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�Á/ª: 4ò �Á�m: 120 ©¨ ÷©: 100 ©

�!(10 ©) �äe¡�¼ê3 [0, 1] þ´Äiù�È, ¿`²nd.

(1). f(x) =

 sinx
x
, x 6= 0,

1, x = 0
(2). f(x) =

 1
x2

sin 1
x
, x 6= 0,

1, x = 0

) (1) Ï� f(x) ëY, ¤±�È. (2) Ï� f(x) Ã., ¤±Ø�È.

5¿, z�K5©, (J3©,nd2©

�!(10 ©) ¦e¡�4�(z�K5©):

(1). lim
x→0

∫ x3
0

1√
1+t2

dt∫ x
0

(∫ u
0
arctan t dt

)
du

; (2). lim
n→∞

1

n2

n∏
k=1

(
n2 + k2

) 1
n .

) (1) ^â'©{K, ��4�� 6.

(2) P an =
1

n2

n∏
k=1

(
n2 + k2

) 1
n . K

ln an =
1

n

n∑
k=1

ln

(
1 +

(
k

n

)2
)
→
∫ 1

0

ln(1 + x2) dx = ln 2− 2 +
π

2
(n→∞).

�, lim
n→∞

an = 2e
π
2
−2.

n!(20 ©) ¦e¡�½È©½Ø½È©(z�K5©):

(1).

∫ 2

−2
(x+ 1)

√
4− x2 dx; (2).

∫ 1

0

1

ex + e−x
dx;

(3).

∫ 2

0

x · | sin(πx)| dx; (4).

∫
arctanx

x2(1 + x2)
dx.

) (1) Ï� x
√
4− x2 ´Û¼ê, ¤±∫ 2

−2
(x+ 1)

√
4− x2 dx =

∫ 2

−2

√
4− x2 dx = 2

∫ 1

−1

√
4− 4x2dt

= 8

∫ 1

0

√
1− x2dx = 8

∫ π
2

0

cos2 x dx

= 2π.
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(2)

∫ 1

0

1

ex + e−x
dx =

∫ 1

0

ex

e2x + 1
dx =

∫ e

1

1

t2 + 1
dt = arctan e− π

4
.

(3) ∫ 2

0

x · | sin(πx)| dx =

∫ 1

0

x sin(πx)dx−
∫ 2

1

x sin(πx)dx

=

∫ 1

0

x sin(πx)dx−
∫ 1

0

(x+ 1) sin(πx+ π)dx

=

∫ 1

0

x sin(πx)dx+

∫ 1

0

(x+ 1) sin(πx)dx

=

∫ 1

0

(2x+ 1) sin(πx)dx

= −(2x+ 1)
cos πx

π

∣∣∣1
0
+ 2

∫ 1

0

cosπx

π
dx

=
4

π
.

(4)∫
arctanx

x2(1 + x2)
dx =

∫ (
arctanx

x2
− arctanx

1 + x2

)
dx

=

(
−1

x
arctanx+

∫
1

x(1 + x2)
dt

)
− 1

2
(arctanx)2

= −arctanx

x
+

1

2

∫ (
1

x2
− 1

1 + x2

)
dx2 − 1

2
(arctanx)2

= −arctanx

x
+

1

2
ln

x2

1 + x2
− 1

2
(arctanx)2 + C.

5¿, e¢¦~ê C � 1 ©.
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o!(10 ©) ¦�§ y′′ + 3y′ + 2y = 2x �Ï).

) T�©�§�A��§ λ2 +3λ+2 = 0 kü�¢� λ1 = −1, λ2 = −2. Ïd
àg�§ y′′ + 3y′ + 2y = 0 �Ï)� y(x) = C1e

−x + C2e
−2x. (4 ©).

� y0 = a+ bx´�àg�§ y′′+3y′+2y = 2x��A),ò y0 �\d�§��

3b+ 2(a+ bx) = 2x,

'�Xê�� b = 1, a = −3
2
. �, ��§�Ï)�

y(x) = C1e
−x + C2e

−2x + x− 3

2
.

(6 ©).

Ê!(10 ©) ?Ø?ê
∞∑
n=1

cos(n+ 1
n
)

n
�Âñ5ÚýéÂñ5.

)
∞∑
n=1

cos(n+ 1
n
)

n
=
∞∑
n=1

cosn cos 1
n
− sinn sin 1

n

n

=
∞∑
n=1

(
cosn

n
−

cosn(1− cos 1
n
)

n
−

sinn sin 1
n

n

)
.

=
∞∑
n=1

(
cosn

n
−

2 cosn sin2 2
n

n
−

sinn sin 1
n

n

)

Ï�

∣∣∣∣2 cosn sin2 2
n

n

∣∣∣∣ 6 8

n3
,

∣∣∣∣sinn sin 1
n

n

∣∣∣∣ 6 1

n2
, ¤±

∞∑
n=1

(
2 cosn sin2 2

n

n
+

sinn sin 1
n

n

)
ýéÂñ. dÖþ~K��

∞∑
n=1

cosn

n
^�Âñ. �,

∞∑
n=1

cos(n+ 1
n
)

n
´^�Âñ�.

5¿, =�ÑÂñ� 6 ©, 2�Ñ^�Âñ� 10 ©. eØ\y²���ÑÂñ�

2 ©, ���Ñ^�Âñ� 3 ©.

8!(10 ©) � a0 = 1, a1 = 1
2
, an+1 =

2(n+ 1)an − nan−1
n+ 2

, n = 1, 2, · · · . ¦�?ê
∞∑
n=0

anx
n �Âñ�», Âñ�±9Ú¼ê.

) d^��y² an = 1
n+1

, (2 ©). Ïd lim
n→∞

an+1

an
= 1. �, T?ê�Âñ�»

� 1, (2 ©). T?ê3 −1 Âñ, 3 1 uÑ, �Âñ�� [−1, 1) (2 ©). �Ú¼ê�

f(x) (|x| < 1). K xf(x) =
∞∑
n=0

xn+1

n+ 1
. Ïd

(x(f(x))′ =
∞∑
n=0

xn =
1

1− x
.
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È©�� xf(x) = − ln(1 − x). u´ f(x) = − 1
x
ln(1 − x) (0 6= x ∈ [−1, 1)), f(0) =

a0 = 1. (4 ©).

Ô!(10 ©) � ϕ(x) ´ R þ±Ï� 1 �ëY¼ê, �

∫ 1

0

ϕ(x) dx = 0. � f(x) 3

[0, 1] þkëY��ê. Áy:

(1) - G(x) =

∫ x

0

ϕ(t) dt, K G(x) 3 (−∞,+∞) þk.;

(2) - an =

∫ 1

0

f(x)ϕ(nx) dx, K
∞∑
n=1

a2n Âñ.

y² (1) Ï� ϕ(x) ëY, ¤± G(x) ´ ϕ(x) ����¼ê. éu?¿ x k

G(x+ 1) =

∫ x

0

ϕ(t) dt+

∫ x+1

x

ϕ(t) dt

= G(x) +

∫ 1

0

ϕ(t) dt = G(x).

�, G(x) �´± 1 �±Ï�ëY¼ê. Ïd G(x) k..(5 ©).

(2) Ï� G(n) = G(0) = 0, ¤±�â©ÜÈ©

an =

∫ 1

0

f(x)ϕ(nx) dx = f(x) · 1
n
G(nx)

∣∣∣1
0
− 1

n

∫ 1

0

f ′(x)G(nx) dx

= − 1

n

∫ 1

0

f ′(x)G(nx) dx,

qÏ� f ′(x) 3 [0, 1] þk., G(x) 3 R þk., �3 M > 0 ¦�

|f ′(x)G(nx)| 6M, x ∈ [0, 1].

�, a2n 6 M2

n2 . Ï

∞∑
n=1

a2n Âñ.(5 ©).

l!(10 ©) � {an} ´üNO\��ê�, ¼ê f(x) 3 [a1,+∞) �u"�üNO\,

q
∫ +∞

a1

1

xf(x)
dx < +∞.

(1) ¦y: ?ê
∞∑
n=1

an+1 − an
an+1f(an+1)

Âñ. (2) ¦y: ?ê
∞∑
n=1

an+1 − an
an+1f(an)

Âñ.

y² (1) d^���
∫ +∞

a1

1

xf(x)
dx < M. Ïd

m∑
n=1

an+1 − an
an+1f(an+1)

=
m∑
n=1

∫ an+1

an

1

an+1f(an+1)
dx 6

m∑
n=1

∫ an+1

an

1

xf(x)
dx =

∫ an+1

a1

1

xf(x)
dx < M.

Ïd?ê
∞∑
n=1

an+1 − an
an+1f(an+1)

Âñ. (5 ©).
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(2) du
m∑
n=1

an+1 − an
an+1f(an)

=
m∑
n=1

an+1 − an
an+1

(
1

f(an+1)
+

1

f(an)
− 1

f(an+1)

)
=

m∑
n=1

an+1 − an
an+1f(an+1)

+
m∑
n=1

an+1 − an
an+1

(
1

f(an)
− 1

f(an+1)

)
6M +

m∑
n=1

(
1

f(an)
− 1

f(an+1)

)
6M +

1

f(a1)
.

�, ?ê
∞∑
n=1

an+1 − an
an+1f(an)

Âñ. (5 ©).

Ê!(10 ©) � {an} ´¢ê�, a1 = 1, �
∞∑
n=1

|an| Âñ.

(1) ¦y:
∞∑
n=1

an cosnx 3 (−∞,+∞) þ��Âñ;

(2) �þ¡�¼ê�?ê�Ú¼ê� f(x). ¦y: �3¢ê x, ¦� |f(x)| > π
4
.

y² (1) Ï� |an cosnx| 6 |an|, d Weierstrass �O{, ��
∞∑
n=1

an cosnx 3

(−∞,+∞) þ��Âñ. (4 ©).

(2)� f(x) =
∞∑
n=1

an cosnx,K f(x)´± 2π�±Ï�¼ê. PM = max
x∈[0,2π]

|f(x)|.

Ï� ∫ π

0

cosnx cosx dx = 0, n = 2, 3, · · · ,

¤±|^Å�È©5���

4M =M

∫ 2π

0

| cosx| dx >
∫ 2π

0

|f(x) cosx| dx

>
∫ 2π

0

f(x) cosx dx =

∫ 2π

0

cos2 x dx = π. (1)

u´ M > π
4
. e M = π

4
, K∫ 2π

0

(M − |f(x)|)| cosx|) dx = 0.

Ïdd f(x) �ëY5, k f(x) ≡M ½ f(x) ≡ −M. d�k∫ 2π

0

f(x) cosx dx = 0 6= π.

ù� (1) gñ! �, M > π
4
. (6 ©).
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