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�!Vg:

1!ê�Ú¼ê4��½Â:

é”ε−N” � ”ε− δ” �ón), ±9Ø±a �4��Lã.

2!¼ê4��ØÓ/ª:

~X� x→∞ , x→ ±∞ , x→ x0 £k�ê¤�¼ê4��Lã.

3!ê�Âñ�f�Âñ�'X.

4!¼ê4���m4��'X.

±þ3,4ü^3�O4�Ø�3�'�¢^.

�!5�µ

1!��5.£ê�Ú¼ê¤4����5,�y½Â�Ün5.

2!ÛÜ5µ

ê�µÂñ5��¿©�±���k'£=UCk��ØK�Âñ5¤

¼êµÂñ5�� x0 NC!½¿©�C/∞,+∞,−∞0�¼ê�k'.

5¿ùp�/¿©�0¹Â´,∃N ,é n > N .......

/NC0´�µ∃δ > 0 é 0 < |x− x0| < δ ......

/¿©�C0µ∃X > 0, é |x| > X ½ x > X ½ x < −X......

3!k.5µÂñ7k.£é¼ê4�5`´3 x0 NCk.¤

4!�N5µ4�$��oK$���N5.é¼ê4�, �kEÜ¼ê�4�

lim
y→y0

f(y) = a, lim
x→x0

φ(x) = y0,=⇒ lim
x→x0

f(φ(x)) = a

5!/�S50µ
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an → a, a > 0 =⇒ an > 0 é¿©�� n ¤á.�� an > 0 =⇒ a ≥ 0

f(x) → a, (x → x0), a > 0 =⇒ 3 x0 NCk f(x) > 0. ��3 x0 NCk

f(x) > 0 =⇒ a ≥ 0.(5¿���m
���O)

n!Ì�½nµ

1!(.�nµ(.�Lã£AO´aq”ε− δ” �ó�Lã¤Ú�35¶
(.�n =⇒ üNk.7Âñ,=⇒ «m@½n.

2!�;5µk.ê�7kÂñf�£5¿y²�{¤.

����A^´�O4�Ø�3.~X,XJkü�f�4�Ø��,½ö��f

�uÑ,Kê�uÑ£aq¼ê4�¥|^�m4�´Ä����O�{¤.

3!Cauchy ÂñOKµê�±9¼ê½3�:½3Ã¡�ÂñOK.

4!¼ê4��ê�4��'Xµ

lim
x→x0

f(x) = a =⇒ ∀xn → x0, lim
n→∞

f(xn) = a

ùp a �±´k�ê��±´Ã¡.

T½n�^5�O¼ê4�Ø�3µ��é��ê�xn → x0, �ê� f(xn) u

Ñ¶½éü�ê�xn → x0 Ú yn → x0 ¦�ê� f(xn) Ú f(yn) 4�Ø��=�.

o!O�µ

1!n²£µ'�´�OØ�ª,XÛÂÚ�,�K´Â�·Ý,T�Ð?.3�Oê

�Ø�ª¥/�â²þ�uAÛ²þ0¬²~^�.

2!üNk.µÄk�y²üNO£½üN~¤±9kþ.£½ke.¤. Ø


~5��{	,�/Ï¼ê�üNO~��y².

3!ü��4��A^µ±e´ü�4�±9Ù¦�d�Ly/ª

lim
x→0

sinx

x
= lim

x→∞
x sin

1

x
= 1

lim
x→0

(1 + x)
1
x = lim

x→∞

(
1 +

1

x

)x
= lim

n→∞

(
1 +

1

n

)n
= e

�
4��O��ª�8(�þã4�/ª.

4!Stolz ½nÚL’Hospital{KµÌ�)û
0

0
Ú
∞
∞
.�4�¯K. Ù¦Ø½

ª�±=z�ùü«/ª.

lim
n→∞

an
bn

= lim
n→∞

an+1 − an
bn+1 − bn

, £�û¤

lim
x→x0

f(x)

g(x)
= lim

x→x0

f ′(x)

g′(x)
, £�û¤
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��m>4��3.

5!Ã¡�ÚÃ¡��O�ÚTaylorÐm{µn)�o´Ã¡�þ, ÝºÃ¡�

þ�'�. 3�4�L§¥, ^Ã¡�O�½TaylorÐm, �±~�O�þ.

Ê!~K

~ 1 �

x1 =
√

2, xn+1 =
√

2
xn
.

y²� n→∞ �, {xn} �4��3¿¦Ù�.

y² w, xn > 1. dêÆ8B{, x1 =
√

2 < 2, e xn < 2, = xn/2 < 1, @o

xn+1 = 2xn/2 < 2. ¤± {xn} kþ..

Ó�d8B{, x1 =
√

2 > 1, ¤±x2 =
√

2
x1
>
√

2 = x1, e xn > xn−1, @o

lnxn+1 − lnxn =
ln 2

2
(xn − xn−1) > 0

|^ lnx �üN5í� xn+1 > xn. ¤±{xn} î�üNO.

nþ {xn} k4�, � xn → x, �â
√

2
x
�ëY5�

x =
√

2
x
½ lnx = x ln

√
2.

-

f(x) =
lnx

x
− ln
√

2 (a ≥ 0),

K f(x) k��": x = 2. qÏ�

f ′(x) =
1− lnx

x2

í� x = e ´7:. � 1 < x < e � f ′(x) > 0 Ïd f(x) 3 [1, e] þî�üNO. Ïd

�õ�k��":.T": x = 2 Ò´4�.

~ 2 �ê� {an} ���k.ê�, y²e�4��3¿¦Ñ4�

lim
n→∞

an
a1 + a2 + · · ·+ an

y² � Sn = a1 + a2 + · · ·+ an, K Sn+1 = Sn + an+1 > Sn î�üNO. ©ü«

�¹:

(1) e Sn Ã., K�â/üNOÃ.�ê��4��½´ +∞0�� Sn →
+∞ (n→∞), Òk

0 <
an
Sn
≤MSn → 0 (n→∞).

ùp M ´ {an} �þ..
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(2) e Sn k., �âüNOk.ê��½Âñ, �� Sn → S (n → ∞), w,

S ≥ Sn > a1 > 0. ,��¡

an = Sn − Sn−1 → S − S = 0 (n→∞)

=⇒ 0 <
an
Sn
→ 0

S
= 0 (n→∞).

Ø+=«�¹, �ª�4�� 0.

~ 3 e lim
x→+∞

(√
x2 + 3x+ 2 + ax+ b

)
= 0, ¦ a Ú b ��.

) � x→ +∞ �,

√
x2 + 3x+ 2 + ax+ b = x

(√
1 +

3

x
+

2

x2
+ a+

b

x

)
=

√
1 +

3

x
+

2

x2
+ a+

b

x
1

x

4��"L²©f´
1

x
�p�Ã¡�. |^

(
1 +

1

x

)1/2

− 1 ∼ 1

2

1

x
�

√
1 +

3

x
+

2

x2
+ a+

b

x
∼ (a+ 1) +

3/2 + b

x
+

2

x2
,

Ïd�¦�4��", 7L a+ 1 = 0, b+ 3/2 = 0.

~ 4 O� lim
x→0

sinx− tanx

x3
.

) TK´
0

0
.�½ª, �±��^Û7©{K. �´XJ^Ã¡�O���{,

e��{´�Ø�

�) Ï sinx ∼ x, tanx ∼ x (x→ 0), ¤±

lim
x→0

sinx− tanx

x3
= lim

x→0

x− x
x3

= 0

�)
sinx− tanx

x3
=

sinx(cosx− 1)

x3 cosx

Ï� sinx ∼ x, cosx− 1 = −1

2
x2, cosx ∼ 1, (x→ 0), ¤±

lim
x→0

sinx− tanx

x3
= lim

x→0

x
(
−1

2
x2
)

1 · x3
= −1

2

~ 5 ¦e�4�

lim
x→0

(
e2x + 1

2

)sinx

− 1

1− cosx
.
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) TK´'�²;�^Ã¡�þO��K8. Äkò©fz�

(
e2x + 1

2

)sinx

− 1 = e
sinx ln

e2x + 1

2


− 1,

5¿�

sinx ln

(
e2x + 1

2

)
∼ 0 (x→ 0),

|^ ex − 1 ∼ x; ln(1 + x) ∼ x; sinx ∼ x; 1− cosx ∼ 1

2
x2 (x→ 0), �

e
sinx ln

e2x + 1

2


− 1 ∼ sinx ln

(
e2x + 1

2

)
= sinx ln

(
1 +

e2x − 1

2

)
∼ x

e2x − 1

2
∼ x2 (x→ 0).

ù�'�N´�äÑTK´
0

0
.�4�¯K. ©f©1^�dÃ¡�þO�, k

lim
x→0

(
e2x − 1

2

)sinx

− 1

1− cosx
= lim

x→0

e
sinx ln

e2x − 1

2


− 1

1− cosx
= 2

~ 6 O�4� lim
x→+∞

(sin
√
x+ 1− sin

√
x)

){� ÏLÚ�zÈ�

sin
√
x+ 1− sin

√
x = 2 sin

√
x+ 1−

√
x

2
cos

√
x+ 1 +

√
x

2

¤±

| sin
√
x+ 1− sin

√
x| ≤ 2

∣∣∣∣sin √x+ 1−
√
x

2

∣∣∣∣ = 2

∣∣∣∣sin 1

2(
√
x+ 1 +

√
x)

∣∣∣∣→ 0

){� /ÏLargrange ¥�úª. - f(x) = sin
√
x �3 x < ξ < x+ 1 ¦�

sin
√
x+ 1− sin

√
x = f(x+ 1)− f(x) = f ′(ξ) =

cos
√
ξ√

ξ
→ 0 (x→ +∞)

~ 7 ¦4�

lim
x→+∞

ex(
1 + 1

x

)x2
) Ï�

ex(
1 + 1

x

)x2 =
ex

ex
2 ln(1+ 1

x)
= ex−x

2 ln(1+ 1
x)
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lim
x→+∞

(
x− x2 ln

(
1 +

1

x

))
= lim

x→+∞

(
x− x2

(
1

x
− 1

2x2
+

1

3x3
+ o

(
1

x3

)))
=

1

2

ùp|^
ln(1 + 1
x
) �TaylorÐm. ����ª4��

√
e.

~ 8 � 0 < x1 < 1, xn+1 = xn(1− xn) (n = 1, 2, · · · ), ¦y

lim
n→∞

nxn = 1, = xn ∼
1

n
(n→∞).

y² ´� 0 < xn < 1 (n = 1, 2, · · · ), �

xn+1 = xn(1− xn) < xn, n = 1, 2, · · · ,

¤±xn üN~k., ÏÂñ. P lim
n→∞

xn = x, K x = x(1 − x), )� x = 0, =

lim
n→∞

xn = 0. ¤± xn ´Ã¡�þ. e¡�y² xn �
1

n
´�dÃ¡�.

/Ï Stolz ½n, k

lim
n→∞

x−1
n

n
= lim

n→∞

x−1
n+1 − x−1

n

(n+ 1)− n
= lim

n→∞

xn − xn+1

xnxn+1

= lim
n→∞

1

1− xn
= 1.

ÏdÒ�� lim
n→∞

1

nxn
= 1, �Ò��(Ø.

~ 9 Áy
0

0
. Stolz ½n: � {an}, {bn} Âñu 0, {bn} î�üN~. K

lim
n→∞

an+1 − an
bn+1 − bn

= A =⇒ lim
n→∞

an
bn

= A,

y² �â^�, é?¿� ε > 0, �3 N > 0, ¦�� n > N �k∣∣∣∣an+1 − an
bn+1 − bn

− A
∣∣∣∣ < ε

2
,

dd� (
A− ε

2

)
(bn+1 − bn) < an+1 − an <

(
A+

ε

2

)
(bn+1 − bn),

?� m > n, ¿�òþãØ�ªl n \� m− 1, k(
A− ε

2

)
(bm − bn) < am − an <

(
A+

ε

2

)
(bm − bn),

½

A− ε

2
<
am − an
bm − bn

< A+
ε

2
,

- m→∞, ¿|^ am → 0, bm → 0 (n→∞) Òk∣∣∣∣anbn − A
∣∣∣∣ ≤ ε

2
< ε

é?Û n > N ¤á.
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1�ÙESJj9~K

VgØ�§?ÛE|Ñ��
�Ä

�!Vgµ

� y = f(x) 3«m I þk½Â, x0 ∈ I, P y0 = f(x0).

f(x) 3�: x0 ëY�ln��¡n)µ

(1) y = f(x) 3 x0 kk�4�, �4���u¼ê3ù:�¼ê�µ

lim
x→x0

f(x) = f(x0)

(2) �gCþ x→ x0 �,ÏCþ y − y0 = f(x)− f(x0)´Ã¡�.

±þ�xÑ´��gCþÚÏCþ�ål.

(3) é y0 = f(x0) �?¿���� (y0 − ε, y0 + ε), �3 x0 �����

(x0 − δ, x0 + δ) ¦�

f : (x0 − δ, x0 + δ) −→ (y0 − ε, y0 + ε)

½ f((x0 − δ, x0 + δ)) ⊂ (y0 − ε, y0 + ε).

ùp�*:´8�lÿÀ��ÝéëY5�n).

�!5�µ

1!�mëY�Vg±9�mëY�duëY.

2!namä:£��!a�±91�amä:¤.

3!ëY¼ê�oK$�±9EÜ¼ê�ëY5. AO´EÜ¼ê�ëY5

lim
y→y0

f(y) = f(y0), lim
x→x0

φ(x) = φ(x0) =⇒ lim
x→x0

f(φ(x)) = f(φ(x0))

�� y0 = φ(x0). Ïdk�ÿ�L«�

lim
x→x0

f(φ(x)) = f

(
lim
x→x0

φ(x)

)
= f(φ(x0))

~X: Ï� f(x) = ex ëY, e xn → x0, K

lim
n→∞

exn = e
lim

n→∞
xn

= ex0

lim
x→x0

sin(ex) = sin

(
lim
x→x0

ex
)
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4!ëY¼ê�¼ê��35±9ëY5. ��¼ê��gCþÚÏCþ��é

A,Òk�¼ê.�ëY¼ê�3�¼ê¿©7�^�´î�üN.

5!¤kÐ�¼ê3Ù½Â�¥ëY.

~ 1 � f(x) ëY, e f(x0) > 0, K3x0 ���Sð�u". =�3 δ > 0 ¦�

� x ∈ (x0 − δ, x0 + δ) �, k f(x) > 0£�:�u", ±>�u"¤.

y² þã(J´¼ê4��S53ëY¼êþ�í2. Ï

lim
x→x0

f(x) = f(x0) > 0,

� ε =
f(x0)

2
> 0, �3δ > 0, ¦�� |x− x0| < δ �k

0 <
f(x0)

2
= f(x0)− ε < f(x) < f(x0) + ε,

~ 2 é[a, b] þëY¼ê f(x), � E = {x | x ∈ [a, b], f(x) = 0}£f(x) ":�8

Ü¤, P α = inf E, K f(α) = 0, þ(.�´Xd.

y² Ï� E ⊂ [a, b], ¤± α ∈ [a, b].

e f(α) 6= 0, Ø�� f(α) > 0, �â~ 1, �3 δ > 0 ¦� f(x) > 0 x ∈
(α− δ, α + δ) ⊂ [a, b], Ïd inf E ≥ α + δ, gñ.

n!4«mþëY¼ê£ùÜ©SN����¤.

1!4«mþëY¼ê�0�5£¹":½n¤.

2!4«mþëY¼ê�k.5.

3!4«mþëY¼ê3«mS�½U
����!���.

4!4«mþëY¼ê���´��4«m.

'�µ(¹$^.AO´þã5�é4«m¥?¿ü: [x1, x2] ⊂ [a, b] �¤á.

o!��ëYµ

1!rºëY���ëY�«O.

¼êf(x)3½Â�I¥ëY´Å:½Â�. =

�éx0 ∈ Iµé?¿� ε > 0, �½�3 δ > 0, ¦�� |x − x0| < δ �,

k|f(x)− f(x0)| < ε. ùp� δ Ï x0 �ØÓØÓ.

¼êf(x)3½Â�I¥��ëY´�é?¿� ε > 0, Ø+ x0 ´I ¥�=�:, �

½�3Ú�� δ > 0, �� |x− x0| < δ, Òk|f(x)− f(x0)| < ε.

Ï�/ù, Ò´é ε > 0, �3Ú��ºfδ > 0, �� I ¥ü:x, x0 ÷v

|x− x0| < δ, ÒU�y |f(x)− f(x0)| < ε. ÏdÖþ�Ñ���d�½Â, ^x′, x′′ �

O x, x0, ��x′, x′′ ���uδ,Òk¼ê� f(x′), f(x′′) ���uε.

2!4«m[a, b]þëY¼ê�½��ëY, Ïd, ëY���ëY�«OÑ8¥3

�4�k�«m½Ã�«mþ�¼ê.
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Ê!~Kµ

~ 1 y²Ø�3 R þ�ëY¼ê¦�

f(f(x)) = e−x

y² e�3ëY¼ê¦�þª¤á. é?¿� x1 6= x2 , e f(x1) = f(x2) =⇒
f(f(x1)) = f(f(x2)) =⇒ e−x1 = e−x2 gñ.

¤±f(x) ´ü�,=⇒ �3�¼ê =⇒ f(x) î�üN. f(x)↗ (î�) : ∀x1 < x2 =⇒ f(x1) < f(x2) =⇒ f(f(x1)) < f(f(x2))

f(x)↘ (î�) : ∀x1 < x2 =⇒ f(x1) > f(x2) =⇒ f(f(x1)) < f(f(x2)).

=⇒ e−x1 < e−x2 , gñ, ¤±ù��¼êØ�3.

~ 2 y²µ¼ê

g(x) =
x

ex − 1
− a, x ∈ (0,+∞)

3 (0,+∞) þk":.

y² Ï�(±e4��±^L’Hopital{K¤

g(0 + 0) = lim
x→0+

g(x) = 1− a > 0, lim
x→+∞

g(x) = −a < 0

�â4��5�,�½�3�C 0 ��:x1 > 0 ±9¿©���: x2 ©O÷v

g(x1) > 0, g(x2) < 0 Ïd3 [x1, x2] k":�Ò´3 (0,+∞) Sk":.

~ 3 y²µ f
∣∣∣
[a,+∞)

ëY� lim
x→∞

f(x) = l =⇒ f
∣∣∣
[a,+∞)

��ëY.

y²µ(1): ∀ε > 0 d^� lim
x→∞

f(x) = l, ¿|^Cauchy ÂñOK� ∃M > 0 é

u÷v x, x′ > M �:, k

|f(x)− f(x′)| < ε

3«m [a,M+1]þ,¼êëYÏd��ëY,¤±�3 δ′ > 0¦�éu x, x′ ∈ [a,M+1]

¥�ü: x, x′, �� |x− x′| < δ′, Òk |f(x)− f(x′)| < ε

� δ = min{δ′, 1} Kéu?¿� x, x′ ∈ [a,+∞) �� |x − x′| < δ, �o x, x′ ∈
[a,M + 1] �o x, x′ > M , ÏdÑk

|f(x)− f(x′)| < ε

ùp�
��Ñy x < M < x′ �Ã{�ä�¯K,�
þãEâ?n.��5`XJ

�Äk�:��¹,þã?n´~^�,;�Ñy3ª.?Ã{`�Ù�y�Ñy.

~ 4 y²µ f
∣∣∣
[a,b)
ëY� lim

x→b−
f(x) =∞ =⇒ f

∣∣∣
[a,b)
Ø��ëY.

9



y²µ£�y{¤b� f(x) 3 [a, b) þ��ëY, K

é?¿� ε > 0, �½�3 δ′ > 0, �� |x′ − x′′| < δ′ x′, x′′ ∈ [a, b), Òk

|f(x′)− f(x′′)| < ε.

� δ =
δ′

2
, é?¿� x′, x′′ ∈ [a, b), �� |x′ − b| < δ, |x′′ − b| < δ, Òk

|x′ − x′′| ≤ |x′ − b|+ |x′′ − b| < 2δ = δ′

í�

|f(x′)− f(x′′)| < ε.

�âCauchy ÂñOK, f(x) � x→ b− �Âñ, ù�^�gñ, Ïd f(x) 3 [a, b) þ

Ø��ëY.

~ 5 y²µe f(x) 3 [0,+∞) þ��ëY, K
f(x)

x
3 [1,+∞) þk.. �

K¹Â´ef(x) ��ëY, K |f(x)| = O(x)(x → +∞),  f(x) = x2 Ø÷v

|f(x)| = O(x)(x→ +∞),¤±Ø��ëY.

y²µé ε = 1, �½�3 δ′ > 0, ¦�é?¿� x > 0, y > 0 ,k

|x− y| < δ′ =⇒ |f(x)− f(y)| < 1

�

δ < δ′ M = max
x∈[0,δ]

|f(x)|,

é?¿� x > 1, �½�3��ê n, ¦�

nδ < x < (n+ 1)δ, ½ 0 < x− nδ < δ,

ù� f(x) Ò�±L«�

f(x) =
n∑
k=1

[f(x− (k − 1)δ)− f(x− kδ)] + f(x− nδ)

Ù¥ 0 < x− nδ < 1. ¤±� x > 1 �

|f(x)| ≤
n∑
k=1

|f(x− (k − 1)δ)− f(x− kδ)|+ |f(x− nδ)| ≤ n+M

=⇒ |f(x)|
|x|

≤ n

x
+
M

x
≤ 1

δ
+M

~ 6 � f(x), g(x)3[0,+∞)þ��ëY, xg(x)→ 0 (x→ +∞), Áy f(x)g(x)

��ëY.
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y² Ï�

f(x)g(x) =
f(x)

x
· xg(x)→ 0 (x→ +∞)

¤± f(x)g(x) ��ëY.

~7 � f(x) 3 [0, 1] þëY, f(0) = f(1). ¦y: é?¿g,ê n, 3 [0, 1− 1
n
] ¥

�3�: ξ, ¦� f(ξ) = f(ξ + 1
n
).

y² �	¼ê g(x) = f(x)− f(x+ 1
n
). w,3 [0, 1− 1

n
] þëY. �Iy² g(x)

3 [0, 1− 1
n
] þk":.

e g(x) 3 [0, 1 − 1
n
] þÃ":, Kd0�½n�, g(x) 3 [0, 1 − 1

n
] þØCÒ. Ø

�� g(x) 3 [0, 1− 1
n
] þð��, Kk

g

(
j

n

)
= f

(
j

n

)
− f

(
j + 1

n

)
> 0, j = 0, 1, · · · , n− 1.

òþªé j = 0, 1, · · · , n− 1 ¦Ú, ��

f(0) > f(1).

ù�^�gñ!

~8 ¦yé?¿g,ê n, �§ xn + xn−1 + · · ·+ x = 1�3����� xn; ?�

Úy², ê� {xn} Âñ, ¿¦Ù4�.

y² � f(x) = xn + xn−1 + · · ·+ x− 1, K¼ê3 [0,+∞) î�üNO,ëY, Ï

dXJk��, �½��. ,��¡� n ≥ 2 �

f(0) = −1, f(1) = n− 1 > 0,

Ïî�üN, �3«m (0, 1)S�3����, P� xn, ÷v0 < xn < 1 Ú�§

xnn + xn−1
n + · · ·+ xn = 1, n = 2, 3, · · · ,

bX xn 6 xn+1, K

1 = xn+1
n+1 + xnn+1 + · · ·+ xn+1 > xn+1

n+1 + (xnn + xn−1
n + · · ·+ xn) = xn+1

n+1 + 1

í� xn+1 ≤ 0, gñ. Ïd7k xn > xn+1. =, ê� {xn} î�üN~��ê�. u´

§´Âñ�. � limxn = d.

Ï�xn ÷v�§�z� xn(1 − xnn) = 1 − xn.  xn < x2 < 1 (n > 2) ¤±

0 < xnn < xn2 → 0. - n→ +∞ �

d = 1− d, =⇒ d =
1

2
.

11



ê©1nÙESJj9~K

Ýº¦�§�Ñ�¡#U/

�!�ê:

1!½Âµ�û g(x) =
f(x)− f(x0)

x− x0

, x 6= x0 �4�

lim
x→x0

g(x) = lim
x→x0

f(x)− f(x0)

x− x0

= f ′(x0)

2!AÛ¿Âµ�û´����Ç, 4� f ′(x0) ´����Ç. Ïd f(x) 3 x0

����§�

y = f(x0) + f ′(x0)(x− x0), (f ′(x0) = tanα)

3!O�µ�ê´AÏ¼ê£�û¤�4�, �â�û5�Ú¼ê4�5�kµ

oK$�!EÜ¼ê!�¼ê�¦�5KÚ�©5K

Ð�¼ê3Ù½Â�S��£��¤

p��ê�O�

Û¼ê�¦�£�©¤

ëê�§L«¼ê�¦�£�©¤£AO5¿ëê�§L«����ê¤.

�!nØ:

1!�©: /±��0

f(x) = f(x0) + f ′(x0)(x− x0) + o(x− x0) (x→ x0),

¿Ú?PÒ

dy = df(x) = f ′(x)dx (Ïd f ′(x) =
dy

dx
=

df(x)

dx
¡��û)

�©�$���ê$�aq. ~Xe y = f(x), x = ϕ(t), K

dy = f ′(x)dx, dx = ϕ′(t)dt,=⇒ dy = f ′(ϕ(t))ϕ′(t)dt = (f(ϕ(t))′dt

2!�©¥�½nµ

Fermat Ú Rolle ½n; Lagrange ¥�½n; Cauchy ¥�½n.

Lagrange ¥�½n: e f(x) 3[a, b] þëY, (a, b) þ��, K�3 ξ ∈ (a, b)

f ′(ξ) =
f(b)− f(a)

b− a
. ½ f(b)− f(a) = f ′(ξ)(b− a)

12



� x, x0 ∈ [a, b], K3x, x0 �m�3ξ ¦�

f(x) = f(x0) + f ′(ξ)(x− x0)

���©f(x) = f(x0) + f ′(x0)(x− x0) + o(x− x0) '�.

3!�¼ê�0�5µ�f(x) 3I þ��, =�¼ê f ′(x) 3I þk½Â.

(1) �¼êf ′(x) 3x0 ∈ I �m4��3,íÑf(x) �m�ê�3, �

f ′±(x0) = lim
x→x±0

f ′(x).

líÑf ′(x)�mä:ØU
k1�amä.

(2) 0�5µf ′(x) U��0u f ′(x1) Ú f ′(x2) �m�?Û�.

n!|^�êïÄ¼ê:

1!(½ f(x) �üN«mµ

f ′(x) ≥ 0 =⇒ f(x)↗; f ′(x) ≤ 0 =⇒ f(x)↘; f ′(x) = 0 =⇒ 7:
2!(½7:´Ä´4�:µ � f ′(x0) = 0

e3 x0 �ý f ′ ≥ 0 , mý f ′ ≤ 0 =⇒ f(x0) ´4��.

e3 x0 �ý f ′ ≤ 0 , mý f ′ ≥ 0 =⇒ f(x0) ´4��.

f ′′(x0) < 0 =⇒ f(x0) 4�¶ f ′′(x0) > 0 =⇒ f(x0) 4�.

3!(½à]5Ú$:µ

f ′′ > 0 =⇒ f à,f ′′ < 0 =⇒ f ].f ′′(x0) = 0 ,$:.

4!à5µ½Â9Ù�d�Ø�ª.3�d�Ø�ª¥

f(x1)− f(x)

x1 − x
≤ f(x2)− f(x1)

x2 − x1

≤ f(x)− f(x2)

x− x2

5!Çµ

(1) y = f(x), x ∈ [a, b], κ(x) =
f ′′(x)

(1 + (f ′(x))2)3/2
.

(2) dëê�§L«�� x = ϕ(t),

y = ψ(t),
t ∈ [α, β], κ(t) =

ψ′′(t)ϕ′(t)− ψ′(t)ϕ′′(t)
(ϕ′(t))3

o!Taylor Ðm:

1!��5 e n gõ�ª Tn(x) £Ø+^�o�ª��¤÷v

f(x) = Tn(x) + o((x− x0)n), (x→ x0)

13



KTn(x) �½´Taylor õ�ª

Tn(x) =
n∑
k=0

f (k)(x0)

k!
(x− x0)k + o((x− x0)n), (x→ x0)

2!{�

Rn =
f (n+1)(ξ)

(n+ 1)!
(x− x0)n+1, ξ = x0 + θ(x− x0), 0 < θ < 1

=⇒ f(x) =
n∑
k=0

f (k)(x0)

k!
(x− x0)k +

f (n+1)(x0 + θ(x− x0))

(n+ 1)!
(x− x0)n+1, 0 < θ < 1

3!|^TaylorúªO�4�ÚCq�.

Ê!~K:

~1 ¦~ê a, b, ¦�e¡¼ê3|x| <∞ ��.

f(x) =


sin2(ax)

x
, x > 0

(2a− 1)x+ b, x ≤ 0.

) '�w x = 0 ?��ê. �3 x = 0 ��, Äk3 x = 0 ëY: Ï�

lim
x→0+

f(x) = lim
x→0+

sin2(ax)

x
= 0, lim

x→0−
f(x) = b,

¤± b = 0. 3dÄ:þ,�¦ f(x) 3 x = 0 ��, K

f ′+(0) = lim
x→0+

f(x)− f(0)

x− 0
= lim

x→0+

sin2(ax)

x2
= a2.

f ′−(0) = lim
x→0−

f(x)− f(0)

x− 0
= lim

x→0−

(2a− 1)x

x
= 2a− 1.

Ïd7Lk a2 = 2a− 1 = a = 1. Ïd� a = 1, b = 0 �, f(x) 3 x = 0 ��.

~2 � f
∣∣∣
[a,b]
ëY, f

∣∣∣
(a,b)
����.P M1(a, f(a)), M2(b, f(b))e�ã M1M2 �

y = f(x), x ∈ [a, b] 3 (a, b) Sk�:,K�3 ξ ∈ (a, b) ¦� f ′′(ξ) = 0

y²µ��:� M(c, f(c)), c ∈ (a, b)

=⇒


∃ξ1 ∈ (a, c), f ′(ξ1) =

f(c)− f(a)

c− a
,

∃ξ2 ∈ (c, b), f ′(ξ2) =
f(b)− f(c)

b− c

Ï� M 3 M1M2 þ,¤±�ã M1M ��ã MM2 ��Ç��,¤±

f ′(ξ1) =
f(c)− f(a)

c− a
=
f(b)− f(c)

b− c
= f ′(ξ2)
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=⇒ ∃ξ ∈ (ξ1, ξ2) ⊂ (a, b), ¦� f ′′(ξ) = 0.

~3 y²3 (a, b) þÃ.���¼ê,Ù�¼ê3 (a, b) þ��½Ã..

y²µdu f
∣∣∣
(a,b)
Ã.,Ïdé?¿���ê n, �½�3 xn ∈ (a, b) ¦�

|f(xn)| ≥ n, =

lim
n→∞

f(xn) =∞.

bX�¼êk.µ|f ′(x)| ≤M, x ∈ (a, b), K?� x0 ∈ (a, b) k

|f(xn)− f(x0)| = |f ′(ξ)(xn − x0)| ≤M(b− a)

=⇒ |f(xn)| ≤M(b− a) + |f(x0)|

gñ.

~4 ?Ø ex � xa, a > 0 3 x > 0 ��:.

)µ¤¢�:=¦ ex − xa = 0 ��,�du?Ø

f(x) = e
x
a − x

3x > 0 �":¯K. w,

f(0) = 1 > 0, lim
x→+∞

f(x) = +∞ £üà�u"¤

f ′(x) =
1

a
e

x
a − 1,

� 0 < a < 1 �, 3 x > 0, k f ′(x) > 0, f(x) üNO, f(x) > f(0) = 1 > 0, vk":.

� a ≥ 1 �, ���7: x0 = a ln a, qÏ�

f ′′(x) =

(
1

a

)2

e
x
a > 0,

¤±x0 ´���:, f(x0) = a(1− ln a) ´���.

� a > e �,f(x0) = a(1 − ln a) < 0, Ïdf(x) ©O3 [0, x0] Ú [x0,+∞) �

k��":,�ü�":. � a = e �, f(x0) = 0 ��":. � 1 < a < e �,

f(x) ≥ f(x0) > 0 vk":.

~5 � f(x) ����, 2f(x) + f ′′(x) = −xf ′(x),y² f(x) Ú f ′(x) Ñk.

©Ûµ�y f(x) Ú f ′(x) k.�{ü�{´y f 2(x) + f ′2(x) k.,Ïd¦�

2f(x)f ′(x) + 2f ′(x)f ′′(x). ��^�'���:Xê,u´�Ä

g(x) = f 2(x) +
1

2
f ′2(x)
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�k.5,¦��

g′(x) = (2f(x) + f ′′(x))f ′(x) = −xf ′2(x)


≤ 0 � x > 0,

= 0 � x = 0,

≥ 0 � x < 0.

Ïd g(x) 3 x = 0 �����: f 2(x) + 1
2
f ′2(x) ≤ f 2(0) + 1

2
f ′2(0), = f(x) Ú f ′(x)

Ñk..

~6

(1) � f(x) 3 [0,+∞) ����, f(0) = 1, f ′(x) < f(x), y²� x > 0 �,

f(x) < ex.

(2) � f(x) 3 [0,+∞) ����, f(0) = 1, f ′(0) ≤ 1, f ′′(x) < f(x), y²�

x > 0 �, f(x) < ex.

y² éu (1), - g(x) = f(x)e−x, Ïd

g′(x) = (f ′(x)− f(x))e−x < 0,

¤± g(x) 3 x > 0 î�üN~, =� x > 0 �, k

g(x) < g(0) = 1,=⇒ f(x) < ex.

éu (2), - g(x) = (f ′(x)− f(x))ex, Ïd

g′(x) = (f ′′(x)− f ′(x) + f ′(x)− f(x))ex = (f ′′(x)− f(x))ex < 0,

¤± g(x) 3 x > 0 î�üN~, =� x > 0 �, k

g(x) < g(0) = f ′(0)− f(0) ≤ 0,=⇒ f ′(x) < f(x).

d (1) � f(x) < ex.

~7 £P142, 18K¤� f(x) 3 [0, 1] þ��, f(0) = 1, f(1) =
1

2
. ¦y�3

ξ ∈ (0, 1) ¦�

f 2(ξ) + f ′(ξ) = 0

y² 1!e f(x) 3 [0, 1] þÃ":µ-

F (x) = x− 1

f(x)
, x ∈ [0, 1]

=⇒ F (0) = F (1) = −1, F ′(x) = 1 +
f ′(x)

f 2(x)

16



�â Rolle ½n, �3 ξ ∈ (0, 1), ¦� F ′(ξ) = 0, �Ò´

f 2(ξ) + f ′(ξ) = 0.

2!e f(x) 3 [0, 1] þk�����": ξµw, ξ ∈ (0, 1),�´���:,¤±

f(ξ) = 0, f ′(ξ) = 0

w,kf 2(ξ) + f ′(ξ) = 0.

3!e f(x) 3 [0, 1] þkü�9±þ�":µP

E = {x | x ∈ [0, 1], f(x) = 0}

Ï� f(0) = 1, f(1) =
1

2
, ¤± E ⊂ (0, 1). ©OP a = inf E, b = supE.

1�Ú y² a, b �´":.ù´Ï� a ´ E �e(., Ïd,é?¿�
1

n
, a+

1

n
Ø´E e(.,�Ò´�3": xn ∈ E, ¦�

a < xn < a+
1

n
, f(xn) = 0

=⇒ lim
n→∞

xn = a, 0 = lim
n→∞

f(xn) = f(a)

ùp^�
¼ê�ëY5. Ón�y b �´ f(x) �":.

1�Ú �y²3«m [0, a) Ú (b, 1] þ,kf ′(a) ≤ 0, f ′(b) ≥ 0. ù´Ï�3 [0, a)

þ f(x) > 0, 3 (b, 1] þ f(x) > 0. ¤±

f ′(a) = f ′−(a) = lim
x→a−

f(x)− f(a)

x− a
= lim

x→a−

f(x)

x− a
≤ 0

Ón�y f ′(b) ≥ 0.

XJ f ′(a) ≤ 0, f ′(b) ≥ 0 ¥k���Ò¤á,@o f 2(a) + f ′(a) = 0 ½ f 2(b) +

f ′(b) = 0. (Jg,¤á. ÄKk f ′(a) < 0, f ′(b) > 0 .

1nÚ Ï� f ′(a) < 0, d

lim
x→a+

f(x)− f(a)

x− a
= lim

x→a+

f(x)

x− a
= f ′+(a) = f ′(a) < 0

�,�3δ > 0, ¦�

f(x) < 0, a < x < a+ δ

P

ā = inf{x | f(x) = 0, a+ δ < x < b},
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@o3 a < x < ā ¥,f(x) < 0 -

F (x) = x− 1

f(x)
, x ∈ (a, ā)

@o

lim
x→a+

F (x) = lim
x→ā−

F (x) = −∞

¤± F (x) 3 (a, ā) ¥k���: ξ ∈ (a, ā), ¤±

F ′(ξ) = 0, = f 2(ξ) + f ′(ξ) = 0.

`² ��±/Ï�¼ê: 31�Ú¥� f ′(a) < 0, f ′(b) > 0, - g(x) = f 2(x) +

f ′(x) ,K g(a) < 0, g(b) > 0.Ï� f 2(x) ëY, ¤±k�¼êF (x), F ′(x) = f 2(x), Ï

d g(x) = F ′(x) + f ′(x) = (F (x) + f(x))′ ´ F (x) + f(x) ��¼ê,|^�¼ê�0�

5.�����3 ξ ∈ (a, b),¦� g(ξ) = 0.

~8 ( P142 nÜSK119K.)

� a > 1, ¼ê f : (0,+∞)→ (0,+∞) ��. ¦y�3ê� {xn}, xn > 0, xn →
+∞, ¦�

f ′(xn) < f(axn).

y² æ��y{.bXØ�3K8¤«�ê�, @o�3 x0 ≥ 0, ¦�

f ′(x) ≥ f(ax), x ≥ x0.

í� f ′(x) > 0 (x ≥ x0), =¼ê3x ≥ x0 î�üNO.Ï� a > 1, ¤±���¿©�

� x >
1

a− 1
, Òk ax > x+ 1. @o|^�©¥�úª��3 x < ξ < x+ 1 ¦�

f(x+ 1)− f(x) = f ′(ξ) ≥ f(ax) > f(x+ 1),

í� f(x) < 0,gñ.

~9 (P106, 125K). � a ∈ (0, 1),

b1 = 1− a, bn+1 =
bn

1− e−bn
− a,

¯ bn ´ÄÂñº

©Ûµ�yÙÂñ, 1�Úµ?Øê��üN5. �yüN,/Ï¼ê

f(x) =
x

1− e−x
− a, x > 0
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éu x > 0, �3 0 < ξ < x, ¦�

f(x) = − 0− x
e−0 − e−x

− a = eξ − a > 1− a > 0

|^Ø�ª ex > 1 + x ½ (1 + x)e−x < 1 k

f ′(x) =
1− (1 + x)e−x

(1− e−x)2
> 0

Ïd f(x) > 1− a > 0, f(x)↗.

Ï� b1 = 1− a > 0, b2 = f(b1) > 1− a = b1.£8B¤XJ b1 < b2 < · · · bn K

bn+1 − bn = f(bn)− f(bn−1) = f ′(ξ)(bn − bn−1) > 0

¤± {bn} ↗
1�Úµ?Øê��k.5. XJ bn kþ., Kk4� bn → b ¿� bn ≤ b. 3

bn+1 = f(bn) ü>�4�� f(b) = b.

ù�, �y bn kþ., Äk�y f(x)− x = 0 k��).�d�

g(x) = f(x)− x =
x

ex − 1
− a

w,

g(0 + 0) = lim
x→0+

g(x) = 1− a > 0, lim
x→+∞

g(x) = −a < 0

3(1 + x)e−x < 1 ¥- x→ −x � e−x > 1− x,=⇒ (1− x)ex < 1, ¤±

g′(x) =
(1− x)ex − 1

(ex − 1)2
< 0

d":½n±9 g(x)↘, í� g(x) 3 (0,+∞) ¥k��),P� b.

Ùg�y² b ´bn �þ., Ï� b > 0, ¤±

b = f(b) > 1− a = b1,

£8B¤XJ b > bn, |^ f(x)↗,K b = f(b) > f(bn) = bn+1,¤± b ´bn �þ..

ù�Òy²
 bn üNOkþ. b,Ù¥ b ´ f(x)− x = 0 ��":.Ïd bn → b.

~10 �f(x)
∣∣∣
[a,b]
����,y²,�3 ξ ∈ (a, b) ¦�

f(a)− 2f

(
a+ b

2

)
+ f(b) =

1

4
f ′′(ξ)(b− a)2
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y² 3 x0 =
a+ b

2
Ðm,¿3Ðmª¥©O� x = a, x = b

f(a) = f

(
a+ b

2

)
+ f ′

(
a+ b

2

)(
a− b

2

)
+

1

2
f ′′(ξ1)

(
a− b

2

)2

f(b) = f

(
a+ b

2

)
+ f ′

(
a+ b

2

)(
b− a

2

)
+

1

2
f ′′(ξ2)

(
a− b

2

)2

üª�\�

f(a)− 2f

(
a+ b

2

)
+ f(b) =

f ′′(ξ1) + f ′′(ξ2)

2

(b− a)2

4

Ï�
f ′′(ξ1) + f ′′(ξ2)

2
0u f ′′(ξ1) Ú f ′′(ξ2) �m,d�¼ê�0�5��,�3 ξ 0u

ξ1 Úξ2 �m,¦�

f(a)− 2f

(
a+ b

2

)
+ f(b) =

f ′′(ξ1) + f ′′(ξ2)

2

(b− a)2

4
= f ′′(ξ)

(b− a)2

4

~11 Öþ1139�,117K.´�Ñ f(x) = x cosx 3 [0, π
2
] þ¦�U��þ..

Uì~5�{,é f(x) ¦�

f ′(x) = cos x− x sinx, f ′′(x) = −(2 sinx+ x cosx) < 0, f ′′(0) = 0,

Ïd37: f ′(x0) = 0 ?��4�. Ï� f(x) > 0, 0 < x < π
2
, f(0) = f(π

2
) = 0 ,¤±

4��:�´���:.¼ê�Ò´���þ..

�´l f ′(x) = cosx− x sinx = 0 J±)ÑäN4�:,�J±O�4�.�d|

^TaylorÐmO�Cq�.Ï����ê´K�,¤±

f(x) = f(x0) + f ′(x0)(x− x0) +
f ′′(ξ)

2
(x− x0)2

≤ f(x0) + f ′(x0)(x− x0), (x ∈ [0,
π

2
])

�¦��äN�þ.,Ø�©OÀJ3 x0 = 0; π
4
; π

3
; π

2
?Ðm.

3 x0 = 0 : f(x) ≤ 0 + x ≤ π
2
,

3x0 = π
4

: f(x) ≤ f(π
4
) + f ′(π

4
)(x− π

4
) =

√
2

2

(
π
4

+ (1− π
4
)(π

2
− π

4
)
)
.

3x0 = π
3

: f(x) ≤ π
6

+ (1
2
− π

2
√

3
)(x− π

3
) ≤ π

6
+ ( π

2
√

3
− 1

2
)π

3

3x0 = π
2

: f(x) ≤ −π
2
(x− π

2
) ≤ π2

4

'�A�þ.§ÀJ����=�.
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