
ê©1o�8ÙESJj9~K

È©�ES�:

ÝºÄ�Vg, (¹¦^�{.

�!�¼ê

1!½Â: F (x) ¡��½�¼ê f(x) ��¼ê, XJ

F ′(x) = f(x), ½ dF (x) = f(x) dx

Ïd, f ′(x) ¡� f(x) ��¼ê, f(x) ¡� f ′(x) ��¼ê.

2!J2: �¼êØ��, Ø½È©
∫
f(x) dx L«f(x) �¼ê��N�ü��

¼ê����~ê, Ïd¦Ñ���¼ê, 2\?¿~ê£¡�È©~ê¤Ò´∫
f(x) dx .

~ ∫
dx

x
= x · 1

x
−
∫
x d

(
1

x

)
= 1 +

∫
dx

x

�ªü>ÑL«
1

x
�¼ê��N, Ø´��¼ê. ÏdØUddíÑ 0 = 1.

£2¤�±ÏL¦��y¤�Ø½È©´Ä�(

d

∫
f(x) dx = f(x) dx, ½

d

dx

∫
f(x) dx = f(x).

3!Ì�5�: ëY¼ê7k�¼ê£�k�¼ê�¼ê�7ëY¤.�,k
¼

ê�3�¼ê, ��7U
r�¼êL«¤Ð�¼ê.

4!Ì��{: ��{Ú©ÜÈ©{. 5¿: È©�{�(¹¦^.

5!Ì�a.: ±ea.¼ê��¼ê, �KþÑ�±L«¤Ð�¼êµ£1¤k

nª!£2¤n�knª!£3¤Ù¦�ÏL��=z�knª½n�knª�a..

6!'�:µ

£1¤ÏLÏª©)£½�½Xê{¤rknª©�Ä�knª�È©.

£2¤ÏL�UC�±9Ù¦C�, rn�knªÈ©=z�knªÈ©.

£3¤ÏL����Ò; ÏL©ÜÈ©{)û�È¼ê¥�éê¼ê¯K.

£4¤ÏLÙ¦C�½©Ü¦È©¯K.

£5¤{ü�È©´ÏLé�©�ÙöÝº*	Ñ5�.

�!½È©

1



1!½Â: é?¿©� T : a = x0 < x1 < · · · < xn = b ±9?¿: ξi ∈ [xi−1, xi] ,

Xe�4��3k�, K�È

lim
|T |→0

n∑
i=1

f(ξi)∆xi =

∫ b

a

f(x) dx.

5¿µXJ®�¼ê�È£~XëY¼ê¤, K�^AÏ©�£~X�©©�¤Ú�

AÏ:ξi£~X�©��à:¤, lRiemann Ú�4�O�È©.

2!AÛ¿Â : «m [a, b] þ�È¼ê f(x) /CX0e�¡È.

3!Ì�5�: �È7k.¶�È¼ê��\5¶È©«m��\5¶�S5¶

ýé��È©¶È©¥�½n£�)2ÂÈ©¥�½n¤.

4!Ä�nØ: f(x) 3 [a, b] þ�È, ��=�£DarbouxþeÚ�±Øw¤

lim
|T |→0

n∑
i=1

ωi∆xi = 0.

ùp ωi ´¼ê f(x) 3�«m [xi−1, xi] þ��Ì.ddíÑ ëY¼ê!kk��m

ä:�¼ê!«m [a, b] þüN¼ê �½�È, Ó��Ñ�
5��y². 5¿: ë

Y!kk�mä:!üN´¼ê�È�7�^�.

5!O��Ì: ¼ê3«m[a, b]þ��Ì�

ω = sup{|f(x)− f(y)| | x, y ∈ [a, b]}.

AO, üNk.¼ê��Ì�u¼ê3�mà:���.

6!C�È©£Cþ�½Ce�¤: � f(x) 3 [a, b] þ�È, K

ϕ(x) =

∫ x

a

f(t) dt

½Â
[a, b] þ��¼ê. ϕ(x) ke�5�:

£1¤f(x) �È =⇒ ϕ(x) ëY.

£2¤f(x) ëY =⇒ ϕ(x) ��, � ϕ′(x) = f(x). = ϕ(x) ´ f(x) ����¼ê,

ly²
ëY¼ê7k�¼ê. aqe��ê´ϕ(u) � u = b(x) EÜ¼ê��ê:

d

dx

∫ b(x)

a

f(t) dt =
d

dx
ϕ(b(x)) = ϕ′(x)b′(x) = f(b(x))b′(x)

7!Newton-Leibniz úª

e f(x) 3[a, b] þ�È, F (x) 3[a, b] þëY�F ′(x) = f(x) ½ dF (x) = f(x) dx

(f(x) 3[a, b] þëY��¼ê), K∫ x

a

f(t)dt = F (x)− F (a) x ∈ [a, b].

2



AO f(x) �L«�§��¼ê f ′(x) �Cþ�È©:

f(x)− f(a) =

∫ x

a

f ′(t)dt, ½ f(x) = f(a) +

∫ x

a

f ′(t) dt

8!È©�{µ��!©Ü! Newton-Leibniz úª!|^Ûó5�é¡5!|

^�È¼ê�\5!È©«m�\5!�é{�.

9!�úª:

(1) 2ÂÈ©¥�½nµ ¼ê f(x) 34«m [a, b]þëY, g(x) 3 [a, b] þ�È

�ØCÒ, K�3 ξ ∈ [a, b], ¦�∫ b

a

f(x)g(x) dx = f(ξ)

∫ b

a

g(x) dx.

� g(x) = 1, f(x) ëY�, �3 ξ ∈ [a, b], ¦�
∫ b

a

f(x) dx = f(ξ)(b− a).

(2) Cauchy-Schwarz Ø�ª: b∫
a

f(x)g(x) dx

2

6

b∫
a

f 2(x) dx

∫ b

a

g2(x) dx.

10!2ÂÈ©£Ã�«mþ�È©!×È©¤:Ïdk�«mþk.¼êÈ©¡

�~ÂÈ©.

£1¤2ÂÈ©=~ÂÈ©+4�£«mªuÃ¡½à:«�×:¤

£2¤ÏL��, ü«2ÂÈ©�m, 2ÂÈ©�~ÂÈ©�m�±p�.

£3¤éuÃ�«m¥¹k×:�È©�æ�«m©ã�{, ��Â».

n!È©�A^µ(P4ù
úª��Ð�{, ´gCí��H).

� y = f(x) (x ∈ [a, b]), ½ x = x(t), y = y(t) (t ∈ [α, β])

1!l�µ

ds =
√

1 + (f ′(x))2 dx, ½ ds =
√

(x′(t))2 + (y′(t))2 dt.

2!^=NNÈµ

dV = πf 2(x) dx = πy2(t)x′(t) dt.

3!^=Ný¡Èµ

dS = 2πf(x) ds = 2πf(x)
√

1 + (f ′(x))2 dx = 2πy(t)
√

(x′(t))2 + (y′(t))2 dt

3



È©�~K

�!��^��?n��ÒÈ©, ^©ÜÈ©?n�éln½ arctan �¼êÈ©.

1. O� I =

∫
dx

x
√
x2 − 1

) I =

∫
dx

x2
√

1−
(
1
x

)2 = −
∫

du√
1− u2

Ù¥ u =
1

x
)� I = − arcsinu+ C = − arcsin

1

x
+ C.

2. O� I =

∫
dx√

x(1− x)
) - x = t2, K

I =

∫
dt2√

t2(1− t2)
= 2

∫
dt√

1− t2
= 2 arcsin

√
x+ C.

3. O� I =

∫
x ln(x+

√
1 + x2)

(1 + x2)2
dx

) ©ÜÈ©:

I = −1

2

∫
ln(x+

√
1 + x2) d

1

1 + x2
= −1

2

ln(x+
√

1 + x2)

1 + x2
+

1

2

∫
dx

(1 + x2)3/2

Ù¥ ∫
dx

(1 + x2)3/2
=

∫
1

1 + x2

(√
1 + x2 − x2√

1 + x2

)
=

∫
d

(
x√

1 + x2

)
=⇒ I = −1

2

ln(x+
√

1 + x2)

1 + x2
+

1

2

x√
1 + x2

+ C

�!ÏL�é�{O�È©.

4. O� I =

∫
dx

1 + x2 + x4
. -£�é¤ J =

∫
x2 dx

1 + x2 + x4

I + J =

∫
1 + x2

1 + x2 + x4
dx =

∫
1 + x−2

x2 + x−2 + 1
dx =

∫
d(x− x−1)

(x− x−1)2 + 3

=
1√
3

arctan

(
1√
3

(x− x−1)
)

+ C.

I − J =

∫
1− x2

1 + x2 + x4
dx = −

∫
1− x−2

x2 + x−2 + 1
dx =

∫
d(x+ x−1)

(x+ x−1)2 − 1

=
1

2

∫
d(x+ x−1)

x+ x−1 − 1
− 1

2

∫
d(x+ x−1)

x+ x−1 + 1
=

1

2
ln

∣∣∣∣x2 − x+ 1

x2 + x+ 1

∣∣∣∣+ C.
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dd)� I.

5. O� I =

∫
sinx dx

2 sinx+ 3 cosx
. -£�é¤ J =

∫
cosx dx

2 sinx+ 3 cosx
, K

2I + 3J =

∫
dx = x+ C

−3I + 2J =

∫
(−3 sinx+ 2 cosx) dx

2 sinx+ 3 cosx
= ln |2 sinx+ 3 cosx|+ C

=⇒ I =
1

13
(2x− 3 ln |2 sinx+ 3 cosx|) + C

n!|^�È¼êé¡5£±Ï!Ûó5!½�¡5¤{zÈ©.

6. �a, b ØÓ��", O�I =

∫ π

0

cosx√
a2 sin2 x+ b2 cos2 x

dx.

) �C� u = x− π

2
, K

I = −
∫ π

2

−π
2

sinu√
a2 cos2 u+ b2 sin2 u

du.

3[−π
2
, π

2
] þ, �È¼ê´Û¼ê, Ïd I = 0.

7. O�I =

∫ π

0

x sinx

1 + cos2 x
dx. �C� u = x− π

2
,

I =

∫ π
2

−π
2

(u+ π
2
) cosu

1 + sin2 u
dx =

∫ π
2

−π
2

u cosu

1 + sin2 u
dx+

π

2

∫ π
2

−π
2

cosu

1 + sin2 u
dx

þªm>1��È©��È¼ê´Û¼ê, Ïd3[−π
2
, π

2
] þÈ©�". 1��

È©�È¼ê´ó¼ê, Ïd3[−π
2
, π

2
] þÈ©´�«mþÈ©�2�:

I =
π

2

∫ π
2

−π
2

cosu

1 + sin2 u
dx = π

∫ π
2

0

d sinu

1 + sin2 u
= π arctan(sinu)

∣∣∣π/2
0

=
π2

4
.

8. O�e�È©

∫ nπ
2

−nπ
2

(x3 + sin2 x) cos2 x dx

) x3 cos2 x ´Û¼ê, sin2 x cos2 x =
1

8
(1− cos 4x) ´±Ï�

π

2
ó¼ê,

=⇒
∫ nπ

2

−nπ
2

(x3 + sin2 x) cos2 x dx =

∫ nπ
2

−nπ
2

1

8
(1− cos 4x) dx =

nπ

8
.
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9. é?¿¢ê a,O�I =

∫ π
2

0

dx

1 + tana x
. �C� u =

π

2
− x

I =

∫ 0

π
2

−1

1 + tana(π/2− u)
du =

∫ π
2

0

tana u

1 + tana u
du

=

∫ π
2

0

(
1− 1

1 + tana u

)
du =

π

2
− I.

=⇒ I =
π

4
.

�K�È¼êäk�½��¡5.

10. � f(x) ëY, y²

2π∫
0

f(a cosx+ b sinx) dx = 2

∫ π

0

f(
√
a2 + b2 cosx) dx .

y² -cosφ =
a√

a2 + b2
, sinφ =

b√
a2 + b2

,∫ 2π

0

f(a cosx+ b sinx) dx =

∫ 2π

0

f(
√
a2 + b2 cos(x− φ)) dx

=

∫ 2π−φ

−φ
f(
√
a2 + b2 cosx) dx

�È¼ê´±Ï2π �¼ê, Ïd3��±ÏSÈ©�å:Ã', ¿dé¡5È

©�u�«m�2�=��(J.

11. � f(x) ëY, y² I =

π∫
0

xf(sinx) dx =
π

2

∫ π

0

f(sinx) dx .

y² �C� u = π − x :∫ π

0

xf(sinx) dx = −
∫ 0

π

(π−u)f(sin(π−u)) du = π

∫ π

0

f(sinu) du−
∫ π

0

uf(sinu) du

dd´�(J( ½È©¥, È©Cþ´”å” Cþ).

12. ®� I =

+∞∫
0

x lnx

(1 + x2)2
dx Âñ, ¦�.

) |^È©3C� u =
1

x
eé¡5, k∫ +∞

0

x lnx

(1 + x2)2
dx =

∫ 0

+∞

− 1
u

lnu

(1 + ( 1
u
)2)2

d
1

u
= −

∫ +∞

0

u lnu

(1 + u2)2
du

¤±È©�". 5¿ XJ^©ÜÈ©��éê¼ê,

I =

∫ +∞

0

lnx d

(
−1

2(1 + x2)

)
= − lnx

2(1 + x2)

∣∣∣+∞
0

+

∫ +∞

0

dx

2x(1 + x2)

Kþªm>1��3�\e� x = 0 �ØÂñ, ÏdØ�±(�/Ê0¥?Ø).
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13. ¦Ø½È© I =

∫
dx

sin(x+ π
3
) sin(x+ π

6
)

.

) XJ^sin(x + π
3
) = 1

2
sinx +

√
3
2

cosx Ú sin(x + π
6
) =

√
3
2

sinx + 1
2

cosx , 2

^�UC��U'��¡. Ïd/^n�¼ê�úª

1

2
= sin

(π
3
− π

6

)
= sin

(
x+

π

3
−
(
x+

π

6

))
= sin

(
x+

π

3

)
cos
(
x+

π

6

)
− cos

(
x+

π

3

)
sin
(
x+

π

6

)

=⇒ I = 2

∫
cos
(
x+ π

6

)
sin
(
x+ π

6

) dx− 2

∫
cos
(
x+ π

3

)
sin
(
x+ π

3

) dx

= ln

(
cos
(
x+ π

6

)
sin
(
x+ π

3

))2

+ C.

o!3½È©���, ��yÈ©«m�éA¶½3|^Newton-Leibniz úª

O�½È©�, �(��¼ê´½Â3È©«mS��¼ê.

14. O�

π∫
0

dx

2 + cos 2x
. )µ- t = tan

x

2
(−π < x < π), È©«m´[0, π], �¹3

C�#N«���S.

I =

∫ π

0

dx

1 + cos2 x
=

∫ +∞

0

1

1 + 2
(
1−t2
1+t2

)2 2

1 + t2
dt =

∫ +∞

0

2(1 + t2)

3t4 − 2t2 + 3
dt

=

∫ +∞

0

2
(
1 + 1

t2

)
3t2 + 3 1

t2
− 2

dt =

∫ +∞

0

2 d
(
t− 1

t

)
3
(
t− 1

t

)2
+ 4

dt

=

∫ +∞

−∞

2 du

3u2 + 4
=

1√
3

∫ +∞

−∞

d
(√

3
2
u
)

(√
3
2
u
)2

+ 1
=

1√
3

arctan

√
3

2
u
∣∣∣+∞
−∞

=
π√
3
.

5¿1µ XJ�¦�È¼ê
1

2 + cos 2x
3(0, π) þ�¼ê, I�ÏL

u = t− 1

t
, t = tan

x

2
(−π < x < π)

=⇒
∫

dx

2 + cos 2x
=

1√
3

arctan

(√
3

2
u

)
=

1√
3

arctan

(√
3

2

(
t− 1

t

))
= − 1√

3
arctan

√
3 cotx+ C, x ∈ (0, π)

7



=F (x) = − 1√
3

arctan(
√

3 cotx) ´�È¼ê3(0, π) þ�¼ê,Ïd½È©�∫ π

0

dx

1 + cos2 x
= F (π−)− F (0+) =

π√
3
.

ùp F (π−) Ú F (0+) ©OL«� x→ π− Ú x→ 0+ � F (x) �4�.

5¿2µ XJk�C� u = 2x, 2� t = tan
u

2
(−π < u < π)∫

dx

2 + cos 2x
=

1

2

∫
du

2 + cosu
=

∫
dt

3 + t2
=

1√
3

arctan

(
tanx√

3

)
+ C.

Ï� −π < u < π, íÑ x =
u

2
�����´ −π

2
< x <

π

2
, ¤± F1(x) =

1√
3

arctan

(
tanx√

3

)
�´�È¼ê

1

2 + cos 2x
3
(
−π

2
,
π

2

)
, ¥��¼ê. Ø´3

(0, π) þ��¼ê, Ïd3[0, π] þ�½È©ØU¦^F1(x). ØJ�yú�«m(
0,
π

2

)
þ, F ′(x)− F ′1(x) = 0.

Ê!3^©ÜÈ©O�½È©�,∫ b

a

f(x) dg(x) = f(x)g(x)
∣∣∣b
a
−
∫ b

a

g(x) df(x),

�k�þªmà1�� f(x)g(x) 3ü�à:��£½4�¤�3k�, ±9m

àÈ©�3,âU�Ñ�à�È©.

15. O� I =

∫ π
2

0

sinx ln sinx dx . ©Û Ï�

lim
x→0+

sinx ln sinx = lim
x→0+

x
sinx

x
ln

(
x

sinx

x

)
= lim

x→0+
x lnx = 0

¤±TÈ©Ø´×È©. XJæ^©ÜÈ©

I = −
∫ π

2

0

ln sinx d cosx = − cosx ln sinx
∣∣∣π/2
0+

+

∫ π
2

0

cos2 x

sinx
dx

m>1��e��\�ØÂñ, Ã{)û¯K. �Ñù�(J��{´k�Ñ

sinx ln sinx 3(0, π/2) þ��¼ê, 2|^N-Lúª. Ïdk¦Ø½È©∫
sinx ln sinx dx = −

∫ π
2

0

ln sinx d cosx = − cosx ln sinx+

∫
cos2 x

sinx
dx,

Ù¥∫
cos2 x

sinx
dx =

∫
cos2 x sinx

sin2 x
dx = −

∫
cos2 x

1− cos2 x
d cosx

= −
∫ (

1− 1

1− cos2 x

)
d cosx = cosx+

1

2
ln

1− cosx

1 + cos x
+ C

8



¤±3(0, π/2) þ��¼ê�

F (x) = − cosx ln sinx+ cosx+
1

2
ln

1− cosx

1 + cos x

= (1− cosx) ln sinx+ cosx− ln(1 + cos x).

�3à:4�ÑÂñµ

F (π
2
) = 0,

F (0+) = lim
x→0+

F (x) = 1− ln 2.

���È© I = F (π
2
)− F (0+) = ln 2− 1.

8!C�È©�Ñ�´¼ê, Ïd�?Ø4�!ëY!¦�ÚÈ©.

16. � F (x) =

∫ x

0

sin
1

t
dt , ¦ F ′(0).

)µ�È¼êsin
1

t
k., �´3t = 0 ØëY, Ïd�È. � F ′(x) = sin

1

x
3

x = 0 k1�amä:, ¤±Ã{|^�¼ê3 x = 0 �4�O� F ′(0), �U

U½Â5O�. w, F (0) = 0, � x 6= 0 �, ©ÜÈ©�

F (x) =

∫ x

0

t2 d cos
1

t
= t2 cos

1

t

∣∣∣x
0
−
∫ x

0

cos
1

t
dt2 = x2 cos

1

x
− 2

∫ x

0

t cos
1

t
dt.

=⇒ F ′(0) = lim
x→0

F (x)− F (0)

x− 0
= lim

x→0
x2 cos

1

x
− lim

x→0

2
∫ x
0
t cos 1

t
dt

x

= − lim
x→0

2x cos
1

x
= 0.

17. � f(x) =

∫ x2

x

| sin t| dt , ¦ f ′(x) : |^EÜ¼ê¦�k

f ′(x) =
d

dx

(∫ x2

0

| sin t| dt

)
− d

dx

(∫ x

0

| sin t| dt
)

= 2x| sinx2| − | sinx|

18. ¦4�

I = lim
x→0

∫ x
0

(∫ u2
0

arctan(1 + t) dt
)

du

(1− cosx) ln(1 + x)
.

) ©f¥
∫ u2

0

arctan(1 + t) dt ´Cþ�È©�Ñ� u �¼ê. 2�Cþ�È©

�� x �¼ê. � x→ 0 �, ©f´Ã¡�þ. |^ L’Hospital {Kk

I = lim
x→0

∫ x0
(∫ u2

0
arctan(1 + t) dt

)
du

1
2
x2 · x

·
1
2
x2

1− cosx
· x

ln(1 + x)


= lim

x→0

∫ x2
0

arctan(1 + t) dt
3
2
x2

= lim
x→0

arctan(1 + x2) · 2x
3x

=
π

6
.
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19. y²
∫ 2π

0

(∫ 2π

x

sin t

t
dt

)
dx = 0.

y² Ï�

∫ 2π

0

sin t

t
dt Âñ, ¤±^©ÜÈ©

∫ 2π

0

(∫ 2π

x

sin t

t
dt

)
dx = x

∫ 2π

x

sin t

t
dt
∣∣∣2π
0
−
∫ 2π

0

x d

(∫ 2π

x

sin t

t
dt

)
=

∫ 2π

0

x
sinx

x
dx =

∫ 2π

0

sinx dx = 0.

20. ¦¼ê f(x) =

∫ x2

0

(2− t)e−t dt ����Ú���.

) 5¿� f(x) ´ó¼ê, Ïd��3[0,+∞) þ�Ä4�¯K=�.

¦�¿¦7: f ′(x) = (2− x)e−x · 2x = 0 )���7:µ x0 =
√

2.

� 0 < x <
√

2 �, f ′(x) > 0,=⇒ f(x) üNO¶

�
√

2 < x < +∞ �, f ′(x) < 0,=⇒ f(x) üN~¶

Ïd x0 =
√

2 ´ f(x) 3(0,+∞) S�4��:. 4���:

f(
√

2) =

∫ 2

0

(2− t)e−t dt =

∫ 2

0

d(t− 1)e−t = (t− 1)e−t
∣∣∣2
0

= e−2 + 1.

3�>.: f(0) = 0, q>.::

f(+∞) = lim
x→+∞

f(x) = lim
x→+∞

∫ x2

0

(2− t)e−t dt = lim
x→+∞

∫ x2

0

d(t− 1)e−t

= lim
x→+∞

(t− 1)e−t
∣∣∣x2
0

= 1.

'�� fmin = f(0), fmax = f(
√

2) = e−2 + 1.

Ô!�
È©Ø�ª½�ª�y².

21. y² ∫ π
2

0

sin(sinx) dx ≤
∫ π

2

0

cos(cosx) dx.

y² 3 [0, π/2] ¥, ksinx ≤ x, cosx ≥ 1− 1

2
x2, Ïd

∫ π
2

0

sin(sinx) dx ≤
∫ π

2

0

sinx dx. = 1,

∫ π
2

0

cos(cosx) dx ≥
∫ π

2

0

(
1− 1

2
cos2 x

)
dx =

3π

8
> 1.
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22. �ëY¼ê f(x) ÷v f(x+ 2) = f(x) + x,

∫ 2

0

f(x) dx = 0, ¦

∫ 3

1

f(x) dx.

∫ 3

1

f(x) dx =

∫ 2

1

f(x) dx+

∫ 3

2

f(x) dx =

∫ 2

1

f(x) dx+

∫ 1

0

f(u+ 2) du

=

∫ 2

1

f(x) dx+

∫ 1

0

(f(u) + x) du =

∫ 2

0

f(x) dx+
1

2
x2
∣∣∣1
0

=
1

2
.

23. � f(x) 3 [0, 1] þëY��, f(0) = 0, f(1) = 1, Áy∫ 1

0

|f ′(x)− f(x)| dx ≥ 1

e
.

y² � F (x) = e−xf(x), K F ′(x) = e−x(f ′(x)− f(x)), Ïd∫ 1

0

e−x(f ′(x)− f(x)) dx =

∫ 1

0

F ′(x) dx = F (1)− F (0) =
1

e
,

3 [0, 1] þ, |e−x(f ′(x)− f(x))| ≤ |f ′(x)− f(x)|, Ïdk

1

e
=
∣∣∣ ∫ 1

0

e−x(f ′(x)−f(x)) dx
∣∣∣ ≤ ∫ 1

0

|e−x(f ′(x)−f(x))| dx ≤
∫ 1

0

|f ′(x)−f(x)| dx

24. � f(x) 3 [a, b] þëY��, � f(a) = 0. ¦y∫ b

a

f 2(x) dx 6
(b− a)2

2

∫ b

a

(f ′(x))2 dx.

y² �â Newton-Leibniz úª, k

f(x) = f(x)− f(a) =

∫ x

a

f ′(t) dt, x ∈ [a, b].

¤±A^ Cauchy È©Ø�ª, ��

|f(x)|2 =

∣∣∣∣∫ x

a

f ′(t) dt

∣∣∣∣2 6 ∫ x

a

12 dt

∫ x

a

|f ′(t)|2 dt

= (x− a)

∫ x

a

|f ′(t)|2 dt 6 (x− a)

∫ b

a

|f ′(t)|2 dt x ∈ [a, b].

ü>3 [a, b] þÈ©=�¤y.

25. � f(x) ´ [a, b] þ�KëY¼ê. e
∫ b
a
f(x) dx = 0, K f(x) ≡ 0.

11



y² £�y¤e�3 x0 ∈ (a, b) (x0 ´à:��¹�aq?Ø) ¦� f(x0) >

0, du f(x) ëY, ¤±�3 δ > 0 ¦� (x0 − δ, x0 + δ) ⊂ [a, b]. ¿��

x ∈ (x0 − δ, x0 + δ) �, k f(x) > f(x0)
2
.

0 =

∫ b

a

f(x) dx =

∫ x0−δ

a

f(x) dx+

∫ x0+δ

x0−δ
f(x) dx+

∫ b

x0+δ

f(x) dx

>
∫ x0+δ

x0−δ
f(x) dx >

∫ x0+δ

x0−δ

f(x0)

2
dx

= δf(x0) > 0.

ù�^�gñ. Ïd f(x) ≡ 0.

26. � f(x) ´ [a, b] þüN4O�ëY¼ê. ¦y∫ b

a

xf(x) dx >
a+ b

2

∫ b

a

f(x) dx.

y² òØ�ªü>�~¿òb �¤Cþ t, -

F (t) =

∫ t

a

xf(x) dx− a+ t

2

∫ t

a

f(x) dx (a ≤ t ≤ b).

F ′(t) = tf(t)− 1

2

∫ t

a

f(x) dx− a+ t

2
f(t)

=
t− a

2
f(t)− 1

2

∫ t

a

f(x) dx >
t− a

2
f(t)− 1

2
(t− a)f(t) = 0.

=⇒ F (t) 3 [a, b] þüN4O. Ï� F (a) = 0, ¤± F (b) > 0.

27. � f(x) 3 [0, 1] ëY, 1 ≤ f(x) ≤ 3, y²

1 ≤
∫ 1

0

f(x) dx

∫ 1

0

1

f(x)
dx ≤ 4

3
.

y² Äk, |^ Cauchy-Schwarz Ø�ª�

1 =

(∫ 1

0

√
f(x)

1√
f(x)

dx

)2

≤
∫ 1

0

f(x) dx

∫ 1

0

1

f(x)
dx.

,��¡�Ä¼ê g(u) =
u√
3

+

√
3

u
3«m [1, 3] þ����, k

max
1≤u≤3

(
u√
3

+

√
3

u

)
=
√

3 +
1√
3

=
4√
3

12



� ∫ 1

0

f(x) dx

∫ 1

0

1

f(x)
dx =

∫ 1

0

f(x)√
3

dx

∫ 1

0

√
3

f(x)
dx

=
1

4

(∫ 1

0

f(x)√
3

dx+

∫ 1

0

√
3

f(x)
dx

)2

≤ 1

4

(∫ 1

0

4√
3

dx

)2

=
4

3
.

l!|^È©¦4�ÚO�¡È.

28. ¦4�

lim
n→∞

[
1

n
√
n2 + 12

+
2

n
√
n2 + 22

+ · · ·+ n

n
√
n2 + n2

]

) �ª�L«�

1

n
√
n2 + 12

+
2

n
√
n2 + 22

+ · · ·+ n

n
√
n2 + n2

=
1
n√

1 +
(
1
n

)2 1

n
+

2
n√

1 +
(
2
n

)2 1

n
+ · · ·+

n
n√

1 +
(
n
n

)2 1

n
,

Ïd´�È¼ê
x√

1 + x2
3[0, 1] ��©©� xi =

i

n
, i = 0, 1, · · · , n±9ξi =

i

n
�Riemann Ú, ¤±4�´∫ 1

0

x√
1 + x2

dx =
√

1 + x2
∣∣∣1
0

=
√

2− 1.

29. ¦4� lim
n→∞

lnn

ln (12020 + 22020 + · · ·+ n2020)

lim
n→∞

lnn

ln (12020 + 22020 + · · ·+ n2020)

= lim
n→∞

lnn

2020 lnn+ ln
((

1
n

)2020
+
(
2
n

)2020
+ · · ·+ 1

)
= lim

n→∞

lnn

2021 lnn+ ln
(

1
n

∑n
k=1

(
k
n

)2020)
Ù¥

1

n

n∑
k=1

(
k

n

)2020

→
∫ 1

0

x2020 dx =
1

2021
k.,¤±�ª�4��

1

2021
.
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30. ¦d� | lnx|+ | ln y| = 1 �¤�µ4«��¡È.

) «�de�o^��¤

L1 : y =
e

x
x ≥ 1,

L2 : y =
x

e
x ≥ 1,

L2 : y = ex 0 < x < 1,

L4 : y =
1

ex
0 < x < 1,

Ù¥ L1 � L2, L3 ��:�O� x = e, x = 1; L4 � L2, L3 ��:�O�

x = 1, x =
1

e
; Ïd¡È�

D =

∫ 1

1/e

(
ex− 1

ex

)
dx+

∫ e

1

( e

x
− x

e

)
dx = e− 1

e
.

31. L�:�� L : y =
√
x− 1 ���, ¦T����±9 x ¶�¤�²¡ã

/7x ¶^=�±�^=NNÈ.

) �3 x = x0 ��, �:�I� (x0,
√
x0 − 1), Ïd���§�

y =
1

2
√
x0 − 1

x,

)����L ��:�I� x0 = 2, y0 = 1, Ïd���§äN� y =
1

2
x.

£1¤��ã y =
1

2
x (0 ≤ x ≤ 2) 7 x ¶^=NÈ�

V1 =

∫ 2

0

πy2 dx =

∫ 2

0

π

4
x2 dx =

2π

3
,

£2¤�ã y =
√
x− 1 (1 ≤ x ≤ 2) 7x ¶^=NÈ�

V2 =

∫ 2

1

πy2 dx =

∫ 2

1

π(x− 1) dx =
π

2
.

üª�~��¤�²¡ã/7 x ¶^=NÈ�
π

6
.
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�©�§�ES�:

¦)=È©, u���© .

�!��Vgµ�©�§´¹k��¼ê9Ù�ê��§, ¦ÑT��¼êÒ¡

��©�§�).)kXe/ªµÏ)!A)!�Ü).

£1¤��ó, n ���©�§�Ï)�¹ n �?¿~ê£¡�È©~ê¤.

£2¤Ï)¿Ø�½´�Ü), k
�¹Ï)�	�k/~	0). ÏdXJK

¿�¦¦Ñ�Ü), Ø��¦ÑÏ), ��©ÛkÃ~	).

£3¤XJ�¦)÷v®½Ð©£½>.¤^��), ��5`Ò´3Ï)¥, Ï

LÐ©£½>.¤^�, (½ÑÈ©~ê.

�!�{µ©lCþ{!ü�{£ü«ØÓ/ª�ü�{¤!~êC´{£^

��½��àg�5�§Ï)/ª?n�àg�A)¤!�½Xê{!*	{�� .

n!���5�§£p(x), q(x), f(x) ´®�¼ê¤µ

(∗∗) y′′ + p(x)y′ + q(x)y = f(x) (�àg�/)

(∗) y′′ + p(x)y′ + q(x)y = 0 (àg�/)

1!é)��3��5�n)£ÃIy²¤

Ð©£½¡�>.¤^�û½
)��3��.

2!àg���5�§

£1¤Ä�)|��35±9�5Ã'��'5�.

£2¤Ä�)|�){µ®�Ù��¦Ù�.

£3¤/Ù�0�¦{A�XäN¯KäNé�, é~Xê���5�§kXÚ

�{£�e©¤

£4¤)�(�µ(∗) �Ï)=Ä�)|��5|Ü£�¹ü�È©~ê¤.

3!�àg���5�§µ

£1¤)�(�µ (∗∗) �Ï)=(∗∗) �A)+ (∗) �Ï).

£2¤¦)�àgÏ)�Ú½µ

1�Úµ¦Ñ(∗) �Ä�)|£�þã12^¤.

1�Úµ¦Ñ(∗∗) ��A). nØþ(∗∗) �A)�ÏL~êC´{��.���

ÏLAÏ�{¦ÑA).

4!��~Xê�5�§.
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´���5�§�AÏ/ª£p, q ´®�~ê, f(x) ´®�¼ê¤.(∗∗) y′′ + py′ + qy = f(x) (�àg�/)

(∗) y′′ + p(x)y′ + q(x) = 0 (àg�/)

£1¤é(∗) , �ÏL¦)A��§ λ2 + pλ+ q = 0 �����ÑÄ�)|.

£2¤é(∗∗), '�´¦)��A). Ø��nØ	, ��éAÏ�f(x), æ�AÏ

��{¦ÑA).

o!XÛ¦)÷v�½Ð©£>.¤^��)µ

£1¤Ä��{µ¦Ñ�§��Ü)£�õê�¹¦ÑÏ)=�¤, ¿Ïé÷v

Ð©£>.¤^��), ½3Ï)¥(½?¿~ê.

£2¤�3¦)L§¥, ¿©�ÄÐ©£>.¤^�, {z¦)L§.

)�§�~K

�!ÏLgCþ½ÏCþC�, r�§=z�Ù�a.��§.

1. ¦) dy
dx

=
2y − x− 5

2x− y + 4
T�§Ø´Öþ§6.1.2 ¤½Â�àg�§, Ì�´©f

©1ÑÑy
~ê�. ��Øù�~ê�, �l�5�§|2y − x− 5 = 0

2x− y + 4 = 0

¦Ñ�é�") x0 = −1, y0 = 2, 2�C�

u = y − y0 = y − 2, t = x− x0 = x+ 1,

K'u y = y(x) ���§, ÒCz�¤ u = u(t) �àg�§:

du

dt
=

2(u+ 2)− (t− 1)− 5

2(t− 1)− (u+ 2) + 4
=

2u− t
2t− u

.

- v =
u

t
½ u = tv, �'uv = v(t) ��§

v + t
dv

dt
=

2v − 1

2− v
, ½ t

dv

dt
=
v2 − 1

2− v
.

� v = ±1, �, u = ±t,=⇒ y = x+ 3 Ú y = 1− x ´��§�).

� v 6= ±1 �, |^©lCþ{

1

2

(
1

v − 1
− 3

v + 1

)
dv =

dt

t

16



v − 1 = C(v + 1)3t2, ½ u− t = C(u+ t)3.

Ïd��§�Ï)y = y(x) ´Û¼ê�/ª, ÷v:

y − x− 3 = C(x+ y − 1)3.

w,) y = x+ 3 �¹3Ï)¥£éA C = 0¤, � y = 1− x ´~	).

2. ¦) 2yy′′ = (y′)2 + 1. - p =
dy

dx
, K

d2y

dx2
=

dp

dx
=

dp

dy

dy

dx
= p

dp

dy
,

��§z� p = p(y) ��§£�©lCþ¤

2yp
dp

dy
= 1 + p2 ½

dy

y
=

2p dp

1 + p2
.

)� y = C(1 + p2) (C 6= 0). ò p =
dy

dx
�\�'u y = y(x) ����©�§

y = C

(
1 +

(
dy

dx

)2
)
½

dy

dx
=
√
C1y − 1 (C1 =

1

C
)

È©�
2

C1

√
C1y − 1 = x+ C2

¤±��§�)

y =
C2

1(x+ C2))
2

4
+

1

C1

(C1 6= 0)

3. ¦) y′ =
1

xy sin(xy2)
− y

2x
.

) - u = u(x) = xy2(x), �\�§, �

du

dx
= y2 + 2xyy′ =

2

sin2 u
,

=⇒ sin2 u du = 2 dx,=⇒ (1− cos 2u) du = 4 dx

=⇒ u− 1

2
sin 2u− 4x = C,

Ïd�§�)y = y(x) de��§�Ñ�Û¼ê:

xy2 − 1

2
sin(xy2)− 4x = C

�!ÏL¦�, rÈ©�§z��©�§.3y²�
È©Ø�ª£½�ª¤�,

��±òþ£e¤�w¤Cþ, ?1¦�z¤�©�§, ·3y²Cauchy Ø�

ª�O0�Lù«y²�{.
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4. � f(x) 3 x > 0 SëY��, �÷v

x

∫ x

0

f(t) dt = (x+ 1)

∫ x

0

tf(t) dt,

Á¦: f(x).

) f(x) ÷v�´��È©�§, ��ªü>éx ¦���∫ x

0

f(t) dt+ xf(x) =

∫ x

0

tf(t) dt+ (x+ 1)xf(x)

½

∫ x

0

f(t) dt =

∫ x

0

tf(t) dt+ x2f(x)

UYé x ¦��

f(x) = xf(x) + 2xf(x) + x2f ′(x)

Ïd��'u y = f(x) ��©lCþ����©�§

f ′(x) =
f(x)(1− 3x)

x2
,

)� f(x) =
C

x3
e−

1
x .

5. � f(x) 3[0,+∞) þ��, f(0) = 1, �÷v

f ′(x) + f(x)− 1

1 + x

∫ x

0

f(t) dx = 0

(1) ¦ f ′(x); (2) y²� x ≥ 0 �, ke−x ≤ f(x) ≤ 1.ë

) (1) 3�§¥- x = 0, Kd f(0) = 1 íÑ f ′(0) = −1.

�,^�=b� f(x) ��, �d�§�±wÑ f ′(x) ���, �Ò´ f(x) ��

��. Ïdé x ¦��

f ′′(x) + f ′(x)− 1

x+ 1
f(x) +

1

(x+ 1)2

∫ x

0

f(t) dt = 0

=⇒ f ′′(x) +
x+ 2

x+ 1
f ′(x) = 0.

)�

f ′(x) =
Ce−x

x+ 1
.

�\^� f ′(0) = −1 � C = −1§¤±

f ′(x) = − e−x

x+ 1
.
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(2) � x ≥ 0 �, Ï f ′(x) < 0, ¤± f(x) üNeü, ¤±

f(x) ≤ f(0) = 1.

qÏ� ϕ(x) = f(x)− e−x ÷v ϕ(0) = 0,

ϕ′(x) =
x

x+ 1
e−x ≥ 0 (x ≥ 0)

¤± ϕ(x) 3 x ≥ 0 þüNO, ϕ(x) ≥ ϕ(0) = 0, =k f(x) ≥ e−x.

5¿, 3y² (2) �, XJ3f ′(x) = − e−x

x+ 1
UYÈ©(Jé�, ¤±�ÏL�

¼ê f ′(x) �5�, �Ñ f(x) ÷v�Ø�ª, ÃIò f(x) äN¦Ñ5.

n!¦)~Xê�àg���5�©�§

y′′ + py′ + qy = f(x)

�'�, ´¦)�àg�A). é�
AÏ��àg� f(x), �æ��½Xê{,

¦Ñ�àg�A), ÃI@^úª.

6. ¦ y′′ − 3y′ + 2y = (x+ 1)e3x �Ï).

) àg�A��§ λ2 − 3λ + 2 = 0 ��� λ1 = 1, λ2 = 2, Ïdàg�§Ï)

� y = c1e
x + c2e

2x.

5¿��àg� f(x) = (x + 1)e3x, Ù¥ λ = 3 Ø´A��§��. Ïd���

àg�§�A)kXe/ªµ

y0 = (Ax+B)e3x,

Ù¥ A,B �½��\�àg�§�

3A+ 2(Ax+B) = x+ 1,=⇒ A =
1

2
. B = −1

4
.

ÏdA)� y0 =

(
x

2
− 1

4

)
e3x, ��§�Ï)�

y =

(
x

2
− 1

4

)
e3x + c1e

x + c2e
2x.

7. ¦ y′′ − 3y′ + 2y = (x+ 1)e2x �Ï).

) �K�þ�K�«O´ f(x) = (x+ 1)e2x, Ù¥�êþ� 2 �Ð´A��§

����, d�Jpgê, �A)kXe/ªµ

y0 = x(Ax+B)e2x,
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�\¿�½Xê: A =
1

2
, B = 0, ¤±A)� y0 =

x2

2
e2x, Ï)�

y =
x2

2
e2x + +c1e

x + c2e
2x.

8. ¦ y′′ − 3y′ + 2y = 2x2 + 4x+ 1 �Ï).

�K�þ¡üK��O3u�àg� f(x) = 2x2 + 4x + 1 ´ x ��gõ�ª,

ÏdØ���àg�A)kXe/ªµ

y0(x) = ax2 + bx+ c,

Ù¥Xê a, b, c �½, �\�§¿'�x �Xê�

a = 1, b = 5, c = 7,

Ïd���àg�A)� y0(x) = x2 + 5x+ 7, Ï)�

y(x) = x2 + 5x+ 7 + c1e
x + c2e

2x.

5¿µ nÜþãnK, XJ�§kXe/ª

y′′ + αy′ + βy = Pn(x)eµx,

Ù¥ Pn(x) ´�� n gõ�ª, A��§� λ2 + αλ+ β = 0 , @o

(1) � µ Ø´A��§���, ���àgA)äkXe/ª

y0(x) = Qn(x)eµx,

(2) � µ ´A��§�ü��, ���àgA)äkXe/ª

y0(x) = xQn(x)eµx,

(3) � µ ´A��§���, ���àgA)äkXe/ª

y0(x) = x2Qn(x)eµx,

±þ�ª¥, Qn(x) ´��� Pn(x) gê�Ó� n gõ�ª, �\�§�'�X

ê½Ñ Qn(x) ���Xê.

(4) éµ ´Eê�, �kaq(J£�we¡ü�~K¤.

9. ¦ y′′ − 3y′ + 2y = 10 sin x �Ï).

) dàg�§ y′′ − 3y′ + 2y = 0 �A��§ λ2 − 3λ+ 2 = 0, ��àg�§�

Ï) y = c1e
x + c2e

2x.
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é�àg�§, Ï f(x) = 10 sinx,¤±�A)kXe/ª

y0(x) = a sinx+ b cosx

Ù¥ a, b �½. �\�§¿'� sinx, cosx �Xê�

a+ 3b = 10, b− 3a = 0

)� a = 1, b = 3. ¤±��§�A)� y0(x) = sinx+ 3 cosx, Ï)�

y(x) = sin x+ 3 cosx+ c1e
x + c2e

2x.

10. � f(x) = sin x−
∫ x

0

(x− t)f(t) dt, Ù¥f(x) ´ëY¼ê, ¦f(x).

) ��§�

f(x) = sin x− x
∫ x

0

f(t) dt−
∫ x

0

tf(t) dt,

Ïm>��, ¤±�> f(x) ���, ¦��

f ′(x) = cos x−
∫ x

0

f(t) dt,

Ónþªm>��, ¤±�>E,��, 2¦��

f ′′(x) + f(x) = − sinx.

ù´��'u y = f(x)�~Xê�àg���5�©�§. àg�§ y′′+y = 0

�Ä�)|� cosx, sinx, ¤±àgÏ)� y = c1 cosx+ c2 sinx.

5¿��àg�´ − sinx, �Ð�Ä�)|¥��Ü, Ïd�àg�A)Ø

U�þ�K��, 7LO\��Ïf x, ��àg�A)kXe/ª

y0 = x(a cosx+ b sinx),

Ù¥ a, b �½. �\�àg�§)�

a =
1

2
, b = 0.

Ïd��§�Ï)�

y = c1 cosx+ c2 sinx+
x

2
cosx.

2l^��±��>.^� f(0) = 0,=⇒ f ′(0) = 1. Ïd3Ï)¥, |^>.^

�(½?¿~ê:c1 = 0, c2 =
1

2
. �ª¤¦¼ê�

f(x) =
1

2
sinx+

x

2
cosx.

o!�âK¿,òA^Kz��©�§.
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11. �²¡� L þ?¿�: P (x, y)(x > 0) ��:�ål, ð�uT:?��3

y ¶þ��å, �L ²L:
(

1

2
, 0

)
, Á¦T��¼êL«.

) ���¼êL«� y = y(x), 3P (x, y)(x > 0) ?���§´

Y − y = y′(X − x),

- X = 0 ���3y ¶þ�å� Y0 = y − xy′. dK¿�y ÷v��©�§:√
x2 + y2 = Y0 = y − xy′

- u =
y

x
, �§z�

du√
1 + u2

= − dx

x
,

)� ln(u+
√

1 + u2) = − ln |x|+c1 ½ y+
√
x2 + y2 = c. du L²L:

(
1

2
, 0

)
,

¤± c =
1

2
. Ïd y ÷v

y +
√
x2 + y2 =

1

2
,=⇒ y =

1

4
− x2.
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