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�. {�K(�K�5�K,z�K8©,�40©)

1. ®��þ| {α1, α2, α3} �5Ã'§¦ëê t ¦��þ| {β1, β2, β3} �5�'§
Ù¥ β1 = α1 + 2α2 + 3α3, β2 = 2α1 + 3α2 + α3, β3 = tα1 + α2 + 2α3.

)µk1β1 + k2β2 + k3β3 = (β1, β2, β3)

k1k2
k3

 = (α1, α2, α3)

1 2 t
2 3 1
3 1 2

k1k2
k3

 = θ§

Ï� {α1, α2, α3} �5Ã'§�

1 2 t
2 3 1
3 1 2

k1k2
k3

 = θ k�")§u´

∣∣∣∣∣∣
1 2 t
2 3 1
3 1 2

∣∣∣∣∣∣ = 3− 7t = 0, t = 3/7.

2. ®� A =


x x x y
x x y y
x y y y
y y y y

§¦ r(A).

)µ²L1�Ð�C�§k A→


x− y

x− y
x− y

y

.

� x = y = 0 � r(A) = 0¶� x = y 6= 0 � r(A) = 1;
� x 6= y, y = 0 � r(A) = 3¶� x 6= y, y 6= 0 � r(A) = 4.

3. ®� A =

3 1 2
2 −1 1
2 3 1

§¦ A−1.

)µ(A,E)→

 1 0 0 −1 5/4 3/4
0 1 0 0 −1/4 1/4
0 0 1 2 −7/4 −5/4

 , A−1 =

−1 5/4 3/4
0 −1/4 1/4
2 −7/4 −5/4

.

4. �éÑ 2× 2 �¢êÝ
 A Ú B ÷vµ(E +A)−1 6= E−1 +A−1 Ú (E +B)−1 = E−1 +B−1.
)µ´�A = E.

B÷v(E +B)(E−1 +B−1) = E,B2 +B + E = O§�λ2 + λ+ 1 = 0 =

∣∣∣∣ λ 1
−1 λ+ 1

∣∣∣∣ , B =

(
0 −1
1 −1

)
.

(*dKõ)§UHamilton-Cayley ½n§?ÛA�õ�ª� λ2 + λ+ 1 �Ý
Ñ´))

5. O�1�ªµ

∣∣∣∣∣∣∣∣∣
1 1 · · · 1
2 22 · · · 2n

...
...

...
n n2 · · · nn

∣∣∣∣∣∣∣∣∣ .
)µA�z�1úÏf¿=�§^����1�ª�A = n!(n− 1)! · · · 2!1!.

�.(15©) ®� A =


1 1 2 −1
3 −1 2 5
1 3 4 −5
2 −2 0 6

.

(1) ¦àg�§| Ax = θ �Ä:)X.
(2) e ξ = (−2, 3, 1, 1)T ÷v Aξ = 2b§¦ b ¿¦�§| Ax = b �Ï).

)µ(1) A→


1 0 1 1
0 1 1 −2
0 0 0 0
0 0 0 0

§�Ä:)X�µα1 =


−1
−1
1
0

 , α2 =


−1
2
0
1

.

(2) - η = 1
2ξ§K b = Aη =


1
−1
3
−2

§Ax = b �Ï)�µη + k1α1 + k2α2, k1, k2 �?¿¢ê.
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n.(10©) ®�3���þ| {α1, α2, α3} Ú {β1, β2, β3}§�²LÐ�1C�k

(α1, α2, α3, β1, β2, β3)→

1 0 0 1 2 −1
0 1 0 2 3 1
0 0 1 1 1 3

.

�ò α1, α2, α3 L«� β1, β2, β3 ��5|Ü.

)µ(β1, β2, β3, α1, α2, α3)→

1 2 −1 1 0 0
2 3 1 0 1 0
1 1 3 0 0 1

→
1 0 0 −8 7 −5
0 1 0 5 −4 3
0 0 1 1 −1 1

.

�kµα1 = −8β1 + 5β2 + β3, α2 = 7β1 − 4β2 − β3, α3 = −5β1 + 3β2 + β3.

){�µd^��µ(β1, β2, β3) = (α1, α2, α3)P§Ù¥ P =

1 2 −1
2 3 1
1 1 3

.

u´ (α1, α2, α3) = (β1, β2, β3)P
−1 = (β1, β2, β3)

−8 7 −5
5 −4 3
1 −1 1

.

�kµα1 = −8β1 + 5β2 + β3, α2 = 7β1 − 4β2 − β3, α3 = −5β1 + 3β2 + β3.

o.(10©) ®��3 x, y ¦� A =

1 1 2
1 −3 1
4 −8 x

 Ú B =

 1 −1 3
−3 −2 −2
−3 y 2

 �q.

¦ x, y ¿O� tr(B∗)§Ù¥ B∗ � B ���Ý
.
)µ�qÝ
k'Xµtr(A) = tr(B), |A| = |B|§� 1−3+x = 1−2+2� x = 3§8 = −34−7y � y = −6.

u´µtr(B∗) = B11 +B22 +B33 =

∣∣∣∣−2 −2
−6 2

∣∣∣∣+ ∣∣∣∣ 1 3
−3 2

∣∣∣∣+ ∣∣∣∣ 1 −1
−3 −2

∣∣∣∣ = −10.
){�µÏ� A ∼ B§� |λE −A| = |λE −B|§
= λ3 + (2− x)λ2 − (2x+ 4)λ+ 4x− 20 = λ3 − λ2 + (2y + 2)λ+ 7y + 34§'�Xê� x = 3, y = −6

�\y�k |B| = 8, B−1 =
1

8

−16 −16 8
12 11 −7
12 9 −5

§2d B∗ = |B|B−1§�� tr(B∗) = −16 + 11− 5 = −10.

Ê. (10©) ®� P−1AP = D§Ù¥ P =

 1 0 −2
−1 2 0
1 1 1

 , D =

3 0 0
0 1 0
0 0 0

.

O�Ý
 B = A2 + (2E −A)−1 �A��ÚA��þ.

)µ- B = A2 + (2E −A)−1, P = (ξ1, ξ2, ξ3) =

 1 0 −2
−1 2 0
1 1 1

.

´� A = PDP−1§K B = A2+(2E−A)−1 = PD2P−1+(P (2E−D)P−1)−1 = P (D2+(2E−D)−1)P−1.

 D2 + (2E −D)−1 = diag(9, 1, 0) + (diag(−1, 1, 2))−1 = diag(8, 2, 0.5)§
� B(ξ1, ξ2, ξ3) = BP = Pdiag(8, 2, 0.5) = (8ξ1, 2ξ2, 0.5ξ3).
� B = A2 + (2E −A)−1 �A��� 8, 2, 0.5§éAA��þ� k1ξ1, k2ξ2, k3ξ3, k1, k2, k3��"¢ê.

){�µ- λ1 = 3, λ2 = 1, λ3 = 0§ξ1 =

 1
−1
1

 , ξ2 =

0
2
1

 , ξ3 =

−20
1

§
Kk D =

λ1 0 0
0 λ2 0
0 0 λ3

 , P = (ξ1, ξ2, ξ3). u´k AP = PD§= Aξi = λiξi, i = 1, 2, 3§

� (A2 + (2E −A)−1)ξi = (λ2i +
1

2− λi
)ξi, i = 1, 2, 3.

�� A2 +(2E−A)−1 �A�� λ2i +
1

2− λi
� 8, 2,

1

2
§éAA��þ� k1ξ1, k2ξ2, k3ξ3, k1, k2, k3��"¢

ê.
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){nµA = PDP−1 =
1

8

 6 −6 12
−4 12 −8
7 −3 14

. u´ B = A2 + (2E −A)−1 =
1

16

 38 −30 60
−24 56 −48
33 −21 74

.

) B �A��A��þ.

|λE −B| =

∣∣∣∣∣∣
λ− 38/16 30/16 −60/16
24/16 λ− 56/16 48/16
−33/16 21/16 λ− 74/16

∣∣∣∣∣∣ =
∣∣∣∣∣∣
λ− 38/16 30/16 1− 2λ
24/16 λ− 56/16 0
−33/16 21/16 λ− 1/2

∣∣∣∣∣∣
= (λ− 1/2)(λ− 2)(λ− 8) = 0.
λ = 1/2 �)�A��þ� k1ξ1 = k1(−2, 0, 1)T§k1��"¢ê.
λ = 2 �)�A��þ� k2ξ2 = k2(0, 2, 1)

T§k2��"¢ê.
λ = 8 �)�A��þ� k3ξ3 = k3(1,−1, 1)T§k3��"¢ê.

8.(15©) � A � n ��
 (n ≥ 2).
(1) y²µ (A∗)T = (AT )∗§Ù¥ A∗, (AT )∗ ©O� A Ú AT ���Ý
.
(2) eóê��
 A ÷v AT = −A§y²µ A∗ �¤k���Ú�0.

y²µ(1) (A∗)T � (i, j) ��§=� A∗ � (j, i) ��§= |A| ��ê{fª Aij .
(AT )∗ � (i, j) ��=� |AT | � (j, i) ����ê{fª§= |A| � (i, j) ����ê{fª Aij ��ÎÒ
=�1�ª§�u Aij . � (A∗)T = (AT )∗.
(2) d(1)�(Ø§(A∗)T = (AT )∗ = (−A)∗. 
óê�1�ª�{fª�Ûê�§� | − A| � (i, j) ���
�ê{fª�−Aji§= |A| � (i, j) ���K§�(A∗)T = (−A)∗ = −A∗§l
 A∗ + (A∗)T = O ���o
Ú�uA∗�2���oÚ§�0§�oÚ�0.

y²�µ(1)� A�_�§k A∗ = |A|A−1§�k (A∗)T = (|A|A−1)T = |A|(A−1)T = |AT |(AT )−1 = (AT )∗.
� A Ø�_�§�3 ε > 0 ¦� 0 < t < ε �k tE + A A���"§� tE + A �_. u´k
((tE + A)∗)T − ((tE + A)T )∗ = O§
�ª�>�t �õ�ª�¤�Ý
§këY5§ü>- t→ 0 ��4
���§= (A∗)T = (AT )∗.
(2) d AT = −A ��§A∗ �(i, i) ��� |A| ��ê{fªAii§
{fªMii �Ûê��é¡1�ª§�
u0§� Aii =Mii = 0.
� i 6= j �§A∗� (i, j)��� (j, i)��� |A|��ê{fª Aji = (−1)j+iMjiÚ Aij = (−1)i+jMij . üö

ÎÒ�Ó§{fªMji �Mij �Ð´=��K§=eMji = |M̃ji|§KMij = |M̃ij | = |−M̃ji
T | = |−M̃ji|§

2�Ä{fª�Ûê�§k Mij = −|M̃ji| = −Mji§= Mji +Mij = 0§l
 Aji +Aij = 0§��Ü A∗ �
�é���¤é�\2�é���¦Ú�oÚ�0.
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