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�. {�K(�K�5�K,z�K8©,�40©)

1. ®�Ý
 A =

 3 6 −3
−1 −2 1
2 4 −2

§¦ An .

)µA2 = −A,∴ An = (−1)n−1A.
){�µA = (3,−1, 2)T (1, 2,−1), An = (3,−1, 2)T ((1, 2,−1)(3,−1, 2)T )n−1(1, 2,−1) = (−1)n−1A.

){nµ|λE −A| = λ2(λ+ 1)§� λ = 0 9A��þ

−21
0

 ,

1
0
1

§ λ = −1 9A��þ

 3
−1
2

.

- P =

−2 1 3
1 0 −1
0 1 2

§K P−1 =

−1 −1 1
2 4 −1
−1 −2 1

§� P−1AP = diag(0, 0,−1).

� An = Pdiag(0, 0, (−1)n)P−1 = (−1)n−1A.

2. ®�Ý
 A = (α1, α2, α3) ∈ R3×3, |A| = 2§Ý
 B = (2α1 − α2 + 2α3, α1 − 3α2 + α3, α1 + 2α2 − α3)§
O� |B|.

)µ|B| =

∣∣∣∣∣∣A
 2 1 1
−1 −3 2
2 1 −1

∣∣∣∣∣∣ = |A| ·
∣∣∣∣∣∣
2 1 1
−1 −3 2
2 1 −1

∣∣∣∣∣∣ = 20.

){�µ|B| = |4α1 + 3α2, 2α1 − α2, α1 + 2α2 − α3| = |10α1,−α2,−α3| = 10|A| = 20.

3. ®��þ α =

x1x2
x3

 , β =

x3x2
x1

 ÷v Aα = β§Ù¥ A =

 2 −1 −1
−3 3 5
2 −1 −3

§¦)�þ α.

)µAα = β = (A−

0 0 1
0 1 0
1 0 0

)α = Bα = θ.

B =

 2 −1 −2
−3 2 5
1 −1 −3

→
1 0 1
0 1 4
0 0 0

§)� α = k

−1−4
1

 , k ∈ R.

){�µAα = β =

 2x1 − x2 − x3 = x3,
−3x1 + 3x2 + 5x3 = x2,
2x1 − x2 − 3x3 = x1.

£��

 2x1 − x2 − 2x3 = 0,
−3x1 + 2x2 + 5x3 = 0,
x1 − x2 − 3x3 = 0.

¦)

 2 −1 −2
−3 2 5
1 −1 −3

→
1 0 1
0 1 4
0 0 0

§)� α = k

−1−4
1

 , k ∈ R.

4. � A ∈ Rm×n(m > n), r(A) = n§y²µ�3Ý
 P ∈ Rn×m ¦� PA = En .

yµr(A) = n§� A �ÏLÐ�1C���1{zF/

(
En

O

)
§d�du�¦�_Ý
 Q =

(
P
P2

)
§

= QA =

(
PA
P2A

)
=

(
En

O

)
§� PA = En.

y{�µ��y²�3Ý
 P ¦� ATPT = En. Ï� r(AT ) = r(A) = n = r(AT , ei)§
��3) ξi ¦� AT ξi = ei, i = 1, 2, · · · , n§- PT = (ξ1, · · · , ξn)§Kk P ∈ Rn×m§¦� PA = En.
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5. O�1�ª Dn =

∣∣∣∣∣∣∣∣∣∣∣∣∣

0 0 · · · 0 1 2
0 0 · · · 1 2 1
0 0 · · · 2 1 0
...

...
...

...
1 2 · · · 0 0 0
2 1 · · · 0 0 0

∣∣∣∣∣∣∣∣∣∣∣∣∣
.

)µ- Cn =

∣∣∣∣∣∣∣∣∣∣∣∣∣

2 1 0 · · · 0 0
1 2 1 · · · 0 0
0 1 2 · · · 0 0
...

...
...

...
0 0 0 · · · 2 1
0 0 0 · · · 1 2

∣∣∣∣∣∣∣∣∣∣∣∣∣
§K Cn = 2Cn−1 − Cn−2§= Cn − Cn−1 = Cn−1 − Cn−2§

�� Cn = n+ 1. ò Dn �1n��1n-1�§· · ·§11�üü��§2ò1n-1�üü���c¡§

�ge�§²n(n− 1)/2g���� Cn§� Dn = (−1)
n(n−1)

2 (n+ 1).
){�µU1�1Ðm� Dn = 2(−1)n−1Dn−1 +Dn−2§Ï� D1 = 2, D2 = −3, D3 = −4, D4 = 5§
8B{y² Dn = (−1)[n/2](n+ 1).

Dn = 2(−1)n−1(−1)[(n−1)/2]n+ (−1)[(n−2)/2](n− 1) =

{
(−1)(n−1)/2(n+ 1), nÛê
(−1)n/2(n+ 1), nóê

§y..

){nµDn =

∣∣∣∣∣∣∣∣∣∣∣∣∣

0 0 · · · 0 1 1
0 0 · · · 1 2 1
0 0 · · · 2 1 0
...

...
...

...
1 2 · · · 0 0 0
2 1 · · · 0 0 0

∣∣∣∣∣∣∣∣∣∣∣∣∣
+ (−1)n+1Dn−1 = (−1)n(n−1)/2 + (−1)n−1Dn−1

= 2(−1)n(n−1)/2 −Dn−2 = 4(−1)n(n−1)/2 +Dn−4.

©�¹�� Dn =


n+ 1, n = 4k + 1,
−(n+ 1), n = 4k + 2,
−(n+ 1), n = 4k + 3,
n+ 1, n = 4k + 4.

.

){oµDn = (−1)n(n−1)/2 + (−1)n−1Dn−1§
K (−1)n(n−1)/2Dn = 1 + (−1)(n−1)(n−2)/2Dn−1 = · · · = n+ 1§� Dn = (−1)n(n−1)/2(n+ 1).

�.(10©) � α1 =


3
1
2
−1

 , α2 =


1
−1
4
2

 , α3 =


7
5
−2
−7

 , α4 =


5
−1
10
3

 , α5 =


−1
2
1
0

.

(1) ¦�þ| α1, α2, α3, α4, α5 ���4�Ã'|§¿^T4�Ã'|L«Ù§�þ.
(2) ek�þ β = (1, 0,−1,−1)T§K�þ| α3, α4, β ´Ä��þ| α1, α2, α3, α4, α5 �dº

)µ(α1, α2, α3, α4, α5, β)→


1 0 3 1 0 1/3
0 1 −2 2 0 −1/3
0 0 0 0 1 −1/3
0 0 0 0 0 0

.

(1) α1, α2, α5 ´��4�Ã'|§�k α3 = 3α1 − 2α2, α4 = α1 + 2α2.
(2) β Ud��þ|L«§���þ|��þ| B : α1, α2, α3, α4, α5, β�d,� r{α1, α2, α3, α4, α5, β} = 3.
q r{α3, α4, β} = 3§� α3, α4, β ´�þ| B ���4�Ã'|§� B �d§����þ|�d.

){�µ(1) (α1, α2, α3, α4, α5)→


1 0 3 1 0
0 1 −2 2 0
0 0 0 0 1
0 0 0 0 0

.

α1, α2, α5 ´��4�Ã'|§�k α3 = 3α1 − 2α2, α4 = α1 + 2α2.

(2) (α1, α2, α5|β)→

 1 0 0 1/3
0 1 0 −1/3
0 0 1 −1/3

§� α3, α4, β �d α1, α2, α3, α4, α5 L«.
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(α3, α4, β|α1, α2, α5)→


1 0 0 1/4 −1/8 3/8
0 1 0 1/4 3/8 −1/8
0 0 1 0 0 −3
0 0 0 0 0 0

§� α1, α2, α5 �d α3, α4, β L«§

u´ α3, α4, β ���þ|�d.

n. (10©) � A1x = b1 Ú A2x = b2 ´ü��àg�5�§|§Ù¥ A1 ∈ Rm×n, A2 ∈ Rk×n.
XJùü��§|k�Ó�)8§�¯ A1 �1�þ|� A2 �1�þ|´Ä�½�dºe�d��Ñy
²§ÄKÞÑ�~.
)µ�§|k)K�d.

A1x = b1, A2x = b2 Ó)�� A1x = θ,A2x = θ Ó)§

l
 A1x = θ,A2x = θ,

(
A1

A2

)
x = θ Ó)§� r(A1) = r(A2) = r

(
A1

A2

)
§

u´ r(AT
1 ) = r(AT

1 , A
T
2 )§= AT

2���dA
T
1��L«§��½,.

�AT
2���A

T
1���d§l
A1, A2�1�d.

�§|Ã)§KØ�½�d§��~µ(A1, b1) =

(
1 0 1
2 0 0

)
Ú (A2, b2) =

(
0 1 1
0 2 0

)
.

){�µ�§|k)K�d.
A1x = b1, A2x = b2 Ó)�� A1x = θ,A2x = θ Ó)§
A1x = θ �Ä:)X�¤Ý
 C§K A1C = O,A2C = O§� r(A1) = n− r(C) = r(A2).
� AT

1 ����§| CT y = θ �Ä:)X�d§Ó� AT
2 ���TÄ:)X�d§

� AT
1 � AT

2 ��þ|�p�d§= A1 �1�þ|� A2 �1�þ|�d.
�§|Ã)§KØ�½�d§�~�c�){.

o.(10©) � n(n ≥ 2) ��
 A =


a b · · · b
b a · · · b
...

...
. . .

...
b b · · · a

§¦ A �A��ÚA��þ.

)µ|λE −A| = (λ− a− (n− 1)b)(λ− a+ b)n−1 = 0§� λ = a+ (n− 1)b, a− b.
� b = 0 �§λ = a(n­)§A�Ý
aE −A = O§�?¿�"�þ�áuA�� a �A��þ.
� b 6= 0 �§

λ = a+ (n− 1)b ü­§λE −A→


1 0 · · · −1
0 1 · · · −1
...

...
. . .

...
0 0 · · · −1
0 0 · · · 0

§Ä:)X� ξ1 =

1
...
1

§
A��þ� k1ξ1, k1 ∈ R, k1 6= 0.

λ = a− b(n−1­), λE−A→


1 · · · 1
0 · · · 0
...

...
0 · · · 0

,Ä:)X� ξ2 =


−1
1
0
...
0

 , ξ3 =


−1
0
1
...
0

 , · · · , ξn =


−1
0
0
...
1

,

A��þ�k2ξ2 + · · ·+ knξn, k2, · · · , kn ∈ R§k1, · · · , kn Ø��0.

Ê.(15©) �kÝ
 A =

5 2 4
2 5 −11
2 3 −5

.

(1) )�§| Ax = θ;
(2) ¦ A2x = θ � Ax 6= θ �)8.

)µ(1) A =

5 2 4
2 5 −11
2 3 −5

→
1 0 2
0 1 −3
0 0 0

. ��àg�§|�)� α = k(−2, 3, 1)T .
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(2) A2 =

37 32 −22
−2 −4 8
6 4 0

→
1 0 2
0 1 −3
0 0 0

§��)� β = k2(−2, 3, 1)T§

w, Aβ = θ§��§|Ã).
){�µ(1) ){Óþ.

(2) A2x = Ay = θ, y = Ax§d(1)� y = k(−2, 3, 1)T§� Ax = k(−2, 3, 1)T§��) Ax = (−2, 3, 1)T .

¦)

 5 2 4 −2
2 5 −11 3
2 3 −5 1

→
 1 0 2 0

0 1 −3 1
0 0 0 −1

§�§|Ã)§�¤¦)8��8.

8.(15©) (1) � x0, · · · , xn, y0, · · · , yn �¢ê§Ù¥ x0, · · · , xn üüØÓ. ¦yµ�3���gêØ�u n
�õ�ª f(x) ¦�yi = f(xi), i = 0, 1, · · · , n;

(2) ��ëê t �Ý
 A(t) =

(
2t− 1 f(t)
−f(t) 2t− 1

)
§Ù¥ f(t) � t �õ�ª§÷vµf(0) = f(1) = 0, |A(t)| >

0. ¦÷v^����õ�ª f(t).
)µ(1) � f(x) = a0 + a1x+ · · ·+ anx

n§ò yi = f(xi), i = 0, 1, · · · , n �\��5�§| a0 + a1x0 + · · ·+ anx
n
0 = y0,

· · · · · ·
a0 + a1xn + · · ·+ anx

n
n = yn.

ÙXê1�ª ∣∣∣∣∣∣∣∣∣
1 x0 · · · xn0
1 x1 · · · xn1
...

...
...

1 xn · · · xnn

∣∣∣∣∣∣∣∣∣
´=������1�ª§��

∏
0≤i<j≤n

(xj − xi)§d��"§Ï� x0, · · · , xn üüØÓ§

d�40{Kk��)§�y.
(2) |A(t)| = (2t− 1)2 + f(t)2 > 0§��� t = 1/2 �§k f(1/2) 6= 0 =�.
- f(t) = a0 + a1t+ a2t

2, f(0) = f(1) = 0, f(1/2) = 1 �)� f(t) = 4t(1− t).
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