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1!�JjØ´y½�Á��£�Ø¬��[y½��¤. Jj¥vkJ��/

�¿ØL«�ÁØ¬�9.

2!¤Þ~KØ�½äk�L5, �Ø´�Á��[ÁK.

3!F"ÓÆ�Æ¬o(,3o(¥Jp. ¿©n)VgÚ¹Â,'5ØÓSN�'

é5,Ýº©Û!y²!í�ÚO�.

È©�ES�:

�!�¼ê

1!½Â: F (x) ¡��½�¼ê f(x) ��¼ê, XJ

F ′(x) = f(x), ½ dF (x) = f(x) dx

2!�{: ��{Ú©ÜÈ©{. �,k
¼ê�3�¼ê, ��7U
r�¼ê

L«¤Ð�¼ê. �´éuknª!n�knª�a., ÏL��½©ÜÈ©, ´�

½U
ò�¼êL«¤Ð�¼ê�.

5¿: È©�{�(¹Ýº, Ø7kPM�.

�!½È©

1!½Â: é?¿©�

T : a = x0 < x1 < · · · < xn = b

±9?¿©�: ξi ∈ [xi−1, xi] , Xe�4��3K�È

lim
|T |→0

n∑
i=1

f(ξi)∆xi =

∫ b

a

f(x) dx.

XJ®�¼ê�È, �éAÏ©�Ú�AÏ©�:, lRiemann Ú�4�O�È©.

2!½È�AÛ¿Â : «m [a, b] þ�È¼ê f(x) /CX0e�¡È.

3!5�: �È¼ê��\5!È©«m��\5!�S5!ýé��È©!È

©¥�½n£�)2ÂÈ©¥�½n¤.

4!�È¼ê�Ä�nØ: f(x) 3 [a, b] þ�È, ��=�

lim
|T |→0

n∑
i=1

ωi∆xi = 0.
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ùp ωi ´¼ê f(x) 3�«m [xi−1, xi] þ��Ì.

��5`, ¼ê3«mþ��Ì�d

ω = sup{|f(x)− f(y)| | x, y ∈ [a, b]}.

�Ñ.

ddíÑ±ena¼ê�½´�È�: ëY¼ê!kk��mä:�¼ê!«m

[a, b] þüN¼ê.

5¿: ëY!kk�mä:!üN´¼ê�È�7�^�.

4!Cþ�È©: � f(x) 3 [a, b] þ�È, K

ϕ(x) =

∫ x

a

f(x) dx

½Â
[a, b] þ��¼ê. ϕ(x) ke�5�:

f(x) �È =⇒ ϕ(x) ëY.

f(x) ëY =⇒ ϕ(x) ��, � ϕ′(x) = f(x).

ÏdëY¼ê f(x) �Cþ�È©�Ñ f(x) ����¼ê, ly²
ëY¼ê

7k�¼ê, £5¿ù´7�^�, �Ò´`k�¼ê� f(x), �7�½ëY¤.

Cþ�È©´��¼ê. é§�¦�£�)EÜ¼ê¦�¤Xe:

ϕ(x) =

∫ x

a

f(t) dt

d

dx

∫ b(x)

a

f(t) dt =
d

dx
ϕ(b(x)) = ϕ′(x)b′(x) = f(b(x))b′(x)

5!Newton-Leibniz úª

b∫
a

f(x)dx = F (b)− F (a).

Ù¥F (x) ´ f(x) ����¼ê: dF (x) = f(x) dx, ½ F ′(x) = f(x).

6!�{µ��!©Ü! Newton-Leibniz úª!|^Ûó5�é¡5!|^�

È¼ê�\5!È©«m�\5!��±ò�È¼ê?1Ðm.

7!ü��úª:

2ÂÈ©¥�½nµ ¼ê f(x) 34«m [a, b]þëY, g(x) 3 [a, b] þ�È�Ø

CÒ, K�3 ξ ∈ [a, b], ¦�∫ b

a

f(x)g(x) dx = f(ξ)

∫ b

a

g(x) dx.
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Cauchy-Schwarz Ø�ª: b∫
a

f(x)g(x) dx

2

6

b∫
a

f 2(x) dx

∫ b

a

g2(x) dx.

n!È©�A^µ

l�

ds =
√

1 + (f ′(x))2 dx, ½ ds =
√

(x′(t))2 + (y′(t))2 dt.

^=NNÈµ

dV = πf 2(x) dx = πy2(t)x′(t) dt.

^=Ný¡Èµ

dS = 2πf(x) ds = 2πf(x)
√

1 + (f ′(x))2 dx = 2πy(t)
√

(x′(t))2 + (y′(t))2 dt

�§�ES�:
�!��VgµÏ)!A)!�Ü)¶

�!�{µ©lCþ{!ü�{!~êC´{£��½���5�§¤!�½

Xê{!�?ê){!*	{ .

n!���5�§µ

1!é)��3��5�n)

2!àg�§�Ä�)| AO´~Xê���5�§�Ä�)|.

3!�àg���5�§�A)ÚÏ)µÏ)=A)+àg�§Ä�)|��5

|Ü.

?ê�ES�:

�!��Vgµ?ê
∞∑
n=1

anÂñ ⇐⇒ Ü©Ú Sn =
n∑
k=1

ak Âñ.

1!Cauchy ÂñOK
∞∑
n=1

anÂñ ⇐⇒

?� ε > 0, �3 N , ¦�

|an+1 + · · ·+ a+n+p | < ε,

é?¿ n > N Ú?¿ p ¤á.
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2!Âñ�7�^�:
∞∑
n=1

anÂñ =⇒ an → 0 (n→∞)

�!��?êµ

1!Ä�A:µ��?êÂñ ⇐⇒ Ü©ÚüNOk..

2!�O{µ'��O{£'�Ï�Ã¡���¤!d’Alembert�O{!Cauchy

�O{Ú Cauchy È©�O{.

3!��?êµ
∞∑
n=1

(−1)nan (an ≥ 0): an üN~ªu", K?êÂñ.

4!��?êµ

ýéÂñÚ^�Âñµ��?ê�ýé��Ò´��?ê, Ïd|^��?ê�

O{��OýéÂñ5. ýé�Âñ�?ê���½�Âñ.

�´^�Âñ´�µ��Âñ, �´�ýé��uÑ. ~fµ

∞∑
n=1

(−1)n

nα
(α > 0);

∞∑
n=1

cosn

n

éucö´��?ê, � α > 1, ýéÂñ¶� 0 < α ≤ 1 , ^�Âñ.

éu�ö^ Dirichlet �O{�OÙÂñ5, ^�y{y²ÙØ´ýéÂñ, Ïd

^�Âñ.

��?ê�Dirichlet �O{ÚAbel �O{.

?ê¦{£Cauchy¦{¤.

n!?ê�2ÂÈ©£Ã¡«m¤�m�'Xµ

1!?ê�CauchyÈ©�O{µT�{¢Sþ´��¿©7�^�, ��±|^

��?ê�Âñ5, �O2ÂÈ©�Âñ5.

2!�K¼ê�2ÂÈ©���?êkØ��'5. ~X

��?êµ
∞∑
n=1

anÂñ ⇐⇒ Ü©ÚüNOkþ..

�K¼ê�2ÂÈ©:
∞∫
a

f(x) dx (f(x) ≤ 0) Âñ ⇐⇒
x∫
a

f(u) du é x üNOkþ

..

o!¼ê�?ê�Å:ÂñÚ��Âñµ

1!Å:Âñµé x ∈ I, eé?¿� ε > 0, Ñ�3 N > 0, ¦�

|Sn(x)− S(x)| < ε (Sn(x) =
n∑
k=1

uk(x))

¤á, K¡?ê
∞∑
n=1

u(x) 3 I þÅ:Âñu S(x).
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2!��Âñµé?¿� ε > 0, Ñ�3 N > 0, ¦�

|Sn(x)− S(x)| < ε (Sn(x) =
n∑
k=1

uk(x))

é?¿� x ∈ I ¤á, K¡?ê
∞∑
n=1

u(x) 3 I þ��Âñu S(x). ��ÂñÒ´é½

Â�S?Û�:?ê�Âñ�Ý´���.

��Âñ�½Â�du

lim
n→∞

sup
x∈I
{|Sn(x)− S(x)|} = 0.

Cauchy ÂñOK ?ê��Âñ��=�

sup
x∈I
|un+1(x) + · · ·un+p(x)| < ε

é?Û p ¤á.

��Âñ�7�^�µ

sup
x∈I
|un(x)| → 0

��Âñ�O{µWeierstrass, Dirichlet, Abel �O{.

3!��Âñ?ê�5�µëY!�È£Å�È©¤!��£Å�¦�¤!S4

��5.

Ê!�?ê: �«AÏ�¼ê�?êµ

1!Âñ«�µÂñ�»±S±9�U�à:.

2!Âñ�5�µÌ�´��Âñ�AÏ5�.

3!¼ê�TaylorÐm±9¦Ñ�?ê�Ú¼ê 5¿:µ3=pÐm, Ðm�3

�o«���, XÛ|^�?ê�5�, 3Âñ«���S¦ÑÚ¼ê.

8!Stirling úªµP4(J.

~K

1. O� I =

∫
sinx dx

2 sinx+ 3 cosx

) - J =

∫
cosx dx

2 sinx+ 3 cosx
, K

2I + 3J =

∫
dx = x+ C

−3I + 2J =

∫
(−3 sinx+ 2 cosx) dx

2 sinx+ 3 cosx
= ln |2 sinx+ 3 cosx|+ C
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lþã�§¥)Ñ I:

I =
1

13
(2x− 3 ln |2 sinx+ 3 cosx|) + C

2. O�e�È©£2001cïÄ)�ÁK¤∫ nπ
2

−nπ
2

(x3 + sin2 x) cos2 x dx

) Ï� x3 cos2 x ´È©«�þÛ¼ê, sin2 x cos2 x =
1

8
(1 − cos 4x) ´±Ï�

π

2
�ó¼ê, ¤±

∫ nπ
2

−nπ
2

(x3 + sin2 x) cos2 x dx =

∫ nπ
2

−nπ
2

1

8
(1− cos 4x) dx =

nπ

8
.

3. ¦4�

lim
n→∞

lnn

ln (12020 + 22020 + · · ·+ n2020)

)

lim
n→∞

lnn

ln (12020 + 22020 + · · ·+ n2020)

= lim
n→∞

lnn

2020 lnn+ ln
((

1
n

)2020
+
(
2
n

)2020
+ · · ·+ 1

)
= lim

n→∞

lnn

2021 lnn+ ln
(

1
n

∑n
k=1

(
k
n

)2020)
Ù¥

1

n

n∑
k=1

(
k

n

)2020

→
∫ 1

0

x2020 dx =
1

2021

k.,¤±�ª�4��
1

2021
.

4. � f(x) =

x2∫
x

| sin t| dt , ¦ f ′(x).

)

f ′(x) =
d

dx

(∫ x2

0

| sin t| dt

)
− d

dx

(∫ x

0

| sin t| dt
)

= 2x| sinx2| − | sinx|
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5. y² ∫ π
2

0

sin(sinx) dx ≤
∫ π

2

0

cos(cosx) dx.

y² 3 [0, π/2] ¥, ksinx ≤ x, cosx ≥ 1− 1

2
x2, Ïd

∫ π
2

0

sin(sinx) dx ≤
∫ π

2

0

sinx dx. = 1,

∫ π
2

0

cos(cosx) dx ≥
∫ π

2

0

(
1− 1

2
cos2 x

)
dx =

3π

8
> 1.

6. � f(x) 3 [0, 1] þëY��, f(0) = 0, f(1) = 1, Áy∫ 1

0

|f ′(x)− f(x)| dx ≥ 1

e
.

y² � F (x) = e−xf(x), K F ′(x) = e−x(f ′(x)− f(x)), Ïd∫ 1

0

e−x(f ′(x)− f(x)) dx =

∫ 1

0

F ′(x) dx = F (1)− F (0) =
1

e
,

3 [0, 1] þ, |e−x(f ′(x)− f(x))| ≤ |f ′(x)− f(x)|, Ïdk

1

e
=
∣∣∣ ∫ 1

0

e−x(f ′(x)−f(x)) dx
∣∣∣ ≤ ∫ 1

0

|e−x(f ′(x)−f(x))| dx ≤
∫ 1

0

|f ′(x)−f(x)| dx

7. � f(x) 3 [a, b] þëY��, � f(a) = 0. ¦y∫ b

a

f 2(x) dx 6
(b− a)2

2

∫ b

a

(f ′(x))2 dx.

y² �â Newton-Leibniz úª, k

f(x) = f(x)− f(a) =

∫ x

a

f ′(t) dt, x ∈ [a, b].

¤±A^ Cauchy È©Ø�ª, ��

|f(x)|2 =

∣∣∣∣∫ x

a

f ′(t) dt

∣∣∣∣2 6 ∫ x

a

12 dt

∫ x

a

|f ′(t)|2 dt

= (x− a)

∫ x

a

|f ′(t)|2 dt 6 (x− a)

∫ b

a

|f ′(t)|2 dt x ∈ [a, b].

ü>3 [a, b] þÈ©=�¤y.
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8. � f ∈ C[a, b], f ≥ 0, y²

lim
n→∞

(∫ b

a

fn(x) dx

) 1
n

= M = max{f(x) | x ∈ [a, b]}.

y²µØ�� M > 0, é?¿� 0 < ε < M , �3 [α, β] ⊂ [a, b], ¦�

M − ε ≤ f(x) ≤M,x ∈ [α, β]

u´k

M
n
√
b− a ≥

(∫ b

a

fn(x) dx

) 1
n

≥
(∫ β

α

fn(x) dx

) 1
n

≥ (M − ε) n
√
β − α.

- n→∞, ¿/Ï n
√
a→ 1, �

M ≥ lim
n→∞

(∫ b

a

fn(x) dx

) 1
n

≥M − ε

é?Û ε > 0 ¤á, Ïd½n�y.

9. � f(x) ´ [a, b] þ�KëY¼ê. e
∫ b
a
f(x) dx = 0, K f(x) ≡ 0.

y² £�y¤e�3 x0 ∈ (a, b) (x0 ´à:��¹�aq?Ø) ¦� f(x0) >

0, du f(x) ëY, ¤±�3 δ > 0 ¦� (x0 − δ, x0 + δ) ⊂ [a, b]. ¿��

x ∈ (x0 − δ, x0 + δ) �, k f(x) > f(x0)
2
.

0 =

∫ b

a

f(x) dx =

∫ x0−δ

a

f(x) dx+

∫ x0+δ

x0−δ
f(x) dx+

∫ b

x0+δ

f(x) dx

>
∫ x0+δ

x0−δ
f(x) dx >

∫ x0+δ

x0−δ

f(x0)

2
dx

= δf(x0) > 0.

ù�^�gñ. Ïd f(x) ≡ 0.

10. y²
1

2n+ 2
<

π
4∫

0

tann x dx <
1

2n
(n = 1, 2, · · · ).

y² - u = tanx, ¤±∫ π
4

0

tann x dx =

∫ 1

0

un

1 + u2
du.

éu 0 < u < 1, kØ�ª:

un

2
<

un

1 + u2
<
un

2u
=
un−1

2
,

8



ÏdéØ�ªÈ©�

1

2n+ 2
<

π
4∫

0

tann x dx <
1

2n
.

dþãØ�ªíÑ:

lim
n→∞

∫ π
4

0

tann x dx = 0,

XJ�y² lim
n→∞

∫ π
4

0

tann x dx = 0, ��±kXe�{

� 0 ≤ x ≤ π
4
�, 0 ≤ tanx ≤ 1 üNO¼ê, íÑ In =

∫ π
4

0

tann x dx ´üN~

��ê�.¤±Âñ. P lim
n→∞

In = I ≥ 0 é?¿ ε ∈ (0, π
4
) k

In =

∫ π
4

0

tann x dx =

∫ π
4
−ε

0

tann x dx+

∫ π
4

π
4
−ε

tann x dx

≤ π

4
tann

(π
4
− ε
)

+ ε→ 0 + ε (n→∞)

¤± I ≤ ε, = I = 0.

11. � f(x) ´ [a, b] þüN4O�ëY¼ê. ¦y∫ b

a

xf(x) dx >
a+ b

2

∫ b

a

f(x) dx.

y² òØ�ªü>�~¿òþ��¤Cþ t, -

F (t) =

∫ t

a

xf(x) dx− a+ t

2

∫ t

a

f(x) dx.

F ′(t) = tf(t)− 1

2

∫ t

a

f(x) dx− a+ t

2
f(t)

=
t− a

2
f(t)− 1

2

∫ t

a

f(x) dx

>
t− a

2
f(t)− 1

2
(t− a)f(t) = 0.

=⇒ F (t) 3 [a, b] þüN4O. Ï� F (a) = 0, ¤± F (b) > 0.

12. � f(x) 3 [0, 1] ëY, 1 ≤ f(x) ≤ 3, y²

1 ≤
∫ 1

0

f(x) dx

∫ 1

0

1

f(x)
dx ≤ 4

3
.
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y² Äk, |^ Cauchy-Schwarz Ø�ª�

1 =

(∫ 1

0

√
f(x)

1√
f(x)

dx

)2

≤
∫ 1

0

f(x) dx

∫ 1

0

1

f(x)
dx.

,��¡�Ä¼ê g(u) =
u√
3

+

√
3

u
3«m [1, 3] þ����, k

max
1≤u≤3

(
u√
3

+

√
3

u

)
=
√

3 +
1√
3

=
4√
3

� ∫ 1

0

f(x) dx

∫ 1

0

1

f(x)
dx =

∫ 1

0

f(x)√
3

dx

∫ 1

0

√
3

f(x)
dx

=
1

4

(∫ 1

0

f(x)√
3

dx+

∫ 1

0

√
3

f(x)
dx

)2

≤ 1

4

(∫ 1

0

4√
3

dx

)2

=
4

3
.

13. ¦e��©�§�Ï)

y′′ − 3y′ + 2y = 10 sin x

) àg�§ y′′ − 3y′ + 2y = 0 �A��§� λ2 − 3λ+ 2 = 0, ¤±Ä�)|�

ex, e2x. é�àg�A)��Xe�Ä: Ï��àg�´10 sinx, ¤±��§�

A)kXe/ª

y(x) = a sinx+ b cosx

Ù¥ a, b �½. �\�§¿'� sinx, cosx �Xê�

a+ 3b = 10, b− 3a = 0

)� a = 1, b = 3. ¤±A)� sinx+ 3 cosx, Ï)�

y(x) = C1e
x + C2e

2x + sinx+ 3 cosx.

14. � {an} ´��4Oê�. ¦y: ?ê
∞∑
n=1

(
an+1

an
− 1
)
Âñ�¿©7�^�´

{an} k..

y²

10



Ï�
an+1

an
− 1 ≥ 0, ¤±?ê´��?ê. ��¡:

m∑
n=1

an+1 − an
an

=
m∑
n=1

∫ an+1

an

1

an
dx >

m∑
n=1

∫ an+1

an

1

x
dx

=

∫ am+1

a1

1

x
dx = ln am+1 − ln a1.

,��¡:
m∑
n=1

(
an+1

an
− 1

)
≤

m∑
k=1

an+1 − an
a1

=
am+1

a1
− 1

ddíÑé?¿� m k

am+1

a1
− 1 ≥

m∑
n=1

an+1 − an
an

≥ ln am+1 − ln a1,

¤± {an} k.��=�?êÜ©Úk., ��=�?êÂñ.

15. � an =
1∫
0

xn sinx dx. y²
∞∑
n=1

(−1)nan ^�Âñ.

y² an > 0, �üN~. �

an =

∣∣∣∣∫ 1

0

xn sinx dx

∣∣∣∣ 6 ∫ 1

0

xn dx =
1

n+ 1
xn+1

∣∣∣1
0

=
1

n+ 1
→ 0.

¤±?ê
∞∑
n=1

(−1)nan Âñ, �´

|(−1)nan| = an ≥ sin
1

2

∫ 1

1/2

xn dx = sin
1

2

∑(
1

n+ 1
− 1

n+ 1

1

2n+1

)

Ù¥
∞∑
n=1

1

n+ 1
uÑ,

∞∑
n=1

1

n+ 1

1

2n+1
Âñ, ¤±

∞∑
n=1

(−1)nan ^�Âñ.

16. �¼ê� {fn(x)}, n = 1, 2, · · · 3«m [0, 1] þd�ª

f0(x) = 1, fn(x) =
√
xfn−1(x)

½Â, y²� n→∞ �, ¼ê�3 [0, 1] þ��Âñ���ëY¼ê.

y² ^8B{, �4íÑ:

fn(x) = x1−1/2
n

, x ∈ [0, 1]

Ïd

fn(x)− x = x1−1/2
n − x ≥ 0, x ∈ [0, 1]

11



@o fn(0)− 0 = fn(1)− 1 = 0, ¦�

f ′n(x)− 1 =

(
1− 1

2n

)
x−1/2

n − 1

)����:�

an =

(
1− 1

2n

)2n

∈ (0, 1).

¤±

0 ≤ fn(x)− x ≤ fn(an)− an ≤ a−1/2
n

n − 1 =

(
1− 1

2n

)−1
− 1 ≤ 2

1

2n

é?¿ x ∈ [0, 1] ¤á, ¤± fn(x) 3[0, 1] þ��Âñu x.

17. ¦S(x) =
∞∑
n=0

2n+ 1

2n+1
x2n �Ú¼ê S(x).

) Äk�äÂñ�». d

2n+ 3

2n+2
/

2n+ 1

2n+1
=

2n+ 3

2(2n+ 1)
→ 1

2

�?ê3 x2 < 2 Âñ, = |x| <
√

2 Âñ. 3à: x = ±
√

2 uÑ, ¤±Âñ«

�´ (−
√

2,
√

2)∫ x

0

S(x) dx =
∞∑
n=0

2n+ 1

2n+1

∫ x

0

x2n dx =
∞∑
n=0

x2n+1

2n+1
=

x

2− x2

=⇒ S(x) =
2 + x2

(2− x2)2
(|x| <

√
2).

18. ¦ f(x) = cos x 3 x =
π

4
; f(x) = ln(1 + x− 2x2) 3 x = 0 �Ðm¿�ÑÂñ

«�

)

f(x) = cos
(π

4
+ x− π

4

)
=

√
2

2
cos
(
x− π

4

)
−
√

2

2
sin
(
x− π

4

)
ln(1 + x− 2x2) =

∞∑
n=0

(−1)n

n+ 1
(x− 2x2)n+1

Ù¥ −1 < x− 2x2 ≤ 1, ©O)Ø�ª. d

x− 2x2 ≤ 1 =⇒ 2x2 − x+ 1 ≥ 0

é?¿ x ¤á. d

−1 < x− 2x2 =⇒ 2x2 − x− 1 < 0

)� −1

2
< x < 1, ¤±Âñ«�� −1

2
< x < 1.
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