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l�Ùåm©ùã+!�!�!���êé��Ä�5�§§´ÆS

ÚïÄnØO�Å�ÆØ�"��óä.

8�·�Ì�ïÄé�Ø´�ê(�¥���A5§
´�«�ê(

���ÚØÓ�ê(��m��péX(Ó�). ÝºÙ¥Ny�´L�êÆ

g�Ú�{§'�{½ÂÚ¶c�­��õ.

5.1 +++���½½½ÂÂÂ���{{{üüü555���

½Â 5.1. G´��8Ü§∗´Gþ�¦{$�§XJ¦�÷vXe�
¦µ

1° Géu¦{∗´µ4�§=∀a, b ∈ G§a ∗ b ∈ G¶
2° é∀a, b, c ∈ G§a ∗ (b ∗ c) = (a ∗ b) ∗ c. ∗÷v(ÜÆ¶
3° �3e ∈ G§∀a ∈ G§e ∗ a = a ∗ e = a. e¡�ü �¶

4° ∀a ∈ G§�3a′ ∈ G§¦�a′ ∗ a = a ∗ a′ = e. a
′
¡�a�_�.

@oGëÓ∗¡���+++§P�〈G, ∗〉.

XJ�÷v1°§2°§K¡〈G, ∗〉����+++.

XJ�÷v1°§2°§3°§K¡〈G, ∗〉��1�+.

½Â 5.2. 3+〈G, ∗〉¥§XJé?¿a, b ∈ G, a∗b = b∗a§K¡〈G, ∗〉�
������+++(½¡�CCC������+++).

~ 5.1. A´��8Ü. 〈P(A),∪〉´�1�+. ∅ ∈P(A)´ü �.

~ 5.2. i1LΣþ�¤k��i|¤8ÜΣ+§éui�ë�$�•�
¤�+〈Σ+, •〉.

~ 5.3. knê8ÜQ§3ÊÏ\{$�e/¤��+〈Q,+〉. Ùü 
��0§z����_�Ò´§�Kê.

~ 5.4. �"¢ê8ÜR∗§3ÊÏ¦{$�e/¤��+〈R∗, •〉. Ùü
 ��1. z����_�Ò´§��ê.
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98 CHAPTER 5. +ØÐÚ

~ 5.5. -G = {1,−1, i,−i}§éuEê¦{�¤�k���+〈G, ∗〉.
G¥�?¿ü����¦È�^e¡�+L«.

∗ 1 −1 i −i

1 1 −1 i −i

−1 −1 1 −i i

i i −i −1 1

−i −i i 1 −1

~ 5.6. -Zn = {[0], [1], · · · , [n − 1]}§Ù¥[i]´�nÓ{i�¤k�ê

�¤�8Ü§5½Znþ�+$�§[a] + [b] = [a+ b]. d�nÓ{½Â�§X

J[a1] = [a2]§[b1] = [b2]§@o[a1 + b1] = [a2 + b2]§=Ó{a�\{½Â�

Ó{a��L�À�Ã'§¤±ù��\{½Â´(½�§·�¡§´/�

½Â0�. ØJ�y〈Zn,+〉´��+§[0]´¦�ü �§[a]�_�´[−a].

�â+�½Â§·��±½Â+G¥�����

an =

n︷ ︸︸ ︷
a ∗ a ∗ · · · ∗ a

w,am ∗ an = am+n§(am)n = am∗n. XJòG¥��a�_�a
′
P�a−1§

@o

a ∗ a′ = a ∗ a−1 = a0§

=a0 = e. w,a−n = (a−1)n = (a
′
)n.

3+〈G, ∗〉¥�$�∗Ø�½÷v��Æ. �$�∗÷v��Æ�§��
��/+0. +�ü �¡�"�§���_�¡�K�. 3��+¥§

na =

n︷ ︸︸ ︷
a+ a+ · · ·+ a,

ma+ na = (m+ n)a,

m(na) = (m · n)a.

½n 5.1. 3+〈G, ∗〉¥§���ÆÚm��Æ¤á§=∀a, b ∈ G§X
Ja ∗ b = a ∗ c§K7kb = c§XJb ∗ a = c ∗ a§K7kb = c.
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yyy²²²µXJa ∗ b = a ∗ c§d+½Â¥4°�§G¥z���Ñk_�. -

��a�_��a
′
. ·�^a

′
�¦ù��ª§

a
′ ∗ (a ∗ b) = a

′ ∗ (a ∗ c)

qd+½Â¥�2°�§$�*÷v(ÜÆ§��(a
′ ∗ a) ∗ b = (a

′ ∗ a) ∗ c. l
_��½ÂÚü �e�½Â�a

′ ∗ a = e§e ∗ b = b§e ∗ c = c§u´���

�b = c. ùL²3+G��ª¥�±���ªü>���úÏf§=���

Æ¤á.

Ón�±y²m��Æ¤á.

½n 5.2. 3+〈G, ∗〉¥§�§a ∗ x = b�y ∗ a = bk��).

yyy²²²µ-x = a
′ ∗ b�\�§a ∗ x = b¥§¦�

a ∗ (a
′ ∗ b) = (a ∗ a′) ∗ b = e ∗ b = b

§`²x = a
′ ∗ b´�§a ∗ x = b�).

yb�x1Úx2Ñ´�§a ∗ x = b�)§=a ∗ x1 = b§a ∗ x2 = b. u´

ka ∗ x1 = a ∗ x2§|^���Æ��x1 = x2. ùÒ´`XJ�§a ∗ x = bk

ü�)§@o§�7L��.

nþ�3+〈G, ∗〉¥�§a ∗ x = bk)§¿�)´���.

Ón�±y²�§y ∗ a = bk��).

½n 5.3. +〈G, ∗〉¥ü �Ú_�´���.

yyy²²²µb�e1Úe2Ñ´+G�ü �. Ï�e1´ü �§∀a ∈ G§a ∗
e1 = a§AO�a = e2§@oe2 ∗ e1 = e2. qÏe2´ü �§∀a ∈ G§

e2 ∗ a = a. AO�a = e1§@oe2 ∗ e1 = e1. l
e1 = e2§=+G�ü �

´���.

b�a1, a2 ∈ GÑ´a�_�. d_�½Â�a1 ∗ a = e§a2 ∗ a = e§

=a1 ∗ a = a2 ∗ a. 2^m��Æ��a1 = a2§=+G¥��a�_�´��

�.

½n 5.4. 3+〈G, ∗〉¥§∀a, b ∈ G§Kk
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1° (a
′
)
′

= a¶

2° (a ∗ b)′ = b
′ ∗ a′ .

yyy²²²µ

1° (a
′
)
′
´a

′
�_�§a

′
´a�_�§d_��½Â�(a

′
)
′ ∗ a′ = e§

a ∗ a′ = e§=(a
′
)
′ ∗ a′ = a ∗ a′ . dm��Æ�(a

′
)
′

= a.

2° (a ∗ b) ∗ (b
′ ∗ a′) = a ∗ (b ∗ b′) ∗ a′ = a ∗ a′ = e§

(b
′ ∗ a′) ∗ (a ∗ b) = b

′ ∗ (a
′ ∗ a) ∗ b = b

′ ∗ b = e.

d_����5�(a ∗ b)′ = b
′ ∗ a′ .

5¿§3+¥¦È¦_÷vø�5K.

½Â 5.3. 3+〈G, ∗〉¥§G´k�8Ü§K¡〈G, ∗〉´kkk���+++§Ù�ê
�|G|.

½Â 5.4. 3+〈G, ∗〉¥§a ∈ G§XJ�3n§§´÷van = e���

��ê§K¡��a´n����. XJ@��nØ�3§K¡��a´ÃÃÃ�������.

·��Ä8ÜA§Ù¥a ∈ G§Z∗��"�ê8Ü

A = {i|i ∈ Z∗§ai = e}.

�A = ∅�§a´Ã���. �A 6= ∅�§@oA¥7k��ê. (ù´Ï�X

J−m < 0§�−m ∈ A=a−m = e§@o7kam = e§=m > 0�m ∈ A.)ù

�a´k���§Ù�ê´A¥�����ên. 8ÜAkXe5�µ

1° em, l ∈ A§Km± l ∈ A.

2° em ∈ A, c ∈ Z∗§Kcm ∈ A.

ØJy²µ

A = {kn|k ∈ Z∗}.

�Ò´`§XJam = e§@om7´��a���ê�ê.

~ 5.7. 3�ê\+〈Z,+〉¥§Ø"�0���1±	§¤k����Ñ

´Ã��.

~ 5.8. �6Ó{a+〈Z6,+〉¥§[0]´1��§[1], [5]´6��§[2], [4]´3�

�§[3]´2��.
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~ 5.9. 3+〈G, ∗〉¥§a, b ∈ G§§�©O´m�!n��§(m,n) = 1.

XJa ∗ b = b ∗ a§Ka ∗ b´m · n��.

yyy²²²µ�a ∗ b���k§

(a ∗ b)mn = amn ∗ bmn = (am)n ∗ (bn)m = e ∗ e = e,

��k|mn.

dua ∗ b��´k§(a ∗ b)k = e§

e = (a ∗ b)km = (am)k ∗ (bk)m = bkm.

Ï�b���n§�n|km§qd(m,n) = 1�n|k. Ón�±y²m|k. l


[m,n]|k§=mn|k.

nþ�k = m · n.

5.2 +++½½½ÂÂÂ���???���ÚÚÚ???ØØØ

�!0�+�A��d�½Â§l
�?�Ú&?+�5�.

½n 5.5. G´��8Ü§∗´Gþ�$�. XJ

(1) ∀a, b ∈ G, a ∗ b ∈ G¶
(2) ∀a, b, c ∈ G, a ∗ (b ∗ c) = (a ∗ b) ∗ c¶
(3) �3er ∈ G§é��a ∈ G, a ∗ er = a. er¡�mü �¶

(4) ∀a ∈ G§�3a′ ∈ G¦�a ∗ a′ = er. a
′
¡�a�m_§@o〈G, ∗〉�

+.

yyy²²²µéì½Â5.1§·���y²mü ��½´�ü �§m_�

½´�_.

kym_�½´�_§=®�a∗a′ = er§y²a
′ ∗a = er. y�a

′′
´a

′
�

m_§a
′ ∗ a′′ = er.

a
′ ∗ a = (a

′ ∗ a) ∗ er = (a
′ ∗ a) ∗ (a

′ ∗ a′′) = er.

a
′
�´a��_.

2ymü ��½´�ü �§a
′
´a�_�
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er ∗ a = (a ∗ a′) ∗ a = a ∗ (a
′ ∗ a) = a ∗ er = a.

½n 5.6. G´��8Ü§∗´Gþ�$�§XJ
(1) ∀a, b ∈ G, a ∗ b ∈ G¶
(2) ∀a, b, c ∈ G, (a ∗ b) ∗ c = a ∗ (b ∗ c)¶
(3) ∀a, b ∈ G§�§a ∗ x = bÚy ∗ a = b3G¥Ñk). @o〈G, ∗〉�+.

yyy²²²µ�½n5.5'�§·��y²l(3)íÑG¥kmü �¿�?¿

��þkm_.

d(3)��§a ∗ x = a3G¥k)§·�À�Ù¥��)P�er§=a ∗
er = a. ?�G�?¿��b§d(3)�y ∗ a = b3G¥k)§·�À���)

P�d§=d ∗ a = b. @o

b ∗ er = (d ∗ a) ∗ er = d ∗ (a ∗ er) = d ∗ a = b.

ù`²er´G�mü �. qd(3)�a ∗ x = er3G¥k)§¿P�a
′
§=a ∗

a
′

= er§@oa
′
´a�m_.

½n5.5Ú½n5.6´�½Â5.1�d�ü�+½Â. §���d5y²L

§ã5.1¤«.

1°, 2°, 3°, 4°

(1)(2)(3) (1), (2), (3), (4)

定理5.2

定理5.6

定理5.5

ã 5.1: �d5y²L§

½n 5.7. G´��8Ü§∗´Gþ�$�. XJ

1° ∀a, b ∈ G, a ∗ b ∈ G¶
2° ∀a, b, c ∈ G, (a ∗ b) ∗ c = a ∗ (b ∗ c)¶
3° ∀a ∈ G§a ∗ x1 = a ∗ x2íÑx1 = x2§¿�∀a ∈ G, y1 ∗ a = y2 ∗ aí

Ñy1 = y2. @o〈G, ∗〉�+.
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yyy²²²µ-G = {a1, a2, · · · , an}. ?�G¥���a§^a�¦G¥�z�
��§¤k¦È�¤��8ÜG

′
§

G
′

= {a ∗ a1, a ∗ a2, · · · , a ∗ an}.

d1°�a∗ai ∈ G§1 ≤ i ≤ n§=G′ ⊆ G. qd3°��i 6= j�§a∗ai 6= a∗aj§
u´|G′ | = |G| = n. w,�ÑG = G

′
. ùL²?�G���a§b§�

§a ∗ x = bþk).

Ó�§�ÄG
′′

= {a1 ∗ a, a2 ∗ a, · · · , an ∗ a}§�±y²?�G���a§
b§�§y ∗ a = bþk).

d½n5.6�〈G, ∗〉�+.

3½n5.1¥�Ñ§+¥�!m��Æ¤á. 3½n5.7¥§XJ��8

ÜGþ�$�÷vµ45!(ÜÆÚ�m��Æ§@oT�ê(�´+. �

Ò´`§�G´k�8Ü�. ½Â5.1�1°§2°§3°§4°�½n5.7�¥1°§2°§

3°´�d�. l
½n5.7�±w¤k�+�½Â.

��k�+�¦{�±^��+L5L«. +��
5��±l+

L(5.1!~5.5)þ��wÑµdu�3ü �§L¥k�1�î�>þ��

���§Lpk���ç��>�����. qd��Æ�§�N��73

z1Ñy�g§73z�Ñy�g. e¡·�5wA�$�+.

1�+G1, |G1| = 1. du+7kü �e§�G1 = {e}. 2�+G2, |G2| =
2. G2¥Ø�ü ��	�k����a. G2 = {e, a}, a 6= e. du$�∗�µ
45§a ∗ a ∈ {e, a}. b�a ∗ a = a. da ∗ e = aíÑa = e§gñ§�Ø�.

¤±a ∗ a = e. G1ÚG2�¦{LXe

∗ e

e e

∗ e a

e e a

a a e

G1 G2

3�+G3 = {e, a, b}, a 6= b, a, b 6= e, a ∗ aØU´a½e§ÄKíÑa = e§¤

±a ∗ a = b. 2�âz���3�1½��¥Ñy��Ñy�g§�

�a ∗ b = e, b ∗ a = e, b ∗ b = a. ·�w���b = a ∗ a = a2§e = b ∗ a = a3§

l
G3 = {e, a, a2}§¿�a´3��§a3 = e. 4�+3Ó��¿Âe�kü
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�µC4 = {e, a, a2, a3}�a4 = e§K4 = {e, a, b, c}�a2 = b2 = c2 = e. 3�

+G3Ú4�+C4,K4�¦{LXe.

∗ e a b

e e a b

a a b e

b b e a

∗ e a b c

e e a b c

a a b c e

b b c e a

c c e a b

∗ e a b c

e e a b c

a a e c b

b b c e a

c c b a e

G3 C4 K4

~ 5.10. �G´k�+§KG�z�����7´k��.

yyy²²²µ+G�ü �ew,´1��. ea ∈ G�a 6= e, a, a2, a3, · · · , an, · · · ∈
G. duG´k�8Ü§7,�3i > j§ai = aj . �ªü>Ó�¦±aj�_

�(aj)
′
§

ai ∗ (aj)
′

= aj ∗ (aj)
′

= e.

dai = ai−j ∗ aj9∗$��(ÜÆ��

ai−j = e, i− j > 0.

@oi − j´þ!"âJ��8ÜA = {k|k ∈ Z∗, ak = e}���A 6= ∅§ù
L²��a´k���§Ù�ê´A¥�����ê.

e¡2�Ñü����+�~f.

~ 5.11. �Nn�knê�
P�Qn. -G = {A|A ∈ Qn, |A| 6= 0}.
GéuÝ
¦{•�¤+. eA,B ∈ G,=|A|, |B| 6= 0§
|A•B| = |A|•|B| 6=
0§KA •B ∈ G. ¦{•3G¥´µ4�. Ý
¦{´�(Ü�.

In =


1 0

. . .

0 1


´G�ü �. �A ∈ G�§ |A| 6= 0§Ak_Ý
A−1§�|A−1| 6= 0§

=A−1 ∈ G§�A • A−1 = In§�A−1´A3G¥�_�. ¤±〈G, •〉�+.

duÝ
¦{´����§u´〈G, •〉����+.
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~ 5.12. Q´knê8Ü. -

G = {fa,b|fa,b : Q→ Q, fa,b(x) = ax+ b, a 6= 0, a, b ∈ Q}.

GéuN��Ü¤$��¤+. efa,b, fc,d ∈ G§Ù¥fa,b(x) = ax +

b, fc,d(x) = cx+ d§�a, c 6= 0, a, b, c, d ∈ Q.

(fa,b ◦ fc,d)(x) = fa,b(cx+ d) = a(cx+ d) + b = fac,ad+b(x)§

Ù¥a · c 6= 0§ac, cd+ b ∈ Q§�fa,b ◦ fc,d ∈ G§=G¥◦$�´µ4�. N

�Ü¤$�´�(Ü�. f1,0 ∈ G´G�ü �§f 1
a
,− b

a
´fa,b�_�. 〈G, ◦〉

´+. du$�◦Ø÷v��Æ§¤±〈G, ◦〉´���+.

5.3 fff+++

½Â 5.5. 〈G, ∗〉´+§H´G���f8. XJ

1° ∀a, b ∈ H§a ∗ b ∈ H¶
2° ∀a ∈ H§a′ ∈ H¶
K¡〈H, ∗〉´〈G, ∗〉�fff+++§¿P�H 6 G.

½n 5.8. e〈H, ∗〉´〈G, ∗〉�f+§K〈H, ∗〉�´+.

yyy²²²µl〈H, ∗〉´〈G, ∗〉�f+�½Â�$�∗38ÜH¥´µ4�. H

´G�f8§=H¥�z���Ñ´G¥���. 
〈G, ∗〉�+§∗$�÷v
(ÜÆ§l
∀a, b, c ∈ H ⊆ G§(a ∗ b) ∗ c = a ∗ (b ∗ c). H´G���f8§
§��k����h ∈ H§df+½Â¥2°�§h′ ∈ H@oh ∗ h′ = e ∈ H.

�G¥�ü �e3H¥¿��´H�ü �. nþ�〈H, ∗〉���´+.

ddwÑ§+G�f+§XJéT+�$�9¦_$�´µ4�§@o

Tf8é�5+�$���¤+.

½n 5.9. H´+G�k���f8. XJ∀a, b ∈ H§a ∗ b ∈ H§

KH 6 G.

yyy²²²µ?�a ∈ H§a2 = a ∗ a ∈ H§a3 = a2 ∗ a ∈ H, · · · . duH´G�
k���f8§a, a2, a3, · · ·Ø�U´��ØÓ���§7�31 ≤ i ≤ j§

¦�ai = aj = ai ∗ aj−i. ^���Æ��aj−i = e ∈ H§
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e = aj−i = a ∗ aj−i−1, j − i− 1 ≥ 0.

a
′

= aj−i−1 ∈ H§ùL²H¥?¿��a3H¥þk_. éì½Â5.5�〈H, ∗〉´〈G, ∗〉�
f+.

~ 5.13. 〈G, •〉 = 〈{1,−1, i,−i}, •〉¥§H = {−1, 1} ⊂ G. HéEê¦
{µ4§〈H, •〉´〈G, •〉�f+.

~ 5.14. �N�"Eê8ÜC∗§éEê¦{�¤+〈C∗, •〉. -

H = {x|x ∈ C∗,∃n ∈ N¦xn = 1}§

KH 6 C∗.

yyy²²²µ 1´+〈C∗, •〉�ü �. 11 = 1, 1 ∈ H. H´C∗���f8.

ex, y ∈ H§=�3n,m ∈ N§¦xn = ym = 1§
(x • y)mn = (xn)m •
(xm)n = 1§�x • y ∈ H. qex ∈ H§�3n ∈ N, xn = 1. 
(x

′
)n =

(xn)
′

= 1
′

= 1§�x
′ ∈ H. ùÒy²
H 6 C∗.

~ 5.15. �H1 ⊆ H2 ⊆ · · · ⊆ Hn ⊆ · · ·´d+G�f+Hi|¤�,ó.

-H =
⋃
iHi§KH 6 G.

yyy²²²µHi´+G�f+. =Hi 6= ∅�Hi ⊆ G§w,H =
⋃
iHi 6=

∅�H ⊆ G. ea, b ∈ H§�3i, j, i > j¦a ∈ Hi, b ∈ Hj ⊆ Hi§duHi 6

G§Ka ∗ b ∈ Hi ⊆ H. qea ∈ H§�3i, a ∈ Hi. 2dHi 6 G§Ka
′ ∈

Hi ⊆ H. nþ�H 6 G.

~ 5.16. 〈G, ∗〉�+. S´G���f8§-

A = {H|H 6 G, �S ⊆ H}§

=A´G¥�¹S¤kf+�¤�8Ü. w,G ∈ A§=A´���. ½

ÂK =
⋂
H∈AH. y²K 6 G.

yyy²²²µ?�H ∈ A§H´G�f+§+G�ü �e ∈ H�H ⊆ G§¤

±e ∈
⋂
H∈AH = K �K ⊆ G§=K´G���f8. ea, b ∈ K§é?

ÛH ∈ Aþka, b ∈ H§H´G�f+§�a ∗ b ∈ H. ¤±a ∗ b ∈ K§q
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ea ∈ K§é?ÛH ∈ Aþka ∈ H§H´G�f+§�a′ ∈ H. ¤±a
′ ∈ K§

nþ�K 6 G.

A¥z�Hþ÷vS ⊆ H. w,S ⊆
⋂
H∈AH = K. l
K´G¥�

¹S���f+. ·�P〈S〉 = K =
⋂
H∈AH§¿¡〈S〉�S)¤�f+§X

JS��Ò´G�f+§@oK = 〈S〉 = S§ÄKS ⊆ 〈S〉.
e¡?Ø〈S〉´=
��|¤�. ·�kÚ\8ÜT .

T = {ae11 ∗a
e2
2 ∗· · ·∗aenn | a1, a2, · · · , an ∈ S, e1, e2, · · · , en = ±1, n = 1, 2, · · · }.

S´��8Ü. S¥�?¿��a§a = a1§�a ∈ T§�Ò´`S ⊆ T§

T´��8Ü. dT�½Â�T ⊆ G. ex = a
ei1
i1
∗ aei2i2 ∗ · · · ∗ a

eim
im

, y =

a
ej1
j1
∗aej2j2 ∗· · ·∗a

ejn
jn
∈ T ,@ox∗y = a

ei1
i1
∗aei2i2 ∗· · ·∗a

eim
im
∗aej1j1 ∗a

ej2
j2
∗· · ·∗aejnjn ∈

T, x
′

= a
−ei1
i1
∗ a−ei2i2

∗ · · · ∗ a−eimim
∈ T , ¤±T´G��¹S�f+. c¡®²

��〈S〉´G¥�¹S���f+§u´〈S〉 ⊆ T .

,��¡§?�x = a
ei1
i1
∗ aei2i2 ∗ · · · ∗ a

eim
im
∈ T§Ù¥aik ∈ S, eik =

±1, 1 ≤ k ≤ m. du〈S〉´G¥�¹S�+§a
eik
ik
∈ 〈S〉, 1 ≤ k ≤ m§¤

±x ∈ 〈S〉§ddíÑT ⊆ 〈S〉.
nþ�T = 〈S〉.
AO/§�S = {a}�§〈S〉 = {an|n ∈ Z} = 〈a〉. �ê\+〈Z,+〉´d

�ê1)¤�+§=〈Z,+〉 = 〈1〉. 〈2〉 = {2k|k ∈ Z}§〈2, 3〉 = {2a+ 3b|a, b ∈
Z} = {k · 1|k ∈ Z} = Z. ��/§〈m,n〉 = {(m,n) · k|k ∈ Z}.

5.4 ÌÌÌ���+++

k�a+§§�z���Ñ�±�¤,��½����§ai½a−i§ù

��+¡��Ì�+.

½Â 5.6. 3+〈G, ∗〉¥§XJ�3����g ∈ G§¦G = {gn | n ∈ Z}§
K¡T+�ÌÌÌ���+++§P�〈g〉§Ù¥g¡�Ì�+�)))¤¤¤���.

e+¥�$�^/+0L«§Ì�+〈G,+〉�¤〈g〉 = {ng | n ∈ Z}§
g´TÌ�+�)¤�.

z�Ì�+Ñ´��+§ù´Ï�gr ∗ gs = gr+s = gs ∗ gr.
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~ 5.17. 〈G, ∗〉 = 〈{1,−1, i,−i}, ·〉´di)¤�o�Ì�+.

i0 = 1, i1 = i, i2 = −1, i3 = −i, i4 = 1, · · ·

¤±T+�±�¤〈
{

1, i, i2, i3
}
, •〉.

½n 5.10. g´+〈G, ∗〉¥�k��. -H = {gr | r ∈ Z}§@o〈H, ∗〉´〈G, ∗〉�
��k�f+.

yyy²²²µµµ∀r, s ∈ Z, gr ∗ gs = gr+s ∈ H, (gr)
′

= g−r ∈ H. �H 6 G.

g´G�k��§g0 = e, g1, · · · , gk−1´k�üüpØ�Ó���. éu?¿�

êt§t = uk + v§Ù¥0 6 v < k§@o

gt = guk+v = (gk)u ∗ gv = gv

H = {gr | r ∈ Z} =
{
g0, g1, · · · , gk−1

}
.

〈H, ∗〉´〈G, ∗〉�k�f+.

AO/§G´n�+. G�,���g´n��§@oG7½´dg)¤�

��Ì�+.

½n 5.11. Ì�+�z�f+7´Ì�+.

yyy²²²µµµ-G´d��a)¤�Ì�+. G = 〈a〉. H´+G�f+. X

JH = {e} = 〈e〉§w,H´Ì�+. XJH 6= {e}. @o���3���
�b ∈ H�b 6= e. �m´¦am ∈ H�����ê§?�H¥���b§b�´
+G���§Kb = an. -n = mu+ v§0 6 v < m.

b = an = amu+v = (am)u ∗ av,

av = an ∗ (am)−u.

dub = an ∈ H§am ∈ H§
H´+§(am)−u ∈ H§l
av ∈ H. b

ev > 0§@oùÒ�m´¦am ∈ H�����ê�gñ§�Ø�. ù`

²7Lv = 0§=b = amu = (am)u§�Ò´`H¥�z���Ñ�±L«

¤am���. u´am´f+H�)¤�§H´Ì�+.

~ 5.18. �6Ó{a\+〈Z6,+〉 = 〈[1]〉´Ì�+. [0]´1��§〈[0]〉 =

{[0]}´Z6�1�f+§[3]´2��§〈[3]〉 = {[0], [3]}´Z6�2�f+. [5]´6�

�§〈[5]〉 = {[0], [5], [4], [3], [2], [1]}´Z6�6�f+.
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½n 5.12. G´n�Ì�+§G = 〈a〉�|G| = n§H´G���f+§

H = 〈b〉§�b = as§K

|H| = n

(n, s)
.

yyy²²²µµµ-H´G�m�f+§m´¦bm = e�����ê. bm = asm =

e§
a´n��an = e§�n | ms. �(n, s) = d, n = dn0, s = ds0§�(n0, s0) =

1§u´n0 | ms0§?
��n0 | m§=m = n0 · k. m´÷vdª�����

ê§l
k = 1. ���Ñ

m = n0 =
n

(n, s)

~ 5.19. ¦�18Ó{a\+�¤kf+.

)))µµµ〈[1]〉 = 〈[5]〉 = 〈[7]〉 = 〈[11]〉 = 〈[13]〉 = 〈[17]〉´Z18�18�f+.

〈[2]〉 = 〈[4]〉 = 〈[8]〉 = 〈[10]〉 = 〈[14]〉 = 〈[16]〉´Z18�9�f+.

〈[3]〉 = 〈[15]〉´Z18�6�f+.

〈[6]〉 = 〈[12]〉´Z18�3�f+.

〈[9]〉Ú〈[0]〉©O�Z18�2�Ú1�f+.

~ 5.20. 38Ü{1, 2, · · · , p− 1}þ½Â$�∗:

a ∗ b = c⇐⇒ a · b ≡ c(mod p)§

Ù¥p��ê. ea ∈ {1, 2, · · · , p − 1}§w,(a, p) = 1§a���l§@

ol | (p − 1)§=a´xl ≡ 1(mod p)���). u´
{

1, a, a2, · · · , al−1
}
Ñ

´xl ≡ 1(mod p)�)§
�´�Ü). §´±a�)¤��l�Ì�+§

´{1, 2, · · · , p− 1}�l�f+. ��ak��� l
(k,l) .

5.5 ������+++

½n 5.13. n�8ÜA = {1, 2, · · · , n}þ��N���¤8ÜSn§Sn3
Ü¤$��e�¤��+. ¡��ngé¡+§Ù�ê�n!.

yyy²²²µµµ8ÜAþ���´lA�A�V�. duü�V��Ü¤N�E

´V�. ¤±Sn¥���3Ü¤$�e´µ4�. ¿�N��Ü¤÷v(Ü
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Æ. Sn�ü �´ðÓ��σI =

(
1 2 · · · n

1 2 · · · n

)
��σ�_�´§�_�

�σ−1. �â+�½Â�〈Sn, •〉´+. n����kn!�. �|Sn| = n!.

½Â 5.7. 8ÜAþ�V��NéuN��Ü¤$��¤+. T+��

ééé¡¡¡+++. é¡+�f+���+.

du���Ü¤$�Ø÷v��Æ§¤±��+Ï~´���+.

~X§S2 = {σI , (1 2)} , S3 = {σI , (1 2 3), (1 3 2), (1 2), (1 3), (2 3)}.

~ 5.21. ã5.2¥��>n�/²^=Ú��¦�n�º:��5�º

:­Ü3�å§��k8«�¹µ

ρ0 =

(
1 2 3

1 2 3

)
= σ1, µ1 =

(
1 2 3

2 1 3

)
= (1 2),

ρ1 =

(
1 2 3

2 3 1

)
= (1 2 3), µ2 =

(
1 2 3

3 2 1

)
= (1 3),

ρ2 =

(
1 2 3

3 1 2

)
= (1 3 2), µ3 =

(
1 2 3

1 3 2

)
= (2 3),

3

1 2

μ1

μ2 μ3

ã 5.2: �>n�/�º:��«¿ã

-ρ0, ρ1, ρ2©O´7�>n�/¥%^=0◦, 120◦, 240◦�(J. µ1, µ2, µ3©

O´én�é¡¶���(J.
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-D3 = {ρ0, ρ1, ρ2, µ1, µ2, µ3}§D33Ü¤$��e/¤����+. §

�¦{LXe:

∗ ρ0 ρ1 ρ2 µ1 µ2 µ3

ρ0 ρ0 ρ1 ρ2 µ1 µ2 µ3

ρ1 ρ1 ρ2 ρ0 µ2 µ3 µ1

ρ2 ρ2 ρ0 ρ1 µ3 µ1 µ2

µ1 µ1 µ3 µ2 ρ0 ρ2 ρ1

µ2 µ2 µ1 µ3 ρ1 ρ0 ρ2

µ3 µ3 µ2 µ1 ρ2 ρ1 ρ0

·�5¿�ρ1 · µ3 = µ1, µ3 · ρ1 = µ2§D3Ø´��+§¡§�ng�¡N.

|D3| = 6§TÐD3 = S3.

~ 5.22. ��/ÏL^=Ú��¦�º:��5º:­Ü. �kXe

l«�¹µ

ρ0 =

(
1 2 3 4

1 2 3 4

)
= σ1, µ1 =

(
1 2 3 4

2 1 4 3

)
= (1 2)(3 4),

ρ1 =

(
1 2 3 4

2 3 4 1

)
= (1 2 3 4), µ2 =

(
1 2 3 4

4 3 2 1

)
= (1 4)(2 3),

ρ2 =

(
1 2 3 4

3 4 1 2

)
= (1 3)(2 4), δ1 =

(
1 2 3 4

3 2 1 4

)
= (1 3),

ρ3 =

(
1 2 3 4

4 1 2 3

)
= (1 4 3 2), δ2 =

(
1 2 3 4

1 4 3 2

)
= (2 4).

Ù¥ρ0, ρ1, ρ2, ρ3´��/7¥%^=0◦, 90◦, 180◦, 270◦�(J. µ1, µ2´'

uü�é>¥%:ë����(J. δ1, δ2´'uü^é�����(

J(ã5.3).

-D4 = {ρ0, ρ1, ρ2, ρ3, µ1, µ2, δ1, δ2} , D43Ü¤$��e/¤����

+. §�¦{LXeµ
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1 2

34

μ1

μ2

δ1
δ2

ã 5.3: ��/�º:��«¿ã

∗ ρ0 ρ1 ρ2 ρ3 µ1 µ2 δ1 δ2

ρ0 ρ0 ρ1 ρ2 ρ3 µ1 µ2 δ1 δ2

ρ1 ρ1 ρ2 ρ3 ρ0 δ1 δ2 µ2 µ1

ρ2 ρ2 ρ3 ρ0 ρ1 µ2 µ1 δ2 δ1

ρ3 ρ3 ρ0 ρ1 ρ2 δ2 δ1 µ1 µ2

µ1 µ1 δ2 µ2 δ1 ρ0 ρ2 ρ3 ρ1

µ2 µ2 δ1 µ1 δ2 ρ2 ρ0 ρ1 ρ3

δ1 δ1 µ1 δ2 µ2 ρ1 ρ3 ρ0 ρ2

δ2 δ2 µ2 δ1 µ1 ρ3 ρ1 ρ2 ρ0

D4¡�og�¡N. |D4| = 8. §´ogé¡+S4�f+.

~ 5.23. y²Sn = 〈(1 2), (1 3), · · · , (1 n)〉§=é�(1 2)§(1 3)§· · ·§
(1 n)´Sn�)¤�X.

yyy²²²µµµ〈(1 2), (1 3), · · · , (1 n)〉´d(1 2)§(1 3)§· · ·§(1 n)´Sn)¤�

+. d5.3~5.16�§

〈(1 2), (1 3), · · · , (1 n)〉 = {σ1σ2 · · ·σn | σi ∈ {(1 2), (1 3), · · · , (1 n)},

1 6 i 6 n, n = 1, 2, · · · }.
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w,〈(1 2), (1 3), · · · , (1 n)〉 ⊆ Sn.
e¡y²z�n���þ�±�¤(1 2), (1 3), · · · , (1 n)ù
Ä����

¦È. én?18By². �n = 2�§(
1 2

1 2

)
= (1 2)(1 2)§

(
1 2

2 1

)
= (1 2)§

T·K¤á. b�n = k�·K¤á§y�n = k + 1§

σ

(
1 2 · · · k k + 1

σ(1) σ(2) · · · σ(k) σ(k + 1)

)

kXeü«�U:

1◦ σ(k + 1) = k + 1§ù�σ��C¤k���. d8Bb�·K¤á.

2◦ σ(k + 1) 6= k + 1§7½�3l, 1 6 l 6 k, σ(l) = k + 1. ^é

�(l k + 1)m¦σ��σ1§

σ1 = σ(l k + 1)

=

(
1 2 · · · l − 1 l l + 1 · · · k + 1

σ(1) σ(2) · · · σ(l − 1) k + 1 σ(l + 1) σ(k + 1)

)
(l k + 1)

=

(
1 2 · · · l − 1 l l + 1 · · · k k + 1

σ(1) σ(2) · · · σ(l − 1) σ(k + 1) σ(l + 1) · · · σ(k) k + 1

)
,

σ1C�k���. d8Bb�σ1�±�¤(1 2)§(1 3)§· · ·§(1 k)�¦È.


σ = σ1(l k + 1) = σ1(1 l)(1 k + 1)(1 l)§�σ�±�(1 2)§(1 3)§· · ·§
(1 k)§(1 k + 1)�¦È. ·Kén = k + 1�¤á.

~X

S2 = {σI , (1 2 3), (1 3 2), (1 2), (1 3), (2 3)}

= {(1 2)(1 2), (1 3)(1 2), (1 2)(1 3), (1 2), (1 3), (1 2)(1 3)(1 2)}

5.6 +++���ÓÓÓ���

�!?Øü�+�m�'X.

·�3SK¥Q²?ØL〈S, ∗〉§Ù¥S = {α, β, γ, δ}§¦{L�
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∗ α β γ δ

α β δ α γ

β δ γ β α

γ α β γ δ

δ γ α δ β

〈S, ∗〉´+§rTL�1��·�/N�gS��

∗ γ α β δ

γ γ α β δ

α α β δ γ

β β δ γ α

δ δ γ α β

2�5.2!�C4�¦{L'�§��rγ, α, β, δ©O�¶�e, a, b, c§§

�´���Ó�. �Ò´`+SÚ+C4����m�k�«��éA'X.

·�ïÄ+�¿Ø'%����´�o§'%�´�����m�'X. ¤

±§lù�¿Âþ+S�+C4´�£¯.

�
�xþãg�§·�ÚÑÓ��Vg.

½Â 5.8. 〈G1, ∗〉�〈G2, •〉´ü�+§XJ�3Xl8ÜG1�8ÜG2�

V�ϕ§éu?Ûa, b ∈ G1§

ϕ(a ∗ b) = ϕ(a) • ϕ(b).

K¡G1�G2Ó�§P�G1
∼= G2. V�ϕ¡�ÓÓÓ���NNN���.

ϕ��Ó�N�§Ø
�¦§´V�	§��¦§�±$�. =∀a, b ∈
G1§ϕ(a ∗ b) = ϕ(a) • ϕ(b). /�/`§Ó�N�ϕ÷vXã5.4¤«��ã

L.

XJ+G1�+G2Ó�§@oü�+�ü ��m±9��Ú§�_�

�mk�oéXQºù´e¡½n�?Ø�SN.

½n 5.14. ϕ´l+G1�+G2�Ó�N�§e1Úe2©O´+G1ÚG2�

ü �§7kϕ(e1) = e2§¿�é?ÛG1¥���a§ϕ(a
′
) = ϕ

′
(a).
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a,b a*b 

φ(a),φ(b)

*

φ

φ(a*b)

φ

 �
 

ã 5.4: Ó�N�ϕ���ãL

yyy²²²µµµe1Úe2©O´+G1ÚG2�ü �. é?¿G1¥���a§

ϕ(a) = ϕ(e1 ∗ a) = ϕ(e1) • ϕ(a).

�ªü>Ó�m¦ϕ
′
(a)��

e2 = ϕ(a) • ϕ′(a) = ϕ(e1) • ϕ(a) • ϕ′(a) = ϕ(e1),

=+G1�ü �e1�Ó�N��´G2�ü �e2.

qéuG1�?¿��a§

ϕ
′
(a) = ϕ

′
(a) • e2 = ϕ

′
(a) • ϕ(e1) = ϕ

′
(a) • ϕ(a) • ϕ(a

′
) = ϕ(a

′
)§

=G1?¿��a�_����uT��Ó�N���_�.

~ 5.24. y²�¢ê¦+�¢ê\+Ó�.

yyy²²²µµµ 〈R+, •〉�〈R,+〉©O��¢ê¦+�¢ê\+. ϕ : R → R+,

ϕ(x) = ex. w,ϕ´V�. é?¿x, y ∈ R§

ϕ(x+ y) = ex+y = ex • ey = ϕ(x) • ϕ(y),

�ϕ�Ó�N�. l
〈R+, •〉 ∼= 〈R,+〉.
ùp��Ñ�´¿�z�lG1�G2�V�Ñ´Ó�N�. ~Xµψ :

R→ R+, ψ(x) = ex−1§w,ψ´V�. �´é?¿x, y ∈ R§

ψ(x+ y) = ex+y−1

φ(x) • ψ(y) = ex−1 • ey−1 = ex+y−2

�ψØ´lR�R+�Ó�N�.
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~ 5.25. 3Ó��¿ÂeÌ�+G = 〈a〉�küaµea´Ã���§
KG ∼= 〈Z,+〉. ea´n��§KG ∼= Zn.

yyy²²²µµµeÌ�+G = 〈a〉�)¤�a´Ã���§é?Ûm1 6= m2þ

kam1 6= am2 . f ´lG��ê8ÜZ�N�§f : G → Z, f(am) = m. w

,f´V�. é?¿am1 , am2 ∈ G§

f(am1 ∗ am2) = f(am1+m2) = m1 +m2 = f(am1) + f(am2).

f´Ó�N�§�G ∼= 〈Z,+〉.
e)¤�a´n��§KG =

{
a0, a1, a2, · · · , an−1

}
. f´lG��nÓ{

a8ÜZn�N�§f : G → Zn, f(ai) = [i]. w,f´V�. é?¿ai, aj ∈
G§

f(ai ∗ aj) = f(ai+j) = [i+ j] = [i] + [j] = f(ai) + f(aj).

f´Ó�N�§�G ∼= 〈Zn,+〉.

~ 5.26. ?¿��+Ñ�����+Ó�.

yyy²²²µµµéu?¿+〈G, ∗〉�E��#�8Ü

G
′

= {fa | a ∈ G, fa : G→ G, fa(x) = a ∗ x} .

N´y²fa´Gþ�V�§G
′
þ�$�·´N��Ü¤$�.

(fa • fb)(x) = fa(b ∗ x) = (a ∗ b) ∗ x = fa∗b(x),

=fa • fb = fa∗b. T$�3G
′
¥µ4�÷v(ÜÆ. fe´G

′
�ü �§

fa′´fa�_�§l
〈G
′
, •〉´��+.

3+G�G
′
�m½ÂN�h : G → G

′
, h(a) = fa§w,h´V�. é?

¿a, b ∈ G§
h(a ∗ b) = fa∗b = fa • fb = h(a) • h(b),

�h´Ó�N�. l
G ∼= G
′
.

~ 5.27. ¦Ñ�n�Ì�+Ó����+.
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)))µµµ-G = 〈a〉´Ì�+§f : G → G
′
´Ó�N�. ?�x ∈ G′§7�

3g = ai ∈ G¦
x = f(g) = f(ai) = (f(a))i.

ù`²G
′
´±f(a)�)¤��Ì�+. yG´n�Ì�+§G =

{
a0, a1, · · · , ,

an−1
}
§l~5.26��G

′
= {fa0 , fa1 , · · · , fan−1}. �´n�Ì�+. Ù)¤�

´fa§§éAGþ��n�Ó�(a0 a1 · · · an−1). -G′′ = 〈(a0 a1 · · · an−1)〉§
KG ∼= G

′′
.

½n 5.15. 〈G, ∗〉�+§,k��8ÜG′§´G′ þ�$�. XJ�

3lG�G
′
þ�V�f§éG¥�?¿��a, bkf(a ∗ b) = f(a) • f(b). @

o〈G′ , •〉�´+§¿�G ∼= G
′
.

yyy²²²µµµ?�x, y ∈ G′§f´lG�G′�÷�§�3a, b ∈ G¦�f(a) = x.

f(b) = y. duf�±$�§

x • y = f(a) • f(b) = f(a ∗ b) ∈ G′ ,

��$�•3G′¥´µ4�§?�x, y, z ∈ G
′
. éu÷�f3G¥k��.

f(a) = x§f(b) = y§f(c) = z§

(x • y) • z = (f(a) • f(b)) • f(c) = f((a ∗ b) ∗ c)

= f(a ∗ (b ∗ c)) = f(a) • (f(b) • f(c)) = x • (y · z),

=G
′
¥$�•÷v(ÜÆ. N´wÑf(e)´G

′
�ü �. ?�x ∈ G′ , a ∈ G´

§���§´�f(a
′
) ∈ G′´x�_�.

nþ�〈G′ , •〉´+. fÒ´lG�G
′
�Ó�N�§l
G ∼= G

′
.

SSSKKK

1. Xe�êXÚ〈S, ∗〉=
´+ºXJ´+§§´Ä´��+º�Ñ§
�ü �±9XÛO�Ù_�.

(1) S = {z|z ∈ C, |z |= 1}§Ù¥C´Eê8Ü§∗´ÊÏ�Eê\{.

(2) S = {a+ b
√

2 | a, b ∈ Q}§Ù¥Q´knê8Ü. ∗´ÊÏ�\{.
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(3)

S =

{(
1 0

0 1

)
,

(
−1 0

0 −1

)
,

(
1 0

0 −1

)
,

(
−1 0

0 1

)}

∗´Ý
¦{.

(4) S = {α, β, γ, δ}

∗ α β γ δ

α β δ α γ

β δ γ β α

γ α β γ δ

δ γ α δ β

(5) S = R− {0}´�"¢ê8Ü§3S þ½Â$�∗µ

x ∗ y =

x · y x > 0,

x/y x < 0.

(6) p��ê§S = {1, 2, · · · , p− 1}. 3Sþ½Â$�∗:

a ∗ b = c⇐⇒ a · b ≡ c(mod p).

2. -S = R− {−1}§3Sþ½Â$�∗µ

a ∗ b = a+ b+ ab

(1) y²〈S, ∗〉´+¶
(2) 3S¥¦)�§2 ∗ x ∗ 3 = 7.

3. 3+G¥§XJéGk?¿��aþka2 = e§y²G7´��+.

4. G´��+��=�éG¥?¿��a, b, (a ∗ b)2 = a2 ∗ b2.
5. g´+G¥�?¿��§@o§

(1) g�§�_�g
′
Ó�¶

(2) (gk)
′

= (g
′
)k§k´�K�ê.

6. a�b´+G¥�ü�?¿��. y²a ∗ b�b ∗ a´Ó��.
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7. XJ+G¥�k��2��a§@oa�G¥?¿��Ñ´����§

=∀x ∈ G, a ∗ x = x ∗ a.

8. G´+§G¥����ê�óê§y²µ�3a ∈ G, a´2��.

9. H´+G���f8. 〈H, ∗〉´〈G, ∗〉�f+��=�∀a, b ∈ H, a∗b′ ∈
H.

10. G´+.

H = {a | a ∈ G, ∀g ∈ G, a ∗ g = g ∗ a},

¡�+G�¥%. y²µ〈H, ∗〉´〈G, ∗〉�f+.

11. H,K´+G�f+. y²H ∩ K�´G�f+. H
⋃
K´G�f+

íºy²\�(Ø.

12. éÑK4+�¤kf+.

13. -G = {fa,b | fa,b : Q→ Q, f(x) = ax+ b, a 6= 0, a, b ∈ Q} , GéÜ
¤$��¤+. y²H = {f1,b | b ∈ Q}´G�f+.

14. �Ñe�+¥=�´Ì�+ºéÌ�+�Ñ§��Ü)¤�.

(1) G1 = 〈Q,+〉¶
(2) G2 = 〈6Z,+〉¶
(3) G3 = 〈{6n | n ∈ Z} , •〉.
15. G´6�Ì�+§éÑG��Ü)¤�¿�ÑG�¤kf+.

16. y²µ�k��)¤��Ì�+�õ¹kü���.

17. XJn�+G�,���g´n��§@oG´dg)¤�Ì�+.

18. G´n�Ì�+§d´n�Ïf§G�3�=�3��d�f+.

19. éÑS3�¤kf+.

20. A4´�N4�ó���¤�+§��Ñ§��Ü��.

21. Sn(n > 2)�z�f+½ö�Üdó���¤§½öÙ¥Û!ó�

��Ó��.

22. y²µ�ê\+�óê\+Ó�.

23. y²µ+�Ó�'X´�«�d'X.

24. éÑ¤k�K4+Ó��Sn�f+.

25. y²µÃ�Ì�+�f+§Ø{e}±	Ñ´Ã�Ì�+.
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26. 3+〈G, ∗〉¥½Â#���$�•§

a • b = b ∗ a.

y²µ〈G, •〉´+§¿�〈G, ∗〉�〈G, •〉Ó�.


