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8.1 ������½½½ÂÂÂ���555���

½Â 8.1. 3Ü©S8〈A,�〉¥§XJé?¿a, b ∈ A§{a, b}Ñk��
��e.Ú��þ.§K¡〈A,�〉´���"

Ï~{a, b}���e.¡�a�b�È§P�a ∗ b¶{a, b}���þ.¡
�a�b�Ú§P�a⊕ b"

A�?¿f8§XJk��e.Ú��þ.§K§�´���"3½

Â8.1¥�±wÑ∗�⊕´Aþ���$�"�〈A,�〉k��L«�〈A, ∗,⊕〉"
Ø´¤k� S8Ñ´�"~X§ã8.1¥�z� S8Ñ´�"

(5) (6) (7)

(1) (2) (3) (4)

ã 8.1: ��«~

ã8.2�Ñ
Ê� S8§Ù¥(1)¥{x, y}vkþ.Úe."(2)¥{x, y}k
��þ.§Ãe."(3)¥{x, y}Ãþ.§k��e."(4)¥{x, y}Ãþ.§
ke.�Ã��e."(5)¥{x, y}k��þ.§ke.�Ã��e."¤±
l(1)�(5)ÑØ´�"
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ã 8.2: Ø´�� S8«~

~ 8.1. �A´8Ü" 〈P(A),⊆〉´�"�¥�$�∗Ú⊕©O´∩Ú∪§
�ÏXe"?�A1, A2 ∈ P(A)"Ï�A1 ∩ A2 ⊆ A1§A1 ∩ A2 ⊆ A2§

�A1 ∩A2´{A1, A2}�e."�C´{A1, A2} �?¿��e.§=C ⊆ A1§

C ⊆ A2§�C ⊆ A1∩A2"¤±A1∩A2´{A1, A2}���e.§=A1 ∗A2 =

A1 ∩A2"

Ï�A1 ⊆ A1 ∪ A2§A2 ⊆ A1 ∪ A2§�A1 ∪ A2´{A1, A2}�þ."b
�B´{A1, A2}�?¿��þ.§=A1 ⊆ B§A2 ⊆ B§�A1 ∪A2 ⊆ B"¤
±A1 ∪A2´{A1, A2}���þ.§=A1 ⊕A2 = A1 ∪A2"

AO/§�|A| = 2�§〈P(A),⊆〉�Hasseã´ã8.1(2)¶�|A| = 3�§

〈P(A),⊆〉�Hasseã´ã8.1(6)"

~ 8.2. Z´�ê8Ü"〈Z, |〉´�"�¥�$�∗Ú⊕©O´¦ü��ê
���ú�êÚ��ú�ê$�§�ÏXe"?�a, b ∈ Z§a�b ���ú
�ê(a, b)÷v(a, b)|a, (a, b)|b§�(a, b)´{a, b}�e."ec´{a, b}���e
.§=c|a§c|b§�c|(a, b)"¤±(a, b)´{a, b}���e.§=a∗ b = (a, b)"

a�b���ú�ê[a, b]÷va|[a, b], b|[a, b]§�[a, b]´{a, b}�þ."ec
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´{a, b}���þ.§=a|c§b|c§�[a, b]|c"¤±[a, b] ´{a, b}���þ.§
=a⊕ b = [a, b]"

AO/§ã8.1(2)´�〈{1, 2, 3, 6}, |〉�Hasseã¶ã8.1(6)´�〈{1, 2, 3, 5, 6,
10, 15, 30}, |〉�Hasse ã¶ã8.1(7)´�〈{1, 2, 3, 4, 6, 8, 12, 24}, |〉�Hasseã"

~ 8.3. �G´+§L(G) = {H|H´G�f+}§´�〈L(G),⊆〉´ S
8"?�A,B ∈ L(G)§A�Bþ´G�f+§�A ∩ B �´G�f+"�
~8.1aq§A ∩B´{A,B}���e.§=A ∗B = A ∩B"
duA�BÑ´G�f+§w,A = 〈A〉 ⊆ 〈A ∪ B〉 = 〈A,B〉§B =

〈B〉 ⊆ 〈A ∪ B〉 = 〈A,B〉" 〈A,B〉´dA ∪ B)¤�+§〈A,B〉 ⊆ G§¤

±〈A,B〉´G�f+§=〈A,B〉 ∈ L(G)"l
〈A,B〉´{A,B}�þ."b
�C´{A,B}�?�þ.§=C ´G�f+§�A ⊆ C§B ⊆ C§@o§

A ∪ B ⊆ C"
〈A,B〉´�¹A ∪ B����+§Ïd〈A,B〉 ⊆ C"¤±§

〈A,B〉´{A,B}���þ.§=A⊕B = 〈A,B〉"
nþ��〈L(G),⊆〉´�§�¡�f+�"

~ 8.4. �G´+§N(G) = {H|H / G}§´�〈N(G),⊆〉´ S8"?
�A,B ∈ N(G)§A�Bþ´G��5f+§�A ∩B�´G ��5f+"�
~8.1aq§A ∩B´{A,B}���e.§=A ∗B = A ∩B"
duA�BÑ´G��5f+§ØJy²AB�´G��5f+§¿

�〈A,B〉 = AB"�~8.3aq§〈A,B〉´{A,B} ���þ.§=A ⊕ B =

AB"

nþ��〈N(G),⊆〉´�§�¡��5f+�"

e¡ïÄ��5�"

½n 8.1. �〈A,�〉´�§8ÜA¥�?¿��a, b, c÷vµ
(1) ��Æµa ∗ a = a§a⊕ a = a¶

(2) ��Æµa ∗ b = b ∗ a§a⊕ b = b⊕ a¶
(3) (ÜÆµa ∗ (b ∗ c) = (a ∗ b) ∗ c§a⊕ (b⊕ c) = (a⊕ b)⊕ c¶
(4) áÂÆµa ∗ (a⊕ b) = a§a⊕ (a ∗ b) = a"
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yyy²²²µµµ ùp�y²(1)Ú(3)§(2)Ú(4)�y²�{aq§3�SK"

(1) 〈A,�〉´�§�´Aþ� S'X"d��g�5�§é?¿a ∈ Aþ
ka � a§¤±a´{a, a}�e."�x´{a, a} �?�e.§=x � a§¤

±a´{a, a}���e.§¤±a ∗ a = a"Ón�ya⊕ a = a"

(3) -d = a ∗ (b ∗ c)§d′ = (a ∗ b) ∗ c"¤±d´{a, b ∗ c}���e
.§�d � a§d � b ∗ c"�ö`²d´{b, c}�e.§�d � b§d � c"

dd � aÚd � b �§d � a ∗ b"2dd � a ∗ bÚd � c�§d � (a ∗ b) ∗ c = d′"

Ón�yd′ � d"d S'X��é¡5��d = d′§=a∗(b∗c) = (a∗b)∗c"
Ón�ya⊕ (b⊕ c) = (a⊕ b)⊕ c"y."

½n 8.2. �〈A,�〉´�"éu8ÜA¥�?¿��a, b§±en�·K
´�d�µ

(1) a � b¶
(2) a ∗ b = a¶

(3) a⊕ b = b"

yyy²²²µµµ (1)⇒ (2) ®�a � b§qd��g�5�a � a§¤±a´{a, b}�
e."
a ∗ b´{a, b}���e.§¤±a � a ∗ b",��¡§da ∗ b �½Â
�a ∗ b � a"d S'X���é¡5�a ∗ b = a"

(2)⇒ (3) ®�a ∗ b = a"d½n8.1�§b = b⊕ (b ∗ a) = b⊕ (a ∗ b) =

b⊕ a = a⊕ b§=a⊕ b = b"

(3)⇒ (1) ®�a⊕ b = b"da⊕ b�½Â�§b´{a, b}���þ.§¤
±a � b"
±þy²
n�·K��d5"y."

½n 8.3. �〈A,�〉´�"éu8ÜA¥�?¿��a, b, c§XJb � c§

Ka ∗ b � a ∗ c§a⊕ b � a⊕ c"ù�5�¡��S5"

yyy²²²µµµ d½n8.2�b � c�dub ∗ c = b",	§�¥∗$�÷v��
Æ!(ÜÆÚ��Æ§�k

(a ∗ b) ∗ (a ∗ c) = (a ∗ a) ∗ (b ∗ c) = a ∗ (b ∗ c) = a ∗ b.

d½n8.2�§a ∗ b � a ∗ c"
Ón�ya⊕ b � a⊕ c"y."
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½n 8.4. �〈A,�〉´�"8ÜA¥�?¿��a, b, c÷ve¡�©�Ø
�ªµ

a⊕ (b ∗ c) � (a⊕ b) ∗ (a⊕ c),

a ∗ (b⊕ c) � (a ∗ b)⊕ (a ∗ c).

yyy²²²µµµ d⊕�½Â�a � a ⊕ b§a � a ⊕ c"2d∗�½Â��a �
(a⊕ b) ∗ (a⊕ c)"qÏ�

b ∗ c � b � a⊕ b,

b ∗ c � c � a⊕ c,

Ú∗�½Â��§b∗ c � (a⊕ b)∗ (a⊕ c)"ù`²(a⊕ b)∗ (a⊕ c)´{a, b∗ c}�
þ.§
a⊕ (b ∗ c)´{a, b ∗ c}���þ.§Ïd

a⊕ (b ∗ c) � (a⊕ b) ∗ (a⊕ c).

Ón�ya ∗ (b⊕ c) � (a ∗ b)⊕ (a ∗ c)"y."

½n 8.5. �〈A,�〉´�"éu8ÜA¥�?¿��a, b, c§

a � b⇔ a⊕ (b ∗ c) � b ∗ (a⊕ c).

yyy²²²µµµ ®�a � b"3½n8.4�1��©�Ø�ªa⊕ (b ∗ c) � (a⊕ b) ∗
(a⊕ c)¥�\�a � b�d�a⊕ b = b§��a⊕ (b ∗ c) � b ∗ (a⊕ c)"

��§®�a⊕ (b ∗ c) � b ∗ (a⊕ c)§d

a � a⊕ (b ∗ c),

b ∗ (a⊕ c) � b,

±9 S'X��D45�a � b"y."

½n 8.6. �〈A,�〉´�"8ÜA�?¿k�f8Sþk��e.Ú�
�þ."

yyy²²²µµµ éA�k�f8S¥����ê�8By²"

(1) �|S| = 2�§Ï�〈A,�〉´�§¤±?¿��f8{a, b}þk��e
.Ú��þ.§·K¤á"
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(2)b�|S| = n−1�·K¤á"�|S| = n�§Ø�b�S = {a1, a2, · · · ,
an−1, an}"-S′ = {a1, a2, · · · , an−1}§|S′| = n − 1"d8Bb�§S′ k

��þ.b′"Ï�〈A,�〉´�§{b′, an}k��þ.b§=b′ � b§an � b"


ai � b′§i = 1, 2, · · · , n − 1§¤±b ´S �þ."ec �´S�þ.§

ai � c§1 ≤ i ≤ n§¤±c�´S′�þ.¶
b′´S′���þ.§�b′ � c"

qan � c§b´{b′, an}���þ.§�b � c§=b ´S���þ."

Ón�ySk��e."y."

½n8.6�y²¢Sþ�Ñ
�«¦8ÜA�k�f8��e.Ú��

þ.��{"ù«y²���E5y²"

�〈A,�〉´ S8"38ÜAþ½��#�'X�1§éua, b ∈ A§

a �1 b⇔ b � a.

w,§〈A,�1〉�´ S8"〈A,�1〉�HasseãTÐ´r〈A,�〉�Hasseãþ

e6�L5"A���f8{a, b}3〈A,�1〉¥���e.Ú��þ.©O
´§3〈A,�〉¥���þ.Ú��e."XJ〈A,�〉´�§@o〈A,�1〉 �
´�"cö���$�©OP�∗Ú⊕§�ö���$�©OP�∗′Ú⊕′"
3〈A,�〉 ¥�·K

a � b⇔ a⊕ b = b,

3〈A,�1〉¥L«¤

a �1 b⇔ a⊕′ b = b.

r§�È¤〈A,�〉¥��ó§K´

a � b⇔ a ∗ b = b.

lù�~f§�±wÑXe�éó�nµ��3¤k�¥Ñ¤á�·K§ò

Ù¥��,�, ∗,⊕©O�¤�,�,⊕, ∗§K��T·K�éó·K§éó·K
3¤k�¥�Ñ¤á"~X§©�Ø�ªa⊕ (b ∗ c) � (a⊕ b) ∗ (a⊕ c)�é
ó·K´©�Ø�ªa ∗ (b⊕ c) � (a ∗ b)⊕ (a ∗ c)§üöÓ�¤á"
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8.2 AAA«««AAAÏÏÏ������

8.2.1 ���������ÚÚÚkkk...���

½Â 8.2. XJ3�〈A,�〉¥§éu8ÜA�?¿f8Ñk��e.Ú
��þ.§K¡T�´���������"

w,§�A´k�8Ü�§½n8.6�y
�〈A,�〉����"

½Â 8.3. 3�〈A,�〉¥§e�3���Ú���§©OP�1Ú0§

=A¥�?¿��aÑ÷v0 ≤ a ≤ 1§K¡T�´kkk...���§P�〈A,�
, 0, 1〉"

w,§���7´k.�"

3k.�〈A,�, 0, 1〉¥§éuA�?¿��a§

a⊕ 0 = a, a ∗ 0 = 0,

a⊕ 1 = 1, a ∗ 1 = a.

3k.�¥§�±Ú?��Ö��Vg"

½Â 8.4. 3k.�〈A,�, 0, 1〉¥§éuA¥���a, b§XJa ∗ b = 0§

a⊕ b = 1§K¡a´b�ÖÖÖ��� (b�´a�Ö�)"

��/§3k.�¥§�����UvkÖ�§��Ukõ�Ö�"

~Xã8.3¥§�ãp�a1, a2, a3ÑvkÖ�¶mãp�a1, a2, a3p�Ö�§

a1kü�Ö�a2, a3"

3k.�¥§���1´���0���Ö�§���0´���1��

�Ö�"ù´Ï�1´k.�〈A,�, 0, 1〉����§éuA¥�?¿��a§
a⊕ 1 = 1§a ∗ 1 = a"AO/§�a = 0§0⊕ 1 = 1§0 ∗ 1 = 0§¤±0�1p

�Ö�"qeb ∈ A�´0�Ö�§=0 ⊕ b = 1¶
0´���§�k0 � b§

0⊕ b = b"Ïdb = 1§¤±1´0���Ö�"

8.2.2 kkkÖÖÖ���

½Â 8.5. 3k.�〈A,�, 0, 1〉¥§XJA¥z���Ñ��k��Ö
�§K¡T�´kkkÖÖÖ���"
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ã 8.3: k.�«~

~ 8.5. -L = {0, 1}"38ÜL3þ½Â'X�3§é?¿a1, a2, a3, b1, b2, b3 ∈
L§

(a1, a2, a3) �3 (b1, b2, b3)⇔ a1 � b1, a2 � b2, a3 � b3.

〈L3,�3〉´kSê|�§Ù���Ú���©O�(0, 0, 0)Ú(1, 1, 1)"L3¥

��(a1, a2, a3)�Ö��(b1, b2, b3)§Ù¥

bi =

1 ai = 0,

0 ai = 1,
1 ≤ i ≤ 3.

Ïd§〈L3,�3〉´kÖ�§§�HasseãXã8.4¤«"

(1,0,0)

(1,1,0)

(1,1,1)

(0,1,0)

(1,0,1)

(0,0,0)

(0,0,1)

(0,1,1)

ã 8.4: kSê|�〈L3,�3〉
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~ 8.6. �A´8Ü§〈P(A),⊆〉´k.�§Ù���Ú���©O
´∅ÚA§P(A)�?¿��B�Ö�´A−B"¤±〈P(A),⊆〉´kÖ�"

8.2.3 ©©©������

½Â 8.6. 3�〈A,�〉¥§XJA¥?¿��a, b, ck

a ∗ (b⊕ c) = (a ∗ b)⊕ (a ∗ c),

a⊕ (b ∗ c) = (a⊕ b) ∗ (a⊕ c),

K¡〈A,�〉´©©©������"

~ 8.7. �A´8Ü§〈P(A),⊆〉���$�∗Ú⊕©O´8Ü��∩Ú
¿∪$�"8Ü��Ú¿$�÷v©�Æ§�〈P(A),⊆〉´©��"

~ 8.8. Z+´��ê8Ü§〈Z+, |〉���$�∗Ú⊕©O´¦��úÏ
fÚ��ú�ê$�§§�÷v©�Æ§�〈Z+, |〉´©��"

~ 8.9. ã8.5¥§�ã´kÖ�§�Ø´©��"ù´Ï�

a1 ∗ (a2 ⊕ a3) = a1 ∗ 1 = a1,

(a1 ∗ a2)⊕ (a1 ∗ a3) = 0⊕ 0 = 0,

Ø÷v©�Æ�ªa1 ∗ (a2 ⊕ a3) = (a1 ∗ a2)⊕ (a1 ∗ a3)"
ã8.5�mã´k.©��§�Ø´kÖ�§Ï�a1vkÖ�"

¤±§kÖ�Ø�½´©��§©���Ø�½´kÖ�"

½n 8.7. ?¿�5S8Ñ´©��"

yyy²²²µµµ �〈A,�〉´�5S8§A¥�?¿ü���a, b§½öa � b§½

öb � a"�

a ∗ b =

a XJa � b,

b XJb � a;
a⊕ b =

b XJa � b,

a XJb � a.

Ïd§〈A,�〉´�"
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a1 a2 a3

0

1

0

1

a1

ã 8.5: kÖ��©��«~

éuA�?¿��a, b, c§§��m�'X�Uk±eü«�¹µ

(1) a � b�a � c"=a´{b, c}�þ.§¤±b⊕c � a"u´§a∗(b⊕c) =

b⊕c"qda � bÚa � c�§a∗b = b§a∗c = c§¤±(a∗b)⊕ (a∗c) = b⊕c"
Ïd§a ∗ (b⊕ c) = (a ∗ b)⊕ (a ∗ c)"

(2) a � b½a � c"=a´{b, c}�e.§¤±a � b ∗ c � b ⊕ c"u

´§a ∗ (b ⊕ c) = a"qda � bÚa � c�§a ∗ b = a§a ∗ c = a§¤

±(a ∗ b)⊕ (a ∗ c) = a"Ïd§a ∗ (b⊕ c) = (a ∗ b)⊕ (a ∗ c)"
Ón�ya⊕ (b ∗ c) = (a⊕ b) ∗ (a⊕ c)"y."

½n 8.8. �〈A,�〉´©��"éuA�?¿��a, b, c§XJa ∗ c =

b ∗ c§a⊕ c = b⊕ c§Ka = b"

yyy²²²µµµ 〈A,�〉´©��"�â∗Ú⊕$��áÂÆ§©�ÆÚ��Æ§
k

a = a ∗ (a⊕ c) = a ∗ (b⊕ c) = (a ∗ b)⊕ (a ∗ c)

= (a ∗ b)⊕ (b ∗ c) = b ∗ (a⊕ c) = b ∗ (b⊕ c) = b.

¤±a = b"y."

íØ 8.1. 3k.©��〈A,�, 0, 1〉¥§XJA���akÖ�§K§�
Ö�´���"

yyy²²²µµµ b�a′Úa′′Ñ´��a�Ö�§K

a⊕ a′ = 1, a ∗ a′ = 0,

a⊕ a′′ = 1, a ∗ a′′ = 0.



8.2. A«AÏ�� 171

¤±§a⊕ a′ = a⊕ a′′§a ∗ a′ = a ∗ a′′"d½n8.8�§a′ = a′′§=a�Ö�

´���"y."

½n 8.9. £������ÆÆÆ¤�〈A,�〉´k.©��§e8ÜA¥���a, b�
Ö�©O�a′, b′§K

(a ∗ b)′ = a′ ⊕ b′,

(a⊕ b)′ = a′ ∗ b′.

yyy²²²µµµ Ï�

(a ∗ b)⊕ (a′ ⊕ b′) = ((a ∗ b)⊕ a′)⊕ b′ = (a′ ⊕ b)⊕ b′ = 1,

(a ∗ b) ∗ (a′ ⊕ b′) = a ∗ (b ∗ (a′ ⊕ b′) = a ∗ (b ∗ a′) = 0.

¤±a′ ⊕ b′´a ∗ b�Ö�§2díØ8.1�a ∗ b�Ö�´���§�(a ∗ b)′ =

a′ ⊕ b′"Ón�y§(a⊕ b)′ = a′ ∗ b′"y."

½Â 8.7. kÖ©��¡�ÙÙÙ������"

8.2.4 ������

½Â 8.8. 3�〈A,�〉¥§éuA�?¿��a, b, c§XJa � bþ¦a ⊕
(b ∗ c) = b ∗ (a⊕ c)§K¡〈A,�〉´������"

AO/§3©��〈A,�〉¥§ea � b§Ka⊕ b = b§�k

a⊕ (b ∗ c) = (a⊕ b) ∗ (a⊕ c) = b ∗ (a⊕ c).

¤±z�©��Ñ´��"

½n 8.10. 〈A,�〉´���¿�^�´éuA�?¿��a, b, c§X
Ja � b�a ∗ c = b ∗ c§a⊕ c = b⊕ c§K7ka = b"

yyy²²²µµµ®�〈A,�〉´��§éuA�?¿��a, b, c§XJa � b�a∗c =

b ∗ c§a⊕ c = b⊕ c§@o7k

a = a⊕ (a ∗ c) = a⊕ (b ∗ c) = b ∗ (a⊕ c) = b ∗ (b⊕ c) = b.
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��§-x = a⊕ (b ∗ c)§y = b ∗ (a⊕ c)"Ï�a � b§d½n8.5�§x � y"
e¡y²x⊕ c = y ⊕ c§x ∗ c = y ∗ c"

x⊕ c = (a⊕ (b ∗ c))⊕ c = a⊕ ((b ∗ c)⊕ c) = a⊕ c,

y ⊕ c = (b ∗ (a⊕ c))⊕ c.

dua � bÚa � a⊕ c§¤±a � b ∗ (a⊕ c) � a⊕ c§l
k

a⊕ c � (b ∗ (a⊕ c))⊕ c � (a⊕ c)⊕ c,

=

a⊕ c � y ⊕ c � a⊕ c.

d S'X���é¡5�§y ⊕ c = a⊕ c§Ïdx⊕ c = y ⊕ c"
·�®²y²
3�¥§�a � b�§

(a⊕ (b ∗ c))⊕ c = (b ∗ (a⊕ c))⊕ c.

§�éó·K´µ�a � b�§

(a ∗ (b⊕ c)) ∗ c = (b⊕ (a ∗ c)) ∗ c.

r�ö�a�bp� �§=�§�b � a�§

(b ∗ (a⊕ c)) ∗ c = (a⊕ (b ∗ c)) ∗ c.

ùÒ´`§�a � b§x ∗ c = y ∗ c"
y3k
x � y§x⊕ c = y ⊕ c§x ∗ c = y ∗ c§d®�^��x = y"�

Ò´`§�a � b�§a⊕ (b ∗ c) = b ∗ (a⊕ c)§¤±〈A,�〉 ´��"y."

8.3 ���))))))))))))���êêêXXXÚÚÚ

8Ü±98Üþ���½õ�$�¤|¤�XÚ���êXÚ§cA

Ù0�
+!�!���êXÚ§�Ù0���´�§�ØÓ���#�

�êXÚ"
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8.3.1 ÄÄÄ���½½½ÂÂÂ

½Â 8.9. ∗Ú⊕´8ÜAþ�ü���$�"XJ8ÜA�?¿�
�a, b, c÷veã^�§K¡�êXÚ〈A, ∗,⊕〉´���µ

(1) (ÜÆµa ∗ (b ∗ c) = (a ∗ b) ∗ c§a⊕ (b⊕ c) = (a⊕ b)⊕ c¶
(2) ��Æµa ∗ b = b ∗ a§a⊕ b = b⊕ a¶
(3) áÂÆµa ∗ (a⊕ b) = a§a⊕ (a ∗ b) = a"

½n 8.11. ½Â8.1Ú½Â8.9¥½Â��´�d�"

yyy²²²µµµ �〈A,�〉´½Â8.1¥½Â��§=é8ÜA¥�?¿��f

8{a, b}k�����e.Ú��þ.§©OP�a ∗ bÚa ⊕ b"∗Ú⊕´Aþ
�ü���$�"½n8.1y²
ùü�$�÷v(ÜÆ!��ÆÚáÂÆ§

¤±〈A, ∗,⊕〉�´½Â8.9¥½Â��"

e〈A, ∗,⊕〉´½Â8.9¥½Â��§·�38ÜAþ½Â'X�µ

a � b⇔ a ∗ b = a.

�a ∗ b = a�§a ⊕ b = (a ∗ b) ⊕ b = b(�â½Â8.9¥�áÂÆ)§

�a⊕ b = b�§a ∗ b = a ∗ (a⊕ b) = a"�a ∗ b = a⇔ a⊕ b = b§Ïdk

a � b⇔ a ∗ b = a⇔ a⊕ b = b.

´yXd½Â�'X�´8ÜAþ� S'X"
?�A¥���a, b§dua ∗ (a⊕ b) = aÚb ∗ (a⊕ b) = b�§a � a⊕ b§

b � a⊕ b"Ïd§a⊕ b´{a, b}�þ."XJA¥���c �´{a, b}�þ.§
=a � c§b � c§@oa⊕ c = c§b⊕ c = c"

(a⊕ b)⊕ c = (a⊕ c)⊕ (b⊕ c) = c⊕ c = c.

ù¿�Xa⊕b � c§l
a⊕b´{a, b}���þ."Ón�y§a∗b´{a, b}�
��e."Ïd§〈A,�〉´½Â8.1¥½Â��"nþ¤ã§½Â8.1Ú½

Â8.9´�d�"y."
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8.3.2 fff���ÚÚÚ���������ÈÈÈ

½Â 8.10. �〈A, ∗,⊕〉´�§B´A���f8"XJ8ÜBé∗Ú⊕$
�´µ4�§K¡〈B, ∗,⊕〉´〈A, ∗,⊕〉 �fff���"

´y§f����´�"

~ 8.10. �Z+´��ê8Ü"3Z+þ½Â��$�µ

a ∗ b = (a, b) a⊕ b = [a, b].

〈Z+, ∗,⊕〉´�"-T´�óê8Ü"ü�óê���úÏfE´óê§ü
�óê���ú�ê�´óê§¤±〈T, ∗,⊕〉 ´〈Z+, ∗,⊕〉�f�"

~ 8.11. �〈A, ∗,⊕〉´�"éA¥�ü���a, b§a � b"-

I[b, a] = {x|x ∈ A, a � x � b}.

?�x1, x2 ∈ I[b, a]§=a � x1, x2 � b§�k

a ∗ xi = a, xi ∗ b = xi,

a⊕ xi = xi, xi ⊕ b = b, 1 ≤ i ≤ 2.

¤±§

a ∗ (x1 ∗ x2) = (a ∗ x1) ∗ x2 = a ∗ x2 = a,

(x1 ∗ x2) ∗ b = x1 ∗ (x2 ∗ b) = x1 ∗ x2,

=a � x1 ∗ x2 � b§Ïdx1 ∗ x2 ∈ I[b, a]"

Ón�ya � x1⊕x2 � b§Ïdx1⊕x2 ∈ I[b, a]"¤±§〈I[b, a], ∗,⊕〉´〈A, ∗,⊕〉�
f�"

~ 8.12. 〈P({1, 2, 3}),∩,∪〉´�"-

A1 = {{2}, {1, 2}, {2, 3}, {1, 2, 3}},

A2 = {∅, {1}, {3}, {1, 3}},

A3 = {∅, {1, 2}, {2, 3}, {1, 2, 3}},

〈A1,∩,∪〉Ú〈A2,∩,∪〉´〈P({1, 2, 3}),∩,∪〉�f�"
A3¥{1, 2} ∩ {2, 3} =

{2} /∈ A3§¤±A3Ø´P({1, 2, 3})�f�"dd��§¿�A�z�f8
Ñ´〈A, ∗,⊕〉�f�"
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½Â 8.11. �〈A1, ∗,⊕〉Ú〈A2,∧,∨〉´ü��"�E��#��êX
Ú〈A1 ×A2, •,+〉§Ù¥•Ú+$��½Â´µ(a1, a2), (b1, b2) ∈ A1 ×A2§

(a1, a2) • (b1, b2) = (a1 ∗ b1, a2 ∧ b2),

(a1, a2) + (b1, b2) = (a1 ⊕ b1, a2 ∨ b2).

¡〈A1 ×A2, •,+〉´〈A1, ∗,⊕〉Ú〈A2,∧,∨〉����ÈÈÈ"

3d½Â¥§A1 × A2¥�•Ú+$�´d1�©þUA1¥�∗Ú⊕$
�§1�©þUA2¥�∧Ú∨$�5¢y�"〈A1, ∗,⊕〉Ú〈A2,∧,∨〉´�§¤
±A1 × A2¥�•Ú+$��÷v(ÜÆ!��ÆÚáÂÆ"Ïdü����

È�´�§¿�´^�5����E¤��5��"

~ 8.13. �A = {0, 1}"3Aþ½Â'X�1§a, b ∈ A§

a �1 b⇔ a � b.

〈A,�1〉´�"3A2þ½Â'X�2§(a, b), (c, d) ∈ A2§

(a, b) �2 (c, d)⇔ a �1 c, b �1 d.

〈A2,�2〉´ü��〈A,�1〉�〈A,�1〉��È"aq/3A3þ½Â'X�3§

(a, b, c), (d, e, f) ∈ A3§

(a, b, c) �3 (d, e, f)⇔ a �1 d, b �1 e, c �1 f.

〈A3,�2〉´ü��〈A,�1〉�〈A2,�2〉 ��È"§��HasseãXã8.6¤«"

8.3.3 ������ÓÓÓ������ÓÓÓ���

½Â 8.12. �〈A1, ∗,⊕〉Ú〈A2,∧,∨〉´ü��"XJ�3lA1�A2�

N�f : A1 → A2§éuA1¥�?¿��a, b§

f(a ∗ b) = f(a) ∧ f(b),

f(a⊕ b) = f(a) ∨ f(b),

K¡f´lA1�A2����ÓÓÓ���NNN���"

ef´lA1�A2��Ó�N�§¿��V�§K¡f´lA1�A2��Ó

�N�"XJü���m�3�Ó�N�§K¡ùü��´Ó��"
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0

1

(0,1) (1,0)

(0,0)

(1,1)

(1,0,0)

(1,1,0)

(1,1,1)

(0,1,0)

(1,0,1)

(0,0,0)

(0,0,1)

(0,1,1)

ã 8.6: ���È«~

�f´l〈A1, ∗,⊕〉�〈A2,∧,∨〉��Ó�N�§éua, b ∈ A1§a �1 b§

dua �1 b⇔ a ∗ b = a§�

f(a) = f(a ∗ b) = f(a) ∧ f(b).

¤±f(a) �2 f(b)§=��Ó�N�´�«�SN�"��KØ�½¤

á"~X§-A1 = A2 = {1, 2, 3, 4, 6, 12}§〈A1, |〉Ú〈A2,�〉 ´�§§�
�HasseãXã8.7¤«"-f : A1 → A2§f(x) = x´�SN�§�Ø´�

Ó�N�"ù´Ï�

f(3 ∗ 4) = f(1) = 1,

f(3) ∧ f(4) = 3 ∧ 4 = 3,

=f(3 ∗ 4) 6= f(3) ∧ f(4)"

½n 8.12. f´l8ÜA1�8ÜA2�V�"f´l�〈A1,�1〉��〈A2,�2

〉�Ó�N���=�éuA1���a, b§

a �1 b⇔ f(a) �2 f(b).

yyy²²²µµµ ®�f´l〈A1,�1〉�〈A2,�2〉��Ó�N�"3�〈A1,�1〉¥§
éa, b ∈ A1§a �1 b⇔ a ∗ b = a"

�a ∗ b = a�§f(a ∗ b) = f(a) • f(b) = f(a)§�f(a) �2 f(b)"


�f(a) �2 f(b) �§f(a) = f(a) • f(b) = f(a ∗ b)"Ï�f´ü�§¤±a =
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3 2

1

6 4

12

(1)(1)

1

2

3

4

6

12

(2)

ã 8.7: {1, 2, 3, 4, 6, 12}þ�ü��

a ∗ b"l

a ∗ b = a⇔ f(a) �2 f(b).

�§a �1 b⇔ f(a) �2 f(b)"

��§®�f : A1 → A2´V�"?�a, b ∈ A1§a ∗ b �1 a§a ∗ b �1 b"

df��S5��§f(a ∗ b) �2 f(a)§f(a ∗ b) �2 f(b)"l
f(a ∗ b) �2

f(a) • f(b)"?�x, y ∈ A2§duf´÷�§�3a, b ∈ A1§¦�f(a) = x§

f(b) = y"A2´�§x • y = f(a) • f(b) ∈ A2§Ïd�3c ∈ A1¦f(c) =

x • y = f(a) • f(b)"u´kf(c) �2 f(a)§f(c) �2 f(b)§duf´�S�§¤

±c �1 a§c �1 b§l
c �1 a ∗ b"2df��S5��f(a) • f(b) = f(c) �2

f(a ∗ b)"nþ��§f(a) • f(b) = f(a ∗ b)"Ón�yf(a) + f(b) = f(a⊕ b)"
¤±f´�Ó�N�"y."

Ún 8.1. �〈A, ∗,⊕〉´����=�A�z�I[b, a] = {x|x ∈ A, a �
x � b}¥§XJkü����'��kú�Ö�§@oùü���7��"

yyy²²²µµµ XJ3�〈A, ∗,⊕〉¥§u � v§I[v, u]¥kü��'��Ø��

���a0, b0§Ø�b�a0 ≺ b0§§�k��ú�Ö�c§=

a0 ∗ c = b0 ∗ c = u,

a0 ⊕ c = b0 ⊕ c = v,

@o

a0 ⊕ (b0 ∗ c) = a0 ⊕ u = a0 ≺ b0 = b0 ∗ v = b0 ∗ (a0 ⊕ c),
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�Ò´`a0 ≺ b0§�´a0 ⊕ (b0 ∗ c) 6= b0 ∗ (a0 ⊕ c)§¤±〈A, ∗,⊕〉Ø´��"
ù¿�X§XJ�〈A, ∗,⊕〉 ´��§KA�z�I[b, a]¥§ekü����

'�¿�kú�Ö�§Kùü���7��"

XJ�〈A, ∗,⊕〉Ø´��§@o7�3a0, b0 ∈ A§�a0 ≺ b0§¦�a0⊕
(b0∗c) ≺ b0∗(a0⊕c)"-x = a0⊕(b0∗c)§y = b0∗(a0⊕c)§w,a0 � x, y � b0§
b0 ∗ c � x ≺ y � a0 ⊕ c§b0 ∗ c � c � a0 ⊕ c§

c ∗ y = c ∗ (b0 ∗ (a0 ⊕ c)) = c ∗ b0.

duy � a0 ⊕ c§a0 ≺ y§

c⊕ y � c⊕ (a0 ⊕ c) = a0 ⊕ c � y0 ⊕ c,

��

c⊕ y = a0 ⊕ c.

Ón�yx ∗ c = b0 ∗ c§x ⊕ c = a0 ⊕ c"ù`²3I[a0 ⊕ c, b0 ∗ c]¥x ≺ y§

x�ykú�Ö�c§�K�gñ§¤±b�Ø¤á§=〈A, ∗,⊕〉´��"y
."

|^Ún8.1�±y²e¡�½n"

½n 8.13. �´����=�§Ø�¹���ã8.8(1)Ó��Ê�f

�"

�d½naq��kXe½n§Ùy²Ñ�"

½n 8.14. �´©����=�§´���Ø�¹���ã8.8(2)Ó

��Ê�f�"

8.4 ÙÙÙ������êêê

8.4.1 ÙÙÙ������êêê

3�¥�±½Âü�∗Ú⊕��$�"3kÖ©��¥§z���kÖ
��Ö���§ù�Ò�±3kÖ©��¥½Â¦Ö��$�",	§kÖ
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(1) (2)

ã 8.8: ü�Ê��

©��k���1Ú���0"¤±Ù���±w��êXÚ〈A, ∗,⊕,′ , 0, 1〉§
¿¡�dÙ��〈A,�〉 p�Ñ5��êXÚ"

½Â 8.13. �A´��kü����8Ü§∗Ú⊕´8ÜAþ���$
�"XJ8ÜA�?¿��a, b, c÷veã^�µ

(1) a ∗ b = b ∗ a§a⊕ b = b⊕ a¶
(2) a ∗ (b⊕ c) = (a ∗ b)⊕ (a ∗ c)§a⊕ (b ∗ c) = (a⊕ b) ∗ (a⊕ c)¶
(3) 0, 1 ∈ A§éA¥?¿��a§a ∗ 1 = a§a⊕ 0 = a¶

(4) éA¥?¿��a§�3a′ ∈ A§¦�a ∗ a′ = 0§a ∗ a′ = 1"

K¡〈A, ∗,⊕,′ , 0, 1〉�ÙÙÙ������êêê"

w,§dÙ��p�Ñ5��êXÚ�Ù��ê"

½n 8.15. �Ù��ê〈A, ∗,⊕,′ , 0, 1〉�A�〈A, ∗,⊕〉´Ù��"

yyy²²²µµµ dÙ��ê½Â�wÑ§�y²〈A, ∗,⊕〉´Ù��§�Iy
²〈A, ∗,⊕〉´�§¿�0Ú1©O´T�����Ú���"

®�〈A, ∗,⊕,′ , 0, 1〉´Ù��ê§3�êXÚ〈A, ∗,⊕〉¥§��$�∗Ú⊕÷
v��Æ"?�a, b ∈ A§

a ∗ (a⊕ b) = (a⊕ 0) ∗ (a⊕ b) = a⊕ (0 ∗ b) = a⊕ ((0 ∗ b)⊕ (b′ ∗ b))

= a⊕ ((0⊕ b′) ∗ b)) = a⊕ (b′ ∗ b) = a⊕ 0 = a.

Ón�ya⊕ (a ∗ b) = a"¤±��$�∗Ú⊕÷váÂÆ"
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-x = a ∗ (b ∗ c)§y = (a ∗ b) ∗ c§w,

x = x⊕ 0 = x⊕ (a ∗ a′) = (x⊕ a) ∗ (x⊕ a′),

y = y ⊕ 0 = y ⊕ (a ∗ a′) = (y ⊕ a) ∗ (y ⊕ a′),

Ù¥

x⊕ a = (a ∗ (b ∗ c))⊕ a = a,

y ⊕ a = ((a ∗ b) ∗ c)⊕ a = ((a ∗ b)⊕ a) ∗ (c⊕ a) = a ∗ (a⊕ c) = a,

x⊕ a′ = (a ∗ (b ∗ c))⊕ a′ = (b ∗ c)⊕ a′,

y ⊕ a′ = ((a ∗ b) ∗ c)⊕ a′ = ((a ∗ b)⊕ a′) ∗ (c⊕ a′) = (b⊕ a′) ∗ (c⊕ a′) = (b ∗ c)⊕ a′.

u´§dx⊕ a = y ⊕ aÚx⊕ a′ = y ⊕ a′íÑx = y§=

a ∗ (b ∗ c) = (a ∗ b) ∗ c.

Ón�y§a ⊕ (b ⊕ c) = (a ⊕ b) ⊕ c"¤±��$�∗Ú⊕÷v(ÜÆ"l

〈A, ∗,⊕〉´�"
3Ù��ê〈A, ∗,⊕,′ , 0, 1〉¥§é?¿��a ∈ Aþk

a ∗ 1 = a, a⊕ 0 = a.

3〈A, ∗,⊕〉¥� S'X´§éa, b ∈ A§

a � b⇔ a⊕ b = b⇔ a ∗ b = a.

u´3�〈A, ∗,⊕〉¥§0 � a � 1§=0Ú1©O´T�����Ú���"

nþ©Û�§〈A, ∗,⊕〉´Ù��"y."
lù�½n�±wÑ3kÖ©��¥§�3���Ú���§z��

�kÖ�§��$�÷v��ÆÚ(ÜÆ´Ù�Ø%�5�"

8.4.2 ÙÙÙ������êêê���fff���êêê

½Â 8.14. �A1´Ù��ê〈A, ∗,⊕,′ , 0, 1〉¥8ÜA�f8"XJ0, 1 ∈
A1§¿�A1éu∗,⊕,′$�´µ4�§@o¡〈A1, ∗,⊕,′ , 0, 1〉´〈A, ∗,⊕,′ , 0, 1〉�
fff���êêê"
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~ 8.14. A = {1, 2, 3}§〈P(A),⊆〉´kÖ©��§Ùþ�∗,⊕,′$�©
O�∩,∪,−$�§���Ú���©O�∅ÚA§�〈P(A),∩,∪,− , ∅, A〉´Ù
��ê"-A1 = {∅, {1}, {2, 3}, A}§KA1´A�f�ê"

~ 8.15. 〈A, ∗,⊕,′ , 0, 1〉´Ù��ê"a, b ∈ A�a � b§½ÂA�f

8I[b, a] = {x|x ∈ A, a � x � b}"´y§I[b, a]é$�∗Ú⊕´µ4�"d
u〈A, ∗,⊕〉´©��§¤±〈I[b, a], ∗,⊕〉�´©��"�´I[b, a]����

´b§���´a§�Ù��êA����Ú���ØÓ",	§I[b, a]é¦

Ö�$�Ø�½µ4§¤±I[b, a]Ø´A�f�ê"

éI[b, a]¥�?¿��x§½Âx = (a⊕ x′) ∗ b"w,x � b"

x ∗ a = (a⊕ x′) ∗ b ∗ a = a,

�a � x"

x⊕ x = ((a⊕ x′) ∗ b)⊕ x = x⊕ b = b,

x ∗ x = ((a⊕ x′) ∗ b) ∗ x = a ∗ x ∗ b = a,

¤±x´x3I[b, a]¥�Ö�§Ïd〈I[b, a], ∗,⊕,− , a, b〉´Ù��ê§�Ø´〈A, ∗,⊕,′ , 0, 1〉�
f�ê"

8.4.3 ÙÙÙ������êêê���ÓÓÓ������ÓÓÓ���

½Â 8.15. 〈A1, ∗,⊕,′ , 0, 1〉�〈A2,∧,∨,− , 0̃, 1̃〉´Ù��ê"éuN
�f : A1 → A2§XJéuA1¥�?¿��a, b§

f(a ∗ b) = f(a) ∧ f(b),

f(a⊕ b) = f(a) ∨ f(b),

f(a′) = f(a)

K¡f´lÙ��êA1�Ù��êA2�ÓÓÓ���NNN���"AO/§�f´V��§

¡f´Ó�N�§¿¡Ù��êA1�A2Ó�"

½n 8.16. 〈A1, ∗,⊕,′ , 0, 1〉´Ù��ê§éuA�?¿��a§Ù��
êI[a′, 0]�Ù��êI[1, a]´Ó��"
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yyy²²²µµµ ?�a ∈ A§ka′ ∈ A�0 � a′ � 1"

I[a′, 0] = {x|x ∈ A, 0 � x � a′},

I[1, a] = {x|x ∈ A, a � x � 1}.

�x ∈ I[a′, 0]�§0 � x � a′§du⊕$�´�S�§0⊕ a � x⊕ a � a′ ⊕ a§
�a � x⊕a � 1§¤±x⊕a ∈ I[1, a]"-f : I[a′, 0]→ I[1, a]§f(x) = x⊕a"
?�y ∈ I[1, a]§-x = y ∗ a′§Ï�a � y � 1¿�∗´�S�§�a ∗ a′ �
x = y ∗ a′ � 1 ∗ a′§=0 � x � a′"f(x) = x⊕ a = (y ∗ a′)⊕ a = y ⊕ a = y§

ùL²x´y���§¤±f´÷�"qex1, x2 ∈ I[a′, 0]Ñ´y ∈ I[1, a]��

�§=f(x1) = x1 ⊕ a = x2 ⊕ a = f(x2)"

x1 = x1 ∗ a′ = (x1 ⊕ a) ∗ a′ = (x2 ⊕ a) ∗ a′ = x2 ∗ a′ = x2,

¤±f´ü�"l
§f´lI[a′, 0] �I[1, a]�V�"

?�x1, x2 ∈ I[a′, 0]§

f(x1 ∗ x2) = (x1 ∗ x2)⊕ a = (x1 ⊕ a) ∗ (x2 ⊕ a) = f(x1) ∗ f(x2),

f(x1 ⊕ x2) = (x1 ⊕ x2)⊕ a = (x1 ⊕ a)⊕ (x2 ⊕ a) = f(x1)⊕ f(x2),

f(x1) = f((0⊕ x′1) ∗ a′) = (x′1 ∗ a′)⊕ a = x′1 ⊕ a,

f(x1) = x1 ⊕ a = (a⊕ (x1 ⊕ a)′) ∗ 1 = a⊕ (x′1 ∗ a′) = x′1 ⊕ a.

¤±§f´Ù��êI[a′, 0]�Ù��êI[1, a]�Ó�N�§�I[a′, 0] ∼= I[1, a]"

y."

½Â 8.16. 〈A1, ∗,⊕,′ , 0, 1〉�〈A2,∧,∨,− , 0̃, 1̃〉´Ù��ê"3A1 ×
A2þ½Â∗̃, ⊕̃,◦$�§é(a1, a2), (b1, b2) ∈ A1 ×A2§

(a1, a2)∗̃(b1, b2) = (a1 ∗ b1, a2 ∧ b2),

(a1, a2)⊕̃(b1, b2) = (a1 ⊕ b1, a2 ∨ b2),

(a1, a2)
◦ = (a′1, a2),

¡〈A1 ×A2, ∗̃, ⊕̃,◦ , (0, 0̃), (1, 1̃)〉´Ù��êA1ÚA2����ÈÈÈ"

N´y²§ü�Ù��ê��ÈE´Ù��ê"y²3�SK"
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½n 8.17. 〈A, ∗,⊕,′ , 0, 1〉´Ù��ê§a ∈ A§KA��È(̃A) =

I[a, 0]× I[1, a]Ó�"

yyy²²²µµµ ?�x ∈ A§=0 � x � 1"du∗Ú⊕$�´�S�§�0 =

0 ∗ a � x ∗ a � 1 ∗ a = a§a = 0 ⊕ a � x ⊕ a � 1 ⊕ a = 1"½Âf : A →
I[a, 0]× I[1, a]§f(x) = (x ∗ a, x⊕ a)"?�x1, x2 ∈ A§

f(x1 ⊕ x2) = ((x1 ⊕ x2) ∗ a, (x1 ⊕ x2)⊕ a)

= ((x1 ∗ a)⊕ (x2 ∗ a), (x1 ⊕ a)⊕ (x2 ⊕ a))

= (x1 ∗ a, x1 ⊕ a)⊕ (x2 ∗ a, x2 ⊕ a) = f(x1)⊕ f(x2),

f(x1 ∗ x2) = ((x1 ∗ x2) ∗ a, (x1 ∗ x2)⊕ a)

= ((x1 ∗ a) ∗ (x2 ∗ a), (x1 ⊕ a) ∗ (x2 ⊕ a))

= (x1 ∗ a, x1 ⊕ a) ∗ (x2 ∗ a, x2 ⊕ a) = f(x1) ∗ f(x2),

f(x1) = (x1 ∗ a, x1 ∗ a) = ((0⊕ (x1 ∗ a)′) ∗ a, (a⊕ (x1 ⊕ a)′) ∗ 1)

= ((x′1 ⊕ a′) ∗ a, a⊕ (x′1 ∗ a′))

= (x′1 ∗ a, x′1 ⊕ a) = (f(x1))
′,

¤±f´Ó�N�"

?�(y, z) ∈ I[a, 0]×I[1, a]§0 � y � a§a � z � 1§-x = y⊕(z∗a′) ∈
A§

f(x) = f(y ⊕ (z ∗ a′)) = ((y ⊕ (z ∗ a′)) ∗ a, (y ⊕ (z ∗ a′))⊕ a)

= (y ∗ a, y ⊕ z ⊕ a) = (y, z),

=x´(y, z)���§�f´÷�"

�x1, x2 ∈ AÑ´(y, z) ∈ I[a, 0]× I[1, a]���§=

f(x1) = (x1 ∗ a, x1 ⊕ a) = (x2 ∗ a, x2 ⊕ a) = f(x2),

¤±§

x1 = x1 ∗ (a⊕ a′) = (x1 ∗ a)⊕ (x1 ∗ a′)

= (x1 ∗ a)⊕ ((x1 ⊕ a) ∗ a′) = (x2 ∗ a)⊕ ((x2 ⊕ a) ∗ a′)

= x2 ∗ (a⊕ a′) = x2,

=f´ü�§¤±f´V�§�A�Ã´Ó��"y."
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~ 8.16. �A = {1, 2, · · · , n}§A1 = {1, 2, · · · , k}§A1 = {k + 1, k +

2, · · · , n}§〈P(A),∩,∪,− , ∅, A〉´Ù��ê"

I[A1, ∅] = {x|x ∈P(A), ∅ ⊆ x ⊆ A1} = P(A1),

I[A,A1] = {x|x ∈P(A), A1 ⊆ x ⊆ A} = P(A1).

d½n8.16�§I[A1, ∅] ∼= I[A,A1]"d½n8.17�§P(A) ∼= I[A1, ∅] ×
I[A,A1] = P(A1)×P(A1)"

½n 8.18. �A´k�Ù��ê§|A| = 2n"-B = {1, 2, · · · , n}§K
Ù��êA�〈P(B),∩,∪,− , ∅, B〉 ´Ó��"

yyy²²²µµµ é8ÜA����ê?18By²"

(1)�|A| = 2�§A = {0, 1}§f : A→P({1})§f(0) = ∅§f(1) = {1}"
´y§f´Ó�N�§¤±A ∼= P({1})"

(2) b�|A| < k�·K¤á"y�|A| = k"�a ∈ A§�0 ≺ a ≺ 1"d

½n8.17�§A ∼= I[a, 0] × I[1, a]"2d½n8.16§A ∼= I[a, 0] × I[a′, 0]"5

¿�|I[a, 0]| < k§|I[a′, 0]| < k§k8Bb��§Ù��êI[a, 0]ÚI[a′, 0]©

O�P(B1) ÚP(B2)Ó�§Ù¥|B1| = k1§|B2| = k2"d~8.16�§X

JA ∼= P(B1)×P(B2)§@o�3k1 + k2����8ÜB¦�A ∼= P(B)"

y."

lù�½n�±wÑ§|A| = n§〈P(A),∩,∪,− , ∅, A〉´k2n����

Ù��ê§§¡¦
¤k�k�Ù��ê"

8.4.4 ÙÙÙ������êêê������fffLLL«««

XJ3�〈A,�〉¥k���0§@o��������¡����fff"

3�〈A,�〉�Hasseã(ã8.9)¥a1, a2, · · · , ak´�f"w,§ai ∗ aj =

0(i 6= j)"

Ún 8.2. �〈A,�〉´k��§0´§����"éuA¥?¿�"�

�b§���3���fa¦�a � b"

yyy²²²µµµ éuA¥?¿�"��b§k±eü«�¹µ
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0

a1 a2 · · · ak

ã 8.9: �f«~ã

(1) b´�f"@ow,b � b§�a = b=�"

(2) bØ´�f"0´k��〈A,�〉����§=0 ≺ b§bØ´0����

�§¤±7�3b1 ∈ A¦�0 ≺ b1 ≺ b"b1qkü«�¹µ
(2.1) b1´�f"�a = b1=�"

(2.2) b1Ø´�f"0´〈A,�〉����§=0 ≺ b1§b1Ø´0�����§

@o7�3b2 ∈ A¦�0 ≺ b2 ≺ b1 ≺ b"ùpb2 6= b1, b"b2qkü«�¹§

· · · · · ·"
duA´k�8Ü§ù�L§Ø�UÃ�/?1e�"�Ò´`§3k

�Ú��bi��Ò´�f§�a = bi=�"y."

Ún 8.3. �〈A, ∗,⊕,′ , 0, 1〉´k�Ù��ê"b´A¥��"��§b

�a1, a2, · · · , ak´A¥÷vai � b�¤k�f§Kb = a1 ⊕ a2 ⊕ · · · ⊕ ak"

yyy²²²µµµ a1, a2, · · · , ak´A��f¿�ai � b§1 � i � k"w,§a1 ⊕
a2⊕ · · · ⊕ ak � b"e¡y²b � a1⊕ a2⊕ · · · ⊕ ak"du3kÖ©��¥c �
d⇔ c ∗ d′ = 0 (y²3�SK)§¤±�Iy²b ∗ (a1 ⊕ a2 ⊕ · · · ⊕ ak)′ = 0"

^�y{?1y²"b�b ∗ (a1 ⊕ a2 ⊕ · · · ⊕ ak)′ 6= 0"dÚn8.2�§

�3�fa¦�a � b ∗ (a1 ⊕ a2 ⊕ · · · ⊕ ak)
′"ùpa´�f§�a � b§

a � (a1 ⊕ a2 ⊕ · · · ⊕ ak)
′§
a1, a2, · · · , ak´�u�ub��Ü�f§¤

±a ∈ {a1, a2, · · · , ak}"�a � a1 ⊕ a2 ⊕ · · · ⊕ ak"Ïd§a � (a1 ⊕ a2 ⊕
· · · ⊕ ak) ∗ (a1 ⊕ a2 ⊕ · · · ⊕ ak)′ = 0§ù�a´�fgñ§¤±b�Ø¤á§

Ïdb ∗ (a1 ⊕ a2 ⊕ · · · ⊕ ak)′ = 0"
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±þy²L²A�?¿�"��bÑ�±L«¤÷vai � b�¤k�

fa1, a2, · · · , ak�Ú"e¡y²ù«L«/ª´���"b�b1, b2, · · · , bl´
�f¿�b = b1⊕b2⊕· · ·⊕bl"d⊕�½Â�b1, b2, · · · , bl � b�b1, b2, · · · , bl´
�f§
a1, a2, · · · , ak´�u�ub��Ü�f§�{b1, b2, · · · , bl} ⊆ {a1, a2,
· · · , ak}"XJl < k§=�3am /∈ {b1, b2, · · · , bl}§

am = am ∗ b = am ∗ (b1 ⊕ b2 ⊕ · · · ⊕ bl)

= (am ∗ b1)⊕ (am ∗ b2)⊕ · · · ⊕ (am ∗ b1),

Ù¥am, biÑ´�f§�am 6= bi§�am ∗ bi = 0§1 ≤ i ≤ l"l
�Ñ§

am = 0§ù�am´�fgñ§�b�Ø¤á§¤±l = k§=bL«¤�f�

Ú�/ª´���"y."

Ún 8.4. 3Ù��〈A,�〉¥e?��"��bÚ�fa§Ka � b Úb �
a§üö7k����k��¤á"

yyy²²²µµµ bÚa©O´A��"��Ú�f"w,§0 � a ∗ b � a"d

ua´�f§=a´0�����§Ø�U�3�"��b¦�0 ≺ a ∗ b ≺ a"

¤±a ∗ b = a½0"XJa ∗ b = a§Ka � b"q3Ù��¥a � b′��=

�a ∗ (b′)′ = 0§=a ∗ b = 0"¤±�a ∗ b = 0 �§7ka � b′"
a � b

Úa � b′Ø�UÓ�¤á§ÄKa � b ∗ b′ = 0§�a´�fgñ"¤±a � b

Úb � aüö7ØÙ���k��¤á"y."

½n 8.19. �〈A, ∗,⊕,′ , 0, 1〉´k�Ù��ê"eS´A¥¤k�f�
¤�8Ü§@oÙ��ê〈A, ∗,⊕,′ , 0, 1〉�〈P(S),∩,∪,− , ∅, S〉Ó�"

yyy²²²µµµ 3ü�Ù��êA�P(S)�m�EN�f : A → P(S)§é?

¿a ∈ A§

f(a) =

∅ ea = 0,

{a1, a2, · · · , ak|ai ∈ S, ai � a, 1 ≤ i ≤ k} ea 6= 0.

dÚn8.2�§A¥�"��a��f(a)´��(½�"?�{ai1 , ai2 , · · · , aip} ⊆
S§{ai1 , ai2 , · · · , aip} 6= ∅§-b = ai1 ⊕ ai2 ⊕ · · · ⊕ aip"w,§b ∈ A§

�f(b) = {ai1 , ai2 , · · · , aip}§�b´{ai1 , ai2 , · · · , aip}���"¤±§f´÷
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�"b�a, bÑ´{ai1 , ai2 , · · · , aip}���§dÚn8.3�§a = ai1 ⊕ ai2 ⊕
· · · ⊕ aip = b§¤±f´ü�"Ïd§f´V�"e¡y²f�±∗,⊕,′$�"

(1) f(a ∗ b) = f(a)∩ f(b)µ �a = 0½b = 0�§f(a ∗ b) = f(0) = ∅¶,
��¡§a = 0½b = 0¿�Xf(a) = ∅½f(b) = ∅§¤±§f(a) ∩ f(b) = ∅ =

f(a ∗ b)"
�a 6= 0�b 6= 0�§f(a) = {a1, a2, · · · , ak}§f(b) = {b1, b2, · · · , bl}"

�Ò´`§a1, a2, · · · , ak´�u�ua�¤k�f§b1, b2, · · · , bl´�u�
ub�¤k�f"XJa ∗ b = 0§Kkf(a ∗ b) = ∅"bef(a) ∩ f(b) 6= ∅§
K�3x ∈ f(a) ∩ f(b)§=x´�u�ua ��f§Ó��´�u�ub��

f§¤±x � a ∗ b = 0§ù�x´�fgñ§�f(a) ∩ f(b) = ∅ = f(a ∗ b)"
XJa ∗ b 6= 0§-f(a ∗ b) = {c1, c2, · · · , cm}§¤±�fci � a ∗ b � a§

ci � a ∗ b � b§�kci ∈ {a1, a2, · · · , ak}�ci ∈ {b1, b2, · · · , bl}§1 ≤ i ≤ m"

l
§

{c1, c2, · · · , cm} ⊆ {a1, a2, · · · , ak} ∩ {b1, b2, · · · , bl}.

��§?�x ∈ {a1, a2, · · · , ak} ∩ {b1, b2, · · · , bl}§x � a�x � b§u´x �
a ∗ b"¤±x ∈ {c1, c2, · · · , cm}"ùL²

{a1, a2, · · · , ak} ∩ {b1, b2, · · · , bl} ⊆ {c1, c2, · · · , cm}.

nþ§{c1, c2, · · · , cm} = {a1, a2, · · · , ak} ∩ {b1, b2, · · · , bl}§=

f(a ∗ b) = f(a) ∩ f(b).

(2) f(a ⊕ b) = f(a) ∪ f(b)µ �a = 0½b = 0�§a ⊕ b = b½a ⊕ b =

a§�f(a ⊕ b) = f(b)½f(a ⊕ b) = f(a)¶,��¡§a = 0½b = 0¿�

Xf(a) = ∅½f(b) = ∅§�f(a) ∪ f(b) = f(b)½f(a) ∪ f(b) = f(a)"u

´f(a⊕ b) = f(a) ∪ f(b) "

�a 6= 0�b 6= 0�§-f(a ⊕ b) = {d1, d2, · · · , dn}§d1, d2, · · · , dn´÷
vdi � a ⊕ b(1 ≤ i ≤ n)��Ü�f"�âÚn8.4§éu�fdiÚ�"�

�a, b§di � aÚdi � a′k��k��¤á¶di � bÚdi � b′k��k�

�¤á"ù�Òko«|Üµ1) di � a �di � b§2) di � a�di � b′§

3) di � a′�di � b§4) di � a′�di � b′"Ù¥1o«|ÜØ�U§Ä
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Kddi � a′ Údi � b′§��di � a′ ∗ b′ = (a ⊕ b)′§
di � a ⊕ b§�

kdi � (a ⊕ b)′ ∗ (a ⊕ b) = 0§�di´�fgñ"3Ù¦n«|Ü¥§½

ödi � a¤á½ödi � b¤á§=di ∈ {a1, a2, · · · , ak} ∪ {b1, b2, · · · , bl}§
¤±{d1, d2, · · · , dn} ⊆ {a1, a2, · · · , ak} ∪ {b1, b2, · · · , bl}"��§?�x ∈
{a1, a2, · · · , ak}∪{b1, b2, · · · , bl}§w,x � a � a⊕b§x � b � a⊕b§u´x ∈
{d1, d2, · · · , dn}§l
{a1, a2, · · · , ak} ∪ {b1, b2, · · · , bl} ⊆ {d1, d2, · · · , dn}"
Ïd§{d1, d2, · · · , dn} = {a1, a2, · · · , ak} ∪ {b1, b2, · · · , bl}§=

f(a⊕ b) = f(a) ∪ f(b).

(3) f(a′) = f(a)µ �a = 1�§f(a′) = f(0) = ∅¶
f(a) = S = ∅§¤
±f(a′) = f(a)"

�a 6= 1�§f(a′) 6= ∅"ù�éu�fx§

x ∈ f(a′)⇔ x � a′ ⇔ x � aØ¤á⇔ x /∈ f(a)⇔ x ∈ f(a),

dd��f(a′) = f(a)"

d±þ?Ø��§f´lÙ��êA�P(S)�Ó�N�§¤±ü�Ù�

�ê〈A, ∗,⊕,′ , 0, 1〉�〈P(S),∩,∪,− , ∅, S〉Ó�"y."
l±þ?Ø��§k�Ù��ê¥8ÜA����ê´2n§Ù¥nÒ´

Ù��êA¥��f�ê"?Ûäk2n����Ù��êÑ´Ó��"

8.4.5 ÙÙÙ������

3Ù��ê〈A, ∗,⊕,′ , 0, 1〉¥§y3©OwÙ¥����$�"〈A, ∗〉¥§
∗÷v��ÆÚ(ÜÆ"éuA¥?¿��aþka ∗ 1 = a§¤±1´∗$�
�ü �"éu��a§XJ�3b ∈ A¦a ∗ b = 1§@oa = a ⊕ (a ∗ b) =

a ⊕ 1 = 1§�Ò´`8ÜA¥�k�a = 1�k'u∗$��_�§¤
±〈A, ∗〉�¤¹N�+"〈A,⊕〉¥§⊕÷v��ÆÚ(ÜÆ"éuA¥?¿�
�aþka ⊕ 0 = a§¤±0´⊕ $��ü �"éu��a§XJ�3b ∈ A
¦a ⊕ b = 0§@oa = a ∗ (a ⊕ b) = a ∗ 0 = 0§�Ò´`8ÜA¥�k

�a = 0�k'u⊕$��_�§¤±〈A,⊕〉�´¹N�+"
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XJÓ�wAþ�ü���$�§�âþã©Û§〈A, ∗,⊕〉´Ù��§
�ØU�¤�"�d3Aþ½Â#���$�+§é?¿�a, b ∈ A§

a+ b = (a ∗ b′)⊕ (a′ ∗ b).

´�§+$�÷v��ÆÚ(ÜÆ"0´"�"dua+a = (a∗a′)⊕(a′∗a) =

0⊕ 0 = 0§¤±a´a�K�"l
〈A,+〉´��+"q

(a+ b) ∗ c = ((a ∗ b′)⊕ (a′ ∗ b)) ∗ c = (a ∗ b′ ∗ c)⊕ (a′ ∗ b ∗ c),

(a ∗ c) + (b ∗ c) = ((a ∗ c) ∗ (b ∗ c)′)⊕ ((a ∗ c)′ ∗ (b ∗ c))

= (a ∗ c ∗ (b′ ⊕ c′))⊕ ((a′ ⊕ c′) ∗ b ∗ c)

= (a ∗ b′ ∗ c)⊕ (a′ ∗ b ∗ c),

¤±(a+ b) ∗ c = (a ∗ c) + (b ∗ c)§=∗é+km©�Æ"Ón�yc ∗ (a+ b) =

(c ∗ a) + (c ∗ b)§=∗é+k�©�Æ"

Ïd§〈A,+, ∗〉´�§¡��ÙÙÙ������"3Ù��¥§éA¥?¿��a§
ka2 = a ∗ a = a"

��§®�〈A,+, ∗〉´Ù��§­#½Â��$�⊕Ú��$�′§
éa, b ∈ A§

a⊕ b = a+ b+ a ∗ b,

a′ = 1 + a,

@o〈A, ∗,⊕,′ , · · · 〉�¤Ù��ê"TÙ��ê���Ú����¦)3�
SK"

8.4.6 ÙÙÙ���LLL���ªªª

½Â 8.17. Ù��ê〈A, ∗,⊕,′ , 0, 1〉þ�ÙÙÙ���LLL���ªªª½Â�µ
(1) A¥?Û��Ñ´Ù�L�ª¶

(2) ?ÛC�´Ù�L�ª¶

(3) ee1Úe2´Ù�L�ª§Ke′1§(e1 ⊕ e2)§(e1 ∗ e2)´Ù�L�ª"

kn�ØÓC��Ù�L�ª��n�Ù�L�ª§P�E(x1, x2, · · · , xn)§

Ù¥x1, x2, · · · , xn´C�"^A¥���Oxi(1 ≤ i ≤ n)§KE(x1, x2, · · · , xn)Ò
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´A¥�����"¤±E´lAn�A�N�"XJf : An → A§fU^Aþ

�n�Ù�L�ªL«§@ofÒ��n�ÙÙÙ���¼¼¼êêê"

〈{0, 1}, •,+,− , 0, 1〉´��8Üþ�Ù��ê"?Ûn�m'¼êf :

{0, 1}n → {0, 1}§�¼ê�1éA�n�kSê|ÑU�Ñ��L�ª"Ï

d§z�m'¼êÑ´Ù�¼ê"�±y²§���Ù��ê〈A, ∗,⊕,′ , 0, 1〉þ
�?¿Ù�L�ªE(x1, x2, · · · , xn) �±L«¤

E(x1, x2, · · · , xn) = ⊕(a1,a2,··· ,an)E(a1, a2, · · · , an) ∗ xa11 ∗ x
a2
2 ∗ · · · ∗ x

an
n ,

Ù¥ai = 0½1§x0i = x′i§x
1
i = xi§1 ≤ i ≤ n"

e¡Þ~`²¿�¤klAn�A�N�Ñ´Aþ�Ù�¼ê"-A =

{0, 1, 2, 3}§Ù��ê〈A, ∗,⊕,′ , 0, 1〉�HasseãXã8.10§Ù¥2�3p�Ö

�"-N�g : A2 → A½ÂXL8.1¤«"

2 3

0

1

ã 8.10: o�Ù��ê�Hasseã

XJg´Ù�¼ê§ATUke¡���L�ª

g(x1, x2) = (g(1, 1) ∗ x1 ∗ x2)⊕ (g(1, 0) ∗ x1 ∗ x′2)

⊕ (g(0, 1) ∗ x′1 ∗ x2)⊕ (g(0, 0) ∗ x′1 ∗ x′2)

= (x1 ∗ x2)⊕ (x1 ∗ x′2)⊕ (x′1 ∗ x′2).

�x1 = x2 = 3�§k

g(3, 3) = (3 ∗ 3)⊕ (3 ∗ 2)⊕ (2 ∗ 2) = 3⊕ 0⊕ 2 = 1,

�g�½Â¥g(3, 3) = 2(�L8.1)ØÓ§gñ"�gØ´Ù�¼ê"
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L 8.1: lA2�A�N�

i

g(i, j) j
0 1 2 3

0 1 0 0 3

1 1 1 0 3

2 2 0 1 1

3 3 0 2 2

SSSKKK

1. -R1 = {x|x ∈ R, 0 � x � 1}§�´R1þ��u�u'X"y

²〈R1,�〉´�"T��∗Ú⊕$�´�oº
2. 〈A,�〉´�§a, b, c´A¥?¿��§y²µ
(1) a ∗ b = b ∗ a§a⊕ b = b⊕ a¶
(2) a ∗ (a⊕ b) = a§a⊕ (a ∗ b) = a"

3. y²µ3�¥§XJa � b§c � d§Kka ∗ c � b ∗ d"
4. y²µ3�¥§XJa � b � c§Kk
(1) a⊕ b = b ∗ c¶
(2) (a ∗ b)⊕ (b ∗ c) = b = (a⊕ b) ∗ (b⊕ c)"
5. y²µ3�¥§

(a ∗ b)⊕ (c ∗ d) � (a⊕ c) ∗ (b⊕ d),

(a ∗ b)⊕ (b ∗ c)⊕ (c ∗ a) � (a⊕ b) ∗ (b⊕ c) ∗ (c⊕ a).

6. 〈A,�〉´�"�A¥���a, b§a ≺ b"-

B = {x|x ∈ A, a � x � b},

y²µ〈B,�〉´�"
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7. 〈A, ∗,⊕〉´�§A����ê�u1"XJT�k���0Ú���1§

@o§�7,´A�ØÓ��"

8. �S = {1, 3, 5, 15, 25, 75}§〈S, |〉´�"��ÑS¥kÖ����¿�
Ñ§��Ö�"

9. 3äkü�½�õ�����¥§vk��g�´g��Ö�"

10. äkn�½�õ�����5S8Ø´kÖ�"

11. Ê��¥=
´©��º

12. y²µ�A´©����=�é?¿a, b, c ∈ A§(a ∗ b) ⊕ (b ∗ c) ⊕
(c ∗ a) = (a⊕ b) ∗ (b⊕ c) ∗ (c⊕ a)"

13. y²µ3kÖ©��¥§

(1) a � b⇔ a ∗ b′ = 0¶

(2) b′ � a′ ⇔ a′ ⊕ b = 1"

14. f´l8ÜA�8ÜB�N�"-S = {f(c)|c ∈ P(A)}"y²µ
〈S,⊆〉´〈P(B),⊆〉�f�"

15. 〈A,�〉´©��"a, b ∈ A�a ≺ b"-B = {x|x ∈ A, a � x � b}"
y²µf(x) = (x⊕ a) ∗ b´lA�B�Ó�N�"

16. 〈S,�〉´��§a, b ∈ S"-

X = {x|x ∈ S, a ∗ b � x � a},

Y = {y|y ∈ S, b � y � a⊕ b},

f = x⊕ b.

y²µf´lX�Y�Ó�N�"

17. 3Ù��ê〈A, ∗,⊕,′ , 0, 1〉¥§éA¥?¿��a, b§
(1) a⊕ (a′ ∗ b) = a⊕ b¶
(2) a ∗ (a′ ⊕ b) = a ∗ b"
18. y²µ3Ù��ê¥§x � y ⇔ y′ � x′"
19. 〈A1, ∗,⊕,′ , 0, 1〉�〈A2,∧,∨,− , 0̃, 1̃〉´ü�Ù��ê"y²§���

È〈A1 ×A2, ∗̃, ⊕̃,◦ , (0, 0̃), (1, 1̃)〉´Ù��ê"
20. A,B´ü�Ø���8Ü"?�S ⊆ A§T ⊆ B§-f(S ∪ T ) =

(S, T )"y²µf´Ù��ê〈P(A ∪ B),⊆〉 �〈P(A) ×P(B),⊆〉�Ó�N
�"
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21. éÑ8�Ù��ê�¤kf�ê"

22. 〈{1, 2, 3, 4, 6, 12}, |〉Ú〈{1, 2, 3, 4, 6, 8, 12, 24}, |〉´Ù��êíº
23. ea, b1, b2, · · · , br´Ù��ê〈A, ∗,⊕,′ , 0, 1〉��f§y²

a � b1 ⊕ b2 ⊕ · · · ⊕ br ⇔�3i,¦�a = bi, 1 ≤ i ≤ r.

24. eb1, b2, · · · , bn´k�Ù��ê¥�¤k�f§y²µ

y = 0⇔ ∀i, y ∗ bi = 0, 1 ≤ i ≤ n.

25. 〈A,+, ∗〉´Ù��"3Aþ½Â��$�⊕Ú��$�′Xe§éa, b ∈
A§

a⊕ b = a+ b+ a ∗ b,

a′ = 1 + a,

y²µ〈A, ∗,⊕,′ , · · · 〉�¤Ù��ê§¿(½Ù���Ú���"
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