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Introduction Moving beyond linearity

Controlling the complexity of the model

Moving beyond linearity

Regularization is a process of introducing additional information in order to
solve an ill-posed problem or to prevent overfitting.

In mathematics, statistics, and computer science, particularly in the fields
of machine learning and inverse problems.

A regularization term (or regularizer) J(f) is added to a loss function:

mfinz L(yi, f(2:)) + AJ(f).

=1

A is a parameter which controls the importance of the regularization term.

J(f) is typically chosen to impose a penalty on the complexity of f.

Concrete notions of complexity used include restrictions for smoothness and
bounds on the vector space norm.



Introduction Moving beyond linearity

Controlling the complexity of the model

Moving beyond linearity

Main idea
@ Augment the vector of inputs X with additional variables.
@ These are transformations of X
hm(X):RP - R

with m=1,2,--- , M.
@ Then model the relationship between X and Y

)

M M
FX) =" Bnhm(X) =Y BnZm
m=1 m=1

as a linear basis expansion in X.

@ Have a linear model w.r.t.Z. Can use the same methods as before.



Introduction Moving beyond linearity

Controlling the complexity of the model

Which transformations?

Some examples

@ Linear:
hm(X) :Xm ) m:1727"' , P

Polynomial:
h(X) = X7 or  hp(X) = X; Xy,

@ Non-linear transformation of single inputs:
hin(X) = log(X;), /X5, -+
@ Non-linear transformation of multiple inputs:
hm(X) = [ X]|
@ Use of Indicator functions:

hon(X) = Ind(Ly, < Xy, < Up,)



Introduction Moving beyond linearity
he ¢

Controlling complexity of the model

Pros and Cons of this augmentation

Pros
@ Can model more complicated decision boundaries.

@ Can model more complicated regression relationships.

Cons
@ Lack of locality in global basis functions.

o Solution Use local polynomial representations such as piecewise-polynomials
and splines.

@ How should one find the correct complexity in the model?

@ There is the danger of over-fitting.
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Controlling the complexity of the model

Controlling the complexity of the model

Common approaches taken:
@ Restriction Methods
Limit the class of functions considered. Use additive models
p M;
FX) =" Bimhym(X;)

j=1m=1

@ Selection Methods

Scan the set of h,, and only include those that contribute significantly to
the fit of the model - Boosting, CART.

@ Regularization Methods
Let

M
FX) = Bihi(X)
j=1

but when learning the ﬁés restrict their values in the manner of ridge
regression and lasso.



Piecewise polynomial function
Piecewise Polynomials and Splines Spli < Spli i

Piecewise polynomial function

To obtain a piecewise polynomial function f(x)
@ Divide the domain of X into contiguous intervals.
@ Represent f by a separate polynomial in each interval.

Example

Piecewise Constant Piecewise Linear
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Blue curve - ground truth function.
Green curve - piecewise constant/linear fit to the training data.
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e Divide [a, b], the domain of X, into three regions
[a,&1) , [€1,82) 5 [§2,b] with & <& < &3
&ls are referred to as knots
@ Define three basis functions
hi(X) = I(X < &), ho(X) =1(&1 < X < &), h3(X) =I1(§2 < X)
@ The model f(X) = anzl Bmhm (X) is fit using least-squares.
@ As basis functions don't overlap = Bm = mean of y.s inthe mth region.
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@ In this case define 6 basis functions
hi(X) = I(X < &), hao(X) = 1(§ < X < o), ha(X) =1(§ < X)
ha(X) = Xh1(X), hs(X)=Xho(X), he(X) = Xh3(X)

@ The model f(X) = 22:1 Bmhm (X) is fit using least-squares.

@ As basis functions don’t overlap = fit a separate linear model to
the data in each region.



o B

e Additionally impose the constraint that f(X) is continuous as & and &s.
@ This means

B1 + B2&1 = B3 + Ba&1,and
B3 + Ba&a = Bs + Bs&2

@ This reduces the # of dof of f(X) from 6 to 4.



Piecewise Polynomials and Splines

A more compact set of basis functions

@ To impose the continuity constraints directly can use this basis instead:
h(X)=1 ho(X) =X
hs(X) = (X = &)+ ha(X) = (X = &2)+

Piecewise-linear Basis Function

(X —&)+
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Piecewise polynomial function
e Gt [ ;

Piecewise Polynomials and Splines Splines: C pline on Splines

Smoother f(X)

Can achieve a smoother f(X) by increasing the order
o of the local polynomials
@ of the continuity at the knots
Piecewise-cubic polynomials with increasing orders of continuity

Natural Cubic Splines

Discontinuous Continuous
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| function
Piecewise Polynomials and Splines i , Regression Splines

Cubic Spline

f(X) is a cubic spline if
@ it is a piecewise cubic polynomial and
@ has 1Ist and 2nd continuity at the knots

3

&1 &2
Figure: A Cubic spline
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Piecewise Polynomials and Splines ine, Regression Splines

Cubic Spline

The following basis represents a cubic spline with knots at &; and &s:
hi(X) =1, h3(X)=X? hs(X)=(X-&)%
ho(X) =X, ha(X)=X3 he(X)=(X—-&)E

16 /70
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Piecewise Polynomials and Splines ines: Cubic Spline, Regression Splines
Natural Cubic Splines

Order M spline

@ An order M spline with knots &1,&, -+ , &k is

o a piecewise-polynomial of order M and

o has continuous derivatives up to order M — 2
@ The general form for the truncated-power basis set is
h](X):XJ71 ) j:172a"'7M

h]\/f+l(X):(X_§l)y71 ) l:1727"'aK

@ In practice the most widely used orders are M = 1,2, 4.
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Piecewise Polynomials and Splines i line, Regression Splines

Regression Splines

Fixed-knot splines are known as regression splines.

For a regression spline one needs to select

o the order of the spline,
o the number of knots and

o the placement of the knots.

@ One common approach is to set a knot at each observation z;

@ There are many equivalent bases for representing splines and the
truncated power basis is intuitively attractive but
not computationally attractive.

A better basis set for implementation is the B-spline basis set.



P
Piecewise Polynomials and Splines S
Natural Cubic Splines

Natural Cubic Splines

Problem
The polynomials fit beyond the boundary knots behave wildly.

Solution : Natural Cubic Splines

@ Have the additional constraints that the function is linear
beyond the boundary knots.

@ This frees up 4 dof which can be used by having
more knots in the interior region.

@ Near the boundaries one has reduced the variance
of the fit but increased its bias!
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Smoothing Splines

Smoothing Splines

@ Avoid knot selection problem by using a maximal set of knots.
o Complexity of the fit is controlled by regularization.

o Consider the following problem:

Find the function f(z) with continuous second derivative which
minimizes

RSS(f,A) = > (i - fm))?)/\ JIGOR!
=1 T

/

smoothing parameter
closeness to data curvature penalty




oother Matrices
Smoothing Splines

Smoothing Splines: Smoothing parameter

RSS(f, ) Z(yz Fa)f+x [ (o)t

@ ) establishes a trade-off between predicting the training data and
minimizing the curvature of f(x)

The two special cases are

*A=0: st any function which interpolates the data.
* X\ =00 : [ is the simple least squares line fit.

@ In these two cases go from very rough to very smooth f(x)

Hope is A € (0, 00) indexes an interesting class of functions in between.
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oother Matrices
Smoothing Splines

Smoothing Splines: Form of the solution

RSS(f. ) Z(yl Fa)f + 4 [ (o)t

@ Amazingly the above equation has an explicit, finite-dimensional unique
minimizer for a fixed .

@ It is a natural cubic spline with knots as the unique values of the
T, , 1=1,2,---,n.

@ Thatis

fle) = 3 M@,

where the N;(z) are an N-dimensional set of basis functions for
representing this family of natural splines. 22/70



Smoothing Splines

Smoothing Splines: Estimating the coefficients

The criterion to be optimized thus reduces to

[RSS(G, A) = (y — NO) (y — NO) + \6' QU 0 J

where
Nl(-rl) Ng(l‘l) Nn(l‘l)
Ni(z2) Nao(x2) -+ Np(x2)
N= : : :

Ni(z,) Na(zn) -+ Np(zn)

J N{(t t)ydt [ N{(¢)N(t)dt --- [ N{()N])(t)dt

ng' dt J Ny (t N”(t)dt ~o [NY() N”( )d

QN: . .
[ NIONI@dE [ NIONE@dE NN @

Yy = (ylay%"' 7yn)t
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Smoothing Splines: Estimating the coefﬁments

The criterion to be optimized thus reduces to

[RSS(G, A) = (y — NO) (y — NO) + 6" Q 0 ]

and its solution is given by

[é = (N'N + A Qy) "INty ]

The fitted smoothing spline is then given by

flz) =) Nj()d;
J=1
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A smoothing spline is a linear smoother

@ Assume that A has been set.
o Remember the estimated coefficients § are a linear combination of the y;'s
0=(NTN+ Q)" 'NTy

o Let f be the n-vector of the fitted values f(z;) then

[f = N6 = N(N'N + AQy) !Nty = Sy y ]

where Sy = (NTN + \Qn)"INT.



regularization, S g parameter
Degrees of Fre Smoother Matrices
Smoothing Splines Effective dof

Properties of .S

@ S, is symmetric and positive semi-definite.

SaSx = S

@ Sy has rank n.

The book defines the effective degrees of freedom of
a smoothing spline to be

[de = trace(S)) J
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Smoothing Splines Effective dof, eigen-analysis

Effective dof of a smoothing spline

—— Male
— Female

0.10
L

Relative Change in Spinal BMD

0.0

-0.05

Age

Both curves were fit with A\ = 0.00022. This choice corresponds to about 12
degrees of freedom.



Smoothing Splines Effective dof,

The eigen-decomposition of S):5) in Reinsch form

o Let N =USVT be the SVD of N.
@ Using this decomposition it is straightforward to re-write

Sy = (NTN +AQy)'NT

as

[SA — (L4 AK)"! ]

where
K=US"'vIiayvs—tu”
@ It is also easy to show that f = S,y is the solution to the optimization
problem

min(y — Hy—H+ATKSf



Smoothing Splines Effective dof,

The eigen-decomposition of S),

@ Let K = PDP~! be the real eigen-decomposition of K possible as K
symmetric and positive semi-definite.

@ Then

Sy=({I+\K) =T+ \PDP 1!
= (PP t+aPDPH!
= (P(I+AD)P~H)~!

= P(I+ AD)*1P*1

T
>

where dj, are the elements of diagonal D and e-values of K and pj are the
e-values of K.

@ py; are also the e-vectors of Sy and 1/(1 + Ady) its e-values.
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Example: Cubic spline smoothing to air pollution data
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Daggot Pressure Gradient
° smoothing spline with dfy = trace(Sy) = 11

@ Red curve smoothing spline with dfy = trace(Sy) =5
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Smoothing Splines Effective dof, eigen-analysis

Example: Eigenvalues of S)

oq
— df=5
2 —  di=11
=
®
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N
! T T T T T
5 10 15 20 25
Order
° eigenvalues of S with dfy =11

@ Red curve eigenvalues of Sy with dfy =5
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Smoothing Splines ctive dof, eigen-analysis

Example: Eigenvectors of S

LIRLL T LILLALL T T
-50 0 50 100 -50 0 50 100

@ Each blue curve is an eigenvector of S plotted against x. Top left has
highest e-value, bottom right smallest.
@ Red curve is eigenvector damped by 1/(1 + Ady)



Smoothing Splines Effective dof, eigen-analysis

Highlights of the eigenrepresentation

@ The eigenvectors of Sy do not depend on A.

@ The smoothing spline decomposes y w.r.t. the basis {p;} and shrinks the
contributions using 1/(1 4+ A\dy) as

n

1

_ 13
Shy = ; T e )\dkpk (Pry)

@ The first two e-values are always 1 of Sy and correspond to the eigenspace
of functions linear in x.

@ The sequence of py, ordering by decreasing 1/(1 + Ady), appear to increase
in complexity.

e df\ =trace(S)) = En: 1/(1 + Ady).
k=1



Smoothing Splines

Visualization of a S,

Smoother Matrix

Effective dof, eigen-analysis

Equivalent Kernels

Row 12

Row 115
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Smoothing Splines Effective dof, elgen»a]walysls

Choosing A

@ This is a crucial and tricky problem.

o Will deal with this problem in Chapter 7 when we consider
the problem of Model Selection.



Nonparametric Logistic Regression

Back to logistic regression

@ Previously considered a binary classifier s.t.

Vlog% ot Bz
@ However, consider the case when
e piy o= =)
which in turn implies
P(Y=1|X=x)=L(I)
1+ ef@)

e Fitting f(z) in a smooth fashion leads to a smooth estimate of
P(Y =1|X ==z).

36/70



Nonparametric Logistic Regression on
criterion

The penalized log-likelihood criterion

Construct the penalized log-likelihood criterion

n

Ufi0) =Y [dog P(Y = 1) + (1= g log(1 — P(Y = 1[a))
- [urra
= 3 [t )~ tog(1+ /)] - S [(47 (1)



Regularization and Reproducing Kernel Hilbert Spaces

General class of regularization problems

There is a class of generalization problems which have the form

mm Z L(ys, f(x;)) + AJ(f)

where

o L(y;, f(z;)) is a loss function,
e J(f) is a penalty functional,

@ H is a space of functions on which J(f) is defined.



Regularization and Reproducing Kernel Hilbert Spaces

Important subclass of problems of this form

@ These are generated by a positive definite kernel K(z,y) and

@ the corresponding space of functions H g called a reproducing kernel
Hilbert space(RKHS),

@ the penalty functional J is defined in terms of the kernel as well.

What does all this mean?

What follows is mainly based on the notes of Nuno Vasconcelos

39/70



Regularization and Reproducing Kernel Hilbert Spaces

Types of Kernels

Definition
A kernel is a mapping &k : X x X — R.

These three types of kernels are equivalent

[dot—product kernel ]
i

[positive definite kernel ]

0

[Mercer kernel ]




Regularization and Reproducing Kernel Hilbert Spaces

Dot-product kernel

Definition
A mapping
E:XxX—>R

is a dot-product kernel if and only if

k(x,y) = (®(z), (y))

where
O X —-H

and H is a vector space and (,-) is an inner-product on H.

41/70



Regularization and Reproducing Kernel Hilbert Spaces

Positive definite kernel

Definition
A mapping
k:XxX >R

is a positive semi-definite kernel on X x X" if Vm € N and
V1, , T, with each x; € X the Gram matrix

k(x1,21)  k(z1,z2) -+ k(z1,2m)

k(xo,x1)  Ek(xo,z2) -+  k(xa,xm)
K =

k(zm,z1) k(zm,z2) -+ Ek(Tm,Tm)

is positive semi-definite.



Regularization and Reproducing Kernel Hilbert Spaces

Mercer kernel

Definition
A symmetric mapping k : X x X — R such that

[ [ rews@iwids dy =0

for all functions f s.t.
/f2(x)dx < oo

is a Mercer kernel.

43 /70



Regularization and Reproducing Kernel Hilbert Spaces SHEsl

Two different pictures

These different definitions lead to different interpretations of what the kernel
does:

'Interpretation Il
Mercer kernel map:

Hszgz{x|Zx?<oo}

(£,9)==r'g
P X — (\/x‘{bl(x% \/E¢2(x)7 )t

where \;, ¢; are the e-values and eigenfunctions
of k(z,y) with A\; > 0.

J

where [, is the space of vectors s.t. . a? < co.



Regularization and Reproducing Kernel Hilbert Spaces e ” o

Interpretation |: The dot-product picture

When a Gaussian kernel k(x, ;) = exp(||x — z;||*/o) is used

e the point ; € X' is mapped into the Gaussian G(-, z;,01)
@ Hj is the space of all functions that are linear combinations of Gaussians.

@ the kernel is a dot product in Hj and a non-linear similarity on X.

45 /70



Regularization and Reproducing Kernel Hilbert Spaces

The reproducing property

o With the definition of Hj and (-, ). one has

(@), FO) = fl@) VS € Hi

@ This is called the reproducing property.
o Leads to the reproducing Kernel Hilbert Spaces

Definition
A Hilbert Space is a complete dot-product space.
(vector space + dot product + limit points of all Cauchy sequences)

46 /70



Regularization and Reproducing Kernel Hilbert Spaces

Reproducing kernel Hilbert spaces

Definition
Let H be a Hilbert space of functions f : X — R. H is a Reproducing Kernel
Hilbert Space(RKHS) with inner-product (-, ), if there exists a

k: XXX —->R

S.t.
@ k(-,-) spans H that is

H=A{f() ZaZ ,x;) for a; € R and z; € X'}

@ k(-,-) is a reproducing kernel of H

f@) = {f(), k(- z) VfeH

47 /7



Regularization and Reproducing Kernel Hilbert Spaces

Interpretation |lI: Mercer Kernels

Theorem
Let £ : X x X — R be a Mercer kernel. Then there exists
an orthonormal set of functions

/¢i($)¢j($)d$ = 0ij
and a set of \; > 0 such that
o YN = [ [Kk*(z,y)dzdy < co and

o k(z,y) = 3 i2; Nigi(2)9i(y)



Regularization and Reproducing Kernel Hilbert Spaces

Transformation induced by a Mercer kernel

This eigen-decomposition gives another way to design the feature
transformation induced by the kernel k(-, ).

o Let
DX =,

be defined by

— (\//\»1%(56),@@(%)"”)

where [5 is the space of square summable sequences.
o Clearly

(B(x), ®(y)) = >V Nidi(2) v/ Nighi ()

i=1
ZM% = k(z,y)

49 /70



Regularization and Reproducing Kernel Hilbert Spaces

Issues

Therefore there is a vector space ls other than Hj such that k(x,y) is a dot
product in that space.

@ Have two very different interpretations of what the kernel does

- Reproducing kernel map

- Mercer kernel map

@ They are in fact more or less the same.



Regularization and Reproducing Kernel Hilbert Spaces

RKHS Vs Mercer maps

e For Hps we write

P(z) = Z Vidi(z)e;

@ As the ¢;'s are orthonormal there is a 1 — 1 map

[F 0y — span{ép}  er = /A dk(") ]

@ Can write

(T o @)(@) = £, VA 6:(@)0n() = k(-2) |

Hence k(-, ) maps = into M = span{¢i(-)}

51/70



Regularization and Reproducing Kernel Hilbert Spaces

The Mercer picture




Regularization and Reproducing Kernel Hilbert Spaces

Mercer map

Define the inner-product in M as

f. Gy = / f(@)g(x)da

Note we will normalize the eigenfunctions ¢; such that

/¢Sl(x)¢k(x)dx = (i\l—f

Any function f € M can be written as
(oo}
f@) =S ande(a)
k=1
then

53/70



Types of Kernels

Regularization and Reproducing Kernel Hilbert Spaces

Mercer map

)k 9))m = / F @)k (e, y)da

_ / > axen(@) > Nou(@)ou(y)da
k=1 =1

oo

(]

> wdian(w) [ onohinto)ds
=1

k

1

M

1
Azkzqﬁl(y))\*l

N
Il
—

o

Noi(y) = fy)

-
Il
—

. k is a reproducing kernel on M.
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Regularization and Reproducing Kernel Hilbert Spaces

Mercer map Vs Reproducing kernel map

We want to check if

@ the space M = Hy,

e (f,g)m and (f,g). are equivalent.

To do this will involve the following steps
- Show H; C M.

- Show (f,g)m = (f,9)« for f,g € H.
- Show M C H;.
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Regularization and Reproducing Kernel Hilbert Spaces

HkCM

Thus f is a linear combination of the ¢;'s and f € M.

This shows that if f € H then f € M and therefore H C M.

56 /70



Then by definition

(f,9)« = Zzaiﬁjk(iﬁi, Y;)

i=1 j=1

While

f. ) = / f(@)g(x)da

m

= /Z aik(l’,xi) Zﬂjk(l’,yj)dl‘
=1

j=1
:Zzaiﬁj/k(xaxi)k(w,yj)dx
i=1 j=1

57 /70



Regularization and Reproducing Kernel Hilbert Spaces

Equivalence of the inner-products ctd

-y

f, 9)m aif; / sz (1) Zws )6 (y)da

i3, Z Ngi(@i)du(y;)

@
I

—
<.
I

-

I
M=
Ms

s
Il

-
<.
I

-

I
\E
Ms

Zﬂj (xiv y])

Il
-
I
-

I
o~
)
Qo
=
*

Thus for all f,geH



Regularization and Reproducing Kernel Hilbert Spaces

MCH

e Can also show that if f € M then also f € Hx.
o Will not prove that here.

@ But it implies M C H;,
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Regularization and Reproducing Kernel Hilbert Spaces

Summary

The reproducing kernel map and the Mercer Kernel map lead to the same
RKHS, Mercer gives us an orthonormal basis.

rlnterpretation I
Reproducing kernel map:

Hy = f()\f()—zaz ;)

Jj=1
<fg *_Zzalﬁ]k(z’u j)
i=1 j=1
D,.: X = k(-,x)




Regularization and Reproducing Kernel Hilbert Spaces

Summary

The reproducing kernel map and the Mercer Kernel map lead to the same
RKHS, Mercer gives us an orthonormal basis.

rlnterpretation Il
Mercer kernel map:

HA{=£2={IZI?<OO}

(f,9)« = f'g

Dy X = (Vi (@), Veda(2), )
I dy — span{dx(-)}

Tod, =,

61/70



Regularization and Reproducing Kernel Hilbert Spaces

Back to Regularization

We to solve

n

min : L{ys, f(x:)) + AT (f)

i=

where Hy, is the RKHS of some appropriate Mercer kernel k(- -).



Regularization and Reproducing Kernel Hilbert Spaces

What is a good regularizer?

@ Intuition: wigglier functions have larger norm than smoother functions.

e For f € Hj; we have

x) = Zaik(x,xi)
= Z Q; Z Al¢l ¢l mz

=3 [)\l Zamﬁz(xi)} d1()
] i

= ZC[@(I)
l

63 /70



y els
Back to Regularization

Regularization and Reproducing Kernel Hilbert Spaces Resularizaton aud SUM

What is a good regularizer?

@ and therefore

£ (@)I* = chck du(z Z hy T CiCkOl = Z

with ¢; = A 32, aidy ().

@ Hence

I fII? grows with the number of c; different than zero.
- functions with large e-values get penalized less and vice versa

- more coefficients means more high frequencies or less smoothness.

64 /70



Regularization and Reproducing Kernel Hilbert Spaces

Representer Theorem

Theorem
Let

@ 2:[0,00) — R be a strictly monotonically increasing function
o H is the RKHS associated with a kernel k(z,y)
o L(y, f(x)) be a loss function

then

n

f= argfnel%lk ZL(yi,f(rEi)) + (I £11%)

has a representation of the form

f($) = Za‘ik(ib, xl)
=1

65 /70



y els
Back to Regularization

Regularization and Reproducing Kernel Hilbert Spaces Resularizaton aud SUM

Relevance

@ The remarkable consequence of the theorem is that

o Can reduce the minimization over the infinite dimensional space of functions
to a minimization over a finite dimensional space.

o This is because as f = .7, a;k(-, 2;) then
I£11* = Z@z% i), k(7))

Zaiozjk(xi,xj) = O[TKO[

and

= Z()éjk’(l‘i,l‘j) = KZ‘Oé
J

where K = (k(x;,x;)),Gram matrix, and K; is its ith row.

66 /70



Regularization and Reproducing Kernel Hilbert Spaces

Representer Theorem

Theorem

Let
@ Q:[0,00) — R be a strictly monotonically increasing function
e H is the RKHS associated with a kernel k(z,y)
e L(y, f(x)) be a loss function

then

= i L(yi, f(xi)) + AQ ?
f = arg min [Z; (i, f(xi)) (1 )1
has a representation of the form
flz) = Zdik(x, x;)

i=1

where

[év = argmin [z": L(yi;, K; @) + /\Q(atKa)] ]

i=1

67 /7
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Rejigging the formulation of the SVM

@ When given linearly separable data {(x;,y;)} the optimal separating
hyperplane is given by

glilﬁl IBII>  subject to  yi(Bo + B'a:) > 1 Vi
05,

@ The constraints are fulfilled when
max(0,1 — y;(Bo + B x:)) = (1 —y;(Bo + B ai)4 =0 Vi

@ Hence we can re-write the optimization problem as

it [2(1 — B+ B} + 18I

Po.B |
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SVM's connections to regularization

Finding the optimal separating hyperplane

211161 [Z(l —yi(Bo + ﬁtxi))+ + ”6”2]
O =1

can be seen as a regularization problem

=1

CEE lz Ly, f(x:)) + AQ(IIfIIQ)l

where
o L(y, f(x)) = (1 —yif(zi))+
o Q(|IfII*) = £
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SVM's connections to regularization

@ From the Representor theorem know the solution to the latter problem is
n
flx) = Z vl x
i=1
if the basic kernel k(xz,y) = 27y is used.

e Therefore || f||> = T Ka

@ This is the same form of the solution found via the KKT conditions

n
B= Z QiYL
i=1
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