (A1 −A2) ∪ (A2 −A3) ∪ (A3 −A4) ∪ · · ·"

qd£5¤!£6¤!...Ãª§�±��

(A−A1) ∪ (A2 −A3) ∪ · · · ∼ (A2 −A3) ∪ (A4 −A5) ∪ · · ·§
=�3V�

f0 : (A−A1) ∪ (A2 −A3) ∪ · · · → (A2 −A3) ∪ (A4 −A5) ∪ · · ·"
2½Â��V�f1 : A→ A1§?�a ∈ A§

f1(a) =

f0(a), a ∈ (A−A1) ∪ (A2 −A3) ∪ · · · ,

a a ∈ C ∪ (A1 −A2) ∪ (A3 −A4) ∪ · · ·"
ØJwÑ§f1´V�§=A ∼ A1"2dB ∼ A1§�ÑA ∼ B§=A�³�

uB�³"¤±§|�'X/�0÷v�é¡5"
nþ¤ã§8Üm�|�'X/�0´ S'X"y."

4.4.3 ÃÃÃ���888ÜÜÜ

½n 4.15. z�Ã�8ÜÑ¹k���êÃ�f8"

yyy²²²µµµÏ�A´Ã�8Ü§¤±Ø´�8Ü§�3a1 ∈ A"
A−{a1}E
´Ã�8Ü"Ón§7�3a2 ∈ A − {a1}§w,a2 6= a1"{a1, a2}´A�f
8§A−{a1, a2}�´Ã�8Ü"Xd?1e�§��S = {a1, a2, · · · , an, · · · }
´A�f8"
�§�i 6= j�§ai 6= aj§¤±`§SÒ´Ã�8ÜA ��ê

Ã�f8"y."

½n 4.16. z�Ã�8ÜÑ�§�,�ýf8�³"

yyy²²²µµµb�A´Ã�8Ü§d½n4.15�§Ak���êÃ�f8S =

{a1, a2, · · · , an, · · · }"�EN�f : A→ A− {a1}§

f(a) =

a a ∈ A− S,

ai+1 a ∈ S�a = ai,
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Kf´A�A− {a1}�V�§¤±A ∼ A− {a1}"y."
lù�½n��§e��8Ü�Ùýf8�³§K�½´Ã�8Ü¶Ä

KÒ�½´k�8Ü"

SSSKKK

1. �E´�k8Ü§3P(E)þ½Âe�'X§�`²ù
'Xäk�

o5�º

£1¤SR1T§��=�S ∩ T = ∅§
£2¤SR2T§��=�S ∩ T 6= ∅§
£3¤SR3T§��=�S ⊂ T§
£4¤SR4T§��=�S ⊆ T§
£5¤SR5T§��=�S = T"

2. �3�ê8ÜZþ�Ñn���'X§ùn�'X©Oäk±e5
�µ

£1¤g��!é¡�§�Ø´D4�§

£2¤g��!D4�§�Ø´é¡�§

£3¤é¡�!D4�§�Ø´g��"

3. �{a, b, c, d}§R1!R2´Aþ�'X§Ù¥

R1 = {(a, a), (a, b), (b, d)}§
R2 = {(a, d), (b, c), (b, d), (c, b)}"

¦R1 ◦R2§R2 ◦R1§R2
1§R

3
2"

4. R1´8ÜB�8ÜC�'X§R2�R3´8ÜA�8ÜB�'X"y

²µ

R1 ◦ (R2 ∩R3) ⊆ (R1 ◦R2) ∩ (R1 ◦R3).

5. �R´8ÜAþ���'X§IA´Aþ�ð�'X"y²µR
′

=

R ∪ IA´R�g�4�"
6. N´g,ê8Ü§/∼0´N×Nþ�'X"?�(a, b), (c, d) ∈ N×N§

(a, b) ∼ (c, d), ��=� a+ d = b+ c"
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y²µ/∼0´N× Nþ��d'X§¿3���I²¡þxÑ/∼0(½�
�da"

7. �A = {1, 2, 3, 4}§3P(A)þ½Â'X/∼0"?�S, T ∈P(A)§

S ∼ T, ��=� |S| = |T |"

y²µ/∼0´P(A)þ��d'X§¿�Ñ§�û8P(A)/ ∼"
8. ò�"¢ê8ÜP�R∗§½ÂR∗þ���'XR"?�x, y ∈ R∗§

xRy, ��=� x× y > 0"

y²µR´R∗þ��d'X§�Ñ¤k�da��L�"
9. R´¢ê8Ü§3Rþ½Â'XR"?�x, y ∈ R§

xRy, ��=� x�y�����ê"

y²µR´Rþ��d'X§�Ñ¤k�da��L�"
10. �R´8ÜXþ� S§A´X�f8"y²µR∩ (A×A)´Aþ�

�� S'X"

11. �A´��8Ü§B´Aþ¤k��'X�¤�8Ü"3Bþ½Â

��'X�"?�R1, R2 ∈ B§R1 � R2§��=�§é¤k�x, y ∈ A§
exR1y§K7kxR2y"y²¶< B,�> ´ S8"

12. �xÑe�8Üþ�Ø'X�MFãµ

£1¤S = {1, 2, 3, 4, 6, 8, 12, 14}§
£2¤S = {1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12}"
13. b½ã4.10�Ñ�´ØÓ S'X�'Xã§�xÑz�'XéA

�MFã"

14. �A = {a, b, c}§`²A� S8�kÊ«ØÓ�MFã"
15. Z´�ê8Ü§3Z∗ = Z− {0}þ½Â'XR"?�m,n ∈ Z∗§

mRn, ��=� m× n > 0�m|n.

y²µ< Z∗, R >´ S8§§´Äk���!���!4��!4��º

16. A = {a1, a2, · · · , an, · · · }´?¿8Ü"3 S8< P(A),⊆> ¥�
f8S�{a1}, {a1, a2}, {a1, a2, a3}, · · · , {a1, a2, · · · , an, }, · · ·§§��¿8
´Ä´P(A)���4��º��o?
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a1

a4a3

a2

a1

a4a3

a2

a1

a4a3

a2

a1

a4a3

a2

(a) (b)

(c) (d)

ã 4.10: SK13éA�ã

17. �< S,�>´ S8"y²µS�?¿��f8Mþ¹k4��§

��=�S�?¿4üS�a1 � a2 � · · · � an � · · ·7ª�uk��"
18. y²µ��k�8Ü����ê8Ü�¿´�ê8Ü"

19. �N´g,ê8Ü"y²N× N´�ê8Ü"
20. y²µ¢ê8ÜR�(k�ÈR× R�³"


