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1. O�?ê
∞∑
n=1

1

n(n+ 1)

(
1 +

1

2
+ · · ·+ 1

n

)
�Ú.

y² �ÄÜ©Ú

Sn =
n∑
k=1

1

k(k + 1)

(
1 +

1

2
+ · · ·+ 1

k

)
=

n∑
k=1

(
1

k
− 1

k + 1

)(
1 +

1

2
+ · · ·+ 1

k

)
=

n∑
k=1

[
1

k

(
1 +

1

2
+ · · ·+ 1

k

)
− 1

k + 1

(
1 + · · ·+ 1

k
+

1

k + 1

)
+

1

(k + 1)2

]

= 1− 1

n+ 1

(
1 +

1

2
+ · · ·+ 1

n+ 1

)
+

n+1∑
k=2

1

k2

= − 1

n+ 1

(
1 +

1

2
+ · · ·+ 1

n+ 1

)
+

n+1∑
k=1

1

k2
,

þª¥m>1��´ê� an =
1

n
c n+ 1 ���â²þ, Ïd4�� an �4��Ó

£�1�Ù~1.2.19¤,

lim
n→∞

1

n+ 1

(
1 +

1

2
+ · · ·+ 1

n+ 1

)
= 0.

Ïd

lim
n→∞

Sn =
∑
n=1

1

n2
.

�
¦Ñþªm>ê�?ê�Ú, /^¼ê f(x) = arcsinx 3 [−1, 1] þ�TaylorÐ

m. Ï

f ′(x) =
1√

1− x2
= 1 +

∞∑
n=1

(2n− 1)!!

(2n)!!
x2n,

¤±È©�

arcsinx = x+
∞∑
n=1

(2n− 1)!!

(2n+ 1)(2n)!!
x2n+1, −1 6 x 6 1.

3Ù¥- x = sinu, ��

u = sinu+
∞∑
n=1

(2n− 1)!!

(2n+ 1)(2n)!!
sin2n+1 u, −�

2
6 u 6

�
2
.

1



é u l0 �
�
2
Å�È©�

�2

8
= 1 +

∞∑
n=1

(2n− 1)!!

(2n+ 1)(2n)!!

∫ �/2
0

sin2n+1 u du

= 1 +
∞∑
n=1

(−1)n
(2n− 1)!!

(2n+ 1)(2n)!!

(2n)!!

(2n+ 1)!!

= 1 +
∑
n=1

1

(2n+ 1)2
=
∑
n=1

1

(2n− 1)2
.

ùp^�
È©£15Ù~5.1.10¤∫ �/2
0

sin2n+1 u du =
(2n)!!

(2n+ 1)!!
.

2d ∑
n=1

1

n2
=
∑
n=1

1

(2n− 1)2
+
∑
n=1

1

(2n)2
=
∑
n=1

1

(2n− 1)2
+

1

4

∑
n=1

1

n2

� ∑
n=1

1

n2
=
�2

6
.

�ª��

∞∑
n=1

1

n(n+ 1)

(
1 +

1

2
+ · · ·+ 1

n

)
= lim

n→∞
Sn =

∑
n=1

1

n2
=
�2

6
.

5: 'u ∑
n=1

1

(2n− 1)2
=
�2

8
,
∑
n=1

1

n2
=
�2

6

��±ÏLé¼ê� FourierÐm�{��, �[�/ò3112Ù?Ø.

2. y²
∞∑
n=0

(−1)n
2n+ 3

(n+ 1)(n+ 2)
= 1.

y² �ÄÜ©Ú

Sn =
n∑
k=0

(−1)k
2k + 3

(k + 1)(k + 2)
=

n∑
k=0

(−1)k
(

1

k + 2
+

1

k + 1

)

=
n+2∑
k=2

(−1)k
1

k
−

n+1∑
k=1

(−1)k
1

k

=
(−1)n

n+ 2
+ 1,
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¤±
∞∑
n=0

(−1)n
2n+ 3

(n+ 1)(n+ 2)
= lim

n→∞
Sn = 1.

3. � {an} ´��4Oê�. ¦y: ?ê
∞∑
n=1

(
an+1

an
− 1

)
Âñ�¿©7�^�´

{an} k..

y²

Ï�
an+1

an
− 1 > 0, ¤±?ê´��?ê. ��¡:

m∑
n=1

an+1 − an
an

=
m∑
n=1

∫ an+1

an

1

an
dx >

m∑
n=1

∫ an+1

an

1

x
dx

=

∫ am+1

a1

1

x
dx = ln am+1 − ln a1.

,��¡:
m∑
n=1

(
an+1

an
− 1

)
6

m∑
k=1

an+1 − an
a1

=
am+1

a1
− 1

ddíÑé?¿� m k

am+1

a1
− 1 >

m∑
n=1

an+1 − an
an

> ln am+1 − ln a1,

¤± {an} k.��=�?êÜ©Úk., ��=�?êÂñ.

4. � α > 0, {an} ´4O�ê�. ¦y?ê
∞∑
n=1

an+1 − an
an+1aαn

Âñ.

y² w,, ?ê´��?ê.�

an+1 − an
an+1aαn

=
1

aα−1n

(
an+1 − an
an+1an

)
=

1

aα−1n

(
1

an
− 1

an+1

)
.

e α > 1, K
1

aα−1n

üN~k.:
1

aα−1n

6
1

aα−11

. ?ê�Ü©Ú÷v

n∑
k=1

ak+1 − ak
ak+1aαk

=
n∑
k=1

1

aα−1k

(
1

ak
− 1

ak+1

)
6

1

aα−11

n∑
k=1

(
1

ak
− 1

ak+1

)
=

1

aα−11

(
1

a1
− 1

an+1

)
6

1

aα1
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Ïdk., ¤±?êÂñ.

e 0 < α < 1, �
1

ak+1

6 x 6
1

ak
�, k

1

x
> ak, í�

1

x1−α
> a1−αk =

1

aα−1k

, ¤±

n∑
k=1

ak+1 − ak
ak+1aαk

=
n∑
k=1

1

aα−1k

(
1

ak
− 1

ak+1

)

=
n∑
k=1

∫ 1
ak

1
ak+1

1

aα−1k

dx

=
n∑
k=1

∫ 1
ak

1
ak+1

1

x1−α
dx =

1

α

(
1

aα1
− 1

aαn+1

)
6

1

α

1

aα1

ÏdÜ©Ú�k., ¤±Âñ.

5. � Φ(x) ´ [0,∞) þ��î�O¼ê£ùp�Öþ�', ^�U�[0,∞)¤ , {an},
{bn}, {cn} ´n��Kê�÷v

an+1 6 an − bnΦ(an) + cnan,
∞∑
n=1

bn =∞,
∞∑
n=1

cn <∞.

¦y lim
n→∞

an = 0.

y² ek,� an0 = 0, KíÑ an0+1 6 −bn0Φ(0) 6 0,=⇒ an0+1 = 0, ±daí

��an0 �¡��þ�", (Øw,¤á. ÏdØ�� an > 0, ¿P
∞∑
n=1

cn = c.

Ï� an+1 6 an + cnan, ¤±

an+1

an
6 1 + cn,

=⇒ ln an+1 − ln an 6 ln(1 + cn) 6 cn.

l 1 � n− 1 ¦Ú

ln an − ln a1 6
n−1∑
k=1

ck 6 c,

¤± ln an kþ., = an k.: 0 < an 6 a. íÑ?ê
∞∑
n=1

ancn Âñ. �T?ê�Ü©

Ú�

Sn =
n∑
k=1

akck → S

KSn 6 S, d an+1 6 an + cnan �

0− S 6 an+1 − Sn+1 6 an − Sn,

4



¤± an − Sn üN~ke., ÏdÂñ, ddíÑ {an} Âñ. � an → a (n→∞).

e a > 0, K�3 δ > 0 ¦� an > δ > 0, Ïd Φ(an) > Φ(δ), d

an+1 − an + Φ(δ)bn 6 cnan,

¦Ú�

an+1 − a1 + Φ(δ)
n∑
k=1

bk 6 Sn 6 S

=⇒ Φ(δ)
n∑
k=1

bk 6 Sn 6 S + a1,

íÑ
∞∑
n=1

bn Âñ. ù�K¿�gñ. ¤± an → 0 (n→∞).

:µ: �Ky²¥, ¢Sþ^�
SK7.1 ¥16K�(J, =: éü��Kê�

{an}, {bn} ÷v an+1 < an + bn, e
∞∑
n=1

bn Âñ, K {an} Âñ. y²�{�þãy²

aq.

6. � {an} ´�ê�¦�
∞∑
n=1

1
an
Âñ. ¦y:

∞∑
n=1

n

a1 + a2 + · · ·+ an
6 2

∞∑
n=1

1

an
, (1)

�þªmà�Xê 2 ´�Z�.

y² d Cauchy-Schwartz Ø�ª, k

n2(n+ 1)2

4
=

(
n∑
k=1

k

)2

=

(
n∑
k=1

√
ak ·

k
√
ak

)2

6

(
n∑
k=1

ak

)(
n∑
k=1

k2

ak

)
.

Ïd, k

n

a1 + a2 + · · ·+ an
6

4

n(n+ 1)2

n∑
k=1

k2

ak
.
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ü>¦Ú, �

m∑
n=1

n

a1 + a2 + · · ·+ an
6 4

m∑
n=1

1

n(n+ 1)2

n∑
k=1

k2

ak

= 4
m∑
k=1

(
m∑
n=k

1

n(n+ 1)2

)
k2

ak

= 2
m∑
k=1

(
m∑
n=k

2n

n2(n+ 1)2

)
k2

ak

< 2
m∑
k=1

(
m∑
n=k

2n+ 1

n2(n+ 1)2

)
k2

ak

= 2
m∑
k=1

m∑
n=k

(
1

n2
− 1

(n+ 1)2

)
k2

ak

= 2
m∑
k=1

(
1

k2
− 1

(m+ 1)2

)
k2

ak

< 2
m∑
k=1

1

ak
.

u´K8(Ø¤á. e¡y²kãXê 2 ´�Z�. � an =
1

np
, p > 1, K an ÎÜK

¿.Ïd

n

a1 + a2 + · · ·+ an
=

n

1 + 2p + · · ·+ np
=

1

np
1∑n

k=1

(
k
n

)p 1
n

>
1

np
1∫ (n+1)/n

0
xp dx

= (p+ 1)
n

(n+ 1)p+1

> (p+ 1)

(
1

(n+ 1)p
− 1

(n+ 1)p+1

)
> (p+ 1)

(
1

(n+ 1)p
− 1

(n+ 1)2

)
¤±

n∑
k=1

k

a1 + a2 + · · ·+ ak
> (p+ 1)

n∑
k=1

(
1

(k + 1)p
− 1

(k + 1)2

)
> (p+ 1)

n∑
k=1

1

kp
−�

2

6

� p = 1�,m>uÑ� +∞Ïdgñ,¤±�k� p > 1m>Âñ,�Xê p+1 > 2,

¤±Xê´�Z�.
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7. � {an} ´��î�üN4O¢ê�,�é?¿��ê n k an 6 n2 lnn. ¦y: ?

ê
∞∑
n=1

1

an+1 − an
uÑ.

y² e {an} k., KÂñ, ¤± an+1 − an → 0, w,k
∞∑
n=1

1

an+1 − an
uÑ.

e {an} Ã., K an → +∞, Ø��l,�m© an > 0, P bn = an+1 − an > 0,

aqþKí�, k
n∑
k=1

k

b1 + · · ·+ bk
6 2

n∑
k=1

1

bk
,

=
n∑
k=1

k

ak+1 − a1
6 2

n∑
k=1

1

an+1 − an
,

Ï� an 6 n2 lnn, íÑ a1 = 0, ¤±

ak+1 − a1 6 (k + 1)2 ln(k + 1).

íÑ
k

ak+1 − a1
>

k

(k + 1)2 ln(k + 1)
>

2

(k + 1) ln(k + 1)
,

Ï�?ê
∞∑
n=1

2

(n+ 1) ln(n+ 1)

uÑ. ¤±?ê
∞∑
n=1

1

an+1 − an
uÑ.

8. XJ?ê
∞∑
n=1

|an+1 − an| Âñ, Ò¡ê� {an} ´kk.C��.

(1) y²äkk.C��ê� {an} �½Âñ.

(2) �E��uÑ�Ã¡?ê
∞∑
n=1

an ¦�ÙÏ� {an} ´��äkk.C��ê�.

y² é?¿ ε > 0, Ï?ê
∞∑
n=1

|an+1 − an| Âñ, ¤±�3 N > 0 ¦�� n > N

�, k

|an+p − an| 6

∣∣∣∣∣
n+p−1∑
k=1

(ak+1 − ak)

∣∣∣∣∣ 6
∞∑
k=1

|ak+1 − ak| < ε

é?Û��ê p ¤á, ¤± {an} Âñ.

� an =
1

n
, K

∞∑
n=1

1

n
uÑ, �´

∞∑
n=1

|an+1 − an| =
∞∑
n=1

1

n(n+ 1)
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Âñ.

9. �¼ê� {fn(x)}, n = 1, 2, · · · 3«m [0, 1] þd�ª

f0(x) = 1, fn(x) =
√
xfn−1(x)

½Â, y²� n→∞ �, ¼ê�3 [0, 1] þ��Âñ���ëY¼ê.

y² ^8B{, �4íÑ:

fn(x) = x1−1/2
n

, x ∈ [0, 1]

Ïd

fn(x)− x = x1−1/2
n − x > 0, x ∈ [0, 1]

@o fn(0)− 0 = fn(1)− 1 = 0, ¦�

f ′n(x)− 1 =

(
1− 1

2n

)
x−1/2

n − 1

)����:�

an =

(
1− 1

2n

)2n

∈ (0, 1).

¤±

0 6 fn(x)− x 6 fn(an)− an 6 a−1/2
n

n − 1 =

(
1− 1

2n

)−1
− 1 6 2

1

2n

é?¿ x ∈ [0, 1] ¤á, ¤± fn(x) 3[0, 1] þ��Âñu x.

10. 48½ÂëY��¼êS� f1, f2, · · · : [0, 1)→ R, Xe: f1 = 1, 3 (0, 1) þk

f ′n+1 = fnfn+1,

� fn+1(0) = 1. ¦y: éz�� x ∈ (0, 1), lim
n→∞

fn(x) �3, ¿¦ÑÙ4�¼ê.

y² 1�Ú: ky²{fn(x)} Âñ. d^��

fn+1(x) = e

x∫
0

fn(t)dt
, x ∈ [0, 1),

Ù¥ f1(x) = 1, f2(x) = ex > 1 = f1(x). b� fn+1(x) > fn(x), @o

fn+2(x) = e
∫ x
0 fn+1(t)dt > e

∫ x
0 fn(t)dt = fn+1(x),

8



¤±¼ê� {fn(x)} 'u n üN4O.

qÏ�3x ∈ [0, 1) þ, f1(x) 6
1

1− x
, bX fn(x) 6

1

1− x
, x ∈ [0, 1), @o

fn+1 = e
∫ x
0 fn(t)dt 6 e

∫ x
0

1
1−t

dt =
1

1− x
.

¤±{fn(x)} kþ.. u´éz�� x ∈ [0, 1), fn(x) Âñ.�

lim
n→∞

fn(x) = f(x), x ∈ [0, 1).

1�Ú: y²{fn(t)} 3[0, x] (0 < x < 1) þ��Âñ. �

un(x) = fn+1(x)− fn(x), u0(x) = f1(x), n = 0, 1, 2, · · · ,

K{un(x)} ´ëY����¼ê�, �?êÂñ:

∞∑
n=0

un(x) = lim
n→∞

n∑
k=0

uk(x) = lim
n→∞

fn+1(x) = f(x).

5¿�

u′n(x) = f ′n+1(x)− f ′n(x) = fn(x)(fn+1(x)− fn−1(x)) > 0,

¤±éz� n, un(x) 'u x üNO.

Ïd3«m [0, x] (0 < x < 1) þ, k

0 6 un(t) 6 un(x), t ∈ [0, x].

Ïd?ê
∞∑
n=0

un(t) 3 t ∈ [0, x] þ��Âñ, �Ò´¼ê� {fn(t)} 3[0, x] þ��Â

ñ. ddíÑ f(t) 3 [0, x] þ�È�∫ x

0

f(t) dt =

∫ x

0

lim
n→∞

n∑
k=0

uk(t) dt = lim
n→∞

∫ x

0

n∑
k=0

uk(t) dt

= ∫ x

0

f(t) dt =

∫ x

0

lim
n→∞

fn+1(t) dt = lim
n→∞

∫ x

0

fn+1(t) dt.

3�ª

fn+1(x) = e
∫ x
0 fn(t)dt, x ∈ [0, 1),

ü>�4��

f(x) = e
∫ x
0 f(t)dt,

Ïd f(x) ��, �

f ′(x) = f 2(x),

9



)�§¿5¿� f(0) = 1, k

f(x) =
1

1− x
.

11. � f0(x) ´«m [0, a] þëY¼ê, y²Uìe�úª

fn(x) =

x∫
0

fn−1(u) du

½Â�¼ê� {fn(x)} 3«m [0, a] þ��Âñu 0.

y² Ï f0(x) 3[0, a] þëY, ¤±�3 M ¦� |f0(x)| 6 M, x ∈. Ïd, ^8

B{�íÑ

|fn(x)| 6 M

n!
xn 6

M

n!
an (0 6 x 6 a),

¤±{fn(x)} 3«m [0, a] þ��Âñu 0.
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