
15ÙnÜSKK)

1. � m,n ���ê, y²

(1)

∫ 2�

0

sinmx · cosnx dx = 0;

(2)

∫ 2�

0

sinmx · sinnx dx =

∫ 2�

0

cosmx · cosnx dx =

�, X m = n

0, X m 6= n
.

y² ���y.

:µ: �K3Fourier ©Û¥å�Ä:5�^. é?¿ü��È¼ê, È©

(f, g) =

∫ 2�

0

f(x)g(x) dx

½Â
�«SÈ. �K`²n�¼ê3þãSÈ½Âe´��£R�¤�.

2. � m,n ���ê, P

B(m,n) =

∫ 1

0

xm(1− x)n dx.

y²: (1) B(m,n) = B(n,m); (2) B(m,n) =
m!n!

(m+ n+ 1)!
.

y² |^©ÜÈ©k

B(m,n) =

∫ 1

0

xm(1− x)n dx =
1

m+ 1

∫ 1

0

(1− x)n dxm+1

=
n

m+ 1

∫ 1

0

xm+1(1− x)n−1 dx =
n

m+ 1
B(m+ 1, n− 1)

= · · ·

=
m!n!

(m+ n)!

∫ 1

0

xm+n dx =
m!n!

(m+ n+ 1)!
,

¿�w,÷v B(m,n) = B(n,m).

:µ: XJr��ê m,n �¤ëYCþ

B(p, q) =

∫ 1

0

xp−1(1− x)q−1 dx.

K�Ñ
�«��¼ê B(p, q) ¡�Euler ¼ê£eÆÏù¤.
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3. O�e�È©.

(1)

∫ 2

1
2

(
1 + x− 1

x

)
ex+

1
x dx;

(2)

∫ n�

0

x| sinx| dx (n �g,ê);

(3)� f(x) =

∫ x+2�

x

(1 + esin t − e− sin t) dt+
1

1 + x

∫ 1

0

f(t) dt,

¦

∫ 1

0

f(x) dx.

)

(1)

∫ 2

1
2

(
1 + x− 1

x

)
ex+

1
x dx =

∫ 2

1
2

d
(
xex+

1
x

)
= xex+

1
x

∣∣∣2
1/2

=
3

2
e5/2.

(2)

∫ n�

0

x| sinx| dx =
n−1∑
k=0

∫ (k+1)�

k�
x| sinx| dx =

n−1∑
k=0

∫ �
0

(u+ k�)| sinu| du

=
n−1∑
k=0

∫ �
0

(u+ k�) sinu du = n

∫ �
0

u sinu du+
n−1∑
k=0

k�
∫ �
0

sinu du

= n�+ n(n− 1)�= n2�.

(3) Ï�1 + esin t − e− sin t ´± 2��±Ï�±Ï¼ê, esin t − e− sin t ´Û¼ê, ¤

±|^±Ï5Úé¡«mþÛ¼êÈ©∫ x+2�

x

(1 + esin t − e− sin t) dt =

∫ �
−�

(1 + esin t − e− sin t) dt

= 2�+

∫ �
−�

(esin t − e− sin t) dt = 2�

ù��ªz{�

f(x) = 2�+
1

1 + x

∫ 1

0

f(t) dt,

ü>é x È©, ¿5¿�3é x È©L§¥,
1∫
0

f(t) dt ´~ê, Ïd�

∫ 1

0

f(x) dx = 2�+

∫ 1

0

(
1

1 + x

∫ 1

0

f(t) dt

)
dx

= 2�+

∫ 1

0

f(t) dt

∫ 1

0

1

1 + x
dx = ln 2

∫ 1

0

f(t) dt,
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)� ∫ 1

0

f(x) dx =
2�

1− ln 2
.

:µ: (1) ¥�ÏL�©uy�È¼ê÷v
(

1 + x− 1

x

)
ex+

1
x dx = d

(
xex+

1
x

)
.

=�È¼ê��¼ê´xex+
1
x . (2) ¥éÈ©«m©ã. (3) ¥éu±Ï� T �¼

êf(x), 3��±ÏS[x, x+ T ] �È©�±Ï�å: x Ã'£SK 5.1121K¤:∫ x+T

x

f(t) dt =

∫ 0

x

f(t) dt+

∫ T

0

f(t) dt+

∫ x+T

T

f(t) dt,

þªm>1n�È©ÏLC� t = u+ T Ú f(x) �±Ï5, �1��È©-�, ¤±∫ x+T

x

f(t) dt =

∫ T

0

f(t) dt.

4. y²
1

2n+ 2
<

�
4∫
0

tann x dx <
1

2n
(n = 1, 2, · · · ).

y² - u = tanx, ¤±∫ �
4

0

tann x dx =

∫ 1

0

un

1 + u2
du.

éu 0 < u < 1, kØ�ª:

un

2
<

un

1 + u2
<
un

2u
=
un−1

2
,

ÏdéØ�ªÈ©�

1

2n+ 2
<

�
4∫

0

tann x dx <
1

2n
.

:µ: �K����íØ´:

lim
n→∞

∫ �
4

0

tann x dx = 0,

aqÈ©4�£X115K¤��k�OÈ©, 2�4�.

5. �¼ê f 3 [a, b] þ�È, �
b∫
a

f(x)dx > 0, y²: 7k��«m [α, β] ⊂ [a, b], ¦

�é?¿ x ∈ [α, β], k f(x) > 0. ('�SK5.1¥18K.)
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y² (�y{) Pa =
b∫
a

f(x)dx > 0, � ε =
a

2
> 0, K�3 δ > 0, é[a, b] �?¿

©�:

T : a = x0 < x1 < · · · < xn = b,

�� |T | < δ, Òk

a− a

2
<

n∑
k=1

f(ξk)∆xk < a+
a

2
,

é?¿ ξk ∈ [xk−1, xk] ¤á.

XJ f(x)3?Û4f«m [α, β] ⊂ [a, b]þ,Ñ�3�: ξ ∈ [α, β],¦� f(ξ) 6 0,

@oé[xk−1, xk], k = 1, · · · , n, � ξk ∈ [xk−1, xk], k = 1, · · · , n, ¦� f(ξk) 6 0, Òk

0 >
n∑
k=1

f(ξk)∆xk > a− a

2
=
a

2
> 0,

gñ. Ïdb�Ø¤á, =�½�3 [α, β] ⊂ [a, b] ¦� f(x) > 0, x ∈ [α, β].

:µ: �K^�XJU�¼ê f(x) ëY, @o¯KÒC�{ü
.d
b∫
a

f(x)dx >

0, íÑ f(x) Ø�U´�K¼ê, Ïd�½�3�: x0 ∈ [a, b] ¦� f(x0) > 0, �â

ëY5�Ä�5�: f(x) 3 x0 �NCð�, =�3[α, β] ⊂ [a, b] ¦�f(x) 3[α, β] þ

ð�.

�,ëY¼êÚ�È¼ê3�K^�eäk�Ó5�, �´y²�{��ØÓ.

6. (1) � f ´??ëY�ó¼ê, K f 7k���¼ê�Û¼ê;

(2) � f ´??ëY�Û¼ê, K f �?���¼êÑ´ó¼ê. (Á'�SK3.1,

115K.)

y² � f(x) ëY, � f(x) ����¼ê�

F (x) =

∫ x

0

f(t) dt,

@o��� t→ −t, k

F (−x) =

∫ −x
0

f(t) dt = −
∫ x

0

f(−t) dt =

−
∫ x
0
f(t) dt = −F (x) � f(x) ´ó¼ê;∫ x

0
f(t) dt = F (x) � f(x) ´Û¼ê

,

¤±(Ø¤á.

:µ : Ï��¼êØ��, ¤±ó¼ê�k���¼ê´Û¼ê, Û¼ê�¤

k�¼êÑ´ó¼ê. ù´©O'u�:é¡Úy ¶é¡�Ûó5��O��.
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7. Þ~`², �3��ëY�±Ï¼ê f , ¦� f ��¼êÑØ´±Ï¼ê. (Á'

�SK3.1, 116K.)

y² � f(x) = | sinx|, K f(x) ´±Ï���ëY¼ê. P

F (x) =

∫ x

0

| sin t| dt,

Ké?¿� T 6= 0:

F (x+ T )− F (x) =

∫ x+T

x

| sin t| dt > 0,

¤± F (x) Ø´±Ï¼ê.

:µ : ±þüK©O�ÑÛ¼ê!ó¼êÚ±Ï¼ê��¼ê´Ä�3�k5

��?Ø. 3È©�, ¿©|^È©�Ûó5!±Ï5¬¦�È©{z. �(ÜSK

rÛó5!±Ï5¼ê�È©5�În�H.

8. �
a0

n+ 1
+
a1
n

+ · · ·+ an = 0,

y²: õ�ª

a0x
n + a1x

n−1 + · · ·+ an

3 (0, 1) S��k��":. (�K´1 3 ÙnÜSK�13K, ùp�¦^È©�Ã

{5Øy. )

y² b� f(x) = a0x
n + a1x

n−1 + · · · + an 3 (0, 1) Svk":, K��ëY¼

ê, f(x) > 0, x ∈ (0, 1) ½ f(x) < 0, x ∈ (0, 1), Ø�� f(x) 3 (0, 1) þð�, Ïd

0 <

∫ 1

0

f(x) dx =

∫ 1

0

(a0x
n + a1x

n−1 + · · ·+ an) dx =
a0

n+ 1
+
a1
n

+ · · ·+ an,

gñ, Ïd f(x) 3(0, 1) S7�3":.

9. �¼ê f 3 [0,�] þëY, �k∫ �
0

f(x) sinx dx =

∫ �
0

f(x) cosx dx = 0.

Áy3 (0,�) S�3ü: x1 Ú x2, ¦� f(x1) = f(x2) = 0..
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y² e f(x) ≡ 0, (Øw, , Ø�� f(x) Ø´ð�u 0 �¼ê. y²©±e

Ú½�¤:

1�Úµe f(x) 3(0,�) þØCÒ, K f(x) sinx 3(0,�) þ�ØCÒ, Ø��

f(x) sinx �K, íÑ
�∫
0

f(x) sinx dx > 0 , �K¿gñ. Ïd f(x) 3(0,�) þCÒ, í

Ñ���3��":.

1�Úµ�f(x) 3(0,�) þCÒ, e f(x) �k��": x1 ∈ (0,�), K f(x) 3

x1 üýÉÒ, Ø��

f(x) > 0, x ∈ (0, x1); f(x) < 0, x ∈ (x0,�).

ddíÑ

0 = cos x1

∫ �
0

f(x) sinx dx− sinx1

∫ �
0

f(x) cosx dx

=

∫ �
0

f(x) sin(x− x1) dx

=

∫ x1

0

f(x) sin(x− x1) dx+

∫ �
x1

f(x) sin(x− x1) dx,

�´3m>1��È©¥, Ï 0 < x < x1, íÑ −� < −x1 < x − x1 < 0, ¤±

sin(x− x1) < 0, �� 0 < x < x1 � f(x) > 0, íÑ∫ x1

0

f(x) sin(x− x1) dx < 0;

3m>1��È©¥, Ï x1 < x < �, íÑ 0 < x − x1 < �− x1 < �, ¤±

f(x) < 0, sin(x− x1) > 0, íÑ∫ �
x1

f(x) sin(x− x1) dx < 0,

¤±gñ, Ïd f(x) ��kü�":.

10. � f(x) ??ëY, f(0) = 0, � f ′(0) �3. P

F (x) =

1∫
0

f(xy) dy,

y² F (x) ??��, ¿¦Ñ F ′(x).

6



y² w, F (0) = 0, � x 6= 0 �, �C� xy = u, K

F (x) =

∫ 1

0

f(xy) dy =
1

x

∫ x

0

f(u) du.

3x 6= 0 ?:

F ′(x) =
f(x)

x
− F (x)

x
(x 6= 0).

3 x = 0 ?:

F ′(0) = lim
x→0

F (x)− F (0)

x− 0
= lim

x→0

1

x2

∫ x

0

f(u) du = lim
x→0

f(x)

2x
=
f ′(0)

2
.

11. (1) �

f(x) =

e−x
2
, |x| 6 1

1, |x| > 1.
; F (x) =

x∫
0

f(t) dt,

ÁïÄ F (x) 3=
:��. (J«: �SK5.1 ¥1 16 KØÓ, �KÃ{¦Ñ F (x)

�wªL«.)

(2) � f(x) =
x∫
0

cos
1

t
dt, ¦y f ′+(0) = 0.

) (1) Ï� f(x) �È, ¤± F (x) ??ëY.

� x > 1 �,

F (x) =

∫ x

0

f(t) dt =

∫ 1

0

f(t) dt+

∫ x

1

f(t) dt =

∫ 1

0

e−t
2

dt+ x− 1;

� |x| 6 1 �,

F (x) =

∫ x

0

e−t
2

dt;

� x < −1 �,

F (x) =

∫ x

0

f(t) dt =

∫ −1
0

f(t) dt+

∫ x

−1
f(t) dt = −

∫ 1

0

e−t
2

dt+ x+ 1;

=⇒ F (x) =


∫ 1

0
e−t

2
dt+ x− 1, x > 1,∫ x

0
e−t

2
dt, |x| 6 1,

−
∫ 1

0
e−t

2
dt+ x+ 1, x < −1.
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Uì/©ã¼ê©ã?n0��K, F (x) 3 x 6= ±1 ??��. 3 x = 1 ?:

F ′−(1) = lim
x→1−

F (x)− F (1)

x− 1
= lim

x→1−

1

x− 1

(∫ x

0

e−t
2

dt−
∫ 1

0

e−t
2

dt

)
= lim

x→1−

1

x− 1

(∫ x

1

e−t
2

dt

)
= e−1;

F ′+(1) = lim
x→1+

F (x)− F (1)

x− 1
lim
x→1+

1

x− 1

(∫ 1

0

e−t
2

dt+

∫ x

1

dt−
∫ 1

0

e−t
2

dt

)
= lim

x→1+

x− 1

x− 1
= 1

¤± F (x) 3 x = 1 Ø��, ÓníÑ3 x = −1 �Ø��.

(2) Ï�

f(x) =

∫ x

0

cos
1

t
dt = −

∫ x

0

t2 d

(
sin

1

t

)
= −t2 sin

1

t

∣∣∣x
0

+ 2

∫ x

0

t sin
1

t
dt = −x2 sin

1

x
+ 2

∫ x

0

t sin
1

t
dt,

¤± f(0) = 0, �

f ′+(0) = lim
x→0+

f(x)− f(0)

x
= lim

x→0+

1

x

(
−x2 sin

1

x
+ 2

∫ x

0

t sin
1

t
dt

)
= 0.

:µ : éu©ã¼ê, 3©ã:?�ëY5Ú��5��æ^´Ä�mëY½�

m��5�ä.

12. �¼ê f ??ëY.y²

lim
h→0

1

h

∫ b

a

[f(x+ h)− f(x)] dx = f(b)− f(a).

y²

1

h

∫ b

a

[f(x+ h)− f(x)] dx =
1

h

∫ b

a

f(x+ h) dx− 1

h

∫ b

a

f(x) dx

=
1

h

∫ b+h

a+h

f(u) du− 1

h

∫ b

a

f(x) dx

=
1

h

∫ b+h

b

f(x) dx− 1

h

∫ a+h

a

f(x) dx,

8



Ï� f(x) ëY, ¤±�m>ü�Cþ�È©��, |^L’Hospital {K, k

lim
h→0

1

h

∫ b

a

[f(x+ h)− f(x)] dx = lim
h→0

(
1

h

∫ b+h

b

f(x) dx− 1

h

∫ a+h

a

f(x) dx

)
= f(b)− f(a).

13. �¼ê f(x) 3 [a, b] þëY��.y²

lim
λ→∞

∫ b

a

f(x) sinλx dx = 0. lim
λ→∞

∫ b

a

f(x) cosλx dx = 0.

y² �©ÜÈ©, k∫ b

a

f(x) sinλx dx = −1

λ

∫ b

a

f(x) d cosλx

= −1

λ
f(x) cosλx

∣∣∣b
a

+
1

λ

∫ b

a

f ′(x) cosλx dx

= −1

λ
(f(b) sinλb− f(a) sinλa) +

1

λ

∫ b

a

f ′(x) cosλx dx.

Ù¥ ∣∣∣∣1λ(f(b) d sinλb− f(a) sinλa)

∣∣∣∣ 6 1

|λ|
|f(b)|+ |f(a)| → 0 (λ→∞);∣∣∣∣1λ

∫ b

a

f ′(x) cosλx dx

∣∣∣∣ 6 1

|λ|

∫ b

a

|f ′(x)| dx→ 0 (λ→∞),

¤±

lim
λ→∞

∫ b

a

f(x) sinλx dx = 0.

:µ : ùp/ëY��0��´�¼ê�ëY. �K�A~´

lim
n→∞

∫ b

a

f(x) sinnx dx = 0. lim
n→∞

∫ b

a

f(x) cosnx dx = 0.

14. y²: lim
x→+∞

1

x

x∫
0

| sin t| dt =
2

�
.
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y² Ï�
x∫
0

| sin t| dt ´ x ���üNO¼ê, é?¿¿©�� x, �3��ê

n, ¦�

n�6 x < (n+ 1)�,

¤± ∫ n�

0

| sin t| dt 6
∫ x

0

| sin t| dt 6
∫ (n+1)�

0

| sin t| dt.

Ù¥ ∫ (n+1)�

0

| sin t| dt =
n∑
k=0

∫ (k+1)�

k�
| sin t| dt =

n∑
k=0

∫ �
0

sin t dt = 2(n+ 1)

∫ n�

0

| sin t| dt =
n−1∑
k=0

∫ (k+1)�

k�
| sin t| dt =

n−1∑
k=0

∫ �
0

sin t dt = 2n,

=⇒ 1

(n+ 1)�

∫ n�

0

| sin t| dt 6 1

x

∫ x

0

| sin t| dt 6 1

n�

∫ (n+1)�

0

| sin t| dt,

=⇒ 2n

(n+ 1)�
6

1

x

∫ x

0

| sin t| dt 6 2(n+ 1)

n�
,

- x→ +∞, k n→ +∞, �

lim
x→+∞

1

x

x∫
0

| sin t| dt =
2

�
.

:µ : �K�A:´|^Ø�ªn�6 x < (n + 1)�, Ú?lÑCþ, 2æ��Y

�{.

15. y²: lim
n→∞

∫ �
2

0

sinn x dx = 0.

y² é?¿� 0 < ε < 1, � δ =
ε

2
, K

∫ �
2

0

sinn x dx =

∫ �
2
−δ

0

sinn x dx+

∫ �
2

�
2
−δ

sinn x dx

< 2
[
sin
(�

2
− δ
)]n

+ δ = 2 cosn
ε

2
+
ε

2
.

Ï 0 < cos ε
2
< 1, ��3 N > 0 ¦�� n > N �, k∣∣∣2 cosn

ε

2

∣∣∣ < ε

2
,

10



¤±� n > N �, k ∣∣∣∣∣
∫ �

2

0

sinn x dx

∣∣∣∣∣ < ε.

:µ: �K7LéÈ©?1�O�2�4�, ØU��ò4��?È©Ò:

lim
n→∞

∫ �
2

0

sinn x dx =

∫ �
2

0

lim
n→∞

sinn x dx = 0,

ù��´�Ø�. �kÚ?¤¢/��50£17Ù�[?Ø¤Vg�, â�?ØÈ

©�4�ü«$����¯K. ,	, XJ|^®�(J

∫ �
2

0

sinn x dx =

∫ �
2

0

cosn x dx =


(n− 1)!!

n!!
, n �Ûê,

(n− 1)!!

n!!
·�
2
, n �óê.

2¦4�, L§��E,.

16. � f(x) ´ [a, b] þ�ëY¼ê, � f(x) > 0 (é x ∈ [a, b]). P f(x) 3ù«mþ

����� M , K

lim
n→∞

(∫ b

a

fn(x)dx

) 1
n

= M.

y² �â4«mþëY¼ê�½U
������(J, � f(x0) = M x0 ∈
(a, b). é?¿� ε > 0, �3 δ > 0 ¦�

f(x) > M − ε

2
, x ∈ (x0 − δ, x0 + δ) ⊂ (a, b),

Ïd

M
n
√
b− a >

(∫ b

a

fn(x)dx

) 1
n

>

(∫ x0+δ

x0−δ
fn(x)dx

) 1
n

>
(
M − ε

2

)
n
√

2δ,

- n→ +∞, ¿|^ n
√
α→ 1 (n→ +∞) é α > 0 ¤á�(J, Òk

M + ε > M > lim
n→∞

(∫ b

a

fn(x)dx

) 1
n

>M − ε

2
> M − ε

é?¿�ε > 0 ¤á, =

lim
n→∞

(∫ b

a

fn(x)dx

) 1
n

= M.

11



5: e x0 3 [a, b] �à:, ��ò (x0 − δ, x0 + δ) �¤��«m=�.

17. (1) � f(x) ´ [1,+∞) þ�4O!�K¼ê, Ké?¿g,ê n, k

0 6
n∑
k=1

f(k)−
∫ n

1

f(x) dx 6 f(n);

(2) � f(x) ´ [1,+∞) þ�4~!�K¼ê, Ké?¿g,ê n, k

0 6
n∑
k=1

f(k)−
∫ n

1

f(x) dx 6 f(1).

d	, 4�

lim
n→∞

(
n∑
k=1

f(k)−
∫ n

1

f(x) dx

)
= α

�3, � 0 6 α 6 f(1).

y² (1) � f(x) ´ [1,+∞) þ�4O!�K¼ê�, k

f(k) 6
∫ k+1

k

f(x) dx 6 f(k + 1),

é k = 1, 2, · · · , n− 1 ¦Ú�

n∑
k=1

f(k)− f(n) 6
∫ n

1

f(x) dx 6
n∑
k=1

f(k)− f(1),

¤±

0 6 f(1) 6
n∑
k=1

f(k)−
∫ n

1

f(x) dx 6 f(n).

(2) � f(x) ´ [1,+∞) þ�4~!�K¼ê�, éu k 6 x 6 k + 1, k

f(k) >
∫ k+1

k

f(x) dx > f(k + 1),

é k = 1, 2, · · · , n− 1 ¦Ú�

n∑
k=1

f(k)− f(n) >
∫ n

1

f(x) dx >
n∑
k=1

f(k)− f(1),

¤±

f(1) >
n∑
k=1

f(k)−
∫ n

1

f(x) dx > f(n) > 0,

12



-

an =
n∑
k=1

f(k)−
∫ n

1

f(x) dx, n = 1, 2, · · ·

K an > 0 ke., �

an+1 − an = f(n+ 1)−
∫ n+1

n

f(x) dx 6 0,

¤±ê� {an} üN4~, ÏdÂñ. Ï 0 6 an 6 f(1), ¤±4��α ÷v 0 6 α 6

f(1).

:µ: ,
Ø´��?nlÑþ�Ú, �±ÏL´u?n�ëYþÏLÈ©�Ñ

�O, ~X, ��O
n∑
k=1

√
k ����£=�Oþ!e.¤, �/^¼ê f(x) =

√
x, §

´üNO�K¼ê.|^ (1) ¥(Jk

0 6
n∑
k=1

√
k −

∫ n

1

√
x dx 6 f(n).

íÑ
2

3
(
√
n
3 − 1) 6

n∑
k=1

√
k 6
√
n+

2

3
(
√
n
3 − 1).

/Ï�KüN~¼ê f(x) =
1

x
(x > 1), |^ (2), k

0 6
n∑
k=1

1

k
−
∫ n

1

1

x
dx 6 1 (n > 1),

í�

lnn 6
n∑
k=1

1

k
6 lnn+ 1 (n > 1),

�,
n∑
k=1

1
k
ªuÃ¡�, �´~�Ã¡�þ lnn �, ´Âñ�, P

γ = lim
n→∞

(
n∑
k=1

1

k
− lnn

)

¿¡�î.~ê. þª��Ñü�Ã¡�þ´�d�:

n∑
k=1

1

k
∼ lnn (n→ +∞).
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18. (Cauchy È©Ø�ª) � f(x) � g(x) 3 [a, b] þëY, y²(∫ b

a

f(x)g(x) dx

)2

6
∫ b

a

f 2(x) dx

∫ b

a

g2(x) dx,

�Ò¤á�¿©7�^�´: f Ú g ¥k��ð�", ½ f(x) = λg(x) (é x ∈ [a, b]),

ùp λ ´��~ê.

y² Ø��f Ú g ÑØð�", ÄK����ð�",(Øw,¤á.

�{� é?¿ t,

0 6
∫ b

a

(f(x) + tg(x))2 dx =

∫ b

a

f 2(x) dx+ 2t

∫ b

a

f(x)g(x) dx+ t2
∫ b

a

g2(x) dx,

þªm>´t ��gn�ª, �â�O{=��Cauchy È©Ø�ª.�ª¤á��=

�'u t ��gn�ªk��":, =�3��� t0 ¦�∫ b

a

(f(x) + t0g(x))2 dx = 0,

Ï (f(x) + t0g(x))2 ëY�K, ¤± f(x) + t0g(x) ≡ 0.

�{� À b �Cþ, È©�Cþ�È©. -

F (b) =

(∫ b

a

f(x)g(x) dx

)2

−
∫ b

a

f 2(x) dx

∫ b

a

g2(x) dx,

K F (a) = 0 � F (b) é b ��:

F ′(b) = 2f(b)g(b)

∫ b

a

f(x)g(x) dx− f 2(b)

∫ b

a

g2(x) dx− g2(b)
∫ b

a

f 2(x) dx

=

∫ b

a

(f(b)g(x)− f(x)g(b))2 dx > 0,

¤± F (b) 'ub üNO: F (b) > F (a) = 0 (b > a), ÏdÒkCauchy È©Ø�ª. �

Ò¤á��=� F (b) ´~ê, = F ′(b) = 0, �Ò´

f(b)g(x)− f(x)g(b) ≡ 0,

¤±�Ò¤á��=� f(x) Ú g(x) ¤'~.

19. � f(x) 3 [0, 1] þkëY��ê, Ké?¿ a ∈ [0, 1], k

|f(a)| 6
∫ 1

0

|f(x)| dx+

∫ 1

0

|f ′(x)| dx.
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y² Ï f(x) 3 [0, 1] þëY, |^È©¥�úª, �3 x0 ∈ [0, 1] ¦�∫ 1

0

f(x) dx = f(x0),

é?¿� a ∈ [0, 1], k∫ 1

0

|f(x)| dx+

∫ 1

0

|f ′(x)| dx >
∫ 1

0

|f(x)| dx+

∣∣∣∣∫ a

x0

|f ′(x)| dx
∣∣∣∣

>

∣∣∣∣∫ 1

0

f(x) dx

∣∣∣∣+

∣∣∣∣∫ a

x0

f ′(x) dx

∣∣∣∣
=

∣∣∣∣∫ 1

0

f(x) dx

∣∣∣∣+ |f(a)− f(x0)|

>

∣∣∣∣∫ 1

0

f(x) dx+ f(a)− f(x0)

∣∣∣∣
= |f(a)|.

20. y²: 0.944 <
1∫
0

sinx

x
dx < 0.947.

y² : |^ sinx 3 x = 0 ?�Taylor Ðm.Äk�3 0 < θ < 1 ¦�

sinx = x− x3

6
cos θx > x− x3

6
,

¤±kØ�ª

sinx > x− x3

6
(x > 0),

=⇒
∫ 1

0

sinx

x
dx >

∫ 1

0

(
1− x2

6

)
dx = 1− 1

18
> 0.944;

,��¡, �3 0 < θ′ < 1 ¦�

sinx = x− x3

6
+
x5

5!
cos θ′x < x− x3

6
+
x5

5!
,

¤±kØ�ª

sinx < x− x3

6
+
x5

5!
,

=⇒
∫ 1

0

sinx

x
dx <

∫ 1

0

(
1− x2

6
+
x4

5!

)
dx < 0.947.
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:µ: éu sinx x ∈ [0, 1], Ù3 x = 0 �TaylorÐmª¥, �ÐmÛê�£½ó

ê�¤�, {�©O�K£½�¤, �´|^ù�A:, �Ñü�Ø�ª?��K8

¥È©�þe���O. ü�Ø�ª��æ^¦���{�Ñ, ~X�

ϕ(x) = sinx− x+
x3

6

¦�� ϕ′′(x) = − sinx+ x > 0, ¤±ϕ′(x) üNO, ϕ′(x) > ϕ′(0) = 0, íÑ ϕ(x) üN

O, ϕ(x) > ϕ(0) = 0

21. � f(x) 3«m [0, 1] þëY��, � |f ′(x)| 6M . y²∣∣∣∣∣
∫ 1

0

f(x) dx− 1

n

n∑
k=1

f

(
k

n

)∣∣∣∣∣ 6 M

2n
.

y² ∣∣∣∣∣
∫ 1

0

f(x) dx− 1

n

n∑
k=1

f

(
k

n

)∣∣∣∣∣ =

∣∣∣∣∣
n∑
1

∫ k/n

(k−1)/n

(
f(x)− f

(
k

n

))
dx

∣∣∣∣∣
6

n∑
k=1

∫ k/n

(k−1)/n

∣∣∣∣f(x)− f
(
k

n

)∣∣∣∣ dx

6
n∑
k=1

∫ k/n

(k−1)/n

∣∣∣∣f ′(ξk)(x− k

n

)∣∣∣∣ dx

6M
n∑
k=1

∫ k/n

(k−1)/n

(
k

n
− x
)

dx =
M

2n
.

:µ: ù´'�²;�?n�{: òÈ©©ã, ò¦Ú�¤È©. 2|^�©¥�

úªÚØ�ª��O=�.

22. � f : R→ (0,+∞) ´����¼ê, �é?¿¢ê x, y ÷v

|f ′(x)− f ′(y)| 6 |x− y|.

¦y: é?¿¢ê x, k

(f ′(x))
2
< 2f(x).
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y² dK¿, f(x) > 0 é?Û x ¤á. � h > 0 �,

0 < f(x+ h) = f(x) +

∫ x+h

x

(f ′(t)− f ′(x)) dt+ hf ′(x),

�â^�, éu t > x, k

f ′(t)− f ′(x) 6 t− x,

¤±

0 < f(x+ h) = f(x) +

∫ x+h

x

(f ′(t)− f ′(x)) dt+ hf ′(x)

< f(x) +

∫ x+h

x

(t− x) dt+ hf ′(x)

= f(x) +
h2

2
+ hf ′(x)

Ón� h < 0 �,k

0 < f(x− h) = f(x) +

∫ x−h

x

(f ′(t)− f ′(x)) dt− hf ′(x)

< f(x) +

∫ x−h

x

(t− x) dt− hf ′(x)

= f(x) +
h2

2
− hf ′(x)

¤±é?¿ h k
h2

2
+ f ′(x)h+ f(x) > 0,

=þª�>��gn�ªvk¢�, =

(f ′(x))
2
< 2f(x).

:µ: �Kwþ�����©�K8, �´���Ä�XeNewton-Leibniz úª

f(x)− f(a) =

∫ x

a

f ′(t) dt

Ò�±ïá�©ÚÈ©�xù.

23. (1�þP192, 127K)

£1¤� f(x) ´[0, 1] þüN4~�ëY¼ê, y²: é?¿ α ∈ (0, 1), k∫ α

0

f(x) dx > α

∫ 1

0

f(x) dx;
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£2¤e=b� f(x) 3 [0, 1] þüN4~, y²Ó��(Ø.

y² £1¤� y{�µÏ f(x) ëYüN~, ÏL����∫ α

0

f(x) dx = α

∫ 1

0

f(αx) dx,

é x ∈ [0, 1], k αx < x, ¤± f(αx) > f(x), È©�∫ 1

0

f(αx) dx >
∫ 1

0

f(x) dx

=⇒
∫ α

0

f(x) dx = α

∫ 1

0

f(αx) dx > α

∫ 1

0

f(x) dx;

£1¤� y{�µ�

g(α) =
1

α

∫ α

0

f(x) dx,

Ï f(x) ëY, Ïd
α∫
0

f(x) dx ´ α ���¼ê, é g(α) ¦��

g′(α) =
1

α2

(
αf(α)−

∫ α

0

f(x) dx

)
=

1

α2

∫ α

0

(f(α)− f(x)) dx 6 0.

¤± g′(α) 6 0, g(α) üN~, Ïd g(α) > g(1) =
1∫
0

f(x) dx =�(J.

£2¤� y{�µÏ f(x) 3[0, 1] þüN~, Ïd�È.

α

∫ 1

0

f(x) dx = α

∫ α

0

f(x) dx+ α

∫ 1

α

f(x) dx,

é x ∈ [α, 1], f(x) 6 f(α), Ïd

1∫
α

f(x) dx 6

1∫
α

f(α) dx = (1− α)f(α).

é x ∈ [0, α], f(x) > f(α), Ïd
α∫

0

f(x) dx >

α∫
0

f(α) dx = αf(α).

íÑ

α

∫ 1

0

f(x) dx = α

∫ α

0

f(x) dx+ α

∫ 1

α

f(x) dx

6 α

∫ α

0

f(x) dx+ α(1− α)f(α)

6 α

∫ α

0

f(x) dx+ (1− α)

∫ α

0

f(x) dx =

∫ α

0

f(x) dx.
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£2¤� y{�µ3£1¤�y{�¥, ÏL��, ��e�úª∫ α

0

f(x) dx = α

∫ 1

0

f(αx) dx,

¿����(J.

:µ: �âÖþ½n5.16, ��I��^�´ f(x) ëY, �vkù�b��, ��

5`��úªØ�½¤á. �´þãúª3=b� f(x) üN~�E,�±y²´¤

á�, äNy²Xe: Ï f(x) üN~, ¤±¼ê g(x) = f(αx) x ∈ [0, 1] �´üN~,

¤± f(x) 3[0, α] þ�È, g(x) 3 [0, 1] þ�È. é [0, 1] �©�:

Tx : 0 = x0 < x1 < · · · < xn = 1,

¿� ξi ∈ [xi−1, xi]. - ui = αxi, ηi = αξi, K�� [0, α] �©�:

Tu : 0 = u0 < u1 < · · · < un = αxn = α

�|Tu| = α|Tx|, ¤±� |Tx| → 0 �, |Tu| = α|Tx| → 0. Ï� f(x) 3[0, α] þ, g(x) =

f(αx) 3 [0, 1] þÑ�È, ¤±∫ 1

0

f(αx) dx = lim
|Tx|→0

n∑
i=1

f(αξi)∆xi

=
1

α
lim
|Tu|→0

n∑
i=1

f(ηi)∆ui

=
1

α

∫ α

0

f(u) du

ù�3==b� f(x) üN~��/, E,kþãúª, �Yy²�£1¤�y{��

Ó.

£2¤� y{nµ�

g(α) =
1

α

∫ α

0

f(x) dx,

3£1¤�y{�¥, �
y² g(α) üN~, ^�
 f(x) ëY, Ïd g(α) ��, ¿Ï

L�êy² g(α) üN~.

3=b� f(x) üN~�/, ¦�w,ØU2^
, �æ�üN~�½Â, E�y

² g(α) üN~. äNy²Xe:

é?¿� 1 > α > β > 0,

g(α)− g(β) =
1

α

∫ α

0

f(x) dx− 1

β

∫ β

0

f(x) dx

=
1

α

∫ β

0

f(x) dx+
1

α

∫ α

β

f(x) dx− 1

β

∫ β

0

f(x) dx

=

(
1

α
− 1

β

)∫ β

0

f(x) dx+
1

α

∫ α

β

f(x) dx,

19



� x ∈ [0, β] �, f(x) > f(β)

=⇒
∫ β

0

f(x) dx >
∫ β

0

f(β) dx = βf(β)

� x ∈ [β, α] �, f(x) 6 f(β)

=⇒
∫ α

β

f(x) dx 6
∫
βαf(β) dx = (α− β)f(β).

5¿� (
1

α
− 1

β

)
< 0

¤±

g(α)− g(β) =

(
1

α
− 1

β

)∫ β

)

f(x) dx+
1

α

∫ α

β

f(x) dx

6

(
1

α
− 1

β

)
βf(β) +

1

α
(α− β)f(β)

= 0

=g(α) üN~, �Yy²�£1¤�y{��Ó.
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