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�m�'X±9Ã¡?ê�SN. y3ú@��È©´d Newton£Úî¤Ú Leibniz

£4ÙZ[¤u²�. �È©�Ä:´4�nØ, 3�È©uÐÐÏ, 4��Vgl

Ü6þ5`éØî�, l
E¤��üzc�È��Ø. �� 19 ­VÐ Cauchy£�

Ü¤!Weierstrass£��dA.d¤!Riemann£iù¤�<3c<ó��Ä:þÅÚ�¤


4�nØ�î�z, ù«�Øâ�(å. 4�nØî�z�I�5!:´¢ênØ�

ïá, 
4�nØ�î�z±9�5�È©�?�ÚuÐÑlØmé¢ê8Ü�?Ø.

§1.1 ¢ê

k'¢ênØ��[?Øò31nþ¥Ðm, ùp=�£ã50�¿�ã�
Ä�

¯¢.

1.1.1 �ê�knê

g,ê´��ê�Ñu:. Ï~^ N L«g,ê8Ü

N = {0, 1, 2, 3, · · · }

g,ê8é\{$�µ4, =?¿ü�g,ê a Ú b, ¦��Ú a+ b �´g,ê. g,

ê8é~{$�Øµ4, é\~{$�µ4�ê8´�ê8Ü

Z = {0,±1,±2,±3, · · · },

§´g,ê8���*¿. XJ�Ä¦{$�, K�ê8é¦{$�µ4, �é¦{$

��_$� Ø{$�Øµ4. 3�ê8Ü¥V\�ê�Ø�û, Ò��knê��

N

Q =

{
p

q

∣∣∣ p, q ∈ Z, q 6= 0

}
,

§é\~¦ØoK$�µ4, �¡ Q �knê�.

3ê�uÐ�Ð, Ì�´^5OêÚàþ�ã��Ý. �´d��½n��>��

1 ���/�é���Ý a ÷v a2 = 2£ù�êP� a =
√

2¤, ù��ê´ØU^k

nêL«�, Ïd7LÚ\�õ�ê.
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1.1.2 10 ?��ê

z�knêÑ�±L«��ê�/ª, X

1

8
= 0.125,

1

3
= 0.3333 · · · , 2

11
= 0.181818 · · ·

��/, ��£�¤�?��ê a ´�

a = a0.a1a2 · · · an · · · ,

Ù¥ a0 ´���K�?��ê, a1, a2 · · · ∈ {0, 1, 2, 3, 4, 5, 6, 7, 9}, a ��±P�

a = a0 +
a1

10
+

a2

102
+ · · · an

10n
+ · · · .

XJ�ê:�>�kk��êØ´ 0, ¡ a ´k��ê: XJ�ê:�¡�ê´Ì�Ñ

y�, Q�3g,ê n, k ¦� an+i = an+i+k é i = 1, 2, 3, · · · þ¤á, ¡�ê a ´Ì�

�ê, P�

a = a0.a1a2 · · · anȧn+1 · · · ȧn+k.

z��knêÑ�±�¤k��ê½Ì��ê. ��, z��k��ê½Ì��ê

Ñ´knê. ~X, Ì��ê a = 0.1̇58̇ ´knê,

1000a = 158.1̇58̇

999a = 158

a =
158

999
.

Ã�ØÌ��ê¡�Ãnê. knêÚÃnêÏ¡¢ê, �N¢ê�8ÜP� R.
¢êkõ«�E�ª, *d�d. ±þ·�^10 ?�L«¢ê´�«�*�£ã.

1.1.3 ¢ê�

¢ê�£=¢ê��N¤́ knê��*¿, Ø
�knê���é\!~!¦!Ø

oK$�µ4	, �äk±eÄ�A:,=

��5£ëY5¤ún � X Ú Y ´¢ê8 R ¥�ü���f8, ¿÷véu?

Û x ∈ X, y ∈ Y , k x 6 y, @o�½�3��0u X Ú Y �m�¢ê, =�3 c ∈ R,

¦�é?Û x ∈ X, y ∈ Y , k x 6 c 6 y.

¢ê���5ún´¢ênØ�Ä:,�Túnéknê�¿Ø¤á. ~Xéuk

nê� Q �ü�f8

X = {x | x ∈ Q, x2 < 2, x > 0}, Y = {y | y ∈ Q, y2 > 2, y > 0}

ÒØ�30uüö�m���knê. ¦+Xd, knê�3¢ê�SäkÈ�5, =
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½n 1.1 ?Ûü�¢ê£Ø+´knê�´Ãnê¤�m�½�3��knê.

y² � a, b ∈ R ÷v a < b, Ø�� b− a < 1, K

b− a =
cn

10n
+

cn+1

10n+1
+ · · · ,

Ù¥n > 1, cn > 1. ¤±

10n+1(b− a) > 1, ½ 10n+1b > 1 + 10n+1a.

é?¿¢ê x, P [x] L«Ø�L x ����ê, Ïd [x] 6 x < [x] + 1. �âù�PÒ,

k

[10n+1a] 6 10n+1a < [10n+1a] + 1

nÜþãØ�ª, ØJuyknê c = 1+[10n+1a]
10n+1 ÷v a < c < b. �

1.1.4 ê¶

3�� l þI½��:��:, ¿5½Ùmý���,����Ý�ü �,I½


�:!ü �Ú�����¡�ê¶. ��Ä�¯¢´: ê¶þ�:�¢ê´��éA

�. ~Xl�:m©, �ü �Ý ��Ågàþ, Ò��g,ê3ê¶þéA�:,Ó

n �:�ý�àþ��K�êéA�:.

�£ãknêéA�:, �ê¶þ 1 éA�:� A, L�:��^Éuê¶���

l′, é?¿�g,ê n > 1,3 l′ þ�: A′, B′ ÷v OA′ = n, OB′ = 1,L: B′ ��ã

AA′ �²1�, �ê¶u B :,K OB =
1

n
. |^ OB ��#�ºÝÅgàþ, �±3ê

¶þLÑ¤kknê.

XJê¶þ��: A ØUéA?Û��knê, K: A òê¶©¤�>Úm>ü

Ü©. ò�>Ü©@
:éA�knê8ÜP� X, m>@
:éA�knê8ÜP�

Y , w,é?¿ x ∈ X, y ∈ Y , k x < y. �â¢ê��5£ëY5¤ún, �3��¢ê

a 0u X, Y �m, ù�êÒ�: A éA.

�:éA�ê�¡�:��I. �´Äuù«éA'X, 38��?Ø¥,Ø2î�

«©ê¶þ:ÚÙéA�¢ê£:��I¤. $�ò�ê£½knê!Ãnê¤éA�:

¡��ê:£½kn:!Ãn:¤.

ê¶þ�: A ��: O �ålÒ´éA¢ê�ýé� |a|. ýé�÷v

1◦ |a| > 0, �Ò¤á��=� a = 0, =�½5;

2◦ |a− b| = |b− a|, =é¡5;

3◦ |a+ b| 6 |a|+ |b|, =n�Ø�ª.

±þn^�´½Âål�n���. �,, ýé��kÙ¦�
5�, Ø2Kã.
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� a, b ∈ R, a < b, 8Ü (a, b) = {x ∈ R|a < x < b} ¡�± a, b �à:�m«m, 8

Ü [a, b] = {x ∈ R|a 6 x 6 b} ¡�± a, b �à:�4«m, §�éAê¶þ±: a, b �

à:��ã, m«mØ¹à:, 4«m�¹à:.

Ó��±½Â�m�4«m

(a, b] = {x ∈ R | a < x 6 b}, [a, b) = {x ∈ R | a 6 x < b}.

PÒ/∞0¡�/Ã¡0, ”+∞” ¡��Ã¡, ”−∞”¡�KÃ¡, 5¿, ÃØ´�Ã¡�

´KÃ¡, §�Ø´��ê, ��±|^§�L«Ã�«m

(−∞, a) = {x ∈ R | x < a}, (−∞, a] = {x ∈ R | x 6 a},

(a,+∞) = {x ∈ R | x > a}, [a, +∞) = {x ∈ R | x > a}.

±�²~^��´±�:�¥%�m«m(a− δ, a + δ) = {x | |x− a| < δ}, ¡� a

�����. 
^8Ü {x | 0 < |x− a| < δ} L«�K¥%:���,k�^§5�x“:

a �NC”.
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SK 1.1

1. � a ´knê, b ´Ãnê. ¦y: a+ b Ú a− b Ñ´Ãnê; � a 6= 0 �, ab Ú b
a

�Ñ´Ãnê.

2. ¦y: ü�ØÓ�knê�mkÃnê.

3. ¦y:
√

2,
√

3 ±9
√

2 +
√

3 Ñ´Ãnê.

4. re�Ì��êL«�©ê:

0.249 99 · · · , 0.3̇75̇, 4.5̇18̇

5. � r, s, t Ñ´knê. ¦y:

(1) e r + s
√

2 = 0, K r = s = 0;

(2) e r + s
√

2 + t
√

3 = 0, K r = s = t = 0.

6. �¢ê a1, a2, · · · , an k�Ó�ÎÒ, �Ñ�u −1. y²:

(1 + a1)(1 + a2) · · · (1 + an) > 1 + a1 + a2 + · · ·+ an.

7. � a, b ´¢ê, � |a| < 1, |b| < 1. y²:∣∣∣∣ a+ b

1 + ab

∣∣∣∣ < 1.
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§1.2 ê�4�

1.2.1 ê�4��½Â

¤¢ê�, Ò´½Â3g,ê8þ, ¿Uìg,ê^Sü���G¢ê

a1, a2, · · · , an, · · · .

Ï~^ {an} (n > 1) ù��PÒ5L«, 1 n � an K¡�ù�ê��Ï�. ½ö`, ê

� {an} ´��ê8 N+ �¢ê8���N�, n ��Ò´ an ∈ R. �â¢êÚê¶þ
:�éA, ê��±w¤ê¶þ��G:, ¤±�¡ê��:�.

ê� {an} (n > 1) �4�, Ò´ïÄ� n Ã�O��, Ï� an �Czª³. ~Xe

¡ü�ê�

1,
1

2
,

1

3
, · · · , 1

n
, · · · ;

1,
1

2
, 1,

1

3
, · · · , 1,

1

n
, · · · ,

� n Ã�O��, 1��ê��Ï�/Ã��C0���½�ê/00; 1��ê�KØ

,, §�Ï��¬�´ 1, �¬��C 0, Ù5��1��ê���ØÓ, ØU/Ã��

C0u?Û���½�ê.

��ê� {an} (n > 1) �Ï� an � n/Ã�O�0�/Ã��Cu,�¢ê a0́

·�a,��¯�. ¤¢/Ã��C0,�¢ê, = /́�kõ�CÒkõ�C0. �Ò

´`, Ø+\ýk�½/�C0�§Ý´õ�, � n v
��, ¤k� an oU��\�

�¦.

Ïd, ��Où«£ã5�)º, ·�7Lk�x/�C0�Ýþ, Ó�3Ü6þ

é/n v
��0±9/an � a �C§Ý���¦0�`{D�(��¹Â.

�Xþ!¤J��@�, 3¢ê8¥£½ö`3¢ê¶þ¤, ê�ýé�g,�Ñ


�«Ýþ, ^±ïþü�ê��£=éAê¶þü:�m�ål, k��¡ü�ê�å

l¤. �X n �ØäO�, |an − a| ��, KL« an � a ��C.

±ê� { 1
n}(n > 1) �~, éu�½�ê/00, XJ�¦ 1

n � 0 �ål�u 10−2,

@o� n > 100 �, ¤k� 1
n ÑU÷v�¦:

∣∣ 1
n − 0

∣∣ < 10−2; XJ�¦ål�u 10−100,

@o� n > 10100 �, ¤k� 1
n Ñ÷v�¦:

∣∣ 1
n − 0

∣∣ < 10−100.

��/, XJ?¿�½���ê ε, ¿�¦� n v
��, 1
n � 0 �ålØ�L ε:

| 1n − 0| < ε£=, Ø�Lýk�½�ê¤, @o, n ���o§Ý�, U
�y÷v�¦Q?

·�uy, éuúcù�~f, �� n > N =
[

1
ε

]
+ 1 �, Òk∣∣∣∣ 1n − 0

∣∣∣∣ =
1

n
<

1

N
< ε.
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¤±, éu?¿�½���ê ε, ´Ä3 n ¿©��, ê��Ï����ê�ålØ�L

ε �'�, Ò¤
´ÄU
é�ù�� N , 5�x/n ¿©��0, �, N = N(ε) ��

3�U¬�6u ε, 
��Ø´���£þ¡�~fw�é�Ù¤. Ï~, ε �� (�¦�

î), �A� N �Ò��.

½Â 1.2 � {an} ´�½�ê�. XJk��¢ê a äke�5�: é?¿�½

����ê ε, o´�3��g,ê N = N(ε), ¦�� n > N �, Ø�ª

|an − a| < ε

=

a− ε < an < a+ ε

¤á, @o¡ a ´ê� {an} �4�, ½ê� {an} ± a �4�, �¡ê� {an} Âñu
a, P¤

lim
n→∞

an = a ½ lim an = a,

��±P¤ an → a (n→∞), Ö�/� n ªuÃ¡�, an ªu a0.

k4��ê�¡�Âñê�, ØÂñ�ê�¡�uÑê�.

·��I�`²þã½Â�Ün5, =¤½Âê��4�´���. ù�:ò34

��5�¥�Ñ`².

ê� {an}Âñu a�AÛ£ã´: é?¿� ε > 0, Ñk�A�g,ê N , ¦� aN

±��¤k�(½:) an Ñá3± a �¥%, ± ε ��»�m«m (a − ε, a + ε) �¥,


á3ù�«m�	�:, �õ�k a1, a2, · · · , aN ùk�A�:£Xã1.1¤.

-q q q q q q q q q q( )
a− ε a a+ ε

aN+1 ana1 a2 a3 a4

ã 1.1

lê�4��½Â, ·�w�XJê� {an} Ø±¢ê a �4�, ´�: �3���

ê ε0, ¦�é?¿g,ê N , Ñ�3' N ���g,ê n, ÷v |an − a| > ε0. ½öl

AÛþ`, �3��± a �¥%�m«m, ¦�3d«m�	kê� {an} �Ã¡õ�.

~ 1.2.1 ê� an = a (n = 1, 2, 3, · · · ) ¡�~ê�, K lim an = a.

~ 1.2.2 α > 0, K lim
1

nα
= 0.



8 1 1 Ù 4�

y² é?¿�½��ê ε, )Ø�ª∣∣∣∣ 1

nα
− 0

∣∣∣∣ =
1

nα
< ε

�, n >
(

1
ε

)1/α
, ¤±���

N =

[(
1

ε

)1/α
]

+ 1,

� n > N�, Òk
∣∣ 1
nα − 0

∣∣ < ε . d½Â�� lim 1
nα = 0.

~ 1.2.3 �ê� a1 = 0.9, a2 = 0.99, a3 = 0.999, · · ·§y² lim an = 1.

y² 5¿� 1 − an =
1

10n
§é?¿�½� ε > 0§� N =

[
log10

(1

ε

)]
+ 1, �

n > N �§

|an − 1| = 1

10n
< ε,

¤± lim an = 1.

Ï� ε ��^´�y an � a �C�§Ý, ·��é§���a,�. ��Bå�§

k����½ ε ���þ.§ù¿ØK�4��?Ø.

~ 1.2.4 � q ´���½�¢ê, ÷v |q| < 1. ¦y: lim
n→∞

qn = 0.

y² � q = 0 �, (Øw,¤á, �±eb� q 6= 0. �
Øy�B, �?¿�½

��ê ε ÷v ε < 1. ��)Ø�ª

|qn − 0| = |q|n < ε,

� n ln |q| < ln ε. du 0 < |q| < 1, ¿�®²b� 0 < ε < 1, � ln |q| < 0, ln ε < 0, Ïd

k n > ln ε
ln |q| . �âù
©Û, ���

N =

[
ln ε

ln |q|

]
+ 1,

K� n > N �,Òk

|qn − 0| < ε.

= lim
n→∞

qn = 0.

~ 1.2.5 y² lim
n→∞

2n

n! = 0.

y² � ε ´?¿�½����ê, ����c¡�~f, lØ�ª
∣∣2n
n! − 0

∣∣ =
2n

n! < ε ¥��éÑ�� N ¿ØN´. Ð3��¦ N ´�3�, ¤±·��±ò�O∣∣2n
n! − 0

∣∣ ·���§�B¦)N . d∣∣∣∣2nn!
− 0

∣∣∣∣ =
2 · 2 · · · 2
1 · 2 · · ·n

< 2 · 2

n
=

4

n
,
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¤±)Ø�ª 4
n < ε, � n > 4

ε . �� N =
[

4
ε

]
+ 1, K� n > N�, k∣∣∣∣2nn!

− 0

∣∣∣∣ =
2n

n!
<

4

n
<

4

N
< ε.

|^4��½Â, �±y²�
{üê��Âñ5. ,
, ù�L§¢Sþ´ýk

wÑäN�4��, 2�â½Â5�y. é�
��E,�ê�, ��¡§�4���

7N´*	; ,��¡, =¦*	Ñ4�, |^½Â5�y��U��(J. Ïd, ?�

Ú
)ê�Âñ5�5�, �±\�éÂñ5�@£, *�O�4����.

1.2.2 Âñê��5�

�!ò?ØÂñê���
Ä�5�. 3n)Úy²ù
5��L§¥, 'uê�

Âñ�AÛ)º´�~k�Ï�.

½n 1.3 1◦ e {an} ´Âñê�, K {an} �4�´���.

2◦ UCê�¥k�õ���, ØK�ê��Âñ59Ù4�.

y² 1◦ XJ {an} kü�4�� a Ú b. �â4��½Â, éu?¿��ê ε ,5

¿� ε
2 �´���ê, ÏdéAü�4��, ©O�3��ê N1 Ú N2, ¦��

n > N1 �k |an − a| <
ε

2
,

n > N2 �k |an − b| <
ε

2
,

Ïd, � n > max(N1, N2) �£= n Ó�÷v n > N1, n > N2¤, þ¡ü�Ø�ªÑ÷

v, ¤±

|a− b| = |(a− an) + (an − b)| 6 |an − a|+ |an − b| <
ε

2
+
ε

2
= ε.

ü�ê�ål��u?¿���ê, ùü�ê7L��, = a = b.

lAÛþw, XJkü�Ø���4�� a Ú b, K�½�3©O± a Ú b �¥%!

�vkú�:�ü�m«m (a − ε, a + ε) Ú (b − ε, b + ε)£¯¢þ, ��� ε < |a−b|
2

=�¤. �â4��½Â, � n ¿©��, an Q�á�1��m«m¥, q�á�1��

m«m¥�. ùw,´Ø�U�.

2◦ Ï�4��½Â���ûu¿©�±�������ª³, ¤±, UCk���

�Ø¬K�¿©�±��¯�. �

½n 1.4 � {an} �Âñê�, 4��P� a.K

1◦ {an} �k.ê�. =�3���ê M£�Cþ n Ã'¤, ¦� |an| 6 M é¤

k� n = 1, 2, 3, · · · ¤á.
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2◦ e�3¢ê l, ¦� l < a£½l > a¤, K� n ¿©��, k an > l£½an < l¤.

AO/, e a > 0£½a < 0¤, K� n ¿©��, k an > 0£½an < 0¤.

3◦ e�3¢ê l , ¦�é n ¿©��, k an > l£½an 6 l¤,Ka > l£½a 6 l¤.

AOé¿©�� n, e an > 0£½ an 6 0¤, K a > 0£½a 6 0¤.

y² 1◦ � ε = 1, d½Â��, �,�3��g,ê N , ¦�� n > N �, k

|an − a| < 1§=� n > N �, k |an| < |a|+ 1. �

M = max(|a|+ 1, |a1|, |a2|, · · · , |aN |),

5¿�, 1�, k��ê¥�½U�������; 1�, þ¡(½� M w,� n Ã'.

Ké¤kg,ê n, �Ò´ê��¤k�, Ñk |an| 6M.

2◦ e a > l, � ε = a − l > 0, K�3��g,ê N , ¦�� n > N �, k

|an − a| < ε = a− l, Ïd

−(a− l) < an − a

=, � n > N �§Ø�ª an > l ¤á. éua < l��/§�aqy²,3ù«�¹e§�

�� ε = l − a > 0 =�.

3◦ �(Ø¢Sþ´ 2◦ �íØ.�±æ��y{µbX(ØØý,= a < l, d½n¥

2◦ �(Ø§� n ¿©��§Òk an < l,ù��½^��gñ,Ïd(Ø¤á. �

½n 1.4¥� 1◦ �Ñ
Âñê����7�^�, =Âñê�7k.. Ïd§Ã.

ê��½´uÑ�. ~Xê� 0, 1, 0, 2, 0, 3, · · · , 0, n, · · ·´��Ã.ê�, Ïd´

uÑ�. �´¿�¤kk.�ê�Ñ´Âñ�, ~X {(−1)n−1} ´��k.ê�, �´

ØÂñ(�~ 1.2.12). �Ò´`, k.ØU�yÂñ5. k.�´éê�z������

���, ´�«÷*��, 
Âñ´�¦ê��Ï�j½Ø£/Ã��C���½�ê.

½n 1.4 ¥�2◦ Ú 3◦ �Ñ�, ´dê�4���.�íäÑ� n ¿©��ê�Ï

� an �.�, ±9dÂñê�Ï��.�íäÑÙ4���.�.

I�AO�Ñ�´, 3½n 1.4£ 3◦¤¥,=¦´ an > l£=´î��Ø�ª¤, �Ø

�½U
�y a > l. ~X an = 1
n > 0, �§�4��%´ 0.

½n 1.5 � {an} Ú {bn} ´ü�Âñê�, KÏLoK$�/¤#�ê�

{an ± bn} , {anbn} , {anbn }£� lim
n→∞

bn 6= 0 �¤ÑÂñ, �

1◦ lim
n→∞

(an ± bn) = lim
n→∞

an ± lim
n→∞

bn.

2◦ lim
n→∞

anbn = lim
n→∞

an · lim
n→∞

bn, AOk lim
n→∞

can = c lim
n→∞

an. Ù¥ c ´��~ê.

3◦ lim
n→∞

an
bn

=
lim
n→∞

an

lim
n→∞

bn
= a

b , Ù¥ lim
n→∞

bn 6= 0 .

y² � lim
n→∞

an = a , lim
n→∞

bn = b .
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1◦ 8�´�y²éu?¿��ê ε, U
é�����ê N , ¦�� n > N �, Ø

�ª |(an± bn)− (a± b)| < ε ¤á. d {an}, {bn} �Âñ5�, éu ε
2 , ©O�3 N1 Ú

N2 ¦�,

� n > N1 �, k |an − a| <
ε

2
,

±9

� n > N2 �, k |bn − b| <
ε

2
,

� N = max(N1, N2), K� n > N �, þ¡ü�ªfÓ�¤á, ¤±k

|(an ± bn)− (a± b)| 6 |an − a|+ |bn − b| <
ε

2
+
ε

2
= ε.

2◦ 5¿�

|anbn − ab| 6 |anbn − anb|+ |anb− ab|

= |an||bn − b|+ |b||an − a|.

du {an}, {bn} ´Âñê�, �Ñ´k.�, �����. M , ¦�

|an|, |bn| < M (n > 1).

Ï
 |b| 6 M£½n 1.4 ¥� 3◦ ¤. éu?¿��ê ε , éA ε
2M , ©O�3�ê N1 Ú

N2, Ïd� N = max(N1, N2), ¦�� n > N �,

|an − a| <
ε

2M
, |bn − b| <

ε

2M

Ó�¤á. ¤±� n > N�, k

|anbn − ab| < M |bn − b|+M |an − a|

< M · ε

2M
+M · ε

2M
= ε.

3◦ Ï�
an
bn

= an ·
1

bn
,

� b 6= 0, d 2◦ ��, �Iy²ê� { 1
bn
} Âñu 1

b =�. Ø�b½ b > 0, K∣∣∣∣ 1

bn
− 1

b

∣∣∣∣ =
|bn − b|
|bnb|

.

du bn Âñu b, ��¡éu�ê b/2 > 0, �3 N1, � n > N1 �,k

|bn − b| <
b

2

dd�

bn > b− b

2
=
b

2
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,��¡, éu?¿�½��ê ε, �3 N2, ¦�� n > N2 �, k

|bn − b| <
b2ε

2
.

¤±, � n > N = max(N1, N2) �∣∣∣∣ 1

bn
− 1

b

∣∣∣∣ =
|bn − b|
|bnb|

<
2

b2
· b

2ε

2
= ε.

= lim
n→∞

1
bn

= 1
b . �

½n 1.5 `²Âñê��4�$�ÚoK$�´�±���, ¿�í2�k�õ�

Âñê�ë�oK$���/. éu 3◦ ¥�(Ø, ¬Ï�,
 bn � 0 
¦�©ªvk

¿Â. �´Ï� {bn} �4� b 6= 0, ¤± bn � 0 ���õ�kk�õ�. �±UCùk

�õ���, ùØ¬UC {bn} �Âñ5Ú4�. ½ö3 {anbn } ¥íØù
vk½Â�k
�õ�, Ø¬UCÙÂñ5Ú4�. k
½n 1.5, 3O�E,ê�4��, �±òÙz

�{ü4��oK$�=�, 
Ø72¦^“ε–N”�ó��¡�Qã.

~ 1.2.6 ¦4�

lim
n→∞

1 + 2 + · · ·+ n

n2
.

) /Ï lim
n→∞

1
n = 0, k

lim
n→∞

1 + 2 + · · ·+ n

n2
= lim

n→∞

n(n+ 1)

2n2
= lim

n→∞

(
1

2
+

1

2n

)
=

1

2
+

1

2
lim
n→∞

1

n
=

1

2
+ 0 =

1

2
.

~ 1.2.7 ¦4�

lim
n→∞

2n + 5 · 3n

3n + 5 · 2n
.

) /Ï lim
n→∞

(
2
3

)n
= 0, k

lim
n→∞

2n + 5 · 3n

3n + 5 · 2n
= lim

n→∞

(
2
3

)n
+ 5

1 + 5 ·
(

2
3

)n = 5.

½n 1.6 �ê� {an} Ú {bn} ©OÂñu a Ú b.

1◦ e� n ¿©��k an > bn, K a > b;

2◦ e a > b, K� n ¿©��, k an > bn.

y² 1◦ b�(ØØý, = a < b. � l ÷v a < l < b, Kd½n 1.4£2◦¤�, � n

¿©��, =�3�ê N1, ¦�� n > N1�, k an < l. Ón, �3 N2, � n > N2 �,

k bn > l. ¤±� n > max(N1, N2) �, Òk an < l < bn, ù�^��gñ, ù`²b�

�Ø, =(Ø¤á.
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2◦ � l ÷v a > l > b, Ï� {an} �4�´ a, ¤±d½n 1.4£2◦¤�, �3��

�ê N1, ¦� n > N1 �, k an > l. Ón, �3���ê N2, ¦�� n > N2 �, k

bn < l. ¤±� n > max(N1, N2) �(Ø¤á. �

½n 1.6 `²§4�L§U
�±“^S”, =ü�ê�¥��ê��4�����.

��, é4�����ê�, Ù�����. XJk��ê�Y3ü�ê��m, �üà

�ê�Âñ�Ó��ê�, Y3�¥�ê��½¬“�½”Âñ�Ó��ê. =

½n 1.7 eê� {bn} Ú {cn} ÑÂñu a, �é¤k¿©�� n, k

bn 6 an 6 cn,

Kê� {an} �Âñ, 
�4��� a.

y² Ï� {bn} Ú {cn} ÑÂñu a, ¤±éu?¿�½��ê ε, �½�3�A�

��ê N1 Ú N2, ¦�� n > N1 �, |bn − a| < ε, � n > N2 �, |cn − a| < ε, l


a− ε < bn, cn < a+ ε.

^�¥¤¢/é¤k¿©�� n0, =L²�3�ê N3, ¦�� n > N3 �, k

bn 6 an 6 cn.

y3� N = max(N1, N2, N3), K� n > N �, þãn�Ø�ªÓ�÷v, Ïdk

a− ε < bn 6 an 6 cn < a+ ε.

= |an − a| < ε, ùL² {an} Âñu a. �

5¿�, ùp¿vk¯kb½ê� {an} Âñ. ½n 1.7 ^5�Oê�Âñ´��Ð

�
¢^��{, ÙÄ�° ´^®�Âñ�ê�, íä¤�Ä�ê��Âñ5. '�

´é¤�	�ê�, UÄé�,	ü�äkÓ�4��ê�l�mü��¡Y4§. ù

�Ø=U
y²��	ê��Âñ5, 
��U¦ÑäN�4��. .

~ 1.2.8 ¦ lim
n→∞

√
1 + 1

nα , Ù¥ α ´�½��¢ê.

) � α > 0 �, w,k

1 <

√
1 +

1

nα
< 1 +

1

nα

� lim
n→∞

(
1 + 1

nα

)
= 1, 
Ø�ª��à´��~ê�, ¤±A^½n 1.7, ¤¦4�� 1.

~ 1.2.9 ¦ lim
n→∞

(
1√
n2+1

+ 1√
n2+2

+ · · ·+ 1√
n2+n

)
.

) 5¿�

n√
n2 + n

6
1√

n2 + 1
+

1√
n2 + 2

+ · · ·+ 1√
n2 + n

6
n√

n2 + 1
,



14 1 1 Ù 4�



n√

n2 + n
=

1√
1 + 1

n

,
n√

n2 + 1
=

1√
1 + 1

n2

,

Ïddþ��~K�(J��

lim
n→∞

n√
n2 + n

= lim
n→∞

n√
n2 + 1

= 1,

Ïd, ¤¦�4�� 1.

~ 1.2.10 � a > 0, ¦y: lim
n→∞

n
√
a = 1.

y² � a = 1�,(Ø´w,�. e a > 1,K n
√
a > 1,��� n

√
a = 1+λn (λn >

0). u´

a = (1 + λn)n > 1 + nλn.

=

0 < λn = n
√
a− 1 <

a− 1

n
.

du lim
n→∞

a−1
n = 0, �d½n 1.7 �� lim

n→∞
n
√
a = 1.

e 0 < a < 1, K 1
a > 1, �k

lim
n→∞

n
√
a =

1

lim
n→∞

n

√
1
a

= 1.

~ 1.2.11 ¦y lim
n→∞

n
√
n = 1.

y² · n
√
n = 1 + λn, Kk

n = (1 + λn)n = 1 + nλn +
n(n− 1)

2
λ2
n + · · ·

> 1 +
n(n− 1)

2
λ2
n,

dþª)� λn <
√

2
n , �k

0 < n
√
n− 1 = λn <

√
2

n
.

d½n 1.7, Ò��¤y(J.

Âñê��e��5�´'ufê��Âñ¯K. ¤¢��ê� {an} �fê
�£{¡f�¤, ´��g�ê� {an} ¥�Ã¡õ�, Uì�ê�¥Ó��^S�¤�

��#�ê�. u´ {an} �f�´ù«/ª: {ank} (k > 1), Ù¥ nk (k > 1) Ñ´��

ê, ÷v n1 < n2 < · · · < nk < · · · . Ïdf�¬�Xê��Âñ
Âñ.

½n 1.8 � {an} Âñu a, KÙ?¿��fê��Âñu a.
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y² � {ank} (k > 1) ´ {an} (n > 1) ���f�, éu?¿�½��ê ε, ·�

�y², �3���ê K, ¦� k > K �, k |ank − a| < ε

¯¢þ, du {an} Âñu a, ¤±éuþã� ε, �½�3���ê N , ¦��

n > N �, k

|an − a| < ε.

Ï� n1 < n2 < · · · < nk < · · · , 
�Ñ´��ê, ¤±�½�3,� K, ¦�� k > K

�, nk > N , u´, � k > K �, k

|ank − a| < ε,

= lim
k→∞

ank = a. �

l½n 1.8 ��, XJ��ê�kü�f�©OÂñ�ØÓ��, ½ök��f�

ØÂñ, @où�ê��½vk4�. Ïd, ù�5�Ï~^5�ä��ê�´ÄuÑ.

~ 1.2.12 ¦y: ê� {(−1)n} uÑ.

y² � an = (−1)n, K§�f� {a2k} ± 1 �4�, 
f� {a2k−1} ± −1 �4

�. ��ê�uÑ.

~ 1.2.13 ê�

1, 1, 1, 2, 1, 3, · · · , 1, n, · · ·

k��f�

1, 2, 3, · · · , n, . . .

´uÑ�, ¤±�ê�uÑ.

~ 1.2.14 XJÂñê��4�Ø� 0, Kù�ê�¥�õ�kk�õ�� 0.

y² bXê�¥kÃ¡õ�´ 0, Kù
���¤�ê����f�, §�4�

w,´ 0, �d½n 1.8 �, §�4�ATÚ�ê���Ø� 0, gñ. �(Ø¤á.

1.2.3 ¢ê��5eZ�d·K

�!ÏL0�¢ê��5�eZ�d·K, 
)¢ê��534�¥�Ä:5�

^, \�é4�nØ�n).

Äkïá(.�n, �dk�ÑXe½Â

½Â 1.9 � X ⊂ R ´����8Ü, e�3��¢ê a, ¦�éu?Û x ∈ X,

k x 6 a, K¡ a ´ê8 X ���þ.. e�3¢ê b, ¦�éu?Û x ∈ X, k x > b,

K¡ b ´ê8 X ���e.. eê8 X Qkþ., qke., K¡ X ´k.8Ü.
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w,, XJê8 X kþ.£½öe.¤, @o§�þ.£½öe.¤�½Ø��. ·

�a,��´���þ.Ú���e.. ¤¢ê8 X ����þ. a ´�: 1�, a ´

§���þ.; 1�, ?Û' a ��êÑØ2´§�þ.. =

½Â 1.10 � a ´ê8 X �þ., eéu?¿��ê ε, Ñ�3��ê xε ∈ X§
¦� xε > a− ε. K¡ a � X �þ(., P� supX. Ón�½Âe(., P� inf X.

�âþ£e¤(.�½ÂN´wÑ, þ£e¤(.���37½´���.ù´Ï�

XJ�3ü�Ø���þ(. a Ú a′§Ø�� a′ < a§@o a ÒØ´��þ.§gñ§

¤±þ(.XJ�3�½��.

½n 1.11 R ¥?Ûkþ£e¤.���ê8�½kþ£e¤(..

y² � X ⊂ R kþ.. P Y = {y | y ∈ R, y > x,é?¿�x ∈ X¤á} , �Ò´

` Y � X �¤kþ.�¤�ê8. w,, X, Y ÷v��5£ëY5¤ún�^�, Ï

d�3��ê a, ¦�é?¿� x ∈ X, y ∈ Y , k x 6 a 6 y, = a ´ X ���þ.. Ó

n�y²e(.��35. �

��ê8�þ£e¤(.§Q�±´ê8¥�ê§��±Ø´, ~X

inf

{
1

n
, n = 1, 2, · · ·

}
= 0, sup

{
1

n
, n = 1, 2, · · ·

}
= 1

inf{x, 0 6 x < 1} = 0, sup{x, 0 6 x < 1} = 1

|^(.�n, �±�Ñ'uüNê�Âñ5��O{.

½Â 1.12 ê� {an} ¡� üN4O£½üNO¤�, XJ an 6 an+1, (n =

1, 2, · · · ); ¡� üN4~£½üN~¤�, XJ an > an+1, (n = 1, 2, · · · ). üN4OÚü
N4~ê�, Ï¡üNê�.

d4��5�®²��§Âñê�7k.§�k.ê��7Âñ§ù´Ï�k
ê

��±3.���SØä{Ä£ê� {(−1)n−1} Ò´��;.�~f¤. �´éüNê

�XJk.§�¹ÒØÓ
. ~X§éüNO�ê� {an}, XJk.§�Óu`§kþ
.§=�3��~ê M , ¦� an 6M, n = 1, 2, · · · , ê��Ï� an �X n �O�
Ø

äO�, �©ªÉ�þ.�“{:” , äN5`, k

½n 1.13 üNO£~¤k.ê�7Âñ§Ù4���uê��¤�ê8�þ(

.£½e(.¤, �¡�ê��þ(.£½e(.¤.

y² �ê� {an} üN4Okþ., Ïd�â(.�n£½n 1.11¤, ê8

X = {a1, a2, a3, · · · , an, · · · }

7kþ(., Pþ(.� a, �Ò´`éu?¿�½��ê ε, ê a − ε Ø´ X �þ.,

Ïdê�¥�3�� aN ∈ X, ¦� aN > a − ε. qÏ� {an} ´üN4O�, ¤±�
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n > N �, k an > aN > a− ε. w, a + ε > a > an é?Û n ¤á, ¤±� n > N �,

k |an − a| < ε. = lim
n→∞

an = a. �

~ 1.2.15 � an =

√
2 +

√
2 +
√

2 + · · · (n ­�ª), ¦ lim
n→∞

an.

) {an} Ò´dXe4í'X

a1 =
√

2, an+1 =
√
an + 2

½Â���ê�. Äk*	� a2 =
√

2 +
√

2 > a1, a3 =

√
2 +

√
2 +
√

2 >
√

2 +
√

2 =

a2. XJ an > an−1 ¤á, K

an+1 − an =
√
an + 2−

√
an−1 + 2 =

an − an−1√
an + 2 +

√
an−1 + 2

> 0,

= an+1 > an, ¤±d8B{y�, {an} ´üN4O�.

,��¡, |^8B{, Ï� a1 < 2, a2 < 2, e an < 2, K an+1 =
√
an + 2 < 2. =

ê� {an} ´kþ.�. Ïd {an} Âñ. �Ù4�� a. ò4íúªC�

a2
n+1 = an + 2,

3þªüà- n→∞£5¿þªüà�4�Ñ®²��´�3�, ¤±�±ùo�¤�

a2 = a+ 2

)� a = −1 ½ a = 2. �´ an > 0, � a > 0, l
�� lim
n→∞

an = 2.

d½n 1.13 �ò��e¡�­�(J.

½n 1.14 � en =
(
1 + 1

n

)n
, n > 1, Kê� {en} Âñ, ¿Pê� {en} �4��

e = lim
n→∞

(
1 +

1

n

)n
.

y² Äky²Tê�´4O�. ¯¢þ, d��ª½n��

en = 1 +
n∑
k=1

Ck
n ·

1

nk
= 1 +

n∑
k=1

1

k!
· n(n− 1)(n− 2) · · · (n− k + 1)

nk

= 1 + 1 +
n∑
k=2

1

k!

(
1− 1

n

)(
1− 2

n

)
· · ·
(

1− k − 1

n

)
,

en+1 = 1 + 1 +
n∑
k=2

1

k!

(
1− 1

n+ 1

)(
1− 2

n+ 1

)
· · ·
(

1− k − 1

n+ 1

)
+

(
1

n+ 1

)n+1

.

'� en Ú en+1 ü�L�ª�màÚÒ¥�éA�, w,, cö��. 
 en+1 ¤õÑ5

���
(

1
n+1

)n+1
> 0, � en+1 > en. ¤± {en} �î�üN4Oê�.
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Ùg, ·�òy²ê�´k.�. 3 en �þãÐmª¥,

0 <

(
1− 1

n

)(
1− 2

n

)
· · ·
(

1− k − 1

n

)
< 1.

¤±

2 < en <2 +
n∑
k=2

1

k!
= 1 +

1

1!
+

1

2!
+ · · ·+ 1

n!

< 2 +
1

1 · 2
+

1

2 · 3
+ · · ·+ 1

n(n− 1)
= 3− 1

n
< 3,

n = 2, 3, · · · , �Ò´`ê� {en} ´üN4Okþ.�, Ïd�½Âñ. �

5P du 2 < en =
(
1 + 1

n

)n
< 3, ¤± 2 6 e 6 3. 31nÙ¥·�ò^ Taylor

úª?�Úy² e ´��Ãnê�Ùê�´ e = 2.718281828 · · · . 5¿�ê� {en} �z
��Ñ´knê, �´§�4��%´Ãnê e. ddJ2Öö5¿±eü:µ

1◦ 4��nØ¯KÄk´4���35¯K, ��ê��4��3�ÄØ=�ê

����5�k', ��ê�¤3�ê�k'. XJ��3knê�?Øê��4�,

½n 1.14 `², knê�é4�$�´Øµ4�, Ïdk7�éÙ?1*¿, ¦�¤�

����£ëY¤�ê�.

2◦ l,���Ýw, ½n 1.14 ´^knêê��4�5�)��ê�~f, ½ö

`Ãnê e �±^knêê��4�L«. SK 1.2 ¥118K£3¤�Ñ
^knêê�

�EÃnê
√

2 �~f, Ù��Ãnê � ��/Ïü �äk 2n ^>�S��õ>/

¡È¤�¤�knê��4�5½Â. ù«y�Ø´�á�§¯¢þ|^knêê��

4��±�E¤kÃnê£ë�1nþ¤.

3�È©±93ó§Eâ$^¥, ~^�± e �.�éê£·�ò30��ê��

�«)º¤, ù«éê¡�g,éê, {P� ln. ,��¡, ½n 1.14 �Ñ�ê�4��

´��;.�ê�4�. Ø�ê�4�¯K�±z�ê e �4�, �we¡~K.

~ 1.2.16 ¦ lim
n→∞

(
1− 1

n

)−n
.

)

lim
n→∞

(
1− 1

n

)−n
= lim

n→∞

(
1 +

1

n− 1

)n
= lim

n→∞

(
1 +

1

n− 1

)n−1(
1 +

1

n− 1

)
= e.

��½n 1.13 ���­�A^, ·�ke�«m@½n.

½n 1.15 («m@½n) �k��4«m [an, bn], n = 1, 2, · · · , ÷ve�^�

1◦ [a1, b1] ⊃ [a2, b2] ⊃ · · · ⊃ [an, bn] ⊃ · · ·

2◦ lim
n→∞

(bn − an) = 0,



1.2 ê�4� 19

K�3����: ξ áu¤k4«m [an, bn], n = 1, 2, · · ·

y² d^� 1◦ �§¤k«m��à:�¤�ê� {an} ´üNO��± b1 �þ

., ¤k«m�mà:�¤�ê� {bn} ´üN~��± a1 �e.. �â½n 1.13 , ü

�ê�©OÂñ, P

lim
n→∞

an = a, lim
n→∞

bn = b.

Ï� an < bn, ¤± an 6 a 6 b 6 bn. d^� 2◦,

0 6 b− a 6 lim
n→∞

(bn − an) = 0

¤± ξ = a = b =´¤¦�:. �

|^«m@½n, �±��y²e��;5½n

½n 1.16 (Bolzano-Weierestrass ½n) l?Ûk.�ê�¥�ÀÑ��Âñ�

f�.

y² � {an}´��k.�ê�,Ø�� {an} ⊂ [c, d]. [c, c+d2 ]Ú [ c+d2 , d]ùü�«

m¥��k��¹kê� {an}�Ã¡õ�,Pù�«m� [c1, d1].Ó�,3 [c1,
c1+d1

2 ]Ú

[ c1+d1
2 , d1] ùü�«m¥��k��¹kê� {an} �Ã¡õ�, Pù�«m� [c2, d2].

UY�e�, ����«m [ck, dk], k = 1, 2, · · · , ¦�z�ù��«mÑ¹kê� {an}
�Ã¡õ�, �

[c1, d1] ⊃ [c2, d2] ⊃ · · · [ck, dk] ⊃ · · ·

dk − ck =
1

2k
(d− c)→ 0, k → 0,

�â½n 1.15, ��

lim
k→∞

ck = lim
k→∞

dk = a.

3 [c1, d1] ¥�ê���� an1 , �X3 [c2, d2] ¥� an2 , � n2 > n1. duz��«m

[ck, bk] ¥�¹ê� {an} �Ã¡õ�, ¤±ù��ÀJ�±UYe�¿��{an} �f�
ank ∈ [ck, dk]. �â½n 1.7 � lim

k→∞
ank = a. �

·���Âñê��f��½�ÂñuÓ��4�£½n 1.8¤, =/Ü©Ñl�

N0, ½n1.16 �¹Â´=¦ê�uÑ�k., Ò�½�3Ü©�¤�f�´Âñ�.

½Â 1.17 ê� {an} ¡�Ä��, eé?¿�½��ê ε, �3�ê N =

N(ε)£= N �U�6u ε¤, ¦�� m,n > N �, Òk

|an − am| < ε.

5¿, Ä���^���±L«¤: é?¿�½��ê ε, �3g,ê N , ¦��

n > N �, Ø�ª

|an+p − an| < ε
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é¤kg,ê p ¤á.

½n 1.18 (Cauchy ÂñOK) ê� {an} Âñ�¿©7�^�´ {an} ´Ä��.

y² 7�5´N´y²�, Ï� {an} Âñ§éu?¿����ê ε, �3�ê N ,

¦�� m,n > N �

|am − a| <
ε

2
, |an − a| <

ε

2
,

ÏdÒk

|am − an| < ε.

e¡y²¿©5. éu�ê 1, �3�ê N1, ¦�� m,n > N1 �, k |am − an| < 1. -

M = max(|a1|, |a2|, · · · , |aN1|, |aN1|+ 1).

Kk |an| 6 M, n = 1, 2, · · · . ù`² {an} ´k.�. d½n 1.16, �3Âñ�f�

{ank}.

Ï� {an} ´Ä��, ¤±é?¿�ê ε, �3�ê N2, ¦�� m,n > N2 �, k

|am − an| <
ε

2
.

éuù� ε, Ï� lim
k→∞

ank = a, �3���ê K, ¦�� k > K �, k |ank − a| < ε
2 . A

O���� nk ¦� nk > N2 � k > K. u´, � n > N2 �, k

|an − a| 6 |an − ank |+ |ank − a|

<
ε

2
+
ε

2
= ε.

¤±, lim
n→∞

an = a. �.

5P Cauchy ÂñOK´3Ø/Ï	3&E�¹e, =�âê�g�S35�5

�äê��Âñ5. ê�Âñ�½ÂÌ�3u�O�� |an− a|, �ù«�ä�{�´�
4��´®���¹eâk�UA^. 
½n 1.13 �Ñ�´�«�âê�S3üN5

�äê�´ÄÂñ��{. �´éu���ê�, Cauchy ÂñOKäó, ��ê�Âñ,

7L��IÙ¿©���?¿ü�þ�C�?¿�½�§Ý.

~ 1.2.17 � an = sin 1
12 + sin 2

22 + · · ·+ sinn
n2 , y²: {an} Âñ.

y² Ï�

|an+p − an| =
∣∣∣∣sin(n+ 1)

(n+ 1)2
+ · · ·+ sin(n+ p)

(n+ p)2

∣∣∣∣
6

1

(n+ 1)2
+ · · ·+ 1

(n+ p)2
<

1

n(n+ 1)
+ · · ·+ 1

(n+ p− 1)(n+ p)

=
1

n
− 1

n+ p
<

1

n
.
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¤±, éu?¿�½��ê ε, � N =
[

1
ε

]
, � n > N �, é?Ûg,ê p Ñk

|an+p − an| < ε.

d Cauchy ÂñOK�� {an} Âñ.

~ 1.2.18 � an = 1 + 1
2 + 1

3 + · · ·+ 1
n . ¦y {an} uÑ.

y² é?Û��ê n, � p = n, Kk

a2n − an =
1

n+ 1
+

1

n+ 2
+ · · ·+ 1

n+ n
>

1

2n
+

1

2n
+ · · ·+ 1

2n
=

1

2
.

d Cauchy ÂñOK�� {an} uÑ.

1.2.4 uÑ�Ã¡��ê�

¤¢/uÑ�Ã¡�0�ê�, ��/`, Ò´� n Ã�O��ê� {an} (n > 1)

�Ï� an �ýé�?¿��.

½Â 1.19 � {an} (n > 1) ´�½�ê�, eéu?¿�½��ê M , Ñ�3g

,ê N , ¦�� n > N �, k |an| > M , K¡ê� {an} (n > 1) uÑ�Ã¡�£½¡ê

�ªuÃ¡�¤, P�

lim
n→∞

an =∞ ½ an →∞ (n→∞).

òþã½Â��?U, ��±½Â/uÑ��Ã¡�£ªu�Ã¡�¤0: an →
+∞ (n → ∞) ½/uÑ�KÃ¡�£ªuKÃ¡�¤0: an → −∞ (n → ∞), Öö�g

1�ÑäN½Â.

7L5¿�´, ��¡uÑ�Ã¡�£½ªuÃ¡�¤�ê�´uÑê�, Ïd'u

4��5�!$�Ú½n�, éuù«ê���¿Ø¤á; ,��¡uÑê��7uÑ

�Ã¡�, ~Xê�{(−1)n} ´uÑê�, �´§¿ØuÑ�Ã¡�.

d½Â��, uÑ�Ã¡��ê��½´Ã.�, ���Ø,. ~Xê�

0, 1, 0, 2, · · · , 0, n, · · ·

w,´Ã.�, �¿ØuÑ�Ã¡�. ,
, éuüNê�, ê�uÑ�Ã¡��ê�Ã

.´�d�£Á'�½n 1.13¤.

½n 1.20 üNê�uÑ�Ã¡��¿©7�^�´Ù���Ã.ê�.

y² ½n7�5y²®²3þ¡`². y3y²¿©5. Äk�ÄüN4Oê�.

¯¢þ, é?¿�½��ê M , Ï� {an} Ãþ., �7,�3g,ê N , ¦� aN > M .

duê�´üN4O�, ¤±� n > N �, k an > aN > M , = lim
n→∞

an =∞.
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'uüN4~ê� {an} (n > 1) ��¹�±aq�y², ��±|^þ¡�(J,

Ï� {−an} (n > 1) Ò=z�üN4O��¹. �

XJê� {an} (n > 1) uÑ�Ã¡�, K¡� n ªuÃ¡� an ´Ã¡�þ. éA

/, XJ��ê� {an} (n > 1) Âñu0§@o¡� n ªuÃ¡� an ´Ã¡�þ.

1.2.5 Stolz ½n

T½n3¦ê��4��, �´~^�.

½n 1.21 (∞∞ . Stolz ½n) � {an}, {bn} ´ü�ê�, � {bn} î�4Oªu
+∞. XJ

lim
n→∞

an+1 − an
bn+1 − bn

= A,

Kk

lim
n→∞

an
bn

= A,

Ù¥ A �±´¢ê, ��±´ +∞ ½ −∞.

y² ùp, �é A´¢ê��¹��y². Ø�� {bn}´��ê�. b�^�¤

á, Ké?¿�ê ε, �3g,ê N1 ¦�

A− ε < an+1 − an
bn+1 − bn

< A+ ε, n > N1,

du {bn} î�üNO, ¤±

(A− ε)(bn+1 − bn) < an+1 − an < (A+ ε)(bn+1 − bn), n > N1.

3þ¡Ø�ª¥, ©O�Ñ N1 + 1, N1 + 2, · · · , n− 1 ¿ò¤�Ø�ª�\, ��

(A− ε)(bn − bN1+1) < an − aN1+1 < (A+ ε)(bn − bN1+1).

ÓØ± bn ¿�n�

aN1+1

bn
− AbN1+1

bn
− ε

(
1− bN1+1

bn

)
<
an
bn
− A <

aN1+1

bn
− AbN1+1

bn
+ ε

(
1− bN1+1

bn

)
.

5¿� {bn} → +∞, é�½� N1, �3g,ê N2, ¦�� n > N2 �, k

−ε < aN1+1

bn
− AbN1+1

bn
< ε.

� N = max{N1, N2}, u´� n > N �, k

−2ε <
an
bn
− A < 2ε.

�
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½n 1.22 (0
0 . Stolz ½n) � {an}, {bn} ´ü�Âñu 0 �ê�, � {bn} ´

î�4~ê�. XJ

lim
n→∞

an+1 − an
bn+1 − bn

= A,

Kk

lim
n→∞

an
bn

= A,

Ù¥ A �±´¢ê, ��±´ +∞ ½ −∞.

y²3�SK.

5P

1◦ éu ∞
∞ .� Stolz ½n�y²¥¿vk�¦ê� {an} �½uÑ� ∞, �´�


� 0
0 .� Stolz ½néA, æ^
PÒ“∞∞” .

2◦ ü«a.� Stolz ½n�_½n¿Ø¤á. ~Xé an = (−1)n, bn = n, w,k

lim
n→∞

an
bn

= 0. �´an+1−an
bn+1−bn = 2(−1)n �4�¿Ø�3.

3◦ 3 §3.4 ¥, ·�ò0�¦ “0
0” Ú “∞∞” .¼ê�½ª4�� L’Hospital {K. ù

p0�� Stolz ½n�±w¤´�«lÑ/ª� L’Hospital {K.

~ 1.2.19 e lim
n→∞

an = a, Kk

lim
n→∞

a1 + a2 + · · ·+ an
n

= a.

y² - An = a1 + a2 + · · · + an, Bn = n. K {Bn} î�4Oªu +∞, �÷v
lim
n→∞

An+1−An
Bn+1−Bn = lim

n→∞
an+1 = a. �â Stolz ½n, =�(Ø.

ù�~f�¹Â´éu��Âñê� {an}, §�c n ���â²þ¤�¤�ê�

ÂñuÓ�4�. �âù�(J�±y²e¡~K

~ 1.2.20 � lim
n→∞

an = a, lim
n→∞

bn = b, K

lim
n→∞

a1bn + a2bn−1 + · · ·+ anb1
n

= ab.

y² e b = 0, = bn → 0, ¤± |bn| → 0. du {an} Âñ, ¤±k. |an| 6
M, n = 1, 2, · · · , u´d~1.2.19 �∣∣∣∣a1bn + a2bn−1 + · · ·+ anb1

n

∣∣∣∣ 6M
|b1|+ |b2|+ · · ·+ |bn|

n
→ 0

e b 6= 0, K bn − b→ 0, dþ¡�(J�

lim
n→∞

a1(bn − b) + a2(bn−1 − b) + · · ·+ an(b1 − b)
n

= 0
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=

lim
n→∞

(
a1bn + a2bn−1 + · · ·+ anb1

n
− ba1 + a2 + · · ·+ an

n

)
= 0,

2g|^~1.2.19 =�(Ø.
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SK 1.2

1. ^½Ây²e¡�(Ø:

(1) lim
n→∞

n

5 + 3n
=

1

3
; (2) lim

n→∞

sinn

n
= 0;

(3) lim
n→∞

(−1)n
1√
n+ 1

= 0; (4) lim
n→∞

n!

nn
= 0.

2. eê� {an} (n > 1) ÷v^�: ?��ê ε, �3��ê N , ¦�� n > N �, k

|an − a| < Mε (Ù¥ M �~ê), K {an} 7± a �4�.

3. y²: ��=� lim
n→∞

(an − a) = 0 �, k lim
n→∞

an = a. (ê�4��Nõy²¯K,

Ñ�^Ó���{?n.)

4. y²: e lim
n→∞

an = a, K lim
n→∞

|an| = |a|; ��Ø�½¤á (ÁÞ~`²). �e

lim
n→∞

|an| = 0, Kk lim
n→∞

an = 0.

5. y²: e lim
n→∞

an = 0, q |bn| 6M, (n = 1, 2, · · · ), K lim
n→∞

anbn = 0.

6. y²: eê� {an} ÷v lim
k→∞

a2k+1 = a, 9 lim
k→∞

a2k = a, K lim
n→∞

an = a.

7. y²e�ê�ØÂñ:

(1) an = (−1)n
n

n+ 1
; (2) an = 5

(
1− 2

n

)
+ (−1)n.

8. ¦e�4�:

(1) an = 4n2+5n+2
3n2+2n+1 ;

(2) an = 1
1·2 + 1

2·3 + · · ·+ 1
(n−1)·n ;

(3) an =
(
1− 1

3

) (
1− 1

6

)
· · ·
(

1− 1
n(n+1)/2

)
, n = 2, 3, · · · ;

(4) an =
(
1− 1

22

) (
1− 1

32

)
· · ·
(
1− 1

n2

)
;

(5) an = (1 + q)(1 + q2)(1 + q4) · · · (1 + q2n), (|q| < 1).

9. e an 6= 0 (n = 1, 2, · · · ) � lim
n→∞

an = a, UÄä½ lim
n→∞

an
an+1

= 1?

10. eê� {an}, {bn} ÷v lim
n→∞

an · bn = 0, ´Ä7k lim
n→∞

an = 0 ½ lim
n→∞

bn = 0? e�

b� lim
n→∞

an = a, £�Ó��¯K.

11. eê� {an} Âñ, ê� {bn} uÑ, Kê� {an ± bn}, {an · bn} �Âñ5XÛ? Þ

~`². eê� {an}� {bn} �uÑ, £�Ó��¯K.

12. e¡�ín´Ä�(?
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(1) �ê� {an} : a1 = 1, an+1 = 2an − 1 (n = 1, 2, 3, · · · ), ¦ lim
n→∞

an.

): � lim
n→∞

an = a, 3 an+1 = 2an − 1 ü>�4�, � a = 2a− 1, = a = 1.

(2)

lim
n→∞

(
1√

n2 + 1
+

1√
n2 + 2

+ · · ·+ 1√
n2 + n

)
= lim

n→∞

1√
n2 + 1

+ lim
n→∞

1√
n2 + 2

+ · · ·+ lim
n→∞

1√
n2 + n

= 0 + 0 + · · ·+ 0︸ ︷︷ ︸
n�

= 0.

(3) lim
n→∞

(
1 + 1

n

)n
=
[

lim
n→∞

(
1 + 1

n

)]n
= 1n = 1.

13. �ê� {an} � {bn} ©OÂñu a, b. e a > b, Kl,��m©, k an > bn; �L

5, el,�m©ðk an > bn, K a > b.

14. �ê� {an}, {bn} ©OÂñu a 9 b. P cn = max(an, bn), dn = min(an, bn) (n =

1, 2, · · · ). y²

lim
n→∞

cn = max(a, b), lim
n→∞

dn = min(a, b).

15. ¦e�4�:

(1) lim
n→∞

[
1

(n+1)2 + 1
(n+2)2 + · · ·+ 1

(2n)2

]
;

(2) lim
n→∞

[(n+ 1)k − nk], Ù¥ 0 < k < 1;

(3) lim
n→∞

(
√

2 · 4
√

2 · 8
√

2 · · · 2n
√

2);

(4) lim
n→∞

n
√
n2 − n+ 2;

(5) lim
n→∞

n
√

cos2 1 + cos2 2 + · · ·+ cos2 n.

16. � a1, · · · , am�m��ê,y²: lim
n→∞

n
√
an1 + an2 + · · ·+ anm = max(a1, a2, · · · , am).

17. y²e�ê�Âñ:

(1) an =
(
1− 1

2

) (
1− 1

22

)
· · ·
(
1− 1

2n

)
;

(2) an = 1
3+1 + 1

32+1 + · · ·+ 1
3n+1 ;

(3) an = α0 + α1q + · · ·+ αnq
n, Ù¥ |αk| 6M, (k = 1, 2, · · · ), 
 |q| < 1;

(4) an = cos 1
1·2 + cos 2

2·3 + cos 3
3·4 + · · ·+ cosn

n·(n+1) .

18. y²e�ê�Âñ, ¿¦ÑÙ4�:
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(1) an = n
cn , (c > 1);

(2) a1 = c
2 , an+1 = c

2 + a2n
2 (0 6 c 6 1);

(3) a > 0, a0 > 0, an+1 = 1
2

(
an + a

an

)
(J«: ky² a2

n > a);

(4) a0 = 1, an = 1 + an−1

an−1+1 ;

(5) an = sin sin · · · sin 1 (n � sin).

19. � an 6 a 6 bn (n = 1, 2, · · · ),� lim
n→∞

(an−bn) = 0. ¦y: lim
n→∞

an = a, lim
n→∞

bn = a.

20. y²: e an > 0, � lim
n→∞

an
an+1

= l > 1. K lim
n→∞

an = 0.

21. � {an}, {bn} ´�ê�, ÷v an+1

an
6 bn+1

bn
, n = 1, 2, · · · . ¦y: e {bn} Âñ, K

{an} Âñ.

22. |^4� lim
n→∞

(
1 + 1

n

)n
= e, ¦e�ê��4�:

(1) an =

(
1 +

1

2n+ 1

)2n+1

; (2) an =

(
1− 1

n− 2

)n+1

;

(3) an =

(
1 + n

2 + n

)n
; (4) an =

(
1 +

1

n3

)2n3

.

23. � lim
n→∞

an =∞, � |bn| > b > 0 (n = 1, 2, · · · ). K lim
n→∞

anbn =∞.

24. (½ n→∞ �, n
√
n! � n sin n�

2 (n > 1) ´Äk., ´ÄªuÃ¡�.

25. �ê� {an} d a1 = 1, an+1 = an + 1
an

(n > 1) ½Â. y²: an → +∞ (n→∞).

26. �Ñ 0
0 . Stolz ½n�y².
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§1.3 ¼ê4�

1.3.1 ¼ê

¼êÒ´þ�þ�m�éA'X. êÆÚÙ¦�Æ¥ý�Ü©'XÑ�±Ä�¤

¼ê'X. ~X, gdáNeá�m t �eáål h �m�'X´ h0 − h = 1
2gt

2£Ù

¥ g ´­å\�Ý¤; �þ´ m �$Ä�:�ÄU´ÏL§�$Ä�Ý v Uìúª

E = 1
2mv

2 �Ñ�; 
��¥k>6ÏLü �mS�)�9þ�>6rÝ I �'X´

Q = 1
2RI

2, Ù¥ R ´���>{; 3AÛ¥, éu�½b� α ���n�/, � α ��

���>��Ý x �n�/¡È S �m�'X´ S = 1
2(tanα)x2; ��²¡�I¥º:

3�:��Ô�þ:�î�I�p�I�m�'X´ y = 1
2ax

2£Ù¥ a L«�Ô�m

����Ú��¤. k¿g�´§ùpÞÑ�~f§�,�Ä�¯KØÓ§�Ä�Ñ5Ñ

´Ó���g¼ê. �,, ���¼ê��E,§L��ª�Ø¦�Ó.

£1¤Ä�Vg

éu½Â3¢ê8Ü R �f8þ����¢ê�¼ê, î�½ÂXe:

½Â 1.23 � A ´ R �f8, eéu A ¥�z��ê x, k��(½� y ∈ R
��éA£=¼ê�ü�5¤, ò y P¤ f(x), @o, Ò¡ f ´ A þ���¢�¼ê.

8Ü A ¡� f �½Â�, 
ê f(x) ¡� f ��. f �����8Ü�� f ���, Ï

~P¤ f(A), = f(A) = {y | y = f(x), x ∈ A}. S.þ, ¡þã� x �gCþ, y �Ï

Cþ.

�âþã½Â, ¼êkn�Ä���, =½Â�, ��Ú£ü��¤éA'X.��¼

ê��±w¤´��ò A ⊂ R N\ R S���N�:

f : A −→ R, ½ f : x 7−→ y = f(x)

r¢ê�¢ê¶þ�:��éA, K½Â3¢êþ!���¢ê�¼êk�«AÛ

L«, = y = f(x) �ã�. ò½Â�¤3�ê¶�����I²¡ Oxy �î¶!��¤

3�ê¶��p¶, K y = f(x) �ã�=´ Oxy ¥�I� (x, f(x)) (x ∈ A) �:�¤

�²¡:8£�õê�¹e, ù�:8´� £̂©ã¤­�¤.

¼ê�ü�5�N3¼ê�ã�þ, Ò´?Û�^²1u y ¶���, � y = f(x)

�ã��õk���:.

�¼ê f �½Â�� A, ��
ó, Ù�� f(A) �5�4ÙE,, �kn«�/3

�È©¥AO­�.

1◦ ¼ê��� f(A) ´��k.ê8. e�3��~ê M , ¦� f(A) �¹3«m

[−M, M ] ¥, =é?Û�� x ∈ A, k |f(x)| 6M . ¡÷vù«�/�¼ê� A þ�k
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.¼ê, ½ö`¼ê f 3 A þk..

2◦ ½Â� A ��� f(A) ÓS£½ö�S¤. = A ¥?¿ü�ê x1, x2 ���^

S, þ�§�éA��� f(A) ¥�ü�ê y1 = f(x1), y2 = f(x2) ���^S�Ó£½

ö��¤, d�¡¼ê f(x) ´üN�. (�/`, f(x) ¡� A þ

üNO¼ê, é?¿� x1, x2 ∈ A, XJ x1 < x2, kf(x1) 6 f(x2);

üN~¼ê, é?¿� x1, x2 ∈ A, XJ x1 < x2, kf(x1) > f(x2);

üNOÚüN~¼ê, Ú¡�üN¼ê. eþ¡�Ø�Ò�î�Ø�Ò, K¡ f(x) �î

�üNO£~¤¼ê.

3◦ ½Â� A ��� f(A) ��éA. =éz�� y ∈ f(A), Ñk��(½� x ∈ A
¦� f(x) = y. l¼êã�þw, Ò´?Û�^²1u x ¶���, �¼ê�ã��õ

k���:. d�, g,/�Ñ��d f(A) � A �N�. ù�N�¡� f(x) ��¼

ê£½_N�¤, P� f−1 ,=x = f−1(y). §�½Â�� f(A), ��� A.

é²w, e f ´ A þî�üN�¼ê, K f 7,´ A � f(A) �����N�, Ï

d�Òk�¼ê.

£2¤¼ê�EÜ

ØÓ�¼ê3¦�ú�k½Â�«�S´�±?1\!~!¦!ØoK$��£�

Ø{�, �U3©1Ø�"�«�S?1¤. ùpÌ�0�¼ê�,�«$� ¼ê

�EÜ$�.

�k¼ê y = f(u), ½Â�� B, ��� C, u = g(x), ½Â�� A, XJ¼ê g(x)

��� g(A) �¹3 B S. @od

f ◦ g(x) = f(g(x))

½Â
��#¼ê f ◦ g, ¡�� f � g �EÜ¼ê, §�½Â�´ A . Ï~P�

y = f(g(x)), 
¡ u �¥mCþ.

lN���Ýw, EÜ¼êÒ´l A � B 2� C ���N�

- - -
x u y

.
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g f

ã 1.2

5¿, f ◦ g � g ◦ f ��¿Ø�Ó, �N´w�, EÜ$�÷v(ÜÆ

(f ◦ g) ◦ h = f ◦ (g ◦ h),
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Ïd^ f ◦ g ◦ h L«, ½öP� f(g(h(x))), ù´n�¼ê�EÜ. aq/�±�Ä?¿

k�õ�¼ê�EÜ.

£3¤Ð�¼ê

ùp, {ü/Û��
�È©¥²~�9�¼ê. �Ä��¼ê´õ�ª¼ê!�

¼ê!�ê¼ê!éê¼ê!n�¼ê��n�¼ê, ¡§��Ä�Ð�¼ê. dÄ�Ð

�¼ê²Lk�g\!~!¦!ØÚEÜ$��Ñ�¼ê¡�Ð�¼ê.

~ 1.3.1 � n ´�K�ê, /X

f(x) = anx
n + · · ·+ a1x+ a0

�¼ê¡�õ�ª¼ê. ü�õ�ª¼ê f(x)!g(x) �û f(x)
g(x) ¡�kn¼ê, §�½

Â�´Ø�)÷v g(x) = 0 �¤k¢ê.

~ 1.3.2 /X

f(x) = xα

�¼ê¡� �¼ê, Ù¥ α �±´?¿¢ê. XJ α ´�ê, f(x) Ò´kn¼ê¶XJ

α = 1
m , m > 2 � m ���ê, f(x) = x

1
m = m

√
x ´�ª¼ê,XJ m ´óê, f �½Â

�� x > 0, XJ m ´Ûê, f é?¿ x k½Â¶XJ α ´Ãnê, f �½Â���5

½� x > 0.

~ 1.3.3 ¤¢V­¼ê´�Xe 4 �¼ê, §��½Â�´ R.

sinhx =
ex − e−x

2
, coshx =

ex + e−x

2
,

tanhx =
ex − e−x

ex + e−x
, cothx =

ex + e−x

ex − e−x
(x 6= 0).

§�©O¡�V­�u¼ê!V­{u¼ê!V­��¼ê!V­{�¼ê. V­¼ê

�n�¼êk�©�q�5�, Öö�gy�.

sinh(x± y) = sinh x cosh y ± coshx sinh y,

cosh(x± y) = cosh x cosh y ± sinhx sinh y,

cosh2 x− sinh2 x = 1, sinh 2x = 2 sinh x coshx, cosh 2x = cosh2 x+ sinh2 x.

~ 1.3.4 ¦V­�u¼ê y = sinhx ��¼ê y = sinh−1 x.

) � y = sinh−1 x, K x = sinh y, d

ey = cosh y + sinh y =

√
1 + sinh2 y + sinh y =

√
1 + x2 + x

�� y = ln(x+
√

1 + x2).

£4¤¼ê�Ù¦L��ª
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Ï~r¼ê y = f(x) �L��ª¡� wª

-

6

rbb x

y

−1

1

ã 1.3

L« ½öwL«. �3¢SA^¥��3¼ê

�Ù¦L��ª.

1◦ ©ã¼ê ¤¢©ã¼ê, {ü/ù, Ò

´éugCþØÓ�����, �A�¼êL�

ª£=éA'X¤ØÓ. ~X

y = sgn x =


1, x > 0

0, x = 0

−1, x < 0

Ú

y = f(x) =

x3, x > 0

x2, x < 0

��,Ò´ùa¼ê.þ¡1��~f¡�ÎÒ¼ê.

2◦ ¼ê�ÛL« =gCþÚÏCþ�m�éA'X´ÏL���§�Ñ5�,Ï

d¡ùa¼ê�Û¼ê. ~X�»� r ��d�§

x2 + y2 = r2

�Ñ. �,, lþã�§�±©O)Ñ��þ�Ü©Úe�Ü©�wL«

y =
√
r2 − x2, −r 6 x 6 r

Ú

y = −
√
r2 − x2, −r 6 x 6 r

�´, Ø´z�¼ê�ÛL«Ñ�±l�§¥)Ñ,~X

sin(x+ y) + 2x+ y = 0,

����¦)�§´�©(J�. ¼ê�ÛL«��de��§�Ñ

ϕ(x, y) = 0

éÏLù��ªL«�¼ê, ·��ò31�þ¥?1��\�?Ø.
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3◦ ¼ê�ëê�§L« ¤¢ëê�§L«, ´�­�þ:�ü��I x � y �m

�'X´ÏL��ëê�éX�, = x Ú y �L«¤e�/ªx = x(t),

y = y(t),
t ∈ [α, β]

ù��ëê�§L«��±w¤´l [α, β] ⊂ R �²¡ Oxy S���N�,

r : [α, β] −→ R2,

N���´ Oxy ²¡þ�^­�.d²¡þ:��þ�éA'X,�±rN�L«¤

t 7−→ r(t) = (x(t), y(t))

¤±k��¡���þ�¼ê.5¿�3¼ê�ëê�§L«¥,x Ú y �/ ´��²

��.

-
t x

y

-

6
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[ )
0 2�

t x

y

ã 1.4

~X, ±�:��%, �»� r ���ëê�§

x = r cos t, y = r sin t, t ∈ [0, 2�]

§3 Oxy ²¡þ�ã�´���, t L«��¥%�.

����»� a ��÷X x ¶!�
ÃwÄ/EÄ�, �þ��½: P �$Ä;

,¡�{�, � t = 0 � P : u�:,K3?Û t ��,P :��I (x, y) ©O�

x = a(t− sin t), y = a(1− cos t).

ùÒ´Cþ x Úy Ñ�6ëê t �ëê�§L«.

éuwªL«�¼ê y = y(x), ��±ò§w¤´��ëê�§L«�¼êx = x,

y = y(x),
x ∈ [a, b]

ùp, x �ü
ëCþ��Ú.
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0 2�a

y

x
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ã 1.5

,
, ëê�§L«�¼ê£±9§éA�­�¤���¹e%ØU�ÑÏ~

�wªL«. ±ü �£r = 1¤�~, w,§ØUL«¤ y = y(x) ½ x = x(y),

Ï�ÃØ3@«�¹e, ÑÃ{�yü�5. �´, XJ3��ÛÜ�Ä, Òk�

U�Ñw«L�ª. ~X, XJ��Äþ��, ¼ê x = cos t 3 (0,�) þk�¼

ê, ¤± t = cos−1 x, x ∈ (−1, 1), �\ y = sin t, t ∈ (0,�)£d�, y > 0¤K y =√
1− cos2(cos−1 x) =

√
1− x2, x ∈ (−1, 1). Ón3e�� y = −

√
1− x2, x ∈ (−1, 1).

þe��©OkØÓ�w«L«.

���¹e, XJ x = x(t) 3,�ÛÜ�3�¼ê t = x−1(x), @o y = y(t) =

y(x−1(x)) �Ñ x Ú y �m�wL«. �Xþã���¹��, ù«wL«  �U�

3u��ÛÜ.

¼ê�ëê�§L«3Ôn�Æ�A^2�, ~X*	���:3�m�$Ä, 

 r�mCþ t ��ëCþ, �m¥�:$Ä�;,£­�¤þ�:Ò�±L«¤�m t

�ëê�§½�þ�¼ê.

1.3.2 ¼ê3Ã¡�?�4�

a'uê�4�, ·�Äk?Ø¼ê y = f(x) � |x|£��uê�� n¤Ã�O�

�, f(x) ´Äk��/(½�ª³0. �,, ùp·��¦¼ê f(x) 3 |x| ¿©��
k½Â. ~X, f(x) = 1

x£a'ulÑ�ê� an = 1
n¤, ØJwÑ, � |x| Ã�O��,

f(x) = 1
x Ã��Cu 0. �Ò´`, �� |x| ¿©�, ·�ÒU¦ 1

x �Cu 0 ��ýk

�½�§Ý. ¯¢þ, éu?¿�½��ê ε, �� |x| > 1
ε , Òk |

1
x − 0| < ε.

½Â 1.24 �¼ê y = f(x) ��3 |x| > a > 0 k½Â. XJk��¢ê l äk

e�5�: éu?¿�½��ê ε, o�3���ê X = X(ε) > a, ¦� |x| > X �k

|f(x)− l| < ε,

@o¡� x ª�Ã¡��, f(x) ± l �4�. P¤

lim
x→∞

f(x) = l, ½ f(x)→ l (x→∞).
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ù«½ÂÚê� {an} ± a �4��½ÂÄ�¿g´���. �ØLê� {an} ´
½Â3g,ê8þ�¼ê, ÙgCþ n lÑ/O\��Ã¡�. 
¼ê f(x) �gCþ

|x| K´ëY/O\��Ã¡�.

þã½ÂÓ��kAÛþ��*£ã. =3���IX Oxy ¥, f(x)→ l (x→∞)

�du`, éu?¿�½��ê ε, 3 x ¶þ, o�3�: X, ¦�� |x| > X£½

x > X, x < −X¤�, ¼ê f(x) �ã�, �½¬á3±ü^²1u x ¶���

y = l − ε, y = l + ε ¤Y�d�«��S£ã1.6¤.

-

6
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l− ε

l

l + ε

x

y

ã 1.6

aquþã½Â, ·���±�Ñ� x → +∞�, f(x) ± l �4��½Â; ±9

� x → −∞ �, f(x) ± l �4��½Â. ��r½Â 1.24 ¥�/|x| > X0©O�

¤/x > X0Ú/x < −X0=�£Öö�±g1�Ñ���Qã¤. ùü«4�©OP¤

lim
x→+∞

f(x) = l, ½ lim
x→−∞

f(x) = l.

f(x) 3�£½öK¤Ã¡�?�4�, ¡� f(x) 3Ã¡�?�£ü�¤üý4�.

ØJwÑ, lim
x→∞

f(x) �3�¿©7�^�, ´ü�üý4� lim
x→+∞

f(x) Ú lim
x→−∞

f(x) �

3���.

~ 1.3.5 � k ´��ê, y²: lim
x→∞

1
xk

= 0.

y² é?¿��ê ε, ��é�¤F"� X, ��)Ø�ª∣∣∣∣ 1

xk
− 0

∣∣∣∣ < ε.

lù�Ø�ª)� |x| > ε−1/k. ¤±��� X = ε−1/k, � |x| > X �, ÒU�yþ�¤

á, =, lim
x→∞

1
xk

= 0.

~ 1.3.6 � 0 < a < 1, y²: lim
x→+∞

ax = 0.

y² é?¿�½��ê ε, Ø�� ε < 1, �¦ |ax − 0| = ax < ε, ��

x ln a < ln ε,
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du ln a < 0, ln ε < 0, ���� X = ln ε
ln a > 0, ¤±� x > X �, k |ax − 0| = ax < ε,

= lim
x→+∞

ax = 0, (0 < a < 1).

~ 1.3.7 y²: lim
x→−∞

ex = 0.

y² ?����ê ε < 1, �¦ 0 < |ex − 0| = ex < ε, �� x < ln ε. ��

X = − ln ε, K� x < −X = ln ε �k ex < ε, =´¤�y²�(Ø.

~ 1.3.8 y² lim
x→−∞

arctanx = −�2 , lim
x→+∞

arctanx = �
2 .

y² ?��ê ε, �¦

−�
2
− ε < arctanx < −�

2
+ ε

�I x < tan
(
−�2 + ε

)
, ¤±� X = tan

(
�
2 − ε

)
> 0, � x < −X �,Òk∣∣∣arctanx+

�
2

∣∣∣ < ε

=

lim
x→−∞

arctanx = −�
2
,

Ón�y

lim
x→+∞

arctanx =
�
2

du� xªu�!KÃ¡��,¼ê arctanx�ü�üý4�Ø��,¤± lim
x→∞

arctanx

Ø�3.

1.3.3 ¼ê3�:?�4�

y3�Ä� x �,�k�ê x0£½ö`ê¶þ���½�:¤Ã��C�, ¼ê

f(x) �Czª³. ùpg,�¦ f(x) 3 x0 :�NCk½Â£�3: x0 ?�±vk½

Â¤, =é,��êδ0,¼ê38Ü {x | 0 < |x− x0| < δ0} þk½Â.

Ïd, XJ� x �x0 Ã��C�, ¼ê f(x) Ã��C��ê l, K` f(x) � x ª

u x0 �, ± l �4�. ½ö`� |x − x0| ¿©��, |f(x) − l| �±?¿�. �¤/ε-δ0

�ó, Òk

½Â 1.25 � f(x) 3 x0 NCk½Â£3 x0 Ø�¦k½Â¤. XJé?¿�½�

�ê ε, �3 δ > 0, � 0 < |x− x0| < δ �k |f(x)− l| < ε. @o¡ l �� x ª� x0 �

f(x) �4�, P¤

lim
x→x0

f(x) = l, ½ f(x)→ l (x→ x0).

l¼ê f(x) �ã��±wÑ, f(x) 3 x ªu x0 �± l �4��AÛ¿ÂXã1.7

¤«.
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ã 1.7

=, � x ����3«m (x0 − δ, x0 + δ) S�, f(x) �ã�Y3²1u x ¶�ü

^�� y = l + ε Ú y = l − ε �m. w,, ~�¼ê f(x) = c 3?Û�: x0 �4�´

c. e¡�Þ�
Ù¦~f.

~ 1.3.9 � f(x) = x, y² lim
x→x0

f(x) = x0

y² ?����ê ε, ·�������ê δ = ε, � 0 < |x− x0| < δ �, Òk

|f(x)− x0| = |x− x0| < ε.

~ 1.3.10 ¦ lim
x→0

x sin 1
x .

) 5¿, ¼ê3 x = 0 ?vk½Â. � x 6= 0�, ok∣∣∣∣x sin
1

x

∣∣∣∣ 6 |x|.
Ïd, é?¿��ê ε, � δ = ε, K� 0 < |x| < δ �, Òk∣∣∣∣x sin

1

x
− 0

∣∣∣∣ < ε.

¤±

lim
x→0

x sin
1

x
= 0.

~ 1.3.11 y² lim
x→1

x2−1
x2−x = 2.

y² x2−1
x2−x 3 x = 1 ?vk½Â, 
� x 6= 1 �, ·���O∣∣∣∣x2 − 1

x2 − x
− 2

∣∣∣∣ =

∣∣∣∣x− 1

x

∣∣∣∣ .
du¤`�4�=� 1 NC� x k', ��±k�� x ���, ~X� |x− 1| < 1

2 , =
1
2 < x < 3

2 . 3ù���S, þ¡��O�∣∣∣∣x− 1

x

∣∣∣∣ < 2|x− 1|.
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¤±, éu?¿�½��ê ε, � δ = min
(
ε
2 ,

1
2

)
, K� 0 < |x− 1| < δ �, k∣∣∣∣x2 − 1

x2 − x
− 2

∣∣∣∣ =

∣∣∣∣x− 1

x

∣∣∣∣ < 2|x− 1| < 2δ 6 ε.

3½Â 1.25 ¥, ¿vk�� x l�o���C x0. XJ�¦ x l��þ���½

���C x0, Ò´¤¢�üý4�.

½Â 1.26 � f(x) 3 x0 ��ýNCk½Â. XJk��~ê l ÷veã5�:

éu?¿��ê ε, o�3�ê δ, ¦�� −δ < x − x0 < 0 �, k |f(x) − l| < ε, @o

¡ l ´ f(x) 3 x0 ��4�, P¤

lim
x→x−0

f(x) = l, ½ f(x)→ l (x→ x−0 )

e¼ê f(x) 3 x0 �mýNCk½Â, aq/�±½Â f(x) 3 x0 �m4�, ��

3'u�4�½Â¥�Ø�ª −δ < x− x0 < 0 �¤ 0 < x− x0 < δ =�. S.þ, P¼

ê f(x) 3 x0 ��m4�©OP� f(x0 − 0) Ú f(x0 + 0). 5¿, f(x0 ± 0) =L«¼ê

3�: x0 ��m4�, �¼ê f(x) 3 x0 ���vk7,'X.

½n 1.27 ¼ê f(x) 3 x0 k4��¿©7�^�´ f(x) 3 x0 ��m4�Ñ

�3
���.

y²´w,�. ù�{ü�¯¢�±^5�ä¼ê f(x) 3 x0 vk4�.

~ 1.3.12 y² lim
x→0

ax = 1, ùp a > 0.

y² � a = 1 �, (Øw,¤á. �±e� a 6= 1. ky lim
x→0+

ax = 1. �d©ü«

�/:

� a > 1, d� ax > 1. éu?¿��ê ε, �¦

|ax − 1| < ε, = 1 < ax < 1 + ε,

��

x ln a < ln(1 + ε) ½ x <
ln(1 + ε)

ln a

=�. ¤±��� δ = ln(1+ε)
ln a , K� 0 < x < δ �þãØ�ª¤á, = lim

x→0+
ax = 1. Ón

�y² lim
x→0−

ax = 1.

� 0 < a < 1�,��5¿�d� ln a < 0,Ù¦aqþãy²,½��� lim
x→0

ax = 1.

(Ø¤á.

~ 1.3.13 �

f(x) =

 3x+ 1, x > 1,

2x− 5, x < 1.
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y² lim
x→1

f(x) Ø�3.

y² ØJwÑ3 1 ��ý, f(x) = 2x− 5, ¤±�4�� f(1− 0) = −3; 
3 1

�mý, f(x) = 3x + 1, ¤±, m4�� f(1 + 0) = 4, Ïd, ¼ê f(x) 3 x ªCu1 �,

�m4��3�Ø��, ¤±4�Ø�3.

1.3.4 ¼ê4��5�Ú$�

·�®²©O½Â
 x → ∞, x → ±∞ ±9 x → x0, x → x±0 �4�L§. e¡

ò?Ø4��Ä�5�ÚoK$�. �
Bu?Ø, ��Ä x → x0£x0 ´k�¤��

/, Ù¦�/�aq��.

½n 1.28 e� x→ x0 �, ¼ê f(x) k4� l, K

1◦ 4�´���.

2◦ f(x) 3 x0 �NC´k.�. =�3�ê M Ú δ, ¦�� 0 < |x− x0| < δ �,

|f(x)| 6M .

3◦ e a < l < b, K3 x0 �NC, k a < f(x) < b, =�3���ê δ, ¦�éu÷

v 0 < |x− x0| < δ �¤k x, k a < f(x) < b.

½n 1.29 �� x→ x0 �, ¼ê f(x) Ú g(x) ©O± l Ú l′ �4�, K

1◦ e3 x0 �NC, k f(x) > g(x), K l > l′.

2◦ e l > l′, K3 x0 �NC,7k f(x) > g(x), =�3 δ > 0, ¦� 0 < |x−x0| < δ

�, k f(x) > g(x).

3◦ �� 1◦ Ú 2◦ �íØ, XJ3 x0 �NC, k f(x) > 0, K l > 0¶XJ l > 0, K

3 x0�NC, k f(x) > 0.

½n 1.30 �� x→ x0 �, ¼ê f(x) Ú g(x) k4�, K f(x)± g(x), f(x)g(x),
f(x)
g(x) £� lim

x→x0
g(x) 6= 0 �¤þk4�, �

1◦ lim
x→x0

(f(x)± g(x)) = lim
x→x0

f(x)± lim
x→x0

g(x).

2◦ lim
x→x0

f(x)g(x) = lim
x→x0

f(x) · lim
x→x0

g(x). AO, lim
x→x0

cf(x) = c lim
x→x0

f(x), Ù¥ c ´

~ê.

3◦ lim
x→x0

f(x)
g(x) =

lim
x→x0

f(x)

lim
x→x0

g(x) , Ù¥ lim
x→x0

g(x) 6= 0.

±þ½n�y²�ê�4��éA½n�y²��aq, Ø2­E.

½n 1.31 � f(x) 3 x0 NC, g(t) 3 t0 NC©Ok½Â, �� t 6= t0 �,
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g(t) 6= x0. e lim
x→x0

f(x) = l, lim
t→t0

g(t) = x0, K

lim
t→t0

f(g(t)) = l.

y² ?����ê ε, �â lim
x→x0

f(x) = l �, �½�3���ê τ , ¦��

0 < |x− x0| < τ �, k

|f(x)− l| < ε.

qÏ� lim
t→t0

g(t) = x0, ¤±éuþã�ê τ , �½�3���ê δ > 0, ¦��

0 < |t− t0| < δ �, k 0 < |g(t)− x0| < τ . ¤±, � 0 < |t− t0| < δ �k

|f(g(t))− l| < ε.

=

lim
t→t0

f(g(t)) = l.

�

½n 1.31 w�·�, 3¦4��L§¥�±¦ /̂Cþ��0, l
k�U{z¦

4��L§.

~ 1.3.14 ¦ lim
x→∞

x2+2x+3
x2+3x+1 .

) lim
x→∞

x2+2x+3
x2+3x+1 = lim

x→∞

1+ 2
x

+ 3
x2

1+ 3
x

+ 1
x2

= 1.

~ 1.3.15 � P (x) = anx
n + an−1x

n−1 + · · ·+ a1x+ a0, Kéu?¿�: x0, k

lim
x→x0

P (x) = P (x0).

y² |^ lim
x→x0

x = x0, � lim
x→x0

xk = xk0, 2|^4��\{, Ò��(J.

~ 1.3.16 ¦ lim
x→−1

(
1

x+1 −
3

x3+1

)
.

) � x → −1 �, �ª)Ò¥�z��Ñvk4�. ¤±ØU��|^4��5

�O�. �´, � x 6= −1�, �±ò)ÒS�©ª?1Ï©Úz{�

x− 2

x2 − x+ 1
,

d�, ©f©13x→ −1�, Ñk4�, Ïd

lim
x→−1

(
1

x+ 1
− 3

x3 + 1

)
= lim

x→−1

x− 2

x2 − x+ 1

=
limx→−1(x− 2)

limx→−1(x2 − x+ 1)
= −1.

~ 1.3.17 � a > 0, y²: lim
x→x0

ax = ax0 .
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y² P y = x− x0, K� x→ x0 �k y → 0, �d½n 1.31 Ò��

lim
x→x0

(ax − ax0) = ax0 lim
x→x0

(ax−x0 − 1)

= ax0 lim
y→0

(ay − 1) = 0.

e¡?Ø¼ê4�Úê�4��'X.

½n 1.32 ¼ê f(x) 3 x→ x0 �k4� l �¿©7�^�´: éu?¿��±

x0 �4��ê� {an} (an 6= x0), Ñk lim
n→∞

f(an) = l.

y² /7�50: � {an} (an 6= x0)´��± x0 �4��ê�. Ï� lim
x→x0

f(x) =

l, �éu?¿�½��ê ε, �½�3 δ > 0, � 0 < |x − x0| < δ �, k |f(x) − l| < ε.

qdu lim
n→∞

an = x0, ¤±éuþã δ > 0, �3��g,ê N , ¦�� n > N�, k

0 < |an − x0| < δ, ¤±� n > N �, |f(an)− l| < ε. =´

lim
n→∞

f(an) = l.

“¿©5” (�y) : b�� x→ x0 �, f(x) Ø± l �4�. @o�½k�� ε0 > 0,

¦éu?Û���ê δ, ÑUé��� xδ, =¦ 0 < |xδ − x0| < δ, Ek |f(xδ)− l| > ε0.

Ïd, � δn = 1
n , éAz��ù�� δn, Ñ�é� an, ¦

0 < |an − x0| < δn =
1

n
, � |f(an)− l| > ε0

� n→∞ �, þ¡1��Ø�ªL² {an} (an 6= x0) ± x0 �4�, 
1��Ø�ªL

², {f(an)}, Ø± l �4�. ù�^��gñ, ¤±b�Ø¤á, =k lim
x→x0

f(x) = l. �

T½n`², � x → x0 �, f(x) �ª�5�XJ3ü�ªu x0 �:�þØ��,

K f(x) �½vk4�.

~ 1.3.18 y²: � x→ 0 � sin 1
x vk4�.

y² ©O� an = 1
2n� , bn = 1

2n�+�/2 (n = 1, 2, · · · ). w,k lim
n→∞

an = lim
n→∞

bn =

0. �´, lim
n→∞

f(an) = 0, lim
n→∞

f(bn) = 1, ¤± lim
x→0

f(x) Ø�3.

1.3.5 ¼ê4��3�O{

½n 1.33 �3 x0 �NC, k h(x) 6 f(x) 6 g(x), 
�� x→ x0 �, ¼ê h(x)

Ú g(x) Ñ± l �4�, @o, f(x) �± l �4�.

Ùy²�ê��½n 1.7 �y{aq.

½n 1.34 � f(x) 3 (a, b) ¥üNk., K f(a+ 0) Ú f(b− 0) þ�3.

y² Ø�� f(x) �üNO. du f(x) 3 (a, b) kþ., �kþ(. M . e¡Ò

5y² f(b− 0) = M .
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?� ε > 0, du M − ε Ø´ f(x) �þ., �7k x0 ∈ (a, b) ¦ f(x0) > M − ε. �
δ = b− x0, d f �üN5��, � b− δ = x0 < x < b �, Òk

M − ε < f(x) 6M.

Ïd f(b− 0) = M . aq�y² f(a+ 0) �3. �

íØ 1.35 � f(x) 3 (a, b) ¥üNk., K f(x) 3(a, b) ¥z�: x0 Ñk�m

4�.

� x0 ∈ (a, b), ��©O3 (a, x0) Ú (x0, b) ¥A^½n 1.34 =�.

½n 1.36 (Cauchy �OOK) �¼ê f(x) 3x0 NCk½Â, K f(x) 3 x0 k4

��¿©7�^�´: ?� ε > 0, �3 δ > 0, � 0 < |x′ − x0|, |x′′ − x0| < δ �, k

|f(x′)− f(x′′)| < ε.

y² “7�5” : � lim
x→x0

f(x) = l. ?� ε > 0, �3 δ > 0, � 0 < |x− x0| < δ �,

|f(x)− l| < ε

2
.

�� 0 < |x′ − x0|, |x′′ − x0| < δ �

|f(x′)− f(x′′)| 6 |f(x′)− l|+ |l − f(x′′)|

<
ε

2
+
ε

2
= ε.

“¿©5” : éu?¿�½��ê ε, �3 δ > 0, ¦�� 0 < |x′ − x0|, |x′′ − x0| < δ

�k |f(x′)− f(x′′)| < ε. ?���± x0 �4��ê� {an} (an 6= x0), = lim an = x0,

�éþã δ > 0, �3��ê N , ¦�� m,n > N �, k 0 < |am − x0|, |an − x0| < δ,

Ïd�Òk

|f(am)− f(an)| < ε.

¤±ê� {f(an)} ÷vê�� Cauchy ÂñOK, �Âñ. �

lim
n→∞

f(an) = l.

ù�4� l, ��´¼ê3 x→ x0 ��4�. ¯¢þ, éu?¿�½��ê ε, ��¡d

¿©5^���, �3 δ > 0, ¦�� 0 < |x′ − x0|, |x′′ − x0| < δ �, k

|f(x′)− f(x′′)| < ε

2
,

,��¡,du lim
n→∞

f(an) = lÚ lim
n→∞

an = x0,��3��g,ê m,¦ 0 < |am−x0| <
δ ±9 |f(am)− l| < ε/2, u´� 0 < |x− x0| < δ �, Òk

|f(x)− l| 6 |f(x)− f(am)|+ |f(am)− l|

<
ε

2
+
ε

2
= ε.
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¤±

lim
x→x0

f(x) = l.

�

1.3.6 ü�­�4�

e¡, ·�ò|^¼ê4��5�, �Ñü�­��¼ê4�. Äky²��Ún.

Ún 1.37 � 0 < x < �
2 , K sinx < x < tanx.

y² Xã1.8 ¤«, ü ����� OD �ò

.

.................................

..................................

...................................

...................................

..................................

..................................

.................................

................................

................................

........
..............
.......

O A

B

C

D

x

1

si
n
x ta

n
x

ã 1.8

���u: B, du

4AOD ¡È < ÷/AOD ¡È < 4AOB ¡È,

�Ò´
1

2
sinx <

1

2
x <

1

2
tanx.

�

dTÚn´�,éu¤k¢ê x,k | sinx| 6 |x|,
��Ò�3 x = 0 ¤á.

½n 1.38 lim
x→0

sinx
x = 1.

y² Äk�Äm4�. � 0 < x < �
2 , du sinx > 0, dÚn´�

1 <
x

sinx
<

1

cosx
, = cosx <

sinx

x
< 1.

Ïd

0 < 1− sinx

x
< 1− cosx = 2

(
sin

x

2

)2
< 2 sin

x

2
< x.

¤±, dü>Y��{��

lim
x→0+

sinx

x
= 1.

� x→ 0−�, - y = −x, K y → 0+, ¤±

lim
x→0−

sinx

x
= lim

y→0+

sin(−y)

−y
= lim

y→0+

sin y

y
= 1.

�
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eã½n`², � x → ∞ �, ¼ê
(
1 + 1

x

)x �4��3, 
�Úê�
{(

1 + 1
n

)n}
�4���£cö´ëY�Cþ, �ö´lÑ�Cþ¤.

½n 1.39 lim
x→∞

(
1 + 1

x

)x
= e.

y² dué?¿� x > 1, k [x] 6 x < [x] + 1, ±9(
1 +

1

[x] + 1

)[x]

<

(
1 +

1

x

)x
<

(
1 +

1

[x]

)[x]+1

,

Ïd

lim
x→+∞

(
1 +

1

[x] + 1

)[x]

= lim
x→+∞

(
1 +

1

[x] + 1

)[x]+1(
1 +

1

[x] + 1

)−1

= e,

lim
x→+∞

(
1 +

1

[x]

)[x]+1

= lim
x→+∞

(
1 +

1

[x]

)[x](
1 +

1

[x]

)
= e.

�â½n 1.33 ¥ü>Y��{, k lim
x→+∞

(
1 + 1

x

)x
= e.

� x→ −∞ �, - y = −x, K y → +∞, |^þ¡(J, Òk

lim
x→−∞

(
1 +

1

x

)x
= lim

y→+∞

(
1− 1

y

)−y
= lim

y→+∞

(
1 +

1

y − 1

)y
= lim

y→+∞

(
1 +

1

y − 1

)y−1(
1 +

1

y − 1

)
= e.

ùÒy²


lim
x→+∞

(
1 +

1

x

)x
= lim

x→−∞

(
1 +

1

x

)x
= e,

Ïd�Ò�¤
½n�y². �

½n 1.39 ¥�4�, �ke��«~���d/ª

lim
x→0

(1 + x)
1
x = e.

½n 1.38 Ú½n 1.39 �(Ø´Ä��, 
�Ø�¼ê�4�¯K�ª�±8(�

ùü�4�.

~ 1.3.19 y² lim
x→0

cosx = 1 ±9 lim
x→0

tanx
x = 1.

y² � 0 < x < �
2 �, Ï�

0 < 1− cosx < x,

¤± lim
x→0+

cosx = 1. � cosx ´ó¼ê, �k lim
x→0−

cosx = 1, ¤±

lim
x→0

cosx = 1.

�âù�(J, k

lim
x→0

tanx

x
= lim

x→0

sinx

x
· lim
x→0

1

cosx
= 1.
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~ 1.3.20 ¦ lim
x→0

1−cosx
x2 .

)

lim
x→0

1− cosx

x2
= lim

x→0

2 sin2 x
2

x2
=

1

2
lim
x→0

(
sin x

2
x
2

)2

=
1

2
lim
y→0

(
sin y

y

)2

=
1

2
.

~ 1.3.21 � x0 ´?¿¢ê, y² lim
x→x0

sinx = sinx0.

y² dÚn 1.37 ���Ø�ª | sinx| 6 |x| ��

0 6 | sinx− sinx0| = 2

∣∣∣∣sin x− x0

2
cos

x+ x0

2

∣∣∣∣
6 2

∣∣∣∣sin x− x0

2

∣∣∣∣
6 |x− x0|.

|^4��½Â��(Ø¤á.

1.3.7 Ã¡�þ�Ã¡�þ

34�L§¥ªuÃ���þ, ¡�/Ã¡�þ0, î�/`, Ò´

½Â 1.40 � f(x) 3 x0 �NCk½Â. eéu?¿�½����ê M > 0, Ñ

�3�ê δ, ¦�� 0 < |x− x0| < δ �, k |f(x)| > M, K¡f(x) ´� x→ x0 ��Ã

¡�þ. P¤

lim
x→x0

f(x) =∞ ½ f(x)→∞ (x→ x0).

XJ� x 3 x0 �,���¥Cz�, Ã¡�þ f(x) �±ð�½ðK, ·�Ò� ∞
�)±�A�ÎÒ, =�±½Â

lim
x→x0

f(x) = +∞, ½ lim
x→x0

f(x) = −∞.

éuÙ¦/ª�4�L§, ��±aq/½ÂÃ¡�þ. 5¿,/Ã¡�þ0¿�

�£ýé�¤é��ê, 
´3CzL§¥ªuÃ¡��Cþ. ~X

lim
x→(�/2)−

tanx = +∞, lim
x→0+

lnx = −∞, lim
x→+∞

ex = +∞,

lim
x→0+

1

x
= +∞, lim

x→+∞
lnx = +∞.

w,, 3Ó��4�L§¥£~XÓ´ x → ∞ ½Ó´ x → x0 ��¤, ü�Ã¡�

þ�È�´Ã¡�þ, �´ü�Ã¡�þ�Ú!�!û�5�äk�«�U. �©O¡

�/∞±∞0Ú/∞∞0.�½ª. 'uù
�½ª�4��O�ò3�¡Ù!¥?Ø.

aq/, �±½ÂÃ¡�þ.
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½Â 1.41 � f(x) 3 x0 NCk½Â, e lim
x→x0

f(x) = 0 K¡ f(x) ´� x → x0

��Ã¡�þ.

~X, x, x2, sinx �¼ê´ x→ 0 ��Ã¡�þ; 1
x ,

1
1+x2 �¼ê, ´ x→∞ ��

Ã¡�þ. Ó�I�5¿�´,/Ã¡�þ0ù�¶¡, ¤�£ã�´Ù3,�4�L§

¥�CzA�, 
Ø´��þ���.

k��Ã¡�þ��êÚ£�5|Ü¤E,´Ã¡�þ; k��Ã¡�þ�ÈE´

Ã¡�þ; ��k.Cþ�Ã¡�þ�¦ÈE,´Ã¡�þ. �´ü�Ã¡�þ�û%

k�«ØÓ�5�, ¡�/0
00.Ø½ª.

~X, � x→ 0 �,

x, x2, sinx, x sin
1

x

Ñ´Ã¡�þ, �´§��û3 x → 0 �, ÒkØÓ�5�: x2

x = x ´Ã¡�þ; 

x
x2 = 1

x %´Ã¡�þ; sinx
x �4�� 1, 


x sin 1
x

x QØ´Ã¡��Ø´Ã¡�.

w,, 3Ó��4�L§¥, XJ u(x) ´Ã¡�þ, K 1
u(x) Ò´Ã¡�þ. ��X

J u(x) ´Ã¡�þ, � u(x) 6= 0, K 1
u(x) Ò´Ã¡�þ; XJ lim

x→x0
u(x) = l, K u(x)− l

´ x→ x0 ��Ã¡�þ.

½Â 1.42 �¼ê f(x) Ú g(x) ´� x→ x0 ��Ã¡�þ, =

lim
x→x0

f(x) =∞, lim
x→x0

g(x) =∞

1◦ XJk�"~ê c, ¦ lim
x→x0

f(x)
g(x) = c, @o¡ f(x) Ú g(x) £́� x→ x0 ��¤

Ó�Ã¡�þ. AO� c = 1 �, ¡§�´�dÃ¡�þ, P¤

f(x) ∼ g(x) (x→ x0).

2◦ XJ lim
x→x0

f(x)
g(x) = 0 ½ lim

x→x0
g(x)
f(x) = ∞, @o¡ f(x) ´' g(x) $��Ã¡�þ

½ g(x) ´' f(x) p��Ã¡�þ. P¤

f(x) = o(g(x)) (x→ x0).

~ 1.3.22 x2 + 3x+ 5 ∼ x2 (x→∞).

~ 1.3.23 y²: lnx = o(x) (x→ +∞).

y² é x > 1, �3g,ê k, ¦�

2k−1 < x 6 2k.

�k

lnx 6 k ln 2 < k.
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u´

0 <
lnx

x
<

2k

2k
=

2k

(1 + 1)k
<

2k
k(k−1)

2

=
4

k − 1
.

du� x→ +∞ �, k → +∞, ��â½n 1.33 k

lim
x→+∞

lnx

x
= 0.

¯¢þ,� α > 0, K x→ +∞ �, y = xα → +∞, �

lim
x→+∞

lnx

xα
= lim

x→+∞

lnxα

αxα
=

1

α
lim

y→+∞

ln y

y
= 0.

¤±é?Û α > 0, Ñk

lnx = o(xα) (x→ +∞).

=� x → +∞ �, Ø+ α ´õ���ê, lnx Ñ´' xα �$��Ã¡�þ. ¤±§ª

�Ã¡���Ý/éú0.

½Â 1.43 � α(x) Ú β(x) ´� x→ x0 ��ü�Ã¡�þ.

1◦ XJ lim
x→x0

α(x)
β(x) = c 6= 0. K¡ α(x) Ú β(x) £́� x→ x0 ��¤Ó�Ã¡�þ.

AO, � c = 1 �, ¡§�´�dÃ¡�þ, P¤

α(x) ∼ β(x) (x→ x0).

2◦ XJ lim
x→x0

α(x)
β(x) = 0 ½ lim

x→x0
β(x)
α(x) = ∞), K¡ α(x) ´' β(x) p��Ã¡�þ,


 β(x) ´' α(x) $��Ã¡�þ. P¤

α(x) = o(β(x)) (x→ x0).

~X, ·�®²��, � x→ 0 �

tanx ∼ sinx ∼ x, 1− cosx ∼ x2

2
.

½n 1.44 � α(x) Ú β(x) ´� x → x0 ���dÃ¡�þ£= α(x) ∼
β(x), (x→ x0)¤, XJ

lim
x→x0

α(x)u(x) = l, lim
x→x0

v(x)

α(x)
= l′,

K

lim
x→x0

β(x)u(x) = l, lim
x→x0

v(x)

β(x)
= l′,

Ù¥ l Ú l′ ��±´Ã¡�.
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y² lim
x→x0

β(x)u(x) = lim
x→x0

β(x)
α(x) · α(x)u(x) = lim

x→x0
β(x)
α(x) · lim

x→x0
α(x)u(x) = l.

,���ªaq�y. �

ù�½n`², 3¦4��L§¥, ��ªf���Ã¡�Ïf^���§�d�

Ã¡�þO�, �ª(JØC. duÃ¡�þ��ê´Ã¡�þ, ¤±Ã¡�Ïf��±

¢1�dO�.

~ 1.3.24 ¦ lim
x→0

sinx√
1+x−1

) Ï� sinx ∼ x, ¤±

lim
x→0

sinx√
1 + x− 1

= lim
x→0

x√
1 + x− 1

= lim
x→0

(
√

1 + x+ 1) = 2.

~ 1.3.25 ¦ lim
x→0

tanx−sinx
x3 .

)

lim
x→0

tanx− sinx

x3
= lim

x→0

sinx(1− cosx)

x3 cosx

= lim
x→0

x · x22
x3

=
1

2
.

I5¿�´�UéÃ¡�þÚÃ¡�þ�Ïf¢1�dO�, 
^\!~Òë��

ªfp, ÒØU?¿¢1�dO�, ~X3þ¡�~f¥, ©fp� tanx Ú sinx XJ

^�dÃ¡�þ x �O�, Ò¬���Ø�(J.

3��4�L§¥éü�þ£Ø+´Ã¡�þ�´Ã¡�þ¤?1'��, “O” Ú

“o” ´ü�~^�PÒ. Ï~

1◦ XJ3 x0 NC, '� f(x)
g(x) k., =�3��~ê c > 0, ¦�

|f(x)| 6 c|g(x)|,

ÒP

f(x) = O(g(x)) x→ x0.

AO,

f(x) = O(1) (x→ x0)

L« f(x) 3 x0 �NC´k.þ.

2◦ XJ

lim
x→x0

f(x)

g(x)
= 0,

KP

f(x) = o(g(x)) (x→ x0).

I5¿�´, ùp��Ò, �L«3 x→ x0 �, üö�m��«'�.
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SK 1.3

1. U½Ây²:

(1) lim
x→−∞

ax = 0, (a > 1); (2) lim
x→∞

x−1
x+1 = 1;

(3) lim
x→−1

x2−1
x2+x = 2; (4) lim

x→0+0
x1/q = 0 (q ���ê).

2. ¦e�4�:

(1) lim
x→1

(
x5 − 5x+ 2 + 1

x

)
; (2) lim

x→1

xn−1
x−1 (n ���ê);

(3) lim
x→1

x2−1
2x2−x−1 ; (4) lim

x→∞
(3x+6)70(8x−5)20

(5x−1)90 .

3. y²e�4�Ø�3:

(1) lim
x→+∞

sinx; (2) lim
x→0

|x|
x .

4. �¼ê f(x) 3�Ã¡�?�4�� l, Kéu?¿ªu�Ã¡��ê� {an}, k
lim
n→∞

f(an) = l. AO/ lim
n→∞

f(n) = l.

5. ?Øe�¼ê3 x = 0 ?�4�.

(1) f(x) = [x]; (2) f(x) = sgnx;

(3) f(x) =


2x, x > 0;

0, x = 0;

1 + x2, x < 0.

(4) f(x) =

cos 1
x , x > 0;

x, x 6 0.

6. ¦ lim
n→∞

cos x2 cos x
22 · · · cos x

2n .

7. ¦y: lim
n→∞

(
sin α

n2 + sin 2α
n2 + · · ·+ sin nα

n2

)
= α

2 .

8. y²: e lim
x→∞

f(x) = l, K lim
x→0

f
(

1
x

)
= l, ��½�(. Qã¿y², � x → +∞

9 x → −∞ �aq�(Ø. (A^�K(Ø, �ò4�L§� x → ∞ �¯Kz�
x→ 0 ?n, ½ö�L5. ~X, ·�k lim

x→0
(1 + x)1/x = e.)

9. ¦e�4�:

(1) lim
x→0

tan 2x
sin 5x ; (2) lim

x→0

cosx−cos 3x
x2 ;

(3) lim
x→+∞

(
x+1
2x−1

)x
; (4) lim

x→∞

(
x2+1
x2−1

)x2
.

10. ¦e�4�.

(1) lim
x→+∞

arctanx
x ; (2) lim

x→0
x2 sin 1

x ;

(3) lim
x→2

x3−2x2

x−2 ; (4) lim
x→∞

(2x2 − x+ 1).
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11. U½Ây².

(1) lim
x→+∞

loga x = +∞, (a > 1); (2) lim
x→0+0

loga x = −∞, (a > 1);

(3) lim
x→�/2−0

tanx = +∞; (4) lim
x→0+0

e1/x = +∞.

12. y²: ¼ê y = x sinx 3 (0,+∞) SÃ.; �� x→ +∞ �, ù�¼ê¿Ø´Ã¡

�þ.

13. ¼ê y = 1
x cos 1

x 3«m (0, 1) S´Äk.? q� x→ 0 + 0 �, ù�¼ê´Ä�Ã

¡�þ?

14. �K¤�9�¼ê4�kXm²�AÛ¿Â.

P¼ê y = f(x) ¤L«�­�� C. eÄ:÷­�Ã�$l�:�, dÄ:�,�

�½���ålªu", K¡T���­� C ��^ìC�.

(i) R�ìC� ´�(R�u x ¶�)�� x = x0 �­� C �ìC��¿©7�

^�´

lim
x→x0−0

f(x) =∞ ½ lim
x→x0+0

f(x) =∞.

(ii)Y²ìC� ´�(²1u x¶�)�� y = b�­� C �ìC��¿©7�^

�´

lim
x→+∞

f(x) = b ½ lim
x→−∞

f(x) = b.

(iii) �ìC� �Ööy², �§� y = ax+ b (a 6= 0) ��� L �­� C �ìC

��¿©7�^�´

a = lim
x→+∞

f(x)

x
, b = lim

x→+∞

(
f(x)− ax

)
;

½ö

a = lim
x→−∞

f(x)

x
, b = lim

x→−∞

(
f(x)− ax

)
.

ùpg,�b½¤`�4�Ñ�3. (J«: ± x→ +∞ �~, �­� C 9�� L

þ�î�I� x�:©O� M,N . K M � L�ål, ´ |MN |���~ê�. Ï

d, �� L �­� C �ìC�, �du lim
x→+∞

(
f(x)− (ax+ b)

)
= 0, dd´�¤`

�(J.)

¦e�­��ìC��§.

(1) y = x ln
(
e + 1

x

)
; (2) y = 3x2−2x+3

x−1 .

15. y²: 3Ó�4�L§¥�d�Ã¡�þke�5�:

(1) α(x) ∼ α(x) (g�5);

(2) e α(x) ∼ β(x), K β(x) ∼ α(x) (é¡5);

(3) e α(x) ∼ β(x), β(x) ∼ γ(x), K α(x) ∼ γ(x) (D45).
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(5¿, (1) ¥g,Ib½ α(x) Ø�"�; 
3 (2)!(3) ¥, ^�%¹X, ¤`�Ã¡

�þ34�L§¥þØ�"�.)

16. � x→ 0 �, '�e�Ã¡�þ�?:

(1) tan x− sinx � x3; (2) x3 + x2 � sin2 x;

(3) 1− cosx � x2.

17. � x→ +∞ �, Á'�e�Ã¡�þ�?:

(1) n gõ�ª Pn(x) � m gõ�ª Pm(x) (m,n þ���ê);

(2) xα � xβ (α, β > 0);

(3) ax � bx (a, b > 1).

18. Á^�dÃ¡�þ����{O�e�4�.

(1) lim
x→0

sinmx
sinnx (m,n þ���ê); (2) lim

x→0

tan ax
x ;

(3) lim
x→0

n
√

1+sinx−1
arctanx ; (4) lim

x→0

√
2−
√

1+cosx
sin2 x

;

(5) lim
x→0

√
1+x+x2−1

sin 2x ; (6) lim
x→0

√
1+x2−1

1−cosx .

1 1 ÙnÜSK

1. ¦e�ê��4�:

(1) an = 1
2 ·

3
4 · · · · ·

2n−1
2n (J«: 1

2 ·
3
4 · · · · ·

2n−1
2n 6

1√
2n+1

);

(2) an = 10
1 ·

11
3 ·

12
5 · · · · ·

n+9
2n−1 ;

(3) � a1 > 1, an+1 = 2− 1
an
, n = 1, 2, · · · ;

(4) � a1 = 3, an+1 = 1
1+an

, n = 1, 2, · · · .

2. � {an} �üN4O�ê�, ¿�Âñu a, y²é�� n k an 6 a. (éüN4~

�k4��ê�, aq�(Ø¤á.)

3. y²e¡�ê�Âñ:

(1) an = 1 + 1
22 + · · ·+ 1

n2 ;

(2) an =
(
1 + 1

2

) (
1 + 1

22

)
· · ·
(
1 + 1

2n

)
.

4. Á�E��uÑ�ê� {an}, ÷v^�: é?¿�ê ε, �3��ê N , ¦� n > N

�, k |an+1 − an| < ε.

5. eê� {an} ÷v: �3~ê M , ¦�é�� n k

An = |a2 − a1|+ |a3 − a2|+ · · ·+ |an+1 − an| 6M.

y²: (1) ê� {An} Âñ; (2) ê� {an} �Âñ.
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6. � {an} ´�î�4Oê�. ¦y: e an+1 − an k., Ké?¿ α ∈ (0, 1) k

lim
n→∞

(
aαn+1 − aαn

)
= 0. ¿`²d(Ø�_Øé, =, �3�î�4Oê� {an} ¦

�é?¿ α ∈ (0, 1) k lim
n→∞

(
aαn+1 − aαn

)
= 0, �´ an+1 − an Ã.. (J«: �Ä

an = n lnn.)

7. �ê� {an} ÷v lim
n→∞

(an+1 − an) = a. y²: lim
n→∞

an
n = a.

8. y²: e lim
n→∞

an = a, � an > 0, K lim
n→∞

n
√
a1a2 · · · an = a.

9. y²: e an > 0, � lim
n→∞

an+1

an
�3, K lim

n→∞
n
√
an ��3, ¿�

lim
n→∞

n
√
an = lim

n→∞

an+1

an
.

10. ¦e�4�:

(1) lim
n→∞

1+
√

2+ 3√3+···+ n
√
n

n ; (2) lim
n→∞

n
n√
n!

.

11. ®� lim
n→∞

an = a, ¦y lim
n→∞

a1+2a2+···+nan
n2 = a

2 .

12. � {an} � an → a ∈ R, q� {bn} ´�ê�, cn = a1b1+a2b2+···+anbn
b1+b2+···+bn . ¦y: (1) {cn}

Âñ; (2) e (b1 + b2 + · · ·+ bn)→ +∞, K lim
n→∞

cn = a.

13. y²: lim
x→+∞

(
1 + 1

xp

)x
=


1, p > 1,

e, p = 1,

∞, p < 1.

14. � f(x) �±Ï¼ê, � lim
x→∞

f(x) = 0, y² f(x) ð�".

15. y² £1¤¼ê f(x) 3 x→ x0− �k4� l �¿©7�^�´: éu?¿��±

x0 �4��üN4Oê� {an} (an 6= x0), Ñk lim
n→∞

f(an) = l;£2¤¼ê f(x) 3

x→ x0+ �k4� l �¿©7�^�´: éu?¿��± x0 �4��üN4~ê

� {an} (an 6= x0), Ñk lim
n→∞

f(an) = l.

16. � ξ ´��Ãnê. a, b´¢ê,� a < b.¦y: �3�ê m,n¦� m+nξ ∈ (a, b),

=, 8Ü

S = {m+ nξ |m,n ∈ Z}

3 R È�.
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3 §1.3 !¥, ·�0�
¼ê�Vg. �Ùò?Ø¼ê��^­�5�, Ò´¼ê

�ëY5. �*þù, ¤¢¼ê´ëY�, ´��gCþëYCz�, ��ÏCþ���

ëY�Cz. ~X��$ÄÔN¤rL�ål, ��m�Cz
ëY�Cz. ��mC

z�~��, Ø+ÔN�$Ä�Ýõ�, §$Ä�ålCz�¬�~�. lAÛþw, ¼

êëYÒ´�¼ê�AÛã�´� /̂vkäm0�/ëY0�­�. �ÙÌ�´lêÆ

þ�ÑëY¼ê�½Â, ¿�\?ØëY¼ê�k'5�.

§2.1 ëY¼ê�Ä�Vg

2.1.1 ëY�½Â

�
�Ñ¼êëY5�î�½Â, Äk*	±eA�~f. 1��~f´ÎÒ¼

ê£ã2.1¥1��ã�¤

f(x) = sgn x =


1, x > 0

0, x = 0

−1, x < 0

x

y

1

−1

x

y

1

x

y

1

ã 2.1

lã/þw, §3 x = 0 ?´äm�. 
3/mä:0x = 0 ?�wÍA:´, � x→ 0

�, ¼êvk4�£Ï��!m4�©O� −1 Ú 1, üöØ��¤. Ïdl�*þw, �

¦¼ê3�: /́ë�0�, �Ò /́ëY0�, AT�¦¼ê3ù�:k4�.

1��~f £́ã2.1¥�1��ã�¤

f(x) =

1, x 6= 0

0, x = 0

w,, §3 x = 0 ?´äm�, �Ï´¼ê�,3 x = 0 ± 1 �4�, �4���¼ê

��3ù�:�¼ê�£f(0) = 0¤Ø��.
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XJUCù�¼ê3 x = 0 �½Â, ¦�¼ê3 x = 0 ���u¼ê3 x = 0 �4

��,@o§3 x = 0?ÒëY
. UC��¼ê´ f(x) = 1, x ∈ (−∞,+∞)£ã2.1¥

�1n�ã�¤.

¤±·�*	�, ¼ê3�: x0 ?XJëY, ATä�ü���: Ù�´¼ê3ù

�: x0 ?ATk4�, Ù�´4��AT�u¼ê3ù�:��.

½Â 2.1 � y = f(x) 3 x0 ���S£=�¹ x0 ���m«m¤k½Â, e

lim
x→x0

f(x) = f(x0)

K¡ y = f(x) 3 x0 ?ëY, x0 ´ f(x) �ëY:, ÄK¡ f(x) 3: x0 ?ØëY, ½

x0 ´ f(x) �mä:.

�âþã½Â, ¼ê f(x) 3�: x0 ?�ëY5, �ûu f 3ù�:NC��Ú3

ù:��, ù�¯¢L²£3�:�¤ëY5, ´�«/ÛÜ5�0.

XJ /̂ε − δ0�óQã, Ò´: ¡¼ê3½Â�S��: x0 ëY, XJéu?¿

�½��ê ε, o�3�� δ > 0, ¦�� |x− x0| < δ �, k |f(x)− f(x0)| < ε.

,�«�d�½ÂQã´Äu¤¢/Oþ0(½¡/UCþ0)�Vg.

�¼ê3 x0 �����Sk½Â, �gCþd� x0 C�,	��� x �, Ò`g

Cþ3 x0 ?k
��Oþ ∆x = x− x0£5¿, Oþ ∆x ���K, ��±´"¤. �A

gCþ���Oþ, ¼êd� y0 = f(x0) C�#�� y = f(x) = f(x0 + ∆x), Ïd, ¼

ê��Òk
���gCþ�Oþ�A�Oþ

∆y = y − y0 = ∆f(x) = f(x)− f(x0) = f(x0 + ∆x)− f(x).

Ïd, ¼ê3�: x0 ëY, Ò�du`� x0 �Oþ ∆x ªu 0 �, ¼ê�Oþ ∆y �

ªu 0, =

lim
∆x→0

∆y = lim
∆x→0

∆f(x) = 0, ½ ∆y → 0 (∆x→ 0).

u´, ¼ê3�:ëY�±{ü/£ã�: �gCþ3T:Czé��, �A�¼ê��

Cz�é�.

½Â 2.2 e y = f(x) 3«m I = (a, b) ¥�?�:ëY, K¡ y = f(x) 3«m

I þëY.

ù�, ·�Ò½Â
«mþ�ëY¼ê. �*þw, «mþëY�¼êã�, Ò´�

^vkäm�­�.

~X, ¼ê f(x) = |x| ´ëY�; 1 1 Ù¥¤0��õ�ª¼ê, ´ëY¼ê; l1

1.3.6 !¥�~ 1.3.21 ��, ¼ê f(x) = sinx �´ëY¼ê.
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2.1.2 �(m)ëY�mä

�
�O¼ê f(x) 3�: x0 �ëY5, =´Äk lim
x→x0

f(x) = f(x0), k��Ä

f(x) 3�: x0 �ü�üý4����B. �â¼ê4��½Â±9¼êëY5�½Â,

f(x) 3�: x0 ëY�du f(x) 3�: x0 ��!m4�Ñ�3
��u f(x0), =

f(x0 + 0) = f(x0 − 0) = f(x0).

½Â 2.3 � f(x) 3 x0 �����Sk½Â. e f(x0 + 0) = f(x0), K¡ f(x) 3

x0 mëY; e f(x0 − 0) = f(x0), K¡ f(x) 3 x0 �ëY.

w, f(x) 3 x0 ëY�¿©7�^�´ f(x) 3 x0 �ëYÓ��mëY.

f(x) 3���¹à:�«mþëY, ´� f(x) 3«mSÜz�:ÑëY, ¿�3

à:þk�A�üýëY5.

¼ê3�: x0 ØëY¡T:�mä:. u)mä¬ke�n«�/:

1◦ ¼ê3�: x0 �m4�Ñ�3���£¤±3ù�:k4�¤,�Ø�u f(x0),

f(x0 + 0) = f(x0 − 0) 6= f(x0).

2◦ ¼ê3�: x0 �m4�Ñ�3, �´Ø��,

f(x0 + 0) 6= f(x0 − 0).

3◦ ¼ê3�: x0 �m4���k��Ø�3.

éu�/ 1◦ ¥�mä£ë�ã2.1¥�1��ã�¤, ��­#½Â£UC½Ö

¿¤f(x0) ��¦��u f(x+
0 ) Ò�±?E f(x) 3 x0 �ëY5, Ïdùamä:´�

���, ¡���mä:.

éu�/ 2◦ ¥�mä, Ï� f(x0 + 0) 6= f(x0 − 0), d�¼ê�3 x0 ?k��/a

�0£a��ÌÝ´ |f(x0 + 0)− f(x0 − 0)|¤. Ïd¡ x0 � f(x) �a�:.

�/ 1◦ Ú 2◦ ¥�mä:£=��mä:Úa�:¤Ú¡� f(x) �1�amä:.

�/ 3◦ ¥�mä:¡ x0 � f(x) �1�amä:.

w, f(x) 3½Â«m�à:Ò�kü«mä�¹: ��mä£3Tà: f(x) ��

Aüý4��3��¼ê�Ø�¤Ú1�amä:£3Tà: f(x) ��Aüý4�Ø

�3¤.

~ 2.1.1 ïÄ¼êf(x) = sinx
x (x 6= 0) 3 x = 0 ?�ëY5.

) Ï� lim
x→0

sinx
x = 1, �,¼ê3 x = 0 vk½Â, ���Ö¿½Â¼ê3 x = 0
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���1, =

f(x) =


sinx
x , x 6= 0,

1, x = 0,

K¼ê3 0 ëY.

~ 2.1.2 ?Ø

f(x) =

3x+ 1, x > 1,

2x− 5, x < 1

3 x = 1 ?�ëY5.

) Ï� f(1 + 0) = 4, f(1− 0) = −3, � x0 = 1 ´ f(x) �a�:, �Ý� 7.£5

¿¼ê3 x = 1 ?´mëY�¤.

~ 2.1.3 ?Ø

f(x) =


1
x , x > 0,

0, x 6 0

3 x = 0 ?�ëY5.

) Ï�¼ê3 x = 0 �m4�Ø�3, ¤±T¼ê x = 0 ?ØëY.

~ 2.1.4 y²e¡ Dirichlet ¼ê3?Û�:Ñk1�amä.

D(x) =

1, x �knê,

0, x �Ãnê.

y² ?��: x0, ·��±����dknê|¤�üNO£~¤ê� {an}Âñ
� x0 , ��±é�Ãnê|¤�üNO£~¤ê� {bn}Âñ� x0, ¤± lim

n→∞
D(an) = 1,


 lim
n→∞

D(bn) = 0. ¤±¼ê3?Û�:��m4�ÑØ�3, Ñ´1�amä:.

2.1.3 ëY¼ê�$�

�âëY¼ê�½Â, ��¦¼ê3�: x0 �4��3¿�4�Ò´ f(x0), Ïd,

g,ÒkëY¼ê�oK$�ÚëY¼ê�EÜ�ëY5(Ø.

½n 2.4 � f(x) Ú g(x) Ñ3 x0 ëY, K¼ê f(x)± g(x), f(x)g(x), f(x)
g(x) £�

g(x0) 6= 0 �¤3 x0 ?�ëY.

½n 2.5 � u = g(x) 3«m I þk½Â, ¼ê y = f(u) 3«m J þk½Â, �

g(I) ⊆ J . e u = g(x) 3 x0 ∈ I ëY, y = f(u) 3 u0 = g(x0) ?ëY£= f(u) 3 u0

ëY, u0 = g(x0)¤, KEÜ¼ê f(g(x)) �3 x0 ëY.
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y² éu?¿�½��ê ε, Ï� f 3 u0 ëY, K�3���ê η > 0, ¦��

|u− u0| < η �, k

|f(u)− f(u0)| < ε

éuþã η > 0, qÏ� g 3 x0 ëY, ¤±�3 δ > 0, ¦�� |x− x0| < δ �, k

|g(x)− g(x0)| = |u− u0| < η

u´, � |x− x0| < δ �, lþ¡ü�Ø�ª��

|f(g(x))− f(g(x0))| = |f(u)− f(u0)| < ε,

=¼ê f(g(x)) 3 x0 ëY. �

T½n��±L«�e¡/ª

lim
x→x0

f(g(x)) = f(g(x0)) = f( lim
x→x0

g(x)),

=3ëY�^�e, �òEÜ¼ê�4�$�£�S�¼ê5$�.

e¡ò?Ø�¼ê�ëY5¯K. ·���éu½Â3ê8 A þ�¼ê f(x) , §

äk�¼ê�¿©7�^�´ f(x) �½Â�������N�. XJ f(x) 3 A þ´

î�üN�, K f(x) k�¼ê. �´, k�¼ê�¼êØ7´î�üN�, ~X

f(x) =

−1− x, −1 6 x 6 0,

x, 0 < x 6 1.

,
, éu3��«mþ�ëY¼ê, �/KéØ�Ó, e�½n´'uëY¼êk�¼

ê��Ä����(J.

½n 2.6 � y = f(x) ´½Â3«m [a, b] þ���ëY¼ê, K f(x) 3 [a, b] þ

�3�¼ê�¿©7�^�´ f(x) 3 [a, b] þî�üNO£~¤. �ù�^�¤á�,

f(x) ��¼ê f−1 3Ù�A�½Â�S�´î�üNO£~¤�ëY¼ê.

l�*þw, ëY¼ê��¼ê�´ëY�ù�(Ø´w,�. Ï�¼êy =

f(x)Ú�¼êx = f−1(y)3Ó��I²¡þ�ã�´�Ó�.

·�ò3 §2.2 ����ÑT½n�î�y².

2.1.4 Ð�¼êëY5

30�
ëY¼ê�½ÂÚÄ�5��, ·�òw�, Ð�¼ê3Ù½Â�S´ë

Y�.

(1) õ�ª¼ê: Äk5¿�, ~�¼ê f(x) = c£c ´��~ê¤±9�5¼ê

f(x) = x ´«m (−∞,+∞) þëY¼ê. ¤±²LoK$�¤���?Û x �õ�ª

¼êÑ´ëY�.
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(2) n�¼ê��n�¼ê: d §1.2 ¥�~ 1.3.21 ��, ¼ê sinx ´ëY¼ê. 


cosx �±w¤´ sinu Ú u = �
2 − x ü�ëY¼ê�EÜ

cosx = sin
(�

2
− x
)

�(J, ¤±´ëY�. Ù¦�n�¼ê

tanx =
sinx

cosx
(x 6= (2k + 1)

�
2
, k ´�ê); cot x =

cosx

sinx
(x 6= k�, k ´�ê);

secx =
1

cosx
(x 6= (2k + 1)

�
2
, k ´�ê); csc x =

1

sinx
(x 6= k�, k ´�ê);

3�g�½Â�S, Ñ´ sinx!cosx ±9 f(x) = 1 ²LoK$�¤���, ¤±Ñ´ë

Y¼ê.

éu¤k��n�¼ê arcsinx, arccosx, arctanx, arccotx, d½n 2.6 ��§�

3�g�½Â�SÑ´ëY�.

(3) �ê¼ê�éê¼ê: �â §1.2 ¥�~ 1.3.17, �ê¼ê f(x) = ax (a > 0, a 6=
1) ´Ù½Â�S�ëY¼ê. AO f(x) = ex ´ëY¼ê. Ï�

� a > 1 �, f(x) = ax 3 (−∞,+∞) ´î�4O�¶

� 0 < a < 1 �, f(x) = ax 3 (−∞,+∞) ´î�4~�¶


�ÃØ´@«/ª, ¼ê���Ñ´ (0,+∞). �â½n 2.6, f(x) = ax ��¼ê

f−1(x) = loga x 3 (0,+∞) þ´ëY�. AO, f(x) = ln x ´ëY�.

(4) �¼ê: éu�¼ê f(x) = xα (α 6= 0), 3ÙÄ��½Â� x > 0 S, du

xα = eα lnx

¤±�¼ê3 x > 0 ëY.

ÏLþã(Ø, ·���¤kÄ�Ð�¼ê3�g�½Â�SëY�. 2�â½

n 2.4 Ú½n 2.5, ·�k

½n 2.7 Ð�¼ê3Ù½Â�S´ëY¼ê.

½n 2.7�����A^´, e x0 ´Ð�¼ê f(x) ½Â�S��:, K f(x) 3ù

�:�4�Ò´¼ê3T:�� f(x0).

~ 2.1.5 ¦ lim
x→0

sin(arctan(x+ 1)).

) Ï� x = 0´¼ê sin(arctan(x+1))½Â�S�:,¤±4�´ sin(arctan 1) =
√

2
2 .

~ 2.1.6 ¦y lim
x→0

ln(1+x)
x = 1.
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y² Ï� lim
x→0

(1 + x)1/x = e, -

f(x) =

(1 + x)1/x, x 6= 0,

e, x = 0,

K¼ê f(x) 3 x = 0 ?ëY. du ln y 3 y = e ëY, ¤±EÜ¼ê ln f(x) 3 x = 0

ëY, l


lim
x→0

ln(1 + x)

x
= ln lim

x→0
f(x) = ln e = 1.
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SK 2.1

1. �¼ê f(x) 3: x0 NCk½Â, � lim
h→0

[f(x0 + h)− f(x0 − h)] = 0. ¯ f(x) ´Ä

73 x = x0 ?ëY?

2. �é?¿�ê ε < b−a
2 , ¼ê f(x) 3 [a+ ε, b− ε] þëY. y² f(x) 3 (a, b) Së

Y.

3. �3: x = x0 ?, ¼ê f(x) ëY, 
 g(x) ØëY, ¯¼ê f(x)± g(x) � f(x)g(x)

3: x0 �ëY5XÛ? e f(x), g(x) 3 x0 ?ÑØëY, £�Ó��¯K.

4. (1) �¼ê f(x) 3: x = x0 ?ëY, K¼ê |f(x)| 3: x = x0 ?�ëY.

(2) �¼ê f(x) Ú g(x) 3��«m I þëY. y²: ¼ê M(x) = max(f(x), g(x))

9 m(x) = min(f(x), g(x)) 3«m I þþëY.

5. y²: �3ù��¼ê f(x), ??ØëY, �¼ê |f(x)| ??ëY.£J«: ·�/

?U Dirichlet ¼ê��Ñ��~f.¤

6. �Ñe�¼ê�mä:,¿`²Ùa..

(1) f(x) = x+1
x−2 ; (2) f(x) =


sinx
|x| , x 6= 0,

1, x = 0;

(3) f(x) = [| cosx|]; (4) f(x) = 1
1+e1/x

;

(5) f(x) =


1

x+7 , −∞ < x < −7,

x, −7 6 x 6 1,

(x− 1) sin 1
x−1 , 1 < x < +∞;

(6) f(x) =


x2−4
x−2 , x 6= 2,

4, x = 2.

7. Á(½ a, ¦�¼ê f(x) =

ex, x < 0,

a+ x, x > 0
3 x = 0 ?ëY.

8. y²: ¼ê f(x) =


e1/x−e−1/x

e1/x+e−1/x , x 6= 0,

1, x = 0
3: 0 ?mëY, �Ø�ëY.

9. y²: éz�¢ê x, lim
n→∞

1+x
1+x2n �3. òù4��P� f(x), Á?Ø¼ê f(x) �

ëY5.

10. y²: e¼ê f(x) 3: x0 ëY, K�3���ê δ, ¦�¼ê f(x) 3«m
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(x0 − δ, x0 + δ) þk.. (ù�(J¡�ëY¼ê�ÛÜk.5.)

11. y²: e¼ê f(x) 3: x0 ëY, � f(x0) 6= 0, K�3���ê δ, ¦�¼ê f(x)

3«m (x0 − δ, x0 + δ) þ� f(x0) ÓÒ. (ù�(J¡�ëY¼ê�ÛÜ�Ò5) ?

�Ú, �3,��ê γ, ¦� f(x) 3ù�«m¥÷v |f(x)| > γ.

12. y²: e lim
x→x0

g(x) = a 6= g(x0) (l
 x0 � g(x) ���mä:), f(u) 3 u = a ?

ëY, K

lim
x→x0

f(g(x)) = f( lim
x→x0

g(x)) = f(a).

(ù�(ØéÙ¦Ê«4�L§�¤á.)

13. y²: e¼ê u(x), v(x) 3 x0 ?ëY, � u(x0) > 0, K¼ê u(x)v(x) �3: x0 ?

ëY.

14. � f(x) 3 R þëY, �éu?¿ x k f(2x) = f(x). ¦y f(x) ´~ê.

15. � f(x) 3 R þëY, �éu?¿ x, y k f(x + y) = f(x) + f(y). ¦y f(x) = cx,

Ù¥ c ´~ê.

16. � x → 0 �, ^ sinx ∼ x, tanx ∼ x y² arcsinx ∼ x, arctanx ∼ x; ^

ln(1 + x) ∼ x y² (ex − 1) ∼ x.

(þã��dÃ¡�, ´�È©¥�~Ä��¯¢.)

17. ¦4�:

(1) lim
x→0

√
1+x+x2−1

sin 2x ; (2) lim
x→0

√
1+x2−1

1−cosx ;

(3) lim
x→0

( 10
√

1+tanx−1)(
√

1+x−1)
2x sinx ; (4) lim

x→0

x·arcsin(sinx)
1−cosx ;

(5) lim
x→0

1−cos(1−cosx)
x4 ; (6) lim

x→−∞
x(
√
x2 + 100 + x);

(7) lim
x→+∞

(sin
√
x+ 1− sin

√
x); (8) lim

x→∞

√
2− sinx

x .

18. ¼ê sinhx = ex−e−x

2 � coshx = ex+e−x

2 ©O¡�V­�u�V­{u (Ú¡�V

­¼ê), §�þ3½Â� (−∞,+∞) þëY. y²±e�K. (��n�¼ê�5

��'�.)

(1) sinh(−x) = − sinhx, cosh(−x) = coshx; (2) cosh2 x− sinh2 x = 1;

(3) sinh 2x = 2 sinh x coshx; (4) cosh 2x = sinh2 x+ cosh2 x;

(5) sinh(x± y) = sinh x cosh y ± coshx sinh y;

(6) cosh(x± y) = cosh x cosh y ± sinhx sinh y.
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§2.2 4«mþëY¼ê�5�

�!Ì�0�34«mþëY¼ê�A�­�5�. ·�ò^ C[a, b] L«½Â3

4«m [a, b] þ�ëY¼ê�N.

2.2.1 ":½n�0�½n

3SK2.1 �111K¥, ·�y²
ëY¼êkù��5�: �¼ê f(x) 3�: x0

ëY, XJ f(x0) 6= 0, Ø�� f(x0) > 0, K�3���ê δ, ¦�3«m (x0 − δ, x0 + δ)

Sk f(x) > 0. ù�5�¡�ëY¼ê�ÛÜ�Ò5. ù�¯¢��¡´: XJ3± x0

�¥%�?¿��m«m (x0 − ε, x0 + ε) S, ëY¼ê f(x) Q����, q��K�,

K�Uk f(x0) = 0. Ïd, ¼ê3�:ëY, ÒU
d¼ê3T:NC�,
&E, í

ä¼ê3ù�:��. XJ¼ê3��4«mþëY, Kke��r�½n.

½n 2.8 (":½n) � f(x) ∈ C[a, b], �¼ê3ü�à:�� f(a) Ú f(b) É

Ò, = f(a)f(b) < 0, K7k�: ξ ∈ (a, b), ¦ f(ξ) = 0.

y² Ø�� f(a) < 0 < f(b). ò«m [a, b]ü

-

6

.
....................
.................
................
............
..........
..................
..............
...........
...............

...........................

...........................
..........................

.........................
.........................

........................ ....................... ......................

...........

...........

...........

........... ..........
..........
..........
..........
..........
..........
..........

...........

...........

...........

...........

......

a bξ
a+b
2

x

f(x)

ã 2.2

�©, XJ3©: a+b
2 ? f(x)���" f(a+b

2 ) = 0,

K� ξ = a+b
2 , ½n�y. ÄK f(a+b

2 ) 7,� f(a)

Ú f(b) ¥,��ÉÒ, =3ü�4f«m[
a,

a+ b

2

]
,

[
a+ b

2
, b

]
¥,7k��¦� f(x)3Ùà:��ÉÒ,��±3

�à:���K, 3mà:����. Pù�«m� [a1, b1]. ­EþãL§, Ø�,�

g�Ð3©:? f(x) ���", K½n�y, ÄKÒ����«m [an, bn] ¦� f(x)

3Ù�à:���K§3mà:����, =

f(an) < 0 < f(bn)

ù��«m [an, bn] ÷v«m@½n^�, Ïd�3�: ξ ∈ [an, bn], ÷v

lim
n→∞

an = ξ, lim
n→∞

bn = ξ,

d¼êëY5��

f(ξ) = lim
n→∞

f(an) 6 0 6 lim
n→∞

f(bn) = f(ξ),

= f(ξ) = 0. �
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Ïd, éu4«mþëY¼ê, d¼ê/«mà:��ÉÒ0�&E, BUä½¼ê

3«mþk":. 5¿, ½n^�¥�n�Ä���´: 4«m!ëY!3à:ÉÒ.

lAÛþw, 4«mþ�ëY¼ê, Ùã�l x ¶�e£þ¤�Ï�þ£e¤��,

7,BL x ¶, =, � x ¶k�:.

½n 2.9 (0�½n) � f(x) ∈ C[a, b], � f(a) 6= f(b), K f(x) 3 [a, b] þU�

�0u f(a) Ú f(b) �m�?¿�.

y² Ø�� f(a) < f(b), � r ´0u f(a) Ú f(b) �m�?¿��ê: f(a) <

r < f(b). �Ä9Ï¼ê g(x) = f(x)− r, K g(x) �´ [a, b] þëY¼ê, 
�

g(a) = f(a)− r < 0, g(b) = f(b)− r > 0,

�÷v":½n�^�, Ï
k ξ ∈ (a, b) ¦ g(ξ) = 0, = f(ξ) = r. �

3":½nÚ0�½n�Lã¥, Ñ´é«mà:
ó�. ¯¢þ, é«mþ?¿

ü: x1 < x2, ��¼ê f(x) 3ü:���ÉÒ, K f(x) 3ü:�mÒ�½k":. ½

�� f(x) 3ü:���Ø�, Ò�½U�� f(x1) Ú f(x2) �m�?¿�.

~ 2.2.1 y²¼ê f(x) = 2x − 4x 3«m
(
0, 1

2

)
Sk��":.

y² w,, f(x) 3
[
0, 1

2

]
þëY. � f(0) = 1 > 0, f(1

2) =
√

2 − 2 < 0, ¤±

f(x) = 2x − 4x 3«m
(
0, 1

2

)
Sk��":.

~ 2.2.2 y²?ÛÛgõ�ª��k��¢�.

y² � P (x) = anx
n +an−1x

n−1 + · · ·+a1x+a0 ´��Ûgõ�ª,= n´Ûê,

an 6= 0, K P (x) ∼ anx
n£x → ∞¤. Ø�� an > 0, Ï� n ´Ûê, ¤±� x → ±∞

�, P (x)→ ±∞. ��3ü�ê a < b, ¦� P (a) < 0 < P (b), d":½n� P (x) �½

k��":.

XJ´ógõ�ª, (JKØ�Ó, ~X P (x) = x2 + 1, Òvk¢�.

2.2.2 k.5������½n

�â¼ê�ëY5½Â, XJ¼ê3�: x0 ëY, Kéu���ê, ~X ε = 1,

�3���ê δ, ¦�� |x − x0| < δ �, k |f(x) − f(x0)| < 1. �é{`, 3«m

(x0 − δ, x0 + δ)þ,

|f(x)| < 1 + |f(x0)|

Ïd¼ê´k.�. =/�:ëY, %¹XNCk.0. XJ¼ê3��4«mþëY,

´Ä%¹X¼ê�k.5? �Y´�½�.
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½n 2.10 e f(x) ∈ C[a, b], K§3��«mþk.. =�3��~ê M > 0,

¦�� a 6 x 6 b �, k |f(x)| 6M .

y² (�y) b� f(x) 3 [a, b] þÃ., Kéu?¿g,ê n, �3 xn ∈ [a, b]

¦� |f(xn)| > n. Ï� {xn} ´k.ê�, ¤±�â Bolzano-Weierestrass ½n��3

Âñf�. � xnk → x (k → ∞) ´��Âñf�. w,, x ∈ [a, b]. d f �ëY5, �

f(xnk)→ f(x), (k →∞) �´�â xn �ÀJ, k |f(xnk)| > nk, (k →∞) , ù´gñ�.

Ïd, f(x) 3 [a, b] þk.. �

½n 2.11 (��½n) e f(x) ∈ C[a, b], K f(x)3 [a, b] þU�����Ú��

�. =�3 x∗ ∈ [a, b] Ú x∗ ∈ [a, b], ¦�é¤k� x ∈ [a, b], k

f(x∗) 6 f(x) 6 f(x∗)

y² Ï� f(x)3 [a, b]þëY,¤±3 [a, b]þk.. �M = sup{f(x) |x ∈ [a, b]}.
dþ(.�½Â��§é?¿g,ê n �3 xn ∈ [a, b] ¦�

M − 1

n
< f(xn) 6M.

ù`² {f(xn)} Âñ� M. �â Bolzano-Weierestrass ½n��3 {xn} �Âñf�
xnk → x∗ ∈ [a, b]. u´

M = lim
k→∞

f(xnk) = f(x∗).

ùÒy²
 f 3 [a, b] þ��þ(. M . Ón�y f 3 [a, b] þ��e(.. �

d½n'½n 2.10 �?�Ú, 4«mþ�ëY¼ê, Ø�k., 
�U����

�£þ(.¤Ú���£e(.¤.

5¿, ½n 2.10 Ú½n 2.11 ¥�^�/4«m0́ 7Ø���. ~X¼ê f(x) = 1
x

3 (0, 1) ù�m«mþk½Â, �§´3 (0, 1) þÃ.�¼ê, �,�Ø�U����

�. ëY5�^�, �´7L�. X¼ê

f(x) =

 x, 0 < x < 1

1
2 , x = 0, 1

3m«m (0, 1) ¥ëY, �34«m [0, 1] þØëY, �,k., �´%�Ø����Ú

���.

A^0�½nÚ��½n, ·�k

½n 2.12 e f(x) ∈ C[a, b], K f(x) ���´��4«m.

y² P I = [a, b]. �â��½n, ?Û�:�¼ê�, Ñ0u��� f(x∗) Ú��

� f(x∗) �m, ¤±

f(I) ⊂ [f(x∗), f(x∗)]
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,��¡, ?���ê r ∈ [f(x∗), f(x∗)], �â0�½n, �½�3�: x0 ¦�

r = f(x0), = r = f(x0) ∈ f(I). Ï


[f(x∗), f(x∗)] ⊂ f(I)

nÜþã(J, =���Ò´4«m [f(x∗), f(x∗)]. �

��, ·��Ñ½n 2.6 �y².

½n 2.6 �y² Äky²«m [a, b] þëY¼êk�¼ê�¿©7�^�´î�

üN¼ê.

¿©5´w,�, Ï�î�üN¼ê´Ù½Â�������N�, Ïdk�¼ê.

7�5�y²Xe: b� f(x) Ø´î�üN�, K�3 [a, b] ¥n�: x1 < x2 <

x3, ¦� f(x2) Ø3 f(x1) Ú f(x3) �m. 3ù«�¹e, ½öf(x1) 3 f(x2) Ú f(x3)

�m, ½öf(x3) 3 f(x1) Ú f(x2) �m. Ø��c�«�¹u), du f(x) 3 [x2, x3]

þëY, ¤±d0�½n�3�: x′1 ∈ [x2, x3], ¦� f(x′1) = f(x1). Ïd f(x) Ø´«

mþ��éA�¼ê, �ÒØ�Uk�¼ê, ù�^��gñ. ¤± f(x) 3«m [a, b]

þ´î�üN�.

Ùgy²î�üN�ëY¼ê��¼ê�´î�üN�ëY�.

Ø�� y = f(x) 3 [a, b] þî�üNO. ¤±k�¼ê f−1. �â½n2.12, ·��

� f ���, �Ò´�¼ê f−1 �½Â��´��«m [f(a), f(b)].

1◦ ky f−1 �´î�4O�. ?� y1 < y2, Ù¥ y1 = f(x1), y2 = f(x2). u

´ x1 = f−1(y1), x2 = f−1(y2). XJ x2 6 x1, du f(x) ´î�üNO�, Òk

y2 = f(x2) 6 f(x1) = y1, ù� y1 < y2 �gñ. Ïd x1 < x2, = f−1(y1) < f−1(y2), �

f−1(y) �î�üNO.

2◦ y3y² x = f−1(y) 3�� [f(a), f(b)] þ�ëY5. ?���¥�:

y0 ∈ (f(a), f(b)). Kk x0 ∈ (a, b), ¦ y0 = f(x0). é?��÷v (x0 − ε, x0 + ε) ⊂ (a, b)

��ê ε. d f(x) �üN5��k

y1 = f(x0 − ε) < y0 = f(x0) < f(x0 + ε) = y2.

� δ = min(y0 − y1, y2 − y0). K� |y − y0| < δ �, Òk

y1 < y < y2.

d f−1(y) �üN5��, � |y − y0| < δ �, 7k

f−1(y) > f−1(y1) = x0 − ε = f−1(y0)− ε

9

f−1(y) < f−1(y2) = x0 + ε = f−1(y0) + ε.
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=� |y − y0| < δ �,

|f−1(y)− f−1(y0)| < ε.

� f−1(y) 3 y0 ëY, d y0 �?¿5 f−1(y) 3 (f(a), f(b)) ëY. �u f−1(y) 3à:

�üýëY5K^þã�{aq�y. �

2.2.3 ��ëY5

Äk*	��~f

f(x) =
1

x
, x ∈ (0, 1)

w,§´«m (0, 1) þ�ëY¼ê, =3z�: x ∈ (0, 1) ÑëY.

�´, ?����ê ε, éuØÓ�: x0, U
�

-

6
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x′0 x0 1
x

f(x)

ã 2.3

y |f(x)− f(x0)| < ε ¤�3��ê δ£=�y/x ¿©

�C x00�ºÝ: 0 < |x− x0| < δ ¤¿Ø�½´���.

~Xéu x0 = 1
n , �¦

|f(x)− f(x0)| =
∣∣∣∣1x − 1

x0

∣∣∣∣ =

∣∣∣∣1x − n
∣∣∣∣ < ε

x 7L÷v

− ε

n(n+ ε)
< x− x0 = x− 1

n
<

ε

n(n− ε)

Ïd, éu x0 = 1
n , �k�

δ =
ε

n(n+ ε)
∼ ε

n2

âU¦�� |x− x0| < δ, �k |f(x)− f(x0)| < ε.


3: x′0 = 1− 1
n ?, éAÓ���ê ε, �¦

|f(x)− f(x′0)| =
∣∣∣∣1x − 1

x′0

∣∣∣∣ =

∣∣∣∣1x − n

n− 1

∣∣∣∣ < ε

7L

− ε(n− 1)2

n(n+ ε(n− 1))
< x− x′0 = x−

(
1− 1

n

)
<

ε(n− 1)2

n(n− ε(n− 1))
.

Ïd, éu x′0 = 1− 1
n , �

δ′ =
ε(n− 1)2

n(n+ ε(n− 1))
∼ ε

K� |x− x0| < δ′, �k |f(x)− f(x0)| < ε.
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w,, 3ù�~f¥, éuÓ���ê ε, � x0 ��C 0, é δ ��¦�î, 
� x0

��C 1, δ �ÀJ{/�°. ¤±éuØÓ�ëY:5`, éA� δ ´Ø���.

XJéu¤k�: x0,�3Ú���ê δ,�� |x−x0| < δ�,Òk |f(x)−f(x0)| <
ε, K`ù��ëY5 /́��0�.

½Â 2.13 � y = f(x) 3«m I þk½Â, é?�� ε > 0, XJ�3 δ > 0, ¦

�?��: x0 ∈ I, �� |x − x0| < δ, Òk |f(x) − f(x0)| < ε. K¡¼ê f 3 I þ´

��ëY�.

���d�`{´: é?�� ε > 0, �3 δ > 0, �� x1, x2 ∈ I 9 |x1 − x2| < δ,

Òk |f(x1)− f(x2)| < ε, K¡ f(x) 3«m I þ��ëY.

^/Oþ0��óÒ´: éu?¿�½� ε > 0, o�3�� δ > 0, ¦�Ø+´

3 I ¥�=�: x, ��3 x ?V\�Oþ ∆x ÷v |∆x| < δ, Ò¦�¼ê�Oþ

|∆y| = |f(x+ ∆x)− f(x)| < ε.

~ 2.2.3 f(x) = sinx 3 (−∞,+∞) þ��ëY.

ù´Ï� | sinx1 − sinx2| = 2
∣∣sin x1−x2

2 cos x1+x2
2

∣∣ 6 |x1 − x2|. ¤±, ?� ε > 0, �

δ = ε, K� |x1 − x2| < δ �Òk | sinx1 − sinx2| < ε.

~ 2.2.4 f(x) = 1
x 3 (0, 1) Ø´��ëY�.

ù´Ï�éu ε = 1
2 , Ø+��o���ê δ, okg,ê n, ¦� 1

n < δ. �

x′ = 1
n , x

′′ = 1
n+1 , K

|x′ − x′′| = 1

n(n+ 1)
<

1

n
< δ,

� ∣∣∣∣ 1

x′′
− 1

x′

∣∣∣∣ = 1 >
1

2
.

=éuù�����ê ε = 1
2 , ¼ê3 (0, 1) þØ�3Ú�� δ.

3þ¡~f¥, XJ��¼ê½Â�«�� [a, 1), 1 > a > 0, K¼ê´��ëY�.

�Öögy. ¤±ëY¼ê���ëY5�½Â�«�k'. AOXJ f(x) ´½Â3

4«m [a, b] þ, Kk

½n 2.14 k�4«m [a, b] þ½Â�ëY¼ê f(x), �½3 [a, b] þ��ëY.

y² (�y) bX f(x) 3 [a, b] þØ´��ëY�, K�3,��ê ε0 ¦�é?

¿g,ê n, Ñ�3 xn, yn ∈ [a, b] ÷v |xn − yn| < 1
n , �´ |f(xn) − f(yn)| > ε0. d

Bolzano-Weierestrass½n,ê� {xn}kf� {xnk}Âñu x ∈ [a, b].l |xnk−ynk | < 1
nk

�, {ynk} �Âñu x. du f ëY, k lim
k→∞

(
f(xnk) − f(ynk)

)
= f(x) − f(x) = 0. ù�

|f(xnk)− f(ynk)| > ε0 ´gñ�. �
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SK 2.2

1. y²¼ê x · 2x − 1 3 [0, 1] Sk":.

2. y²¼ê x − a sinx − b (Ù¥ a, b ��ê) 3 (0,+∞) þk":, �":Ø�L

a+ b.

3. y²¼ê x− sin(x+ 1) k¢":.

4. �¼ê f(x) 3 [a, b] þëY, ���Ò´ [a, b]. y² f(x) 3 [a, b]þ7kØÄ:,

=k x0 ∈ [a, b], ¦� f(x0) = x0.

5. �¼ê f(x), g(x) 3«m [a, b] þëY, � f(a) > g(a), f(b) < g(b). Áy: �3

x0 ∈ (a, b), ¦� f(x0) = g(x0).

6. �¼ê f(x) 3 [0, 2a] þëY, � f(0) = f(2a). y²: 3«m [0, a] þ�3,� x0,

¦� f(x0) = f(x0 + a).

7. Áy: e¼ê f(x) 3 [a, b] þëY, x1, x2, · · · , xn �d«m¥�?¿:, K3 [a, b]

¥k�: ξ, ¦�

f(ξ) =
1

n

(
f(x1) + f(x2) + · · ·+ f(xn)

)
.

���/, e q1 > 0, q2 > 0, · · · , qn > 0, � q1 + q2 + · · · + qn = 1, K3 [a, b] ¥k

�: ξ, ¦�

f(ξ) = q1f(x1) + q2f(x2) + · · ·+ qnf(xn).

8. �¼ê f(x) 3«m [a,+∞) þëY, � lim
x→+∞

f(x) �3. y² f(x) 3 [a,+∞) þ

k..

9. y²¼ê f(x) = 1+x2

1−x2+x4 3 (−∞,+∞) þk..

10. ´Äk÷ve¡^��ëY¼ê? `²nd.

(1) ½Â�� [0, 1], ��� (0,+∞);

(2) ½Â�� [0, 1], ��� (0, 1);

(3) ½Â�� [0, 1], ��� [0, 1] ∪ [2, 4];

(4) ½Â�� (0, 1), ��� (2,+∞).

11. Þ~`², é?¿�ê ε < b−a
2 , ¼ê f(x) 34«m [a+ ε, b− ε] þk., ØU�y

f(x) 3m«m (a, b)þk.. ('�SK 2.1 1 2 K.)

12. � y = f(x) 3m«m I = (a, b) þëY¿î�üN, y² y = f(x) ��� f(I) �

´��m«m.
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13. �¼ê f(x) 3k�«m (a, b) þ��ëY. ¦y f(x) 3 a :�m4�Ú3 b :�

�4�Ñ�3.

14. �¼ê f(x)3 (0,+∞)þ��ëY, {an}´�Âñê�. ¦y {f(an)}�Âñ. q

¯=b� f(x) ëY�, (Ø´Ä�¤á, ��o?

15. �¼ê f(x) 3 (−∞,+∞) þëY, {an} ´Âñê�. ¦y {f(an)} �Âñ.

16. �Ñ��3 (−∞,+∞) þëY�k.�Ø��ëY�¼ê.

1 2 ÙnÜSK

1. y²: ¼ê f(x) =

0, x �knê,

x, x �Ãnê
=3: x = 0 ?ëY.

2. � x1, x2, · · · , xn ∈ [0, 1], P f(x) = |x−x1|+···+|x−xn|
n , y²: �3 x0 ∈ [0, 1], ¦�

f(x0) = 1
2 .

3. y²: ¼ê a1
x−λ1 + a2

x−λ2 + a3
x−λ3 (Ù¥ a1, a2, a3 > 0, � λ1 < λ2 < λ3) 3 (λ1, λ2) �

(λ2, λ3) S�k��":.

4. � f(x) ´��õ�ª, K7�3�: x0, ¦� |f(x0)| 6 |f(x)| é?¿¢ê x ¤á.

5. � f(x) 3«m [0, 1] þëY, � f(0) = f(1). y²: é?¿��ê n, 3«m[
0, 1− 1

n

]
¥k�: ξ, ¦� f(ξ) = f

(
ξ + 1

n

)
.

6. y²: �3��¢ê x, ÷v x5 + cosx
1+x2+sin2 x

= 72.

7. e f(x) 3 [a,+∞) þëY, � lim
x→+∞

f(x) �3, K f(x) 3 [a,+∞) þ½ök��

�, ½ök���.

8. �¼ê f(x) ½Â3«m [a, b] þ, ÷v^�: a 6 f(x) 6 b (é?¿ x ∈ [a, b]), �é

[a, b] ¥?¿� x, y k |f(x)− f(y)| 6 k|x− y|, ùp k ´~ê, 0 < k < 1. y²:

(1) �3��� x0 ∈ [a, b], ¦� f(x0) = x0.

(2)?� x1 ∈ [a, b],¿½Âê� {xn} : xn+1 = f(xn), n = 1, 2, · · · ,K lim
n→∞

xn = x0.

(3) �Ñ��3¢¶þ�ëY¼ê, ¦�é?¿ x 6= y k |f(x)− f(y)| < |x− y|, �
�§ f(x)− x = 0 Ã).

9. y²: é?¿��ê n, �§ xn + xn−1 + · · ·+ x = 1 Tk���� xn; ?�Úy²

ê� {xn}(n > 1) Âñ, ¿¦Ù4�.
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10. � a < b. f(x)3 [a, b]þëY,�é?¿ x ∈ [a, b)�3 y ∈ (x, b)¦� f(y) > f(x).

¦y: f(b) > f(a).
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l12Ù¥·���, �Ú?Cþ�, ²¡þ�­�Ò�±w¤´Cþ�m�¼ê�

ã�, Ôn¥�
Cþ�Cþ�m�'X�´^¼êL«. ÏdÃØ´­�����´

$Ä�:�Ý�Ôn¯K, ÒÄ��ïÄ¼êCþ�m�CzÇ.ùÒ´¼ê��ê. �

ÙÌ�0�üCþ¼ê�ê£�¡��û¤!�©�VgÚ�ê��©�O�{K. ¿

|^�ê?�ÚïÄ¼ê�¥�½n!¼ê�üN5Úà5!|^�ê¦¼ê4��

L’Hospital {K±9¼ê�Taylor��SN.

§3.1 �ê

3.1.1 �ê�½Â

Äkwü�5gAÛÚÔn�~f.

1◦ ­����

Äk�²(�o´/­�þ�:���0. 3Ð�AÛ¥, Ï~ò���±k��

�:���½Â�����. ,
, éu��­�5`, ù«½Â�ªÒØ·Ü
. ~X

éu�Ô�£ã 3.1¤, w,���Ô�u�: A ���kõ^, Ù¥k�²wÒØ´�

�. 
éuã 3.2, ���ã«­�uü:, w,3�: A ?, ��AT /́��0. éu

ã 3.3 ¥�­�, 3 A :k��k:,3k:?, �­���u�:�”��”%kü^.
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.
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..............................................................................................................

x

y

A

ã 3.3

@o, TXÛ½Â�^­����Q? ���1�å»´l��m©. ë�­� C

þü: M0 Ú M , ��^�� L£ã 3.4¤, �: M ÷X­� C wÄ� M0 �, XJ L

k��/4� �0, ·�Bòù�/4� �0þ��� l, ½Â�­�3: M0 ��

�.
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²¡þL�:����d��� x ¶����

-

6

x

y

. ..................... .................... ................... .................. .................. ...................
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6

∆y

x x+ ∆x

α

L

`

y = f(x)

M0

M

ã 3.4

Y� α 5L�. ù�Y� α ´�� x ¶7�:÷

_����=Ä, ¿3ÄgC��T��²1�¤×

L��Ý, Ïd÷v 0 6 α < �. �Ý��� tanα

£XJ�3¤¡�����Ç.

� α(M) ´�� M0M � x ¶�Y�, XJ

lim
M→M0

α(M) = α

K4�� α AT´ M0 :?��� x ¶�Y�.

y3b�­� C d¼ê y = f(x) L«£½ö`­�´¼ê f(x) �ã�¤, : M0

��I´ M0(x0, f(x0)), Ä: M ��I´ M(x, f(x)), ¤±����Ç´

tanα(M) =
f(x)− f(x0)

x− x0

�þã¦4��L§Ò´

lim
x→x0

f(x)− f(x0)

x− x0
= lim

x→x0
tanα(M) = tanα

XJ�>�4��3, T4�Ò´����Ç.

2◦ ��$Ä�:�]m�Ý

�	÷���C�$Ä����:. ��:¤$Ä�ål��m�m�'X�

S = S(t). Ïd3l t0 � t ùã�mm�S, �:$Ä�²þ�Ý´

v =
S(t)− S(t0)

t− t0
w,, ù�²þ�Ý¿ØU���N�:3 t0 � t ùã�mS�äN�$Ä5Æ. XJ

�
)�:3,���$Ä�Cz5Æ£=�Ý¤, ��þã²þ��mm��5�á.

AO, XJ4�

lim
t→t0

v = lim
t→t0

S(t)− S(t0)

t− t0
�3, K¡�3�� t0 �, �:$Ä�]��Ý.

ÃØ´AÛþ�l�����, �´Ôn¥�l²þ�Ý�]��Ý, �4��é

�Ñ´�û�/ª, �x�Ñ´¼ê3�:�CzÇ. ½ö`´3�:¼ê�ÏCþ�

gCþ�Czþ�m�'Ç. ·�òÙÄ�Ñ5, Òk
'u�ê�½Â.
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½Â 3.1 � y = f(x) 3 x0 ���¥k½Â, ee��û�4�

lim
x→x0

f(x)− f(x0)

x− x0

�3, K¡§� y = f(x) 3 x0 ��ê£½�û¤, P¤ f ′(x0), df
dx

∣∣∣
x0
½ dy

dx

∣∣∣
x0
, ¿¡

f(x) 3 x0 ��.

w,, ¼ê��ê�AÛ¿ÂÚÔn¿Â�´¼êã�3�:����Ç,½Ä:

3�����]��Ý.Ïd, �ê´��ÛÜ�Vg.

^/Oþ0��ó, þã½ÂÒ´, éu¼ê f(x), ��gCþ x 3�: x0 ?

��Oþ ∆x �£ùp ∆x ���K, �Ø�"¤, K¼ê�Ò�Ak��Oþ

∆y = f(x0 + ∆x)− f(x0), f(x) 3: x0 ?��ê, Ò´ü�Oþ�'£=�û¤�4�

f ′(x0) = lim
∆x→0

∆y

∆x
= lim

∆x→0

f(x0 + ∆x)− f(x0)

∆x

XJ¼ê3�:��êØ�3, ��5`§�ã�3T:Ã{½Â��. ��AÏ

�/´3�: ∆y
∆x →∞ (∆x→ 0), =¼ê�ã�3T:����Ç´Ã¡�, �Ò´�

�²1u y ¶. 8�·���Ø�Äù����.

Ú?Ø¼ê�ëY5��, �I�?Ø¼ê�üý��5. §éïÄ¼ê3�:�

�ê, ¬Jø�k^�&E.

½Â 3.2 �¼ê f(x) 3: x0 �m>C�k½Â, XJ ∆x > 0, �

lim
∆x→0+

f(x0 + ∆x)− f(x0)

∆x

�3, K¡§� f(x) 3 x0 �m�ê, P¤ f ′+(x0), ¿¡ f(x) 3 x0 m��. aq�½

Â y = f(x) 3 x0 ����Ú§���ê f ′−(x0).

w,, f(x) 3 x0 ���¿©7�^�´ f(x) 3 x0 �!m��, ¿k

f ′+(x0) = f ′−(x0).

½Â 3.3 XJ y = f(x) 3«m I �z�:Ñ��, K¡ f(x) 3 I þ��. XJ

«m I �¹kà:, K3Tà:?, f(x) �Ik�A�üý��5.

XJ y = f(x) 3«m I ¥z�:Ñ��, Kéu?¿�½� x ∈ I, éA'X

x 7−→ f ′(x)

q(½
 I þ���¼ê, ¡� f(x) ��¼ê, P¤ f ′(x), y′, dy
dx ,

df
dx �.

~ 3.1.1 � y = c (~ê), ¦ y′.

) y′ = lim
∆x→0

∆y
∆x = lim

∆x→0

0
∆x = 0.
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l�*þw, y = c ´�^Y²��, Ùþ?¿�:Ñk�Ç�"���£�´Y²

���¤. lÔnþw, ��$Ä�:�ål3?Û��Ñ´ c, `²�:´·��, Ù

]��Ý�,�����". �¡·��òy²�ê??�"�¼ê��U´ y = c.

~ 3.1.2 � y = xn, x ∈ (−∞,+∞), Ù¥ n ´g,ê. ¦ y′.

) éu?¿¢ê x, d��ª½n�

∆y = (x+ ∆x)n − xn = nxn−1∆x+
n(n− 1)

2!
xn−2(∆x)2 + · · ·+ (∆x)n

�

y′ = lim
∆x→0

∆y

∆x
= lim

∆x→0

[
nxn−1 +

n(n− 1)

2!
xn−2∆x+ · · ·+ (∆x)n−1

]
= nxn−1.

= y = xn ��¼ê´ y′ = nxn−1, �¼ê�½Â��´ (−∞,+∞). AO, � n = 1 �,

¼ê y = x ��¼ê�~�¼ê y = 1, = y = x 3z�:�����ÇÑ´ 1.

~ 3.1.3 ¦�u¼êÚ{u¼ê��¼ê.

) P y = sinx, x ∈ (−∞,+∞). Ké?¿�: x,

∆y = sin(x+ ∆x)− sinx = 2 cos

(
x+

∆x

2

)
sin

∆x

2

d cosx �ëY5±9Ä�4�

lim
x→0

sinx

x
= 1

�

lim
∆x→0

∆y

∆x
= lim

∆x→0
cos

(
x+

∆x

2

)
lim

∆x→0

sin ∆x
2

∆x
2

= cosx

= (sinx)′ = cosx, aq�� (cosx)′ = − sinx.

~ 3.1.4 ¦éê¼ê y = loga x, x ∈ (0, +∞) ��¼ê, ùp a > 0, � a 6= 1.

) éu?¿� x > 0, k loga x = lnx
ln a , �

∆y

∆x
=

loga
(
1 + ∆x

x

)
∆x

=
1

ln a

ln
(
1 + ∆x

x

)
∆x

|^4�£� §2.1 !~ 2.1.6¤

lim
x→0

ln(1 + x)

x
= 1

�

(loga x)′ =
1

x ln a
.

AO� a = e �, þ¡�(J�

(lnx)′ =
1

x
, x ∈ (0,+∞)

dd��, éu± e �.�g,éê��ê'�{ü.
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~ 3.1.5 ¦e�©ã¼ê��¼ê

f(x) =

 x3, x > 0

x2, x < 0

) ¼ê f(x) d¼ê y = x3 (x > 0) ±9 y = x2 (x < 0) 3 x = 0 ?©�
¤.

� x > 0 �, f ′(x) = 3x2, � x < 0 �, f ′(x) = 2x, � x = 0 �,

lim
∆x→0+

f(0 + ∆x)− f(0)

∆x
= lim

∆x→0+

(∆x)3

∆x
= 0

lim
∆x→0−

f(0 + ∆x)− f(0)

∆x
= lim

∆x→0−

(∆x)2

∆x
= 0

¤±

f ′(x) =


3x2, x > 0

0, x = 0

2x, x < 0

þ¡�~f¥¼ê��¼êÑ�3, 
�¼ê3½Â�S�ëY. ù�y�Ø´ó

,�.

½n 3.4 e f(x) 3 x0 ��, K f(x) 3 x0 ëY. �é{`, e¼ê3�: x0 Ø

ëY, K3 x0 ?Ø��.

y² d®�^�, 4�

lim
x→x0

f(x)− f(x0)

x− x0
= f ′(x0)

�3. ¤±

lim
x→x0

(f(x)− f(x0)) = lim
x→x0

(
f(x)− f(x0)

x− x0
(x− x0)

)
= lim

x→x0

f(x)− f(x0)

x− x0
lim
x→x0

(x− x0) = f ′(x0) · 0 = 0

½ö`, 3 x0 �NC, f(x)−f(x0)
x−x0 k., =k r > 0 Ú M > 0, ¦∣∣∣∣f(x)− f(x0)

x− x0

∣∣∣∣ < M (0 < |x− x0| < r).

=� 0 < |x− x0| < r �k

|f(x)− f(x0)| < M |x− x0|,

· x→ x0, ���y. �

½n 3.4 �_·K¿Ø¤á, =ëY¼ê�7��.
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~ 3.1.6 ¼ê f(x) = |x| 3 x = 0 ?ëY, �´3 x = 0 Ø��.

y² � x = 0�

f ′+(0) = lim
∆x→0+

∆x− 0

∆x
= 1,

f ′−(0) = lim
∆x→0−

−∆x− 0

∆x
= −1.

¤± f(x) = |x| 3 x = 0 ?Ø��. 5¿, lã3.5 �±wÑ, ¼ê3 x = 0 k��k:,

=3 x = 0 Ø1w, ¤±vk��.

-

6

.

.................................................................................................................................................................................................................................

................................................................................................................................................................................................................................ x

y

ã 3.5

-

6

x

y

ã 3.6

~ 3.1.7 ¼ê f(x) = x1/3 3 x = 0 ëY, �Ø��.

y² 3 x = 0 ?

lim
∆x→0

(∆x)1/3

∆x
= lim

∆x→0

1

(∆x)2/3
= +∞.

ù�~f`²¼ê��êØ�3�,�«/ª, =3�:k/�Ç´Ã¡�0��

�. d� f(x) = x1/3 �ã/3 (0, 0) ?���²1u y ¶(�ã3.6).

±þü�~f¥�ëY¼ê�3�:Ø��. éN´ÞÑëY¼ê3eZ:Ø��

�~f. �-<¯ç�´ Weierstrass QJÑ¿�E
��3¢ê¶þ??ëY!�´

??Ø���¼ê! ù
~f`², ¼ê�ëY5Ú¼ê���5, ´k���O�. é

'ëYÚ���½Â, ·���±a�ù«�O: ëY5�´½5/£ã¼ê��«Û

Ü5�, =�gCþCzé��, ¼êéA�Cz�é�. 
��5K�Ñù«Cz�

�«½þ��y, =¼ê�A�Cz�gCþ�Cz�'��4�´�3k��.

3.1.2 �ê�oK$�

½n 3.5 � f(x) Ú g(x) ��, K f(x) ± g(x), f(x)g(x) 9 f(x)
g(x) £� g(x) 6= 0

�¤���, ¿k

1◦ (f(x)± g(x))′ = f ′(x)± g′(x);
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2◦ (f(x) · g(x))′ = f ′(x)g(x) + f(x)g′(x);

3◦
(
f(x)
g(x)

)′
= f ′(x)g(x)−f(x)g′(x)

g2(x) .

y² 'u 1◦, ��d�ê�½ÂÚ4��$�=�y�. 'u 2◦, |^e�ð�

ª

f(x+ ∆x)g(x+ ∆x)− f(x)g(x)

= f(x+ ∆x)g(x+ ∆x)− f(x)g(x+ ∆x) + f(x)g(x+ ∆x)− f(x)g(x)

¿�â��¼ê�ëY5, �

(f(x)g(x))′ = lim
∆x→0

f(x+ ∆x)g(x+ ∆x)− f(x)g(x)

∆x

= lim
∆x→0

f(x+ ∆x)g(x+ ∆x)− f(x)g(x+ ∆x) + f(x)g(x+ ∆x)− f(x)g(x)

∆x

= lim
∆x→0

f(x+ ∆x)− f(x)

∆x
g(x+ ∆x) + lim

∆x→0
f(x)

g(x+ ∆x)− g(x)

∆x

= f ′(x)g(x) + f(x)g′(x).

'u 3◦, Äk5¿�, ¼ê g(x) 3: x ?��, ¤±3ù�:ëY. Ïd3 x ?, ^

� g(x) 6= 0 ¿�X3 x �NC g(x) �Ø�". ¤±�gCþ�Oþ ∆x �~��,

g(x+ ∆x) 6= 0, ù�k(
1

g(x)

)′
= lim

∆x→0

1

∆x

(
1

g(x+ ∆x)
− 1

g(x)

)
= − lim

∆x→0

1

∆x

g(x+ ∆x)− g(x)

g(x)g(x+ ∆x)

= − lim
∆x→0

1

g(x)g(x+ ∆x)
· lim

∆x→0

g(x+ ∆x)− g(x)

∆x

= − g
′(x)

g2(x)
.

2d 2◦ =��(
f(x)

g(x)

)′
=

(
f(x)

1

g(x)

)′
= f ′(x)

1

g(x)
− f(x)

(
1

g(x)

)′
=
f ′(x)

g(x)
− f(x)g′(x)

g2(x)
=
f ′(x)g(x)− f(x)g′(x)

g2(x)
.

�

~ 3.1.8 � f(x) ��, K (cf(x))′ = cf ′(x), Ù¥ c ´~ê. ù�(Ø´w,�.

~ 3.1.9 ¦ f(x) = x2(sinx+ cosx) ��ê.
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)

f ′(x) = (x2)′(sinx+ cosx) + x2(sinx+ cosx)′

= 2x(sinx+ cosx) + x2(cosx− sinx).

~ 3.1.10 ¦¼ê tanx Ú cotx��ê.

)

(tanx)′ =

(
sinx

cosx

)′
=

(sinx)′ cosx− (cosx)′ sinx

cos2 x

=
cos2 x+ sin2 x

cos2 x
= sec2 x.

aq��

(cotx)′ = − csc2 x.

~ 3.1.11 ¦¼ê secx Ú cscx ��ê.

)

(secx)′ =

(
1

cosx

)′
= −(cosx)′

cos2 x
=

sinx

cos2 x

= tanx secx.

aq��

(cscx)′ = − cotx cscx.

3.1.3 EÜ¼ê�¦�{K

y3?ØEÜ¼ê�¦�{K, Ï~¡�¦��óª{K.

½n 3.6 �¼ê y = g(x) ½Â3«m I þ, ¼ê z = f(y) ½Â3«m J þ, �

g(I) ⊂ J . XJ g(x) 3: x ∈ I ?��, 
 f(y) 3: y = g(x) ��, @oEÜ¼ê

f ◦ g 3: x ?��, �k

(f ◦ g)′(x) = (f(g(x)))′ = f ′(g(x))g′(x).

y² ?� x0 ∈ I, P y0 = g(x0). ùp·���Ä x0 Ú g(x0) ÑØ´¤3«m�

à:��¹, éuÑyà:��¹, �I3e¡�y²¥��
{ü?U. ½Â

h(y) =


f(y)−f(y0)

y−y0 y 6= y0,

f ′(y0) y = y0,

w,, h(y) 3 y0 ëY

lim
y→y0

h(x) = lim
y→y0

f(y)− f(y0)

y − y0
= f ′(y0) = h(y0).



78 1 3 Ù üCþ¼ê��©Æ

u´
f(g(x))− f(g(x0))

x− x0
= h(g(x))

g(x)− g(x0)

x− x0
,

ù´Ï�� g(x) = g(x0) �, þªüàÑ�u0, � g(x) 6= g(x0) �, �â h(x) �½Â,

þª�
f(g(x))− f(g(x0))

x− x0
=
f(g(x))− f(g(x0))

g(x)− g(x0)

g(x)− g(x0)

x− x0
,

Ïd�¤á. - x→ x0, �â h(x) 3 x0 �ëY5 , Òk

lim
x→x0

f(g(x))− f(g(x0))

x− x0
= lim

x→x0
h(g(x))

g(x)− g(x0)

x− x0

= h(g(x0))g′(x0) = f ′(g(x0))g′(x0).

ù�Ò�¤
½n�y². �

½n 3.6 ��±L«¤:
dz

dx
=

dz

dy

dy

dx
.

=, XJ z ´Cþ x �EÜ¼ê, ¥mCþ� y, @o�
¦ z é x ��û dz
dx , �k¦

z é¥mCþ y ��û dz
dy , 2¦¥mCþ y é x ��û dy

dx , ò¤�(J�¦Ò�� dz
dx .

éuõ�EÜ¼ê, d½n 3.6 ����aq�¦�{K. ~X y = f(u) é u ��,

u = g(v) é v ��, v = h(x) é x ��, ����¼ê����¹3c��¼ê�½Â

�¥, KEÜ¼ê y = f ◦ g ◦ h(x) é x ���, 
�

dy

dx
=

dy

du

du

dv

dv

dx
= f ′(g(h(x)))g′(h(x))h′(x).

~ 3.1.12 ¦ sinx3 ��ê.

) P z = sinx3, ¥mCþ y = x3, K¼ê�±w¤ z = sin y Ú y = x3 �EÜ¼

ê. ¤±, d¦��óª{K�

(sinx3)′ = (sin y)′(x3)′ = cos y · 3x2 = 3x2 cosx3.

lù�~f�±wÑ, ¦EÜ¼ê��ê, ÄkI�²(T¼ê´d=
¼êEÜ


¤�, �Ò´`, �²(¥mCþ.

~ 3.1.13 ¦ z = sin(cosx2) ��ê.

) T¼ê´ z = sinu, u = cos v, v = x2 n�¼êEÜ
¤�. ¤±

(sin(cosx2))′ = (sinu)′(cos v)′(x2)′ = −2x cosu sin v = −2x cos(cosx2) sinx2.

~ 3.1.14 ¦ z = (1− x)9 ��ê.
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) ò (1− x)9 ^��ª½nÐm, A^ (xn)′ = nxn−1 ±9�ê�oK$�, �±

¦ÑT¼ê��ê. �´XJòT¼êw¤ z = y9 Ú y = 1− x �EÜ, K$���{

ü:

((1− x)9)′ = (y9)′(1− x)′ = −9y8 = −9(1− x)8.

~ 3.1.15 ¦ z =
(

1+x
1−x

)3
��ê.

) T¼ê�±w¤´ z = y3 Ú y = 1+x
1−x �EÜ¼ê. ¤±[(

1 + x

1− x

)3
]′

= (y3)′
(

1 + x

1− x

)′
= 3y2 1 · (1− x)− (1 + x)(−1)

(1− x)2

= 3

(
1 + x

1− x

)2

· 2

(1− x)2
=

6(1 + x)2

(1− x)4
.

~ 3.1.16 � f(x) 3: x ?��, � f(x) 6= 0, K¼ê ln |f | 3: x ��, �

(ln |f |)′ = f ′(x)

f(x)
.

AOk

(ln |x|)′ = 1

x
, x 6= 0.

) du f(x) 3: x ��, ¤±ëY, Ïd�3��¹ x �«m (x − δ, x + δ),

¦�¼ê f 3Ùþ����±ÓÒ. � f 3 (x − δ, x + δ) þ��Ò�, |f | = f , =

ln |f | = ln f , §´¼ê z = ln y, y = f(x) �EÜ¼ê, Ïd

(ln |f |)′ = (ln y)′ · f ′(x) =
1

y
· f ′(x) =

f ′(x)

f(x)
.

� f 3 (x − δ, x + δ) þ�KÒ�, |f | = −f , ¤± ln |f | = ln(−f), §´¼ê z =

ln y, y = −f(x) �EÜ¼ê, d�

(ln |f |)′ = (ln y)′ · (−f ′(x)) =
1

y
· (−f ′(x)) =

f ′(x)

f(x)
.

pþ¤ã, =k�~f�(J.

3.1.4 �¼ê�¦�{K

·���, XJ¼ê f 3«mþëY, �k�¼ê f−1, K f 7Lî�üN, 
��

¼ê f−1 3Ù½Â�þ�ëY. XJ¼ê f ��, g,�¯, Ù�¼ê´Ä���, XJ

�Y´�½�, @oXÛO��¼ê��ê?

½n 3.7 � y = f(x) 3«m I þëY, �k�¼ê f−1, XJ f 3: x0 ?�

�, � f ′(x0) 6= 0. K½Â3«m J = f(I) ��¼ê f−1 3: y0 = f(x0) ���, �

(f−1)′(y0)f ′(x0) = 1
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½�¤

(f−1)′(y0) =
1

f ′(x0)
=

1

f ′(f−1(y0))
.

y² ·��é x0 ±9 y0 Ø´«mà:��¹?1y². éuà:, �Iòe�

y²��:?U=�.

l½ÂÑu, �y²�¼ê f−1(y) ���5, Òw

lim
y→y0

f−1(y)− f−1(y0)

y − y0

�4�´Ä�3. Ï� x = f−1(y), x0 = f−1(y0), ¤±

f−1(y)− f−1(y0)

y − y0
=

x− x0

f(x)− f(x0)
=

(
f(x)− f(x0)

x− x0

)−1

Ï��¼ê x = f−1(y) �ëY,¤±� y → y0 �, x → x0, 3þªü>- y → y0 =�

½n�(Ø. �

5P

1◦ 5¿�, 3Ó����IX¥, ¼ê y = f(x) Ú�¼ê x = f−1(y) �ã��

Ó. u´éuã�þ�: (x, y) ?��� L, l¼ê y = f(x) ��Ýw, Ù�ÇÒ´ L

�gCþ¤3�ê¶ x ¶���Y�α ��� tanα, l x = f−1(y) ��Ýw L ��

ÇÒ´ L �gCþ y ¤3�ê¶ y ¶���Y�β£α + β = �
2¤��� tan β , üö

p��ê.

2◦ XJ f ′(x0) = 0, =­�3ù�: (x0, y0) (y0 = f(x0))���²1u x¶, Ïd

l x = f−1(y) ��Ýw, ���gCþ¤3�ê¶ y ¶��Ç´Ã¡�. ¤± f−1(y)

3 y0 = f(x0) Ø��£½ö`�ê´Ã¡�¤. ~X y = f(x) = x3, ù´��î�üN

O�ëY¼ê, Ù�¼ê´ x = f−1(y) = 3
√
y. Ï� f ′(0) = 0, ¤± f−1(y) 3 y = 0 Ø

��.

3◦ ��5`, S.þ·�^ x L«��¼ê�gCþ, y L«ÏCþ. ¤±3Ø¬

E¤· ��¹e, ·�Ï~P y = f(x) ��¼ê� y = f−1(x). 3ù�PÒe, ¼ê

y = f(x) Ú§��¼ê y = f−1(x) ã�3Oxy ²¡þ'u�� x = y é¡.

~ 3.1.17 ¦�n�¼ê��¼ê.

) y = arcsinx ´ x = sin y, |y| < �
2 ��¼ê, 
 x = sin y 3«m

(
−�2 ,

�
2

)
S

��, � (sin y)′ = cos y 6= 0, ¤±3éA�«m (−1, 1) S, y = arcsinx ��, �

(arcsinx)′ =
1

(sin y)′
=

1

cos y
=

1√
1− sin2 y

=
1√

1− x2
.

Ó���

(arccosx)′ = − 1√
1− x2

, x ∈ (−1, 1).
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y3�Ä¼ê y = arctan x, §´ x = tan y ��¼ê, Ï�3«m
(
−�2 ,

�
2

)
S,

(tan y)′ = sec2 y 6= 0, ¤±

(arctanx)′ =
1

(tan y)′
=

1

sec2 y
=

1

1 + tan2 y
=

1

1 + x2
, |x| < +∞.

aqk

(arccotx)′ = − 1

1 + x2
, |x| < +∞.

~ 3.1.18 �ê¼ê y = ax ��¼ê. ùp a > 0 � a 6= 1.

) �ê¼ê y = ax ´éê¼ê x = loga y ��¼ê, 
3«m (0, +∞) þ,

(loga y)′ = 1
y ln a 6= 0, ¤±�¼ê y = ax 3éA�«m (−∞, +∞) S��,

(ax)′ =
1

(loga y)′
= y ln a = ax ln a, x ∈ (−∞, +∞).

AO, � a = e �, k

(ex)′ = ex, x ∈ (−∞, +∞),

=± e �.��ê¼ê��¼ê�uÙg�. ¯¢þ, ù´T�ê¼ê�A�5�. ±

�·�òw�, ÷vù«5��¼ê�½�'u± e �.��ê¼ê, =XJ��¼ê

f ÷v f ′ = f , K f(x) = Cex, Ù¥ C ´?¿~ê. lù��Ýw, ± e �.��ê¼

ê ex ±9¦��¼ê£± e �.�éê¼ê¤lnx äk�½�AÏ/ ´�±n)�.

~ 3.1.19 � y = xα, (x > 0), ùp α ´?¿¢ê. y² (xα)′ = αxα−1.

y² � α ´g,ê£�) α = 0¤�, ·�®²�â¼ê�ê�½Â��
y².

� α 6= 0 �£�,��)��g,ê¤, xα = eα lnx, §´¼ê y = eu Ú¼ê u = α lnx

�EÜ¼ê. ¤±
dxα

dx
=

deu

du

du

dx
= eu · α

x
= αxα−1.

l±þü�~f��, XJ a > 0 � a 6= 1, ¼ê u = u(x) 3: x ?��,

¼ê y = au(x) ´ y = au Ú u = u(x) �EÜ¼ê, ¤±3 x ?��, ��¼ê´

(au)′ = au(x)u′(x) ln a.

XJ α ´?¿~ê, ¼ê v = v(x) 3 x ?��, � v(x) > 0, K y = vα(x) 3 x ?

���, ��ê´ (vα)′ = αvα−1v′(x). nÜù
(Ø, ·�k

~ 3.1.20 � u(x), v(x) ��, � v(x) > 0, K¼ê y = v(x)u(x) ��, Ù�ê´

(v(x)u(x))′ = v(x)u(x)

(
u′(x) ln v(x) +

u(x)v′(x)

v(x)

)
.
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y² Ï� y = eu(x) ln v(x) ´¼ê y = ew, w = u(x) ln v(x) �EÜ, ¤± y 3 x ?

��ê´

y′(x) = eu(x) ln v(x)(u ln v)′(x)

= v(x)u(x)

(
u′(x) ln v(x) +

u(x)v′(x)

v(x)

)
.

�K��æ^e¡��{: 3 y = uv �ü>�éê, �

ln y(x) = u(x) ln v(x)

¦Tªüàé x ��ê, k

y′(x)

y(x)
= u′(x) ln v + u(x)

v′(x)

v(x)
.

dd��Ñ
(J.

~ 3.1.21 ¦ y = xex ��¼ê��ê.

) ùpØ7ò�¼ê)Ñ5,
´��ò x w�´ y �¼ê¿é y ?1¦��

1 = x′ex + xx′ex

)�

x′ =
e−x

1 + x

5P

1◦ ü>�éê��{äk�½�Ê·5. Ï�éê�õ�´òÈz�Ú. éu,


�9¦È£½�¤�¼ê5`, �éê2¦�  U�5B|.

2◦ éud�§ ϕ(x, y) = 0 �Ñ��¼ê½Û¼ê,��@O
��Cþ´,��

Cþ�¼ê, 3�§ü>��égCþ¦�=�. k'�[SNò31�þ¥0�.

3.1.5 Ä�Ð�¼ê��ê

�d, ·�®²Ýº
8aÄ�Ð�¼ê��êúª, ®oXe:

(c)′ = 0 (c�~ê);

(sinx)′ = cosx; (cosx)′ = − sinx;

(tanx)′ = sec2 x; (cotx)′ = − csc2 x;

(arcsinx)′ = 1√
1−x2 ; (arccosx)′ = − 1√

1−x2 ;

(arctanx)′ = 1
1+x2 ; (arccotx)′ = − 1

1+x2 ;

(ex)′ = ex; (lnx)′ = 1
x ;

(ax)′ = ax ln a; (loga x)′ = 1
x ln a ;

(xµ)′ = µxµ−1;
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·�w�Ä�Ð�¼ê��¼êÑ´Ð�¼ê.

dþ¡úª, ¿$^¦��oK$�!EÜ¼ê¦�£óª{K¤±9�¼ê¦�,

Ø��±ä½Ð�¼ê3Ù½Â�S´���, 
��±¦Ñ§���ê.

3.1.6 p��ê

� y = f(x) 3«m I ��, §��¼ê y′ = f ′(x) �¡�¼ê f ����ê. XJ

y′ = f ′(x)�� x�¼ê, E,��, K¡��¼ê����ê, ¿P� f ′′(x) = (f ′(x))′.

±daí, XJ¼ê f(x) �1 n− 1 ��¼êE,��, KÙ�ê¡� f(x) � n ��

ê, ¿P�

y(n)(x), f (n)(x),
dny

dxn
(x), ½

dnf

dxn
(x).

w,k

f (n)(x) = (f (n−1)(x))′ ½
dnf

dxn
=

d

dx

(
dn−1f

dxn−1

)
.

p��êE,kÔnÚAÛþ�¿Â, ~X��:$Ä� £���m t ¼ê�

s = s(t), KÙ���ê��Ý v(t) = s′(t), ���ê�\�Ý a(t) = v′(t) = s′′(t). lA

Ûþw,­�����ê���, ���ê^5�x­���­§Ý£�§3.5.2¤.

l�ê�½Âw, ��¼ê��¼êØ7��, $�Ø7ëY£��!SK¥�1

12 K¤. Ïdé¼ê¦����¦�p, é¼ê����õ. ± f(x) = |x| ù�~fw,

T¼ê3 x = 0 Ø��, ¼ê�ã�3dk��k:, Ø1w. Ïd��¼ê��, Ï~

/�/¡¼ê1w. ¼êäk�p�p��ê, K¼êÒ�/1w0. Ïd, ��
ó, ¼

ê�5��Ò�Ð.

XJü�¼ê u(x) Ú v(x) Ñäk n ��ê, @ow,k

(u(x) + v(x))(n) = u(n)(x) + v(n)(x).

�´,éu§�¦È�p��ê, Kk

½n 3.8 (Leibniz úª) e u(x) Ú v(x) Ñk n ��ê, K

(uv)(n) =
n∑
k=0

Ck
nu

(n−k)v(k).

y² é n ^8B{. n = 1 �´w,�, �� n > 1 �k

(uv)(n) =
n∑
k=0

Ck
nu

(n−k)v(k),
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K

(uv)(n+1) =

(
n∑
k=0

Ck
nu

(n−k)v(k)

)′

=
n∑
k=0

(
Ck
nu

(n−k+1)v(k) + Ck
nu

(n−k)v(k+1)
)

= u(n+1)v +
n∑
k=1

Ck
nu

(n+1−k)v(k) +
n∑
k=1

Ck−1
n u(n+1−k)v(k) + uv(n+1)

= u(n+1)v +
n∑
k=1

(Ck
n + Ck−1

n )u(n+1−k)v(k) + uv(n+1)

=
n+1∑
k=0

Ck
n+1u

(n+1−k)v(k).

d8B{��, ½n¤á. �

~ 3.1.22 � Pn(x) = anx
n + an−1x

n−1 + · · ·+ a1x+ a0 ´�� n gõ�ª, ¦§

����ê.

) ·�k

P ′n(x) = nanx
n−1 + (n− 1)an−1x

n−2 + · · ·+ a1

Ù(J´�� n − 1 gõ�ª, l
õ�ª��¼ê'�õ�ªgêü$
�g. UY

¦�, �¦�1 k g£1 6 k 6 n¤�, Ù(J´�� n− k gõ�ª

P (k)
n (x) = n(n− 1) · · · (n− k + 1)anx

n−k + · · ·+ k!ak.

AO� k = n g�, Ù(J´��~ê

P (n)
n (x) = n!an


�¦��gêpu ng£k > n+ 1¤�, Ù(J=�"

P (k)
n (x) = 0.

¤±õ�ª²Lõg¦�, �¦gê�5�$, ���".

éuõ�ª, ·���±y²ù���(Ø:

XJ x0 ´õ�ª Pn(x) � r g­�, = Pn(x) �±©)¤

Pn(x) = (x− x0)rQn−r(x),

Ù¥ Qn−r(x) ´�� n− r gõ�ª, � Qn−r(x0) 6= 0. K Pn(x) ÷v^�

Pn(x0) = 0, P ′n(x0) = 0, · · · , P (r−1)
n (x0) = 0, P (r)

n (x0) 6= 0.
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Öö�A^ Leibniz úªÚõ�ª¦��A:��y². ¯¢þ, þã^�Ú|^Ïª

©)½Â��­ê´�d�. �T^��±í2�½Â?¿����¼ê�":�­

ê. =éu¼ê f(x), XJ

f(x0) = 0, f ′(x0) = 0, · · · , f (r−1)(x0) = 0, f (r)(x0) 6= 0.

K¡ x0 � f(x) � r ­":.

~ 3.1.23 ¦ f(x) = eax, x ∈ (−∞,+∞) ����ê, Ù¥ a ´~ê.

) (eax)′ = aeax, (eax)′′ = (aeax)′ = a2eax, · · · , ��k

(eax)(n) = aneax

AO

(ex)(n) = ex

~ 3.1.24 ¦ f(x) = ln(1 + x), x ∈ (−1,+∞) � n ��¼ê.

) ^8B{�y

dn ln(1 + x)

dxn
= (−1)n−1 (n− 1)!

(1 + x)n
, n = 1, 2, · · ·

AO
dn ln(1 + x)

dxn

∣∣∣∣
x=0

= (−1)n−1(n− 1)!.

~ 3.1.25 ¦ sinx Ú cosx � n ��¼ê, x ∈ (−∞,+∞).

) ^êÆ8B{´y

(sinx)(n) = sin
(
x+

n�
2

)
, (cosx)(n) = cos

(
x+

n�
2

)
, n = 1, 2, · · ·

AO, 3 x = 0 ?,

(sinx)(n)|x=0 = sin
n�

2
=

0, X n �óê,

(−1)(n−1)/2, X n �Ûê,

(cosx)(n)|x=0 = cos
n�

2
=

(−1)n/2, X n �óê,

0, X n �Ûê.

~ 3.1.26 ¦ (1 + x)α, x ∈ (−1,+∞) � n ��¼ê.

) d�¼ê¦�{K´�

((1 + x)α)(n) = α(α− 1)(α− 2) · · · (α− n+ 1)(1 + x)α−n, n = 1, 2, · · ·
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AO

((1 + x)α)(n)
∣∣∣
x=0

= α(α− 1)(α− 2) · · · (α− n+ 1), n = 1, 2, · · ·

~ 3.1.27 � y = arctanx, ¦ y(n)(0).

) d y′ = 1
1+x2 ��, ¼ê arctanx k?¿��ê, �

(1 + x2)y′ = 1.

d Leibniz úª��

(1 + x2)y(n) + 2(n− 1)xy(n−1) + (n− 1)(n− 2)y(n−2) = 0.

ò x = 0 �\Ò��4íúª

y(n)(0) = −(n− 1)(n− 2)y(n−2)(0).

du y(0) = 0, y′(0) = 1. Ò��

y(2k+1)(0) = (−1)k(2k)!, y(2k)(0) = 0, (k = 0, 1, 2 · · · ).

3.1.7 ëê�§L«¼ê��ê

3���IXe, � x = x(t),

y = y(t),
t ∈ [α, β]

½ö�¤�þ/ª

r = r(t) = (x(t), y(t)), t ∈ [α, β]

éÙëYÚ�ê�½Â, �Ï~ÃÉ, = x Ú y ��ëCþ t �¼ê©O½ÂëYÚ�

�. XJl�þ r(t) �Ý�Ä, �´^�þ��Ý½ö`²¡þ:�:�m�ål

|x− y| =
√

(x1 − y1)2 + (x2 − y2)2

�Oýé�£��þ:�:�m�ål¤=�. ~X3½ÂëY5�, ��^ |r(t) −
r(t0)| < ε �OÏ~� |f(x)− f(x0)| < ε =�. ù�½Â�ëY5�©Oé x(t) Ú y(t)

½Â�ëY5´�d�. 
éu�þ r(t) �ê���½ÂXe

lim
∆t→0

r(t+ ∆t)− r(t)

∆t
= r′(t)

5¿�þª�mü>©O´�þ, Ïd, 4��3�duz�©þ�A�4��3. Ï

�
r(t+∆t)−r(t)

∆t ´­�����þ, Ïd, � ∆t → 0 �, Ù4� r′(t) Ò´­�3�:

(x(t), y(t)) ���þ r′(t) = (x′(t), y′(t)). XJ r(t) L«�´�:3 t ��¤?� �
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�þ, K r′(t) Ò´�:$Ä��Ý�þ. lù��Ýw, ëê�§L«�¼ê, ÃØ´

�x­�, �´�x�:�$ÄÑ�\�*, �,, ¿Ø´¤k'u¼ê�ê�5�Ñ�

±í2��þ�¼ê r(t) þ5, ~Xe�!òy²�¼ê��©¥�½n, é r(t) ÒØ

3¤á.

éu²¡þëê�§L«�¼ê, XJ3��ÛÜ�±L«¤ y = y(x), @ol

x, y éëCþ t ��ê, �±í�Ñ y é x ��ê, äNL§Xeµ

�ëê�§ x = x(t),

y = y(t),
t ∈ [α, β]

L«�¼ê��. XJ x′(t) 6= 0, � x = x(t) �3����¼ê t = t(x) = x−1(x),�\

y = y(t) = y(t(x)), ��é x ¦��

dy

dx
=

dy

dt

dt

dx

|^ x = x(t) ��¼ê¦�

dt

dx
=

dx−1(x)

dx
=

1

x′(t)
, t = x−1(x)

�
dy

dx
=
y′(t)

x′(t)
, t = x−1(x)

lAÛþw, ­�����Ç�´��þü�©þ�'. XJUY¦�, ����ê

d2y

dx2
=

d

dx

(
dy

dx

)
=

d

dt

(
dy

dx

)
dt

dx
=

d

dt

(
y′(t)

x′(t)

)
1

x′(t)

=
y′′(t)x′(t)− y′(t)x′′(t)

(x′(t))3
.
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SK 3.1

1. ?Øe�¼ê3: x = 0 ?´Ä��:

(1) f(x) = | sinx|; (2) f(x) =

x+ 1, x > 0,

1, x < 0;

(3) f(x) =

x2 sin 1
x , x 6= 0,

1, x = 0;
(4) f(x) =

ln(1 + x), x > 0,

x+ 1, x < 0;

(5) f(x) = |x|ex; (6) f(x) = |x3|.

2. ¦ a, b ��, ¦e�¼ê??��:

(1) f(x) =

x2, x 6 1,

ax+ b, x > 1;
(2) f(x) =

ln(1 + x), x < 0,

ax+ b, x > 0.

3. �¼ê g(x) 3 x = a ?ëY, P f(x) = (x− a)g(x). y² f ′(a) = g(a).

4. e¼ê f(x) 3 x0 ?��, y²

lim
h→0

f(x0 + αh)− f(x0 − βh)

h
= (α + β)f ′(x0) (α, β �~ê).

5. �¼ê f(x) 3 x = a ?��, � f(a) 6= 0, y²¼ê |f(x)| 3 x = a ���. e

f(a) = 0, (Ø´ÄE¤á?

6. ¦e�¼ê��ê.

(1) y = 3x2+9x−2
5x+8 ; (2) y = sinx tanx+ cotx;

(3) y = x2 log3 x; (4) y = x
1−cosx ;

(5) y = 1+lnx
1−lnx ; (6) y = (1+x2) lnx

sinx+cosx ;

(7) y = (x2 + 1)(3x− 1)(1− x3); (8) y = x3 · tanx · lnx.

7. ¦e�¼ê��ê:
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(1) y = x
√

1− x2; (2) y =
3
√

1 + ln2 x;

(3) y = arccos 2x−1√
3

; (4) y = (sinx+ cosx)3;

(5) y = (sinx3)3; (6) y =
√
x+

√
x+
√
x;

(7) y = sin[sin(sinx)]; (8) y = sin[cos5(arctanx3)];

(9) y =
(
x3−1
x4+1

)3
; (10) y = x

√
1 + x2 sinx;

(11) y = e
√
x2+1; (12) y = ln[ln2(ln3 x)];

(13) y = xx
x

+ xx + x2x ; (14) y = (lnx)ex ;

(15) y = (tanx)cotx; (16) y = 10x · (sinx)cosx;

(17) y = (x+5)2(x−4)1/3

(x+2)5(x+4)1/2
; (18) y = x2

1−x

√
x+1

1+x+x2 .

8. � f(x) = x3. ¦ f ′(x2) � [f(x2)]′.

9. � f(x) = ln(x+
√

1 + x2), g(x) = e
√
x2+1. ¦ f ′[g(x)], [f(g(x))]′.

10. � f(x) ??��. ¦ dy
dx .

(1) y = f(x3); (2) y = f(sin2 x) + f(cos2 x);

(3) y = f(ex + xe); (4) y = sin[f(sin f(x))];

(5) y = f{f [f(sinx+ cosx)]}; (6) y = f(ex)ef(x).

11. ¦e�¼ê��ê:

(1) y =


xe1/x

1+e1/x
, x 6= 0,

0, x = 0;
(2) y = |1− 2x| sinx.

12. � n ���ê, �Ä¼ê f(x) =

xn sin 1
x , x 6= 0,

0, x = 0.
y²:

(1) � n = 1 �, f(x) 3: x = 0 ?Ø��;

(2) � n = 2 �, f(x) 3: x = 0 ?��, ��¼ê3 x = 0 ?ØëY (¯¢þ, 3

ù�:k1�amä);

(3) � n > 3 �, f(x) 3: x = 0 ?��, ��¼ê3 x = 0 ?ëY.

13. y²: ¼ê f(x) =

x2 sin 1
x2 , x 6= 0,

0, x = 0
3«m [−1, 1] þ??��, ��¼ê3ù

�«mþÃ..
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14. ¦e�¼ê��¼ê��û.

(1) y = xex; (2) y = arctan 1
x ;

(3) y = 2x−x − e−2x; (4) y = ln(ex +
√

1 + e2x).

15. y²: ���ó¼ê��ê�Û¼ê; 
���Û¼ê��ê�ó¼ê.

16. y²: ���±Ï¼ê��êE´±Ï¼ê.

17. ¦e��ª�Ú:

(1) Pn = 1 + 2x+ 3x2 + · · ·+ nxn−1;

(2) Qn = 12 + 22x+ 32x2 + · · ·+ n2xn−1;

(3) Rn = cos 1 + 2 cos 2 + · · ·+ n cosn.

18. ¦e�¼ê����ê:

(1) y = e−x
2
; (2) y = x22x;

(3) y = (1 + x2) arctanx; (4) y =

x2, x > 0,

−x2, x < 0.

19. �¼ê f(x) ??kn��ê, ¦ y′′, y′′′.

(1) y = f(x2); (2) y = f(ex + x).

20. � f(x) = xn|x| (n���ê), y² f (n)(0) �3, �f (n+1)(0) Ø�3.

21. y²: XJ x0 ´õ�ª Pn(x) � r ­�, = Pn(x) �±©)¤

Pn(x) = (x− x0)rQn−r(x),

Ù¥ Qn−r(x) ´�� n− r gõ�ª, � Qn−r(x0) 6= 0. K Pn(x) ÷v^�

Pn(x0) = 0, P ′n(x0) = 0, · · · , P (r−1)
n (x0) = 0, P (r)

n (x0) 6= 0.

22. ¦e�¼ê�p��ê:

(1) (x2ex)(n); (2) [(x2 + 1) sinx](n);

(3)
(

1
x2−3x+2

)(n)
; (4) (sinx · cosx)(n).

23. ¦­� y = cosx 3 x = �
4 ?����§.

24. y²: V­� xy = 1 þ?�:?���, �ü�I¶�¤�n�/�¡È�½�.

25. k�.�»� r cm, p� h cm ���I/Nì, y± a cm3/s ��ÝgºÜ�Ù

S5Y, ¦Y¡þ,��Ý.
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26. Ygp� 18 cm, .�»� 6 cm ��I/¦Ì6\�»� 10 cm ��Î/Ù¥.

®�Y3¦Ì¥�Ý� 12 cm �Y²¡eü��Ç� 1 cm/m. Á¦�Î/Ù¥Y

²¡þ,��Ý.
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§3.2 �©

3.2.1 �©�½Â

� y = f(x) 3�½�: x �NCk½Â. XJégCþO\��UCþ ∆x, K¼

ê� y �A�UCþÒ´ ∆y = f(x + ∆x)− f(x). ü�UCþ ∆x Ú ∆y �mÏ¼ê

f Ú: x 
äkÏJ'X. �Ò´`, éu¼ê f , ��½�:x�, 3ù:�UCþ ∆x,

éA��¼ê��UCþ ∆y. XJù«ÏJ'X3 ∆x = 0 NCCqu�5'X,

∆y = f(x+ ∆x)− f(x) = A∆x+ o(∆x), ( � ∆x→ 0 �)

Ù¥ A = A(x) � x k'£�,� ∆x Ã'¤, K¡ f 3 x ��, �5Ü© A∆x �¼ê

y = f(x) 3 x ?��©, P�

dy = A∆x, ½ df(x) = A∆x.

ù�

∆y = dy + o(∆x),

�Ò´`, dy ´¼êUCþ ∆y 3 ∆x→ 0 ��Ì�Ü©£,�Ü©´� ∆x �p�Ã

¡�þ¤.

5¿�, XJ¼ê f 3 x ��, = ∆y = A∆x+ o(∆x), K

lim
∆x→0

f(x+ ∆x)− f(x)

∆x
= lim

∆x→0

∆y

∆x
= lim

∆x→0

(
A+

o(∆x)

∆x

)
= A

�Ò´, ¼ê3ù�:��. ��, XJ f 3 x ?��, K

lim
∆x→0

∆y − f ′(x)∆x

∆x
= lim

∆x→0

(f(x+ ∆x)− f(x))− f ′(x)∆x

∆x
= 0.

ù`²� ∆x → 0 �∆y − f ′(x)∆x ´' ∆x �p��Ã¡�þ, ¤± ∆y = A · ∆x +

o(∆x), Ù¥ A = f ′(x). Ïd¼ê3 x ?��. âd©Û, ·�k

½n 3.9 y = f(x) 3 x ���¿©7�^�´ f(x) 3 x ��, ù� dy =

f ′(x)∆x. Ïd¼ê3�:��k��¡�3�:��.

ùp2grN¼ê y = f(x)3�: x��©´��� x�'��5¼ê,§ò ∆x

N� f ′(x)∆x, 
Ø´,�� x �¼ê. éuAO�¼ê y = f(x) = x , K f ′(x) = 1,

dy = dx = (x)′∆x = ∆x.

=gCþ��©�UCþ��. u´¼ê y = f(x) 3: x ��©q�P¤

dy = df(x) = f ′(x)dx.
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y3, dx � dy Ñk��(½�¿Â, §�©O´gCþ x ÚÏCþ y ��©, ¿�

dy

dx
=

df(x)

dx
= f ′(x).

=¼ê3�:��ê´ÙÏCþ��©ÚgCþ��©�û. ± ·�r dy
dx ����

��PÒ5L«�û, 
y3�±ò§w¤ /́ü��©�û0. ù� /́�û0ù�¶

c�5d.

Xã 3.7,L y = f(x)�ã�þ�: (x, f(x))�

-

6

x

y

. ..................... .................... ................... .................. .................. ...................
....................

....................
.....................

........................

...........................

..............................

.................................

....................................

.......................................

..........................................

.

.................................................................................................................................................................................................................................................................................................................
...........
..........

...........

...........

...........

...........

................... .......... .......... .......... .......... .......... .......... .......... .......... .......... .......... .......... ..........

..........

..........

..........

..........

..........

..........

..........

..........

..........

..........

..........

..........

..........

..........

............... .......... .......... .......... ..........

?

6

∆y

x x+ ∆x

α

L

y = f(x)

}dy

ã 3.7

�� L. ´�, ¼êã�p�I�UCþ£=¼ê�

UCþ¤́ ∆y, 
 L þ:�p�I�UCþÒ´¼

ê y = f(x) 3: x ?��© dy = f ′(x)∆x. du

|∆y − dy| = o(∆x), �� |∆x| é��, ¼ê3: x

�UCþ����UCþ��, �'gCþ�UCþ

∆x 5`, ´p�Ã¡�. Ïd3: x NC, �±^

L (x, f(x)) ����O¼ê£ã�­�. ùÒ´�

È©¥/±��­0�Ä�g´.

^B�Ñ, L­�þ�: (x0, y0), y0 = f(x0) ����§´

y − y0 = f ′(x0)(x− x0).

3.2.2 �©�$�����©/ª�ØC5

d�©�L�ª dy = f ′(x)dx ±9Ä�Ð�¼ê�¦�úª, �±éA/�ÑÄ�

Ð�¼ê��©úª:

d(c) = 0 (c�~ê);

d sinx = cosxdx; d cos x = − sinxdx;

d tanx = sec2 xdx; d cot x = − csc2 xdx;

d arcsinx = 1√
1−x2 dx; d arccosx = − 1√

1−x2 dx;

d arctanx = 1
1+x2 dx; darccotx = − 1

1+x2 dx;

dex = exdx; d lnx = 1
xdx;

dax = ax ln adx; d loga x = 1
x ln adx;

dxµ = µxµ−1dx;

d	, du�©Ú�ê�éA'X, ·�ØJ��e�½n.
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½n 3.10 �¼ê u Ú v 3 x ?��, K¼ê cu, u ± v, u · v, u
v 3 x ?��,

�k

d(cu) = cdu, Ù¥ c �~ê;

d(u± v) = du± dv;

d(uv) = vdu+ udv;

d
(
u
v

)
= vdu−udv

v2 , v 6= 0.

±þúªÚ{KÑ´�©½ÂÚ¦�$����(J.

½n 3.11 � y = ϕ(x) ½Â3«m I þ, z = f(y) ½Â3���¹ ϕ(I) �

«m J þ. XJ y = ϕ(x) 3 x þ��, z = f(y) 3 y = ϕ(x) ?��, KEÜ¼ê

z = f(ϕ(x)) 3 x ?���, ¿k

dz = (f ◦ ϕ)′dx = f ′(y)dy,

Ù¥ dy = ϕ′(x)dx ´¼ê y = ϕ(x) 3 x ?��©.

y² d�©L�ªÚEÜ¼ê¦��óª{K, k

dz = (f(ϕ(x)))′dx = f ′(ϕ(x))ϕ′(x)dx

= f ′(y)dy.

½n 3.11 `², l/ªþwÃØ y ´gCþ�´¥mCþ, z = f(y) ��©äk�

Ó�/ª df(y) = f ′(y)dy. ù«5�¡����©/ªØC5.

~ 3.2.1 ¦ y = e−ax sin bx ��©, Ù¥ a, b Ñ´~ê.

) |^�©�¦{$�Ú���©/ª�ØC5, k

dy = d(e−ax sin bx) = e−axd(sin bx) + (sin bx)de−ax

= e−ax(cos bx)d(bx) + (sin bx)e−axd(−ax)

= be−ax(cos bx)dx− a(sin bx)e−axdx

= e−ax
(
b cos bx− a sin bx

)
dx.

~ 3.2.2 ¦¼ê y = ln(x+
√
x2 + a2) ��©, Ù¥ a ´~ê.
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)

d
(

ln(x+
√
x2 + a2)

)
=

d(x+
√
x2 + a2)

x+
√
x2 + a2

=
1

x+
√
x2 + a2

(
dx+

d(x2 + a2)

2
√
x2 + a2

)
=

1

x+
√
x2 + a2

(
1 +

x√
x2 + a2

)
dx

=
1√

x2 + a2
dx.

dd��±��T¼ê��ê
dy

dx
=

1√
x2 + a2

.

~ 3.2.3 � 0 < q < 1, ¼ê y = y(x) ÷ve��§

y − x− q sin y = 0.

¦¼ê y = y(x) ��ê.

) ·�ØUl�§¥)Ñ y �w«L«, Ïd�
¦ y′(x), 3þ��ª�üàé

x ¦�©, ¿|^���©/ª�ØC5, �

dy − dx− q cos ydy = 0.

�

y′(x) =
dy

dx
=

1

1− q cos y
.
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SK 3.2

1. � y = x2 + x, O�3 x = 1 ?, � ∆x = 10, 1, 0.1, 0.01 �, �A�¼ê�UCþ

∆y Ú¼ê��© dy, ¿*	� ∆y − dy � ∆x ~��Cz�¹.

2. ¦e�¼ê��©:

(1) y = ln
(
�
2 −

x
4

)
; (2) sinx− x cosx;

(3) y = arccos 1
|x| ; (4) y = ln

∣∣∣x−1
x+1

∣∣∣;
(5) y = 5

√
arctanx2 ; (6) y = tan2(1 + 2x2);

(7) y = e−x cos(3− x); (8) y = x√
x2+1

.

3. ée�¼ê, ¦ dy
dx 9

d2y
dx2 .

(1)

x = ln(1 + t2),

y = t− arctan t;
(2)

x = t− sin t,

y = 1− cos t;

(3)

x = ϕ cosϕ,

y = ϕ sinϕ;
(4)

x = cos3 ϕ,

y = sin3 ϕ.

4. ¦e�­�3®�:?����§.

(1)

x = cos t,

y = sin t
3 t = �

4 ?; (2)

x = 3t
1+t2 ,

y = 3t2

1+t2

3 t = 2 ?.
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§3.3 �©¥�½n

l�!m©��Ù(å, ·�òÏL¼ê f ��ê, 5?�Ú
)¼ê���Ä�

5�. ·�5¿�, �ê´¼ê��û

f(x+ ∆x)− f(x)

∆x

�4�G�, 
Ø´�û3,� ∆x ?��. �û´���9¼ê3 x ±9 x ±>�

�£lÔnþwÒ´,ã�mS�²þ�Ý¤, �N�´�«/�N05�, 
�ê�´

¼ê3�: x �/ÛÜ05�£ÔnþwÒ´3,���]��Ý¤. ·��8�Ò´

�ÏL¼ê�ê�ÛÜ5�, í�Ñ¼ê�N�5�. �ù�L§¿Øw,.

±��4Ù{ü�¼ê�~. �¼ê f(x) = c ´��~�¼ê, K§3?Û�: x

��ê f ′(x) = 0. ��, XJ®���¼ê f 3z�:��ê�", ´ÄíÑù�¼ê

Ò�½´��~ê? �YA�´�½�. Ï�lAÛþw, XJ��¼ê3z�:��

�Ñ´Y²�, Kù�¼ê�ã����A�´Y²�. lÔnþw, XJ���:�

$Ä�Ý©ª�", Kù�ÔN�½´·��. �´, Ä�/l4�

lim
∆x→0

f(x+ ∆x)− f(x)

∆x

íä¼ê f ´��~ê, %Ø´��w,�¯�.

3.3.1 Fermat ½nÚ Rolle ½n

½Â 3.12 �¼ê f(x) 3 x0 ��� (x0 − δ, x0 + δ) Sk½Â, XJéÙ¥�?

�: x, Ñk

f(x0) > f(x), ½ f(x0) 6 f(x),

@o¡ f(x0) �¼ê f(x) �ÛÜ4��£½4��¤, x0 ¡� f(x) ���4��

:£½4��:¤. 4��Ú4��Ú¡�4�, 4��:Ú4��:Ú¡�4�:.

5¿, 4�½4�:�½Â��, �¼ê´ÄëY, ´Ä��Ã'.

½n 3.13 (Fermat ½n) �¼ê f(x) 3Ù½Â«m I ���S:£=Ø´à

:¤x0 ?��ÛÜ4�, e¼ê3ù�:��, K7k f ′(x0) = 0.

y² Ø��¼ê3 x0 ��4��. �â½Â, �3�� (x0− δ, x0 + δ) ⊂ I, ¦�

f(x0 + h)− f(x0) 6 0

ùp�
�B, P h = ∆x . ��UCþ h ÷v |h| < δ. u´�û

f(x0 + h)− f(x0)

h
> 0, � h < 0 �
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f(x0 + h)− f(x0)

h
6 0, � h > 0 �

qÏ�¼ê3 x0 ��, ¤±3þ�üª¥©O- h→ 0− Ú h→ 0+, k

f ′−(x0) > 0, f ′+(x0) 6 0

� f ′(x0) = 0. � f 3 x0 ��4����¹, �aqy². �

-
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y

x0 x0+δx0−δ

ã 3.8

-

6

x

y

p
p

. .............................................................................................................

. ......................................................................................................................

..............................

........................................................................................
x0 x1

ã 3.9

lAÛþw, ¼ê f 3�: x0 ��4� (4�) �, XJ¼ê3d:����3,

@o3ù:���´Y²�£²1u x ¶¤.

5P ½n 3.13 �_¿Ø¤á, �Ò´`, =¦¼ê f 3�S:��ê�", �7

ù�:´4�:, �{ü��~´ f(x) = x3, x ∈ [−1, 1], w,, f ′(0) = 0, �´ x = 0

Ø´T¼ê�4�:. =BXd, ½n 3.13 Jø
ù��å», =d�ê�&E, íä

¼ê�k' (4�!4�) �´Ä�3? Ï~, ¡�ê�"�:�¼ê�7:, Ïd�


)¼ê�4�:, ��37:¥�?�Ú?Ø=� (·���ò?1�[?Ø).

½n 3.14 (Rolle ½n) � f(x) 34«m [a, b] þëY, 3m«m (a, b) S��,


� f(a) = f(b), K7k ξ ∈ (a, b), ¦ f ′(ξ) = 0.

y² �â4«m [a, b] þëY¼ê�½k���Ú����¢¯, XJ���

Ú���¥��k��3 (a, b) SÜ�: ξ ��, ξ �,�´4�:. d½n 3.13,

f ′(ξ) = 0. ��, XJ���Ú����U3à: a Ú b ?��, 
 f(a) = f(b), =�

��Ú�����, ¼ê�U´~�¼ê, d�¼ê��¼ê3?Û�:Ñ�". �

Öö�g1Þ~`², Rolle ½n¥�^�: 4«mþëY!m«mþ��!à:�

�, nö"�Ø�.

-

6

x

y

. ....................................................................................

. ....................................................................................

.......... .......... .......... .......... .......... .......... .......... .......... .......... .......... .......... .......... .......... .......... .......... .......... .......... .......... .......... .......... .......... .......... .......... .......... .......... .......... .......... .......... ...........................................................................................

...................................................................................................................

...................................................................................
a ξ b

ã 3.10

-

6

x

y

. ..............................
.............................

............................
...........................

..........................

...........................

.
.................

..........

..................
........

......................
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............................ ............................. ........................................ .......... .......... .......... .......... .......... .......... .......... .......... .......... .......... .......... .......... .......... .......... .......... .......... .......... .......... .......... .......... .......... .......... .......... .......... .......... .......... ...................................
..............................

a b

ã 3.11
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3.3.2 �©¥�½n

½n 3.15 (�©¥�½n) � f(x)3 [a, b]ëY,3 (a, b)��,K7k ξ ∈ (a, b),

¦

f ′(ξ) =
f(b)− f(a)

b− a
.

k�, ·��¡�©¥�½n� Lagrange ¥�½n. 5¿, XJ f(a) = f(b), K¥

�½nz�
 Rolle ½n, Ïd§´' Rolle ½n���5�½n.

lAÛþw, �©¥�½n�(J´ØJn)�. X

-

6

x

y

.

.....................................................................................................................

.

......................................................................................................................................... ........... ........... ........... ........... ........... ........... ........... ........... ........... ........... ........... ........... ........... ........... ........... ........... ........... ........... ........... ........... ........... ............

.......................

...................................................................................................................
A

B

a b

ã 3.12

ã3.12 ¤«,�Ä¼ê��û

f(b)− f(a)

b− a
,

§´�� AB ��Ç. XJ·�ò��²1£Ä£Ïd�

ÇØC¤, K§��3,�� ��­���, =���3

0u a Ú b �m��: ξ, ¦�3T:����Ç�u�

���Ç. lÔnþw, ��÷��$Ä��:, 7,3,

�����]��Ý, �u��$ÄL§�²þ�Ý.

½n 3.15 �y² y²��{´òÙz�AÏ�/ Rolle ½n5)û. lã

�þw£'�ã3.10 Úã3.12¤, �´r Rolle ½n¥�«¿ã����Ý
®. Ïd·

�ò�E��9Ï¼ê F (x), ¦� F (x) ÷v Rolle ½n.

Ï�ë� (a, f(a)) Ú (b, f(b)) ü:����§´

g(x) =
f(b)− f(a)

b− a
(x− a) + f(a),

�

F (x) = f(x)− g(x) = f(x)− f(b)− f(a)

b− a
(x− a)− f(a).

KN´�y F (b) = F (a) = 0, 
� F (x) 34«m [a, b] þëY, 3m«m (a, b) S��,

Ïd F (x) ÷v Rolle ½n�n�^�, ��3�: ξ ∈ (a, b), ¦�

F ′(ξ) = f ′(ξ)− f(b)− f(a)

b− a
= 0.

ù�Ò�¤
½n�y². �

3�©¥�½n�^�e, �±�Ä«m [a, b] þ?¿ü: x1, x2£ x1 < x2¤�m

�¥�½n. =�½�30u x1, x2 �m��: ξ, x1 < ξ < x2 ¦�

f ′(ξ) =
f(x1)− f(x2)

x1 − x2
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XJ�

θ =
ξ − x1

x2 − x1
,

N´�y 0 < θ < 1, Ïdþª²~L«¤

f(x2)− f(x1) = f ′(x1 + θ(x2 − x1))(x2 − x1).

½ö^Oþ��ó, L«¤

f(x+ ∆x)− f(x) = f ′(x+ θ∆x)∆x.

3�©¥�½n¥, Ø
 ξ  uü: x1, x2 �m	, éu ξ � �¿��Ñ?Û²

(�äó. ~X, éu f(x) = x2,

f(x1)− f(x2)

x1 − x2
= x1 + x2 = f ′(ξ) = 2ξ

¤± ξ = x1+x2
2 , §´ [x1, x2] �¥:, 
éu f(x) = x35`, f ′(x) = 3x2, ¤±

ξ =

√
x2

2 + x1x2 + x2
1

3

�¹ÒE,�õ. ¦+Xd, ·�E,U
ÏL�©¥�½n, ��¼êg���
5

�. Ù¥����(J, Ò´'u�!m©�¤J��¯K, =�ê�"�¼ê´Ä´

~�¼ê, �dk

íØ 3.16 XJ¼ê f 3��«mþëY, �é«mS�z��: x, Ñk

f ′(x) = 0, @o¼ê f 3«mþ�½´~�¼ê. ����§éü���¼ê f Ú g,

XJ§���ê��, @oü�¼ê����~ê.

y² ?�«mþü: x1 < x2, 3 [x1, x2] þ, d¥�½n�, �3�: ξ ¦�

f(x1)− f(x2) = f ′(ξ)(x2 − x1)

� f ′(x) ð�", ¤± f ′(ξ) = 0, u´ f(x1) = f(x2), =¼ê3«mþ?¿ü:���

�, ¤±´~�¼ê. �

,��¡, ·���, ��¼ê�½ëY. ��©¥�½n�ëY5Jø
�\½þ

z�(J, =

íØ 3.17 e¼ê f 3«m I ��, � |f ′(x)| 6M£=�êk.¤, K

|f(x2)− f(x1)| 6M |x2 − x1|

÷vþãúª�¼ê�¡�÷v Lipschitz ëY5^�. ¤±äkk.�ê�¼ê

�½´ Lipschitz ëY�. ��, Lipschitz ëY�7��. �[�/3dØ�?Ø.
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~ 3.3.1 y²: é?¿~ê c, �§ x3 − 3x+ c = 0 3 [0, 1] ¥Ø�Ukü��É

�¢�.

y² P f(x) = x3 − 3x+ c. eé,� c, �§3 [0, 1] þkü��É�¢� x1, x2

Ø�� 0 6 x1 < x2 6 1 K f(x1) = f(x2) = 0, Ïd f(x) 3 [x1, x2] þ÷v Rolle ½n

�n�^�, ¤±7k x1 < ξ < x2 ¦�

f ′(ξ) = 3(ξ2 − 1) = 0.

= |ξ| = 1, � 0 6 x1 < ξ < x2 6 1, �gñ. ù`²kü��É¢��b�Ø¤á.

~ 3.3.2 � 0 < a < b, y²

b− a
b

< ln
b

a
<
b− a
a

.

y² du 0 < a < b, �3 [a, b] þ, ¼ê lnx w,÷v¥�½n�^�, ¤±�3

�: ξ ∈ (a, b) ¦�

ln b− ln a = (lnx)′
∣∣
x=ξ

(b− a) =
1

ξ
(b− a)

�
1

b
<

1

ξ
<

1

a

=k¤y�(J.

~ 3.3.3 y²ð�ª

arcsinx+ arccosx =
�
2
, |x| 6 1

y² · f(x) = arcsin x+ arccosx. K f ′(x) ≡ 0. ¤±

arcsinx+ arccosx ≡ c (~ê).

ò x = 0 �\, =� c = �
2 .

���©¥�½n�����í2´e� Cauchy ¥�½n.

½n 3.18 (Cauchy ¥�½n) e f(x) Ú g(x) 3 [a, b] þëY, 3 (a, b) S��.


�é?�: x ∈ (a, b), g′(x) 6= 0. K3 (a, b)S, 7�3�: ξ, ¦�

f(b)− f(a)

g(b)− g(a)
=
f ′(ξ)

g′(ξ)
.

ùp, Ï� g′(x) 6= 0, d Lagrange ¥�½n�, g(b)− g(a) 6= 0, ¤±þª��>´k¿

Â�.
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y² 5¿�, � g(x) = x �, Cauchy ¥�½nÒ´ Lagrange ¥�½n, Ïdc

ö´�ö�í2, �y²�ª�k�q5. 3 Lagrange ¥�½ny²¥¤�E�9Ï

¼ê F (x) ¥, ò x �¤ g(x)£l
éA/ò a, b �¤ g(a), g(b)¤, =�9Ï¼ê

F (x) = f(x)− f(a)− f(b)− f(a)

g(b)− g(a)
[g(x)− g(a)].

´�, F (x) ÷v Rolle ½n�n�^�: 34«mþëY, 3m«mS��, �

F (b)− F (a) = 0.

¤±�3�: ξ ∈ (a, b), ¦� F ′(ξ) = 0, =

f ′(ξ)− f(b)− f(a)

g(b)− g(a)
g′(ξ) = 0.

d=½n�(Ø. �

3.3.3 �¼ê�0�5�

��3«mI S���¼ê f(x), Ù�ê�Ñ
 I S��¼ê f ′(x). e¡ò�Ñ

�¼ê���­�5�, ±\�é¼ê�ê�n).

ÄkïÄ�¼ê�4�¯K.

½n 3.19 �¼ê f(x) 3«m [x0, x0 + δ] ëY£ùp δ > 0¤, 3 (x0, x0 + δ)

S��. e�¼ê3 x0 ?�m4��3, = lim
x→x+0

f ′(x) = l, K f(x) 3 x0 ?�m�ê

��3, �

f ′+(x0) = lim
x→x+0

f ′(x) = l.

ò«m [x0, x0 + δ] �� [x0 − δ, x0] ¿�Ä�¼ê3 x0 ?��4�, �kaq�(Ø.

y² é x ∈ (x0, x0 + δ], d�©¥�½n�

f(x)− f(x0)

x− x0
= f ′(ξ),

ùp x0 < ξ < x. � x→ x+
0 �, ξ → x+

0 , =¼ê3x0 �m�ê�u�¼ê f ′(x) 3 x0

�m4�. �

ù�½n`²XJ¼ê3«mS??��, K3«mSz�:?, �¼ê f ′(x) �

oëY§�ok1�amä:§Ø�Uk1�amä:. ddíÑäk1�amä:�

¼ê£XÎÒ¼ê¤ØU��,�¼ê��¼ê.

½n 3.20 (Darboux ½n) � f(x) 3[a, b] þ��, Kéu0u f ′(a), f ′(b) �m

�?Û� λ, �½�3 ξ ∈ [a, b], ¦� f ′(ξ) = λ.
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y² Ø�� f ′(a) < f ′(b). Äk�ÄAÏ�/: f ′(a) < 0 < f ′(b), =

lim
x→a+

f(x)− f(a)

x− a
= f ′(a) < 0, lim

x→b−
f(x)− f(b)

x− b
= f ′(b) > 0,

¤±�3 δ1 > 0, ¦�� x ∈ (a, a+ δ1) �k f(x)−f(a)
x−a < 0, = f(x) < f(a). Ón, �3

δ2, ¦�� x ∈ (b− δ2, b) �k
f(x)−f(b)

x−b > 0, 5¿�d� x < b, ¤±� x ∈ (b− δ2, b)

�, f(x) < f(b). Ïd¼ê f(x) �ü�à: f(a), f(b) Ø´ f(x) 3 [a, b] þ����.

�Ò´` f(x) 3 [a, b] SÜ�: ξ �����, �â Fermat ½nk f ′(ξ) = 0.

éu���¹, ?� f ′(a) < γ < f ′(b). - g(x) = f(x) − γx, K g(x) 3«m [a, b]

þ��, �

g′(a) = f ′(a)− γ < 0, g′(b) = f ′(b)− γ > 0,

¤±�3�: ξ ∈ (a, b) ¦� g′(ξ) = 0, = f ′(ξ) = γ. �

½n3.20 �«
�¼ê,��-<¯Û�5�, =é«m I þ��¼ê±9«m¥

?¿ü�ØÓ: c, d ∈ I(c < d), Ù�¼ê f ′(x) ÃØ´ÄëY, 3 [c, d] ⊂ I þÑU��

0u f ′(c) Ú f ′(d) �m����. du�¼êØ�½´ëY¼ê, Ïdþã(J¿Ø´

ëY¼ê0�½n�í2.
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SK 3.3

1. � f(x) = (x− 1)(x− 2)(x− 3)(x− 4), (½�§ f ′(x) = 0 �¢���ê, ¿�Ñ

�¤3�«m.

2. �¼ê f(x) 3«m [1, 2] þk���û, � f(1) = f(2) = 0. P F (x) = (x −
1)2f(x), K3«m (1, 2) S��k�: ξ, ¦� F ′′(ξ) = 0.

3. Þ~`², ¥�½n�eã¿Âe�_Ø¤á: � ξ ∈ (a, b) ´�½��:, K�3

c, d ∈ [a, b], ¦� f(c)−f(d)
c−d = f ′(ξ). (J«: �Ä¼ê f(x) = x3, ξ = 0.)

4. y²e�Ø�ª:

(1) � a > b > 0, n > 1�, k nbn−1(a− b) < an − bn < nan−1(a− b);
(2) � x > 0 �, k x

1+x < ln(1 + x) < x;

(3) � 0 < a < b �, k (a+ b) ln a+b
2 < a ln a+ b ln b.

(4) � 0 < α < β < �
2 �, k β−α

cos2 α < tan β − tanα < β−α
cos2 β .

5. y²e�ð�ª:

(1) arctan x = arcsin x√
1+x2

;

(2) arctan x+ arctan 1−x
1+x =


�
4 , x > −1,

−3�
4 , x < −1.

6. � f(x) ´4«m [0, 1] þ���¼ê, é?¿ x ∈ [0, 1] k f(x) ∈ (0, 1); ¿�éz

� x, f ′(x) 6= 1. y²3 (0, 1) Sk�=k�� x, ¦ f(x) = x.

7. �¼ê f(x) 3 [0, 1] þëY, 3 (0, 1) S��, � |f ′(x)| < 1, q f(0) = f(1). y²:

éu [0, 1] þ�?¿ü: x1, x2, k |f(x1)− f(x2)| < 1
2 .

8. e f(x) ??��, � f ′(x) = f(x). y² f(x) = Cex, C �?¿~ê.

9. �Øð�~ê�¼ê f(x) 34«m [a, b] þëY, 3m«m (a, b) S��, �

f(a) = f(b). y²3 (a, b) S�3�: ξ, ¦� f ′(ξ) > 0.

10. �¼ê f(x) 3 [a,+∞) þ��, � lim
x→+∞

f ′(x) = 0. y²:

(1) lim
x→+∞

[f(x+ 1)− f(x)] = 0;

(2) lim
x→+∞

f(x)
x = 0.

11. y²: e¼ê f(x) 3(k�)m«m (a, b) Skk.��¼ê, K f(x) 3 (a, b) S�

k.. XJk�«m (a, b) U�Ã¡«m, (Ø�¤áí? ·K�_·K´Ä¤á?

12. �é¤k�¢ê x, y, Ø�ª |f(x)− f(y)| 6M |x− y|2 (M �~ê) Ñ¤á. y²:
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f(x) ð�~ê.

13. �¼ê f(x) 3«m [x0, x0 + δ] þëY (ùp δ > 0), 3 (x0, x0 + δ) S��. e

lim
x→x+0

f ′(x) = l (ùp� l �±´Ã¡�), K f(x) 3 x0 ?�m�ê�� l, =

f ′+(x0) = lim
x→x+0

f ′(x).

(ò«m [x0, x0 + δ] �� [x0 − δ, x0], kaq�(Ø.)

14. A^þ�K�(Øy²:

(1) ¼ê x
1
3 3 x = 0 ?Ø��;

(2) ¼ê arcsinx, arccosx 3 x = 1 ?vk��ê, 3 x = −1 ?vkm�ê.

15. y²: e¼ê f(x) 3��«mS??��, K�¼ê f ′(x) ØUk1�amä:,

=3 («mS) z�:?, f ′(x) ½öëY, ½ök1�amä. (d�KíÑ, äk1

�amä:�¼ê, X sgnx, ØU¤�,�¼ê��¼ê.)

16. � f(x) 3��«m I þëY, � (�õ) Ø
k��:	, f(x) 3 I SÜ��ê�

�(K),K f(x)3 I þî�üN4O(~). (5¿,3~	�:?, f(x)�UØ��.)

17. �¼ê f(x) Ú g(x) þ3«m I þëY, �(�õ)Ø
k��:	, f(x) Ú g(x) 3

I SÜ÷v f ′(x) > g′(x); ��3 a ∈ I, ¦� f(a) = g(a) (a Ø´«mà:), K�

x ∈ I � x > a �, k f(x) > g(x); � x ∈ I � x < a �, k f(x) < g(x).

18. e f(x) 3 [0,+∞) ��, f(0) = 0, f ′(x) î�4O, y² f(x)
x 3 (0,+∞) î�4

O.

19. � x0 ´¼ê f(x) ����¦4�:, � f(x) 3 x0 ?����, f ′′(x0) 6= 0. y

²: e f ′′(x0) < 0, K x0 ´ f(x) ���4��:; e f ′′(x0) > 0, K x0 ´ f(x) �

��4��:. (J«: y37k f ′(x0) = 0.)

Þ~`²: e f ′′(x0) = 0, K x0 �±´ f(x) �4��:½4��:, ��±Ø´

4�:.

20. � f(x) 3 [0, 1] þk���¼ê, � f(0) = f ′(0), f(1) = f ′(1). ¦y: �3

ξ ∈ (0, 1), ÷v f(ξ) = f ′′(ξ).

21. ¦e�¼ê�üN«m�4�:

(1) y = 2x3 − 3x2; (2) y = x2/3;

(3) y = x2e−x
2
; (4) y = x1/x;

(5) y = (lnx)2

x ; (6) y = arctanx− 1
2 ln(1 + x2).
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22. ¦e�¼ê3¤�«mþ����Ú���:

(1) y = x4 − 2x2 + 5, [−2, 2]; (2) y = sin 2x− x,
[
−�2 ,

�
2

]
;

(3) y = arctan 1−x
1+x , [0, 1]; (4) y = x lnx, (0,+∞).

23. y²e�Ø�ª:

(1) 1
2p−1 6 xp + (1− x)p 6 1, x ∈ (0, 1], p > 1;

(2) tan x > x− x3

3 , x ∈
(
0, �2

)
;

(3) tanx2
tanx1

> x2
x1
, 0 < x1 < x2 <

�
2 ;

(4) ln(1 + x) > arctanx
1+x , x > 0;

(5) 1 + x ln(x+
√

1 + x2) >
√

1 + x2, x �?¿¢ê;

(6) x
sinx >

4
3 −

1
3 cosx, x ∈ (0, �2 ), �mà�~ê 4

3 ØU�����ê;

(7)
(
1− 1

x

)x−1 (
1 + 1

x

)x+1
< 4, x ∈ (1,+∞).

(8) xa−1 + xa+1 >
(

1−a
1+a

)a−1
2

+
(

1−a
1+a

)a+1
2
, x ∈ (0, 1), a ∈ (0, 1).

24. Á(½e�¼ê¢":��ê9¤3��:

(1) x3 − 6x2 + 9x− 10; (2) ax− lnx (Ù¥ a > 0).

25. � a ∈ (0, 1), b1 = 1− a,

bn+1 =
bn

1− e−bn
− a, n = 1, 2, · · · .

¯ {bn} ´ÄÂñ? eØÂñ, K��y², eÂñ, K¦4�.
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§3.4 �½ª�4�

�!�Ì�8�´¦�½ª�4�. ¤¢/�½ª�4�0´�� x ªu,��

�£½Ã¡¤�, Ã¡�£�¤þÚÃ¡�£�¤þ�û½Ù¦/ª�4�¯K£��ò

Û��«�U��½ª¤. 3)û�½ª�4�¯K�, L’Hospital {K´���~k�

��{, 
ïá L’Hospital {K�Ä:´þ!¥� Cauchy ¥�½n.

3.4.1 0
0
.�½ª�4�

=� x→ x0£½Ã¡¤�§ü�Ã¡�þ�'�4�¯K.

½n 3.21 (L’Hospital {K) � f(x) Ú g(x) 3 x0 NC��, g′(x) 6= 0, �÷v

lim
x→x0

f(x) = lim
x→x0

g(x) = 0.

XJ lim
x→x0

f ′(x)
g′(x) = l, @ok lim

x→x0
f(x)
g(x) = l, ùp l �±´��k�¢ê, ��±´ ∞.

y² ¤¢“NC”, =�3��«m (x0 − δ, x0 + δ), ¦�é«mS?¿�:£:

x0 �UØ	¤, f ′(x) Ú g′(x) Ñ�3, 
� g′(x) 6= 0.

du lim
x→x0

f(x) = lim
x→x0

g(x) = 0, Ïd·�Ø�b� f(x0) = g(x0) = 0, ù�, ¼ê

f Ú g 3 x0 ÑëY.

� x ´«m (x0 − δ, x0 + δ) ¥�?¿�:£x 6= x0¤, 3± x Ú x0 �à:�4«

mþ, f Ú g ÷v Cauchy ¥�½n���^�, u´�30u x Ú x0 �m��: ξ,

¦�
f(x)

g(x)
=
f(x)− f(x0)

g(x)− g(x0)
=
f ′(ξ)

g′(ξ)
.

Ï� |ξ − x0| < |x− x0|, ¤±� x→ x0 �, ξ → x0. d½n�b�, =��

lim
x→x0

f(x)

g(x)
= lim

ξ→x0

f ′(ξ)

g′(ξ)
= l.

�

þã(JØ´�á�, 7L5¿�±eü:

1◦ lþ¡�y²ØJwÑ, ½n¥�4�L§�U�üÿ4�£=x → x±0¤, (

ØÓ�¤á. ,��¡éu x→ +∞, x→ −∞ ½ x→∞ �� 0
0 .�½ª�4�, �

kaq� L’Hospital {K. ùp± x→∞ ��~.

� lim
x→∞

f(x) = 0, lim
x→∞

g(x) = 0, XJ lim
x→∞

f ′(x)
g′(x) = l, K lim

x→∞
f(x)
g(x) = l.

y²�L§¥��� y = 1
x , K x→∞ �, y → 0, 
�

lim
x→∞

f(x)

g(x)
= lim

y→0

f
(

1
y

)
g
(

1
y

) = lim
y→0

1
y2f
′
(

1
y

)
1
y2 g
′
(

1
y

) = lim
x→∞

f ′(x)

g′(x)
= l.
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2◦ 3¦^ L’Hospital {K�, XJ f ′(x)
g′(x) �´

0
0 .�½ª, =Ø� lim

x→x0
f(x) =

lim
x→x0

g(x) = 0, 
� lim
x→x0

f ′(x) = lim
x→x0

g′(x) = 0, K�±UY�Ä���ê, XJ

lim
ξ→x0

f ′′(ξ)
g′′(ξ) = l, K lim

ξ→x0

f(ξ)
g(ξ) = l. Ø+¦^Ag, cJ^��´cö7L´ 0

0 .�½ª, �

´�ö�4��½�3, üö"�Ø�.

~ 3.4.1 ¦ lim
x→0

e2x−1
ln(1+x) .

) ù´�� 0
0 .�½ª, �du

lim
x→0

(e2x − 1)′

(ln(1 + x))′
= lim

x→0

2e2x

1
1+x

= 2

¤±d L’Hospital {K�

lim
x→0

e2x − 1

ln(1 + x)
= 2.

~ 3.4.2 ¦ lim
x→0

ex+e−x−2
sin2 x

.

) ù´�� 0
0 .�½ª. �©f©1�g¦���'ª

(ex + e−x − 2)′

(sin2 x)′
=

ex − e−x

sin 2x

E,´�� 0
0 .�½ª, ÏdI�2g¦^ L’Hospital{K, =

lim
x→0

ex + e−x − 2

sin2 x
= lim

x→0

ex − e−x

sin 2x
= lim

x→0

ex + e−x

2 cos 2x
= 1.

3.4.2 ∞
∞ .�½ª�4�

ÃØ´ x ªu�½�k�ê, �´ªuÃ¡, �´�üÿ4�, éu ∞
∞ .�½ª�

4�, L’Hospital {KÓ�k�. y²��{�´Äu Cauchy ¥�½n, e¡�ã¿y

² x→ x0 4�L§� ∞
∞ . L’Hospital {K, Ù¦4�L§��¹´aq�, ·�òØ

�?Ø.

½n 3.22 (L’Hospital {K) � f(x) Ú g(x) 3 x0 NC��, g′(x) 6= 0, �

lim
x→x0

g(x) =∞.

XJ

lim
x→x0

f ′(x)

g′(x)
= l,

Kk

lim
x→x0

f(x)

g(x)
= l,

ùp l �±´��k�¢ê, ��±´ ∞.
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ùpI�AO`²�´, � 0
0 .� L’Hospital {K�', �½n¥¿ØI�

lim
x→x0

f(x) =∞ �^�. �´�
PÒþ�Ú�, S.þE,¡� “∞∞ .” .

½n 3.22 �y² �y² l �¢ê��¹, l = +∞ ½ l = −∞ ��¹aq. d

lim
x→x+0

f ′(x)
g′(x) = l �, é?¿�½� ε > 0, �3 δ1 > 0, � x ∈ (x0, x0 + δ1) �, k

l − ε < f ′(x)

g′(x)
< l + ε.

d Cauchy ¥�½n, éu [x, c] ⊂ (x0, x0 + δ1), �3 ξ ∈ (x, c) ¦�

f(x)− f(c)

g(x)− g(c)
=
f ′(ξ)

g′(ξ)
.

Ïd,

l − ε < f(x)− f(c)

g(x)− g(c)
< l + ε.

du lim
x→x0

g(x) =∞,éu�½� c,�3 δ2 > 0,¦�� x ∈ (x0, x0+δ2)�,k
∣∣∣ g(c)g(x)

∣∣∣ < ε,∣∣∣ f(c)
g(x)

∣∣∣ < ε. � δ = min(δ1, δ2), u´, � x ∈ (x0, x0 + δ) �, lð�ª

f(x)

g(x)
=
f(x)− f(c)

g(x)− g(c)
− f(x)− f(c)

g(x)− g(c)
· g(c)

g(x)
+
f(c)

g(x)

íÑ ∣∣∣∣f(x)

g(x)
− l
∣∣∣∣ < (2 + |l|+ ε)ε.

ddy²
 lim
x→x+0

f(x)
g(x) = l. Ón, k lim

x→x−0

f(x)
g(x) = l. �

~ 3.4.3 � α > 0, ¦ lim
x→+∞

lnx
xα .

) ù´�� ∞
∞ .�½ª, ¤±

lim
x→+∞

lnx

xα
= lim

x→+∞

1

αxα−1 · x
= lim

x→+∞

1

αxα
= 0.

XJ^ 1
x �O x, K lim

x→0+
xα lnx = 0.

ù�~f`²ÃØ α ´õ���ê, � x→ +∞ �, �¼ê xα o´'éê¼ê�

p��Ã¡�þ.

~ 3.4.4 � µ > 0, a > 1, ¦ lim
x→+∞

xµ

ax .

) 5¿�, �� µ− k > 0, � x→ +∞ �, �K�©fÜ© k g�¼êE´Ã¡

�þ, 
©1Ü©�?¿��¼êÑ´Ã¡�þ. Ïd���ê n > µ. K� x > 1 �k

0 <
xµ

ax
<
xn

ax
.
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�ë¦^ n g L’Hospital {KÒk

lim
x→+∞

xn

ax
= lim

x→+∞

nxn−1

ax ln a
= · · ·

= lim
x→+∞

n!

ax(ln a)n
= 0.

¤±

lim
x→+∞

xµ

ax
= 0.

d~`², ÃØ µ ´õo���ê, ��~ê a > 1, � x → +∞ �, �ê¼ê ax

o´'�¼ê xµ �p��Ã¡�þ.

3.4.3 Ù¦a.��½ª�4�

Ø
c¡­:0�� 0
0 .�½ªÚ

∞
∞ �½ª�	, �ke�A«�½ª

0 · ∞, ∞−∞, 1∞, 00, ∞0

cü«þ�±z¤ 0
0 .½

∞
∞ .¶
�n«�ÏLé¼ê�éê��{, z�Ä�� 0

0

.½ ∞
∞ .. ÏdþãÊa�½ª, Ñ�±^ L’Hospital {K?n.

·�^�
äN�~f5`²?n��ª.

~ 3.4.5 ¦ lim
x→+∞

x
(
�
2 − arctanx

)
.

) ù´�� 0 · ∞ .�½ª, �ò§z� 0
0 .�½ª?n

lim
x→+∞

x
(�

2
− arctanx

)
= lim

x→+∞

�
2 − arctanx

x−1

= lim
x→+∞

1
1+x2

1
x2

= lim
x→+∞

x2

1 + x2
= 1.

~ 3.4.6 ¦ lim
x→1

(
1

lnx + 1
1−x

)
.

) ù´��∞−∞.�½ª. - y = x−1,K� x→ 1�k y → 0. �ª�z�
0
0 .�½ª. 3?nL§¥, �±^Ó��Ã¡�þ?1O�, X ln(1 + y) ∼ y, y → 0,

¤±

lim
x→1

(
1

lnx
+

1

1− x

)
= lim

y→0

y − ln(1 + y)

y ln(1 + y)
= lim

y→0

y − ln(1 + y)

y2

= lim
y→0

1− 1
1+y

2y
=

1

2
.

~ 3.4.7 ¦ lim
x→0

(
sinx
x

) 1
x2 .

) ù´ 1∞ .�½ª, -

y = y(x) =

(
sinx

x

) 1
x2

,
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K

ln y =
ln sinx

x

x2

ù´�� 0
0 .�½ª, |^L’Hospital{K��

lim
x→0

ln sinx
x

x2
= lim

x→0

x cosx− sinx

2x3

= lim
x→0

−x sinx

6x2
= −1

6
,

¤±

lim
x→0

(
sinx

x

) 1
x2

= lim
x→0

eln y(x) = e−
1
6 .

~ 3.4.8 ¦ lim
x→0+

xx.

) ù´ 00 .�½ª, d~ 3.4.3 ±9�ê¼ê�ëY5�

lim
x→0+

xx = lim
x→0+

ex lnx = exp( lim
x→0+

x lnx) = e0 = 1

~ 3.4.9 ¦ lim
x→+∞

x
1√
x .

) ù´ ∞0 .�½ª, P y = y(x) = x1/
√
x, K ln y = lnx√

x
. d~ 3.4.3 ��

lim
x→+∞

lnx√
x

= 0, ¤±

lim
x→+∞

x1/
√
x = lim

x→+∞
eln y = exp( lim

x→+∞
ln y) = e0 = 1.

~ 3.4.10 ¦ lim
x→0

(1− cosx)tanx.

) ù´ 00 .�½ª

lim
x→0

(1− cosx)tanx = lim
x→0

etanx ln(1−cosx).

lim
x→0

tanx ln(1− cosx) = lim
x→0

x ln(1− cosx) = lim
x→0

ln(1− cosx)
1
x

= lim
x→0

sinx

x−2(cosx− 1)
= 0.

¤±

lim
x→0

(1− cosx)tanx = 1.

~ 3.4.11 ¦ lim
x→+∞

xarctanx−�
2 .

) ù´ ∞0 .�½ª§d

lim
x→+∞

xarctanx−�
2 = lim

x→+∞
e(arctanx−�

2
) lnx,
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±9

lim
x→+∞

(
arctanx− �

2

)
lnx = lim

x→+∞

arctanx− �2
1
x

· lnx

x

= lim
x→+∞

1
1+x2

− 1
x2

lim
x→+∞

lnx

x
= 0,

��

lim
x→+∞

xarctanx−�
2 = 1.

~ 3.4.12 ¦ lim
x→0

(
1
x2 −

1
x tanx

)
.

) ù´ ∞−∞ .�½ª

lim
x→0

(
1

x2
− 1

x tanx

)
= lim

x→0

tanx− x
x2 tanx

= lim
x→0

tanx− x
x3

= lim
x→0

sinx− x cosx

x3 cosx
= lim

x→0

cosx− cosx+ x sinx

3x2

=
1

3
.

3O��½ª�4��, ¦^Ã¡�£�¤þ��d��, ~U{zO�L§. ùp

±0
0 �~. � f(x) Ú h(x) ´� x→ x0 ���dÃ¡�þ: lim

x→x0
f(x)
h(x) = 1, K

lim
x→x0

f(x)

g(x)
= lim

x→x0

f(x)

h(x)
· h(x)

g(x)

XJéu0
0 .�

h(x)
g(x) $^ L’Hospital {K�N´O�Ñ(J, K

lim
x→x0

f(x)

g(x)
= lim

x→x0

h(x)

g(x)

3dòQ²¦ÑL��
� x→ 0 ���dÃ¡�þÛ�ue, ±��^.

sinx ∼ tanx ∼ ln(1 + x) ∼ ex − 1 ∼ x,

1− cosx ∼ x2

2
, (1 + x)α − 1 ∼ αx,

tanx− sinx ∼ x3

2
, x− sinx ∼ x3

6
.
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SK 3.4

1. Á�Ñ Cauchy ¥�úª�AÛ)º.

2. Á`²34«m [−1, 1] þ Cauchy ¥�½né¼ê f(x) = x2 Ú g(x) = x3 ��o

Ø�(?

3. � b > a > 0, ¼ê f(x) 3 [a, b] þëY, 3 (a, b) S��, ¦y: �3 ξ ∈ (a, b), ¦

� 2ξ[f(b)− f(a)] = (b2 − a2)f ′(ξ).

4. � f(x) 3 [a, b] þëY (ab > 0), 3 (a, b) þ��. ¦y: �3 ξ ∈ (a, b), ¦

af(b)− bf(a)

a− b
= f(ξ)− ξf ′(ξ).

5. ¦e�4�.

(1) lim
x→0

m
√

1+αx− n
√

1+βx
x (m,n ���ê, α, β �¢ê);

(2) lim
x→0

(1+mx)n−(1+nx)m

x2 (m,n ���ê);

(3) lim
x→1

x3+x−2
x2−3x+2 ; (4) lim

x→0

x−arcsinx
sin3 x

;

(5) lim
x→0

ex−1
sinx ; (6) lim

x→0

(1+x)α−1
x (α �?¿¢ê);

(7) lim
x→0

e
− 1
x2

x ; (8) lim
x→0

(a+x)x−ax
x2 (a > 0);

(9) lim
x→0

x sin 1
x ; (10) lim

x→0

x2 cos 1
x

tanx ;

(11) lim
x→0

(
1

arctan2 x
− 1

x2

)
; (12) lim

x→1−0
lnx ln(1− x);

(13) lim
x→�

2
−0

(tanx)2x−�; (14) lim
x→0

[
(1+x)1/x

e

]1/x
;

(15) lim
x→1−0

ln(1−x)+tan �
2
x

cot�x ; (16) lim
x→0

(arcsinx3)2

(1−cosx)(ex2−1) tan2 x
;

(17) lim
x→+∞

(
ln(1+x)

x

)1/x
; (18) lim

x→0

(arctanx2)√
1+x sinx−

√
cosx
·
(

2− x
ex−1

)
;

(19) lim
n→∞

nk

an (n ���ê, a > 1, k > 0);

(20) lim
n→∞

lnn
nk

(n ���ê, k > 0).

6. � f(x) 3«m [0, a] þk��ëY�ê, f ′(0) = 1, f ′′(0) 6= 0, � 0 < f(x) < x,

x ∈ (0, a). -

xn+1 = f(xn), x1 ∈ (0, a).

(1) ¦y {xn} Âñ¿¦4�; (2) Á¯ {nxn} ´ÄÂñ? eÂñ, K¦Ù4�.



114 1 3 Ù üCþ¼ê��©Æ

§3.5 ¼ê�üN5Úà5

�!·�ò|^�êJø�&EïÄ¼ê�,
5�, X¼ê�üN5Ú4�¯

K, ¼ê�à]5!$:±9�x¼êà]£�­¤§Ý�­Ç�¯K.

3.5.1 ¼ê�üN5�4�

���©¥�½n���A^, ·�k

½n 3.23 � f(x) 3«m I þëY, 3 I �SÜ��, XJé I S�z�: x,

k f ′(x) > 0£f ′(x) > 0¤, @o f(x) 3 I þ £́î�¤üNO�¶XJé I S�z�

: x, k f ′(x) 6 0£f ′(x) < 0¤, @o f(x) 3 I þ £́î�¤üN~�.

y² �Ä f ′(x) > 0 ��/£f ′(x) 6 0 ��/�aqy²¤. � x1, x2 ´ I ¥?

¿ü:, ¿� x1 < x2. ½n�^�L², ¼ê f 3 [x1, x2] þëY, 3 (x1, x2) S��.

�d¥�½n�, �3�: ξ ∈ (x1, x2), ¦�

f(x2)− f(x1) = f ′(ξ)(x2 − x1).

Ï� f ′(ξ) > 0; 
 x2 − x1 > 0, í� f(x2)− f(x1) > 0. l
 f ´üNO�. �

lAÛþw (ã3.13), �� f �ã��­�, XJ3­�þz�: (x, f(x)) ?��

��ÇÑ´��£=��� x ¶���Y�÷v 0 < α < �
2¤, K­�¥þ�ª³. 


�­�þz�: (x, f(x)) ?����ÇÑ´K��£�2 < α < �¤, ­�¥eüª³.

Ïd, ½n 3.23 �Ñ
¼ê4����{ü¢^��O{.

-
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.............................................................................................................................................................
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ã 3.13

-

6

x

y
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f ′>0

f ′<0

f ′>0

ã 3.14

½n 3.24 � x0 ´¼ê f(x) 3«m I S��:, � f(x) 3 x0 ëY.

1◦ XJ f(x) 3 x0 �>�,�«mS£=é,� δ > 0, 3 (x0 − δ, x0) S¤,

k f ′(x) > 0, 
3 x0 �m>,�«mS£=é,� δ′ > 0, 3 (x0, x0 + δ′) S¤, k

f ′(x) < 0, @o x0 ���ÛÜ4��:.

2◦ XJ f(x) 3 x0 �>�,�«mS£=é,� δ > 0, 3 (x0 − δ, x0) S¤,

k f ′(x) < 0, 
3 x0 �m>,�«mS£=é,� δ′ > 0, 3 (x0, x0 + δ′) S¤, k
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f ′(x) > 0, @o x0 ���ÛÜ4��:.

3◦ XJ3 x0 �>�,�«mÚm>�,�«mS, f ′(x) �ÎÒ�Ó, @o x0 Ø

´4�:.

��½n 3.24 �����(J, XJ�¦ëY¼ê3��4«mþ����!��

�, �k¦Ñ¼ê3«mS�4�:, 2'�¼ê3ù
4�:��Ú3ü�à:��,

=�Ñ(J£ëY¼êk�U34«m�à:����!���¤£ã3.14¤.

�d, ·���
XÛ|^¼ê�£��¤�ê¤Jø�&E, �ä¼êg��üN

«mÚ4�:, Ó��Ýº
¼êã����Ä�Ó+. �´��«¼êã���[�

��¡, �I�¦Ïu¼ê����ê. e¡�½n (y²3�SK) `²XÛ^���

êl7:¥þO4�:, Ù¦'u|^���êïÄ¼ê5��SNò��?Ø.

½n 3.25 �¼ê f(x)3«mIS��, x0 ´ f(x) ���7:, = f ′(x0) = 0. �

f(x) 3 x0 k���ê, e f ′′(x0) < 0, K x0 ´¼ê�4��:; e f ′′(x0) > 0, K x0

´¼ê�4��:.

~ 3.5.1 y²: � 0 < x 6 �
2 �, k 2

�x 6 sinx.

y² � f(x) = sinx
x , w,§´

(
0, �2

]
þ�ëY¼ê. qÏ�3

(
0, �2

)
S, k

f ′(x) =
cosx

x2
(x− tanx) < 0,

ù´Ï�� 0 < x < �
2 �, cos x > 0, tan x > x£�Ún 1.37¤. � f(x) 3

(
0, �2

]
Sî

�üN4~, ¤±é x ∈
(
0, �2

]
, k

f(x) =
sinx

x
> f

(�
2

)
=

2

�
.

~ 3.5.2 ¦¼ê f(x) = e−x
2

(x ∈ (−∞,+∞)) �üN«m�4�.

) f ′(x) = −2xe−x
2
, ¤±7:� x = 0. � x ∈ (−∞, 0) �, f ′(x) > 0, =¼ê3

d«mþî�üNO¶� x ∈ (0, +∞) �, f ′(x) < 0, =¼ê3d«mþî�üN~.

x = 0 ´¼ê�4��:, �4��´ f(0) = 1.

~ 3.5.3 ¦¼ê f(x) = x3 − 3x2 − 9x+ 5 3«m [−4, 4] þ��������.

) w,, f(x) 3«m (−4, 4) S��, d

f ′(x) = 3x2 − 6x− 9 = 3(x+ 1)(x− 3)

�, f(x) �7:� x1 = −1, x2 = 3. Ï f(−1) = 10, f(3) = −22, 
3«m�à:?,

f(−4) = −71, f(4) = −15, '�ù
������¼ê f(x) 37: x1 = −1 ?��

��� 10, 3à: x = −4 ?����� −71.

~ 3.5.4 � x > 0, 0 < α < 1, y² xα − αx 6 1− α.
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α β

A B

P

ã 3.15

y² P f(x) = xα − αx, x > 0, K f ′(x) = α(xα−1 − 1), ¤±¼ê�k���7

: x = 1. Ï� 0 < α < 1, ¤±� 0 < x < 1 �, f ′(x) > 0; 
� x > 1 �, f ′(x) < 0. �

¼ê3 x = 1 ����«m x > 0 þ����, = f(x) 6 f(1) = 1−α é¤k x > 0 ¤

á, d=¤�(J.

~ 3.5.5 Á3�½��þ¦Ñ�: P , ¦����	ü�®�: A Ú B �ål

�Ú���.

) XJùü:©O3���üý, @o P :w,Ò´����ã AB ��:. ¤

±Ø�� A Ú B 3���Ó�ý.

Ø���½���� x ¶, A :3 y ¶þ£ã3.15¤, �I� A(0, h), B :��I�

B(a, b), ¤�¦�:�I´ P (x, 0). �âK8�¦, =´�¦

|AP |+ |PB| =
√
x2 + h2 +

√
(x− a)2 + b2 = f(x)

����.Ï�

f ′(x) =
x√

x2 + h2
+

x− a√
(x− a)2 + b2

,

f ′′(x) =
h2√

(x2 + h2)3
+

b2√
[(x− a)2 + b2]3

,

�§ f ′(x) = 0 �)÷v
x√

x2 + h2
=

a− x√
(x− a)2 + b2

,

=´^�

cosα = cos β,

Ù¥ α Ú β ©O´��ã AP Ú BP � x ¶�bY�. �Ò´`, � P :÷vþ¡^

��, Ùî�I x ÷v f ′(x) = 0, qÏ� f ′′(x) > 0, ¤±´���4��:, Ïd´�

��:£¼ê3ü�à: ±∞ ªuÃ¡¤.

ù�¯K�)�1Æ¥Í¶� Fermat �á�m�nkX��éX, =1�3º¡

þ�����u\��.
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3.5.2 ¼ê�à5Ú$:

ÏLc¡?Ø, ·�Ä�
)
�â¼ê����ê¤Jø�&E, �(½¼ê�

O½~�«m±94�:���. Ïd, l¼êã�w, ÒÝº
­�þ,!eü���

�/�.

,
, ���ê¤Jø�&E, E,�´���V. 'XÓ�´­��þ,£eü¤,

��ªØ¦�Ó, ­���­§Ý�k�É. Ïd,·��I�/Ï¼ê����ê, =

¼ê/CzÇ�CzÇ0, ?Ø�¼ê(­�)�à5!$:Ú­Ç�¯K.

lAÛþw, �3���IX Oxy ¥, k�^­� L, 3­��,�ã��S, ?�

T­�ãþ�ü:, XJë�ùü: M1, M2 ����ã£¡����,P� M1M2¤o

´ u­�ã�þ�£e�¤, K¡­�3T­�ã´à�£]�¤, ùp/þ�0½/e

�0́ �� y ¶������½��£ã3.16, ã3.17¤.
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ã 3.16
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ã 3.17

XJ­� L ´¼ê f(x) (x ∈ I) �ã�, K­�´à�£]�¤, Ò¡¼ê f(x) ´

´«m I þ�à¼ê£]¼ê¤. 5¿, XJ¼ê f(x) 3«m I þ´à�, K −f(x) 3

«m I þ´]�. Ïd, ·��I?Ø¼ê�à5.

éuà¼ê f(x) ±9§¤L«�à­� L , ?� L þ�ü: M1(x1, f(x1)) Ú

M2(x2, f(x2))£Ø�� x1 < x2¤, ë�ùü:����§´

y = g(x) = f(x1) +
f(x2)− f(x1)

x2 − x1
(x− x1), x ∈ [x1, x2].

�âþãà5�AÛ£ã, T��3­� L �þ�, =´e�Ø�ª

f(x) 6 f(x1) +
f(x2)− f(x1)

x2 − x1
(x− x1), x ∈ [x1, x2]

é I ¥�?¿ü: x1, x2 ¤á. du x1 � x2 �m�?Ûê x �L«� x =

αx1 + (1−α)x2, α ∈ (0, 1).òþª¥� x�� x = αx1 + (1−α)x2, þãØ�ª�du

f(x) = f(αx1 + (1− α)x2) 6 αf(x1) + (1− α)f(x2).

Ïd·��ÑXe½Â.
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½Â 3.26 � f(x) ´«m I þ�¼ê, XJ?� I ¥ü: x1, x2, ±9?¿

α ∈ (0, 1) k

f (αx1 + (1− α)x2) 6 αf(x1) + (1− α)f(x2),

@o¡¼ê´«m I þ�à¼ê, �þª�Ø�ÒU�/<0�, Ò¡ f(x) �î�à�

~ 3.5.6 ¦y, ¼ê f(x) = x2 3 (−∞,+∞) þ´à¼ê

y² éu?¿�ü: x1, x2 ±9 x = αx1 + (1− α)x2, α ∈ (0, 1), k

(αx1 + (1− α)x2)2 = α2x2
1 + 2α(1− α)x1x2 + (1− α)2x2

2

¤±

(αx1 + (1− α)x2)2 − (αx2
1 + (1− α)x2

2) = −α(1− α)(x1 − x2)2 < 0

= f(x) = x2 ´«m (−∞,+∞) þ�à¼ê.

5P XJ�3ü: x1 < x2 ±90u�m� x0, (x1 < x0 < x2) ¦�½Â¥Ø�

ª��Ò¤á, @o3«m [x1, x2] þ�Òð¤á. �Ò´`XJ: M0(x0, f(x0))  

uë�M1(x1, f(x1)), M2(x2, f(x2)) ��� M1M2þ, K¼ê f(x) L«�­�3«m

[x1, x2] þ��� M1M2 ��­Ü£Ïd´�ã��¤. ÄK, 7�3 x′0 ∈ (x1, x2), ¦�

M ′0(x′0, f(x′0))  u M1M2 e�, Ø�� x′0 < x0, ¤±�� M ′0M2  u�� M1M2 �

e�, ùÒ�� M0  u�� M ′0M2 �þ�. ù�¼ê´à��gñ. ~Xe�¼ê

f(x) =

x2, x > 0

0, x 6 0

´à¼ê, �3�:��>´�^��, éuù«�¹, �I�Äm>�à5=�. Ïd,

éüCþ¼ê
ó, 8�òØ2«©“à” �“î�à”.

�â½Â,ke�(J.

½n 3.27 ¼ê f(x) ´«m I þ�à¼ê,��=�é?Û x1, x2 ∈ I, x1 < x2,

±9?Û x ∈ I, x1 < x < x2 k

f(x)− f(x1)

x− x1
6
f(x2)− f(x1)

x2 − x1
6
f(x2)− f(x)

x2 − x
.

y² 7�5 -

α =
x2 − x
x2 − x1

, 1− α =
x− x1

x2 − x1

K

x = αx1 + (1− α)x2.

d f �à5, ��

f(x) 6 αf(x1) + (1− α)f(x2).
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ò f(x) L«¤ f(x) = αf(x) + (1− α)f(x) ¿�\þª�n�

f(x)− f(x1)

x− x1
6
f(x2)− f(x)

x2 − x
.

|^Ø�ª
a

b
6
a+ c

b+ d
6
c

d

Ù¥ a, b, c, d÷v
a

b
6
c

d
, b > 0, d > 0,

¿�

a = f(x)− f(x1), c = f(x2)− f(x)

b = x− x1, d = x2 − x,

=�¤7�5y².

¿©5 e½n¥Ø��¤á,KdØ�ª

f(x)− f(x1)

x− x1
6
f(x2)− f(x)

x2 − x
.

í�Ñ

f(x) 6 αf(x1) + (1− α)f(x2).

Ù¥ x = αx1 + (1− α)x2, d x �?¿5,�� α �?¿5,� α ∈ (0, 1),¤±¼ê f(x)

´à�. �

½n 3.27�AÛ¿Â�©�Ù,¼ê´à�¿�^�´é?¿� x1 < x < x2,­�

�n^�� M1M, M1M2 ±9 MM2��Ç�gO�.���4�/ªÒ´��,Ïdé

?¿ü: x1 < x2 ?�����Ç£=¼ê��ê¤ATüN4O, 
�y�¼êüN

4O�^�´���¼ê�K.Ïdke�½n

½n 3.28 � f(x) ´«m I þëY¼ê.

1◦ e¼ê3 I SÜ��. K f(x) 3 I þ´£î�¤à¼ê,��=�Ù�¼ê

f ′(x) 3 I S£î�¤üN4O.

2◦ e¼ê3 I SÜ����,Kf(x) 3 I þ´à¼ê,��=�3 I SÜ f ′′(x) >

0.£
î�à�¿�^�´ f ′′(x) > 0 �3?Ûf«mþØð�"¤.

y² ùp�y² 1◦ , Ù¦y²3�Öö.

7�5 ?� x1, x2 ∈ I, x1 < x2,é x1 < x < x2, A^½n 3.27¥1��Ø�ª,k

f(x)− f(x1)

x− x1
6
f(x2)− f(x1)

x2 − x1
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Ï�¼ê��,- x→ x+
1 �

f ′(x1) 6
f(x2)− f(x1)

x2 − x1
.

Ón,é x1 < x′ < x2, A^½n 3.27¥�1��Ø�ª,k

f(x2)− f(x1)

x2 − x1
6
f(x2)− f(x′)

x2 − x′
,

¿- x′ → x−2 , k
f(x2)− f(x1)

x2 − x1
6 f ′(x2).

¤± f ′(x1) 6 f ′(x2). �â x1, x2�?¿5,7�5y..

¿©5 é?¿� x1 < x < x2, d�©¥�½n�,�3 ξ ∈ (x1, x), η ∈ (x, x2), ¦

�
f(x)− f(x1)

x− x1
= f ′(ξ),

f(x2)− f(x)

x2 − x
= f ′(η).

Ï� f ′(x) üNO,�ξ < x < η,¤± f ′(ξ) 6 f ′(η),=

f(x)− f(x1)

x− x1
6
f(x2)− f(x)

x2 − x
.

�â½n 3.27, ��¼ê f(x) ´à¼ê. �

e¡ò?Ø¼ê����êé¼êg�¤Jø��°[�&E.

Äk*	��~f f(x) = x3, x ∈ (−∞, +∞),Xã3.18¤«. Ï� f ′′(x) = 6x,Ø

JwÑ3«m (−∞, 0)þ, f ′′(x) < 0, Ïd¼ê3 (−∞, 0] þ´]�; 
3«m (0,+∞)

þ, f ′′(x) > 0, Ïd¼ê3 [0,+∞) þ´à�. �Ò´`, ¼ê f(x) = x3 3x = 0 �ü

ý�à]5��. w,, x = 0 ´­�d]�à�$:, =´­�O��Ýd���\¯

�=ò:. ��/, ·�½Â

½Â 3.29 � y = f(x) 3�¹: x0 �«mþëY, XJ: x0 ´ f(x) �à!]

«m���©.:, K¡ x0 ´¼ê f(x) ���$:£½¡Û=:¤. k��¡¼êã

�þ�: (x0, f(x0)) ´­��$:.

ã 3.19 ¥, x1, x2 ´4�:, Ø´$:; x3 ´$:, �Ø´4�:, �,3T:?�

ê� 0 .

-

6

x

y

y=x3

ã 3.18

-
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-
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. .............................................................................................................
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x′
0

ã 3.20

XÛ�O��:´$:, ´·�¤'%�. �â½n 3.28 Ú½n 3.23, ·�k

½n 3.30 � f(x) 3 x0 ëY, 3 x0 �����£Ø�¹ x0¤S��. XJ3

x0 ��ý,�«m (x0 − δ, x0) S f ′(x) î�üNO£½~¤, 
3 x0 �mý,�«m

(x0, x0 + δ) S f ′(x) î�üN~£½O¤, @o x0 ´ f(x) �$:.

½n 3.31 � f(x) 3 x0 ëY, 3 x0 �����£Ø�¹ x0¤S����. X

J3 x0 ��ý,�«m (x0 − δ, x0) S f ′′(x) > 0 (< 0), 
3 x0 �mý,�«m

(x0, x0 + δ) S f ′′(x) < 0 (> 0), @o x0 ´ f(x) �$:. AO� f(x) 3 x0 ?k��

�ê�, x0 ´$:�7�^�´ f ′′(x0) = 0.

ù�, ·�ÏL¼ê����ê,�Ñ
¼ê$:���k��O{. 5¿¼ê3�

:����ê�", �´�ä$:�7�^�, =$:?���ê7,�", ����ê

�"�:�7´$:. ~Xéu¼ê f(x) = x4, ØJwÑ f ′′(0) = 0, �w, x = 0 Ø´

¼ê�$:.

¼ê�à]5éu�°(/Ýº¼ê�5�k
?�Ú��Ï. AO´éäk��

Ú���ê�¼ê, Ù�¼êÒJø
¼ê�þ,Úeü!4�:!à]5±9$:�

&E,kÏu·��°(/
)¼ê�gCþ�Cz
Cz�5Æ. ~X, �	���:

3²¡þ÷��$Ä, Ù$Ä;,Ò´�^��. ù^���NØÑ�:$Ä�äN5

Æ. XJ�Ä�:¤rL�´§��m�'X´��¼ê x = x(t). 3 Otx ��²¡þ,

¼êã��þ,!eü!àÚ]Ø��N
�:$ÄL§¥c?�´�ò, ��N
$

Ä�\�Ú~�£�ã3.20¤.

Ïd, Ø+¼ê��µXÛ, Ýº¼êã��°(�/�, ´�~k¿Â�. ��5

`, ù�L§�©�e�Ú½.

1◦ (½¼ê�½Â�, éÑ¼ê�mä:.

2◦ (½¼ê´ÄäkÛó5½±Ï5.

3◦ (½¼ê�üN«m�4�:.
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x

y

..........

..........

..........

..........

..........

...........

..........

..........

..........

..........

..........

...........

√
2

2−
√

2
2

y = e−x
2

ã 3.21

4◦ (½¼ê�à!]«mÚ$:.

5◦ (½¼ê�ìC�£ë� §1.2 �SK¤.

~ 3.5.7 (½¼ê f(x) = e−x
2
3 (−∞,+∞) �/�.

) Äk5¿�¼ê´��ó¼ê£¤±��Ýº���þ�/�=�¤. Ï�

f ′(x) = −2xe−x
2

, f ′′(x) = 2(2x2 − 1)e−x
2

¤±� x < 0 �, f ′(x) > 0, ¼ê´üN4O�; � x > 0 �, f ′(x) < 0, ¼ê´üN4~

�; Ïdx = 0£f ′(0) = 0 ¤́ 4��:. 
 f ′′(x) = 0 �)´ x = ±
√

2
2 , §�´�U�

$:.

3«m
(
−
√

2
2 ,
√

2
2

)
¥, f ′′(x) < 0, �¼ê3Ùþ´]�¶

3«m
(
−∞,−

√
2

2

)
±93

(√
2

2 ,+∞
)
¥, f ′′(x) > 0, �¼ê3ùü�«mþ´à

�; u´, þã���¼ê�ü�": x = ±
√

2
2 Ñ´¼ê�$:. lê¶�K��wL

5, 3$: x = −
√

2
2 ?, ¼êdàC], 3$: x =

√
2

2 ?, ¼êd]Cà.

��Ùå�, òþ¡�(J�¤��LXe:

x
(
−∞,−

√
2

2

)
−
√

2
2

(
−
√
2

2
, 0
)

0
(

0,
√

2
2

) √
2

2

(√
2

2
,+∞

)
f ′(x) + + + 0 − − −
f ′′(x) + 0 − − − 0 +

f(x) à $: ] 4��: ] $: à

qÏ� lim
x→∞

e−x
2

= 0, � x ¶´­���^ìC�£Ød�	vkÙ¦�ìC�¤.

�âþ¡�¤k&E, Ò�±3 Oxy ²¡þ±�¼ê�ã�£ã3.21¤. ^B�Ñ,

¼ê f(x) = e−x
2
3VÇØÚênÚO¥´���~Ä��¼ê, ´�«¡��/��

©Ù£½ Gauss ©Ù¤0�{ü/ª.
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3.5.3 ²¡­��­Ç

� Oxy ²¡þ�­� L ´¼ê y = f(x) �ã�.þ!�â­����!¼ê��

ê�O~,½���ê��K,ïÄ
­� L �à]5Ú$:, �Ò´­��­���.

�!ò?Ø­���­§Ý, =­��­Ç.

Xã3.22¤«,÷­� Ll A:�­� B :,��������=
���Ý£O

þ¤∆ϕ, XJP­�þl A :� B :�l��Oþ� ∆s, K­���­§Ý�±d

∆ϕ Ú ∆s 5�y. ´uwÑ, �ü�l�ã�Oþ���, ��=Ä�Ý�ö�­§Ý

��£ã3.23¤; �üãl���=Ä�Ý���, l�Oþ�ö�­§Ý��£ã3.24¤

.

..................................

................................

..............................

............................

...........................

............................
.............................

..............................
............................... ................................ ................................. q

q
∆ϕ.............

............

A

B

ã 3.22

.
..............

.............

...............
.........

................
.....

.................
..

................... .................. ................. ................ .................. ...................
....................

......................
.......................

.........................

............................

...............................

..................................

......................................

.
......................

........
...........................

..
........................... .......................... ......................... ....................... ........................ .........................

..........................
..........................

...........................

............................

.............................

...............
..............∆ϕ

.............
...........
............∆ϕ

ã 3.23

.
...............

...............
..

................
.............

.................
..........

....................
......

......................... ........................ ....................... ...................... ...................... .......................
........................

.........................
..........................

...........................

.............................

................................

q
...........
..........
..........
..........
.......... ∆ϕ

. ............... ............. ............ ........... ............ .............
..............
................

ã 3.24

Ïd, ég,/|^ ∆ϕ Ú ∆s ùü�þ�' ∆ϕ
∆s 5L«Tãl AB �²þ�­§

Ý. �
½Â­�3�: A ?��­§Ý, 4: B ÷X­� L �C A :, � B ��C

A, l ∆ϕ
∆s �U�NÑ­�3 A :��­§Ý. XJ lim

B→A
∆ϕ
∆s ½ lim

∆s→0

∆ϕ
∆s Âñ, Òòù

4��½Â�­�3 A :�­Ç. P� κ = κ(A).

½Â
­Ç��, �e5�¯K´XÛk�/O�§.

(1) d¼ê y = f(x), x ∈ [a, b] L«�­��­Ç.

3d�/, �­�þ: A Ú B ��I©O´ A(x, f(x)) Ú B(x + ∆x, f(x +

∆x))£ã3.25¤.

XJlå: (a, f(a)) �?¿Ä: (x, f(x)) �l�P� s = s(x), Ä: (x, f(x))

?����� x ¶���Y�P� α(x). KéAu x �Oþ� ∆x, l��Oþ´

∆s = s(x+ ∆x)− s(x), Y��Oþ� ∆α = α(x+ ∆x)− α(x). ØJwÑl��Oþ�

±Cqu: B(x+ ∆x, f(x+ ∆x)) �: A(x, f(x))�m����Ý

∆s = s(x+ ∆x)− s(x) ≈
√

∆x2 + (f(x+ ∆x)− f(x))2
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x

y

.

.......................................

......................................

.....................................

....................................

.....................................

.......................................

.........................................

...........................................

..............................................

................................................

..................................................

............. α+∆α ..........
.........
........α

A
.............................................................................

x0

B
........................................................................................................................................................................

x0+∆x

ã 3.25

¤±

s′(x) = lim
∆x→0

s(x+ ∆x)− s(x)

∆x

= lim
∆x→0

√
∆x2 + (f(x+ ∆x)− f(x))2

∆x
=
√

1 + f ′2(x)


Oþ

∆α = arctan f ′(x+ ∆x)− arctan f ′(x).

lim
∆x→0

∆α

∆x
=

f ′′(x)

1 + f ′2(x)

¤±3 A(x, f(x)) :?

κ = κ(A) = lim
∆x→0

∆α

∆s
= lim

∆x→0

(
∆α

∆x

/∆s

∆x

)
=

f ′′(x)

(1 + f ′2(x))3/2
.

l
, ¼ê y = f(x) ¤L«�­� L 3�: (x, f(x)) ?�­Ç�

κ = κ(x) =
f ′′(x)

(1 + f ′2(x))3/2
.

lþ¡�úª·�wÑ, ¼ê y = f(x) ���Ú���ê, �y
¼ê¤L«­�

��­§Ý. ���{ü�~f´�� f(x) = ax + b, ùp a, b ´~ê, ´�§3?Û

�:�­Ç�", ���, /́vk�­�­�0.

­ÇØ=�y
­���­§Ý, ¯¢þ, §�ÎÒ��y
­��­���£�

Ò´à]5¤, =� κ(x) > 0 �, f ′′(x) > 0, Ïd­�´à�. �Xëê x �O\, ­

�´ _�����­�£_����Ï~À�²¡���, ù�´½Â¼ê”à”�d

5¤. � κ < 0 �, ­�´]�. à½]�§Ýd |κ| �y.

(2) dëê�§ x = φ(t), y = ψ(t), t ∈ [α, β] L«­��­Ç.
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ùp� (φ′(t), ψ′(t)) 6= 0 � φ′(t), ψ′(t) ëY£ù��­�¡��K­�¤, Ø�

�φ′(t) 6= 0,Ïd­�3ÛÜ�±L«¤ y = f(x),d

f ′(x) =
ψ′(t)

φ′(t)
, f ′′(x) =

ψ′′(t)φ′(t)− ψ′(t)φ′′(t)
(φ′(t))3

ØJ�Ñ­�3?Û�:�­Ç´

κ(t) =
φ′(t)ψ′′(t)− ψ′(t)φ′′(t)

(φ′2(t) + ψ′2(t))3/2
,

Ù¥ φ′2(t) + ψ′2(t) 6= 0.

~ 3.5.8 O��Ô� y = 1
2ax

2 �­Ç.

) Ï� y′ = ax, y′′ = a, ¤±

κ =
a

(1 + a2x2)3/2
.

� a > 0 �£�Ô�m��þ¤, ­�´]�. � a < 0 �£m��e¤, ­�´à�. 3

x = 0 ? |κ| �����, �Ò´�Ô�3º:�­��x³.

~ 3.5.9 O�ý�

x = a cos t, y = b sin t, t ∈ [0, 2�]

þ?Û�:�­Ç.

) Ï� φ′(t) = −a sin t, φ′′(t) = −a cos t, ψ′(t) = b cos t, ψ′′(t) = −b sin t, �\ú

ª=��

κ =
ab

(a2 sin2 t+ b2 cos2 t)3/2
.

AO, �a = b = R �, �§òz¤�»� R ���ëê�§L«. 
�þ?Û�:�

­Ç�

κ =
1

R
,

=���­§Ý��»¤�'. ���, �­§Ý��, ����­§Ý��.

XJÚ? ρ = 1
|κ| , ¡�­�3�:�­Ç�». lþ¡�~f��, ��­Ç�»

Ò´���».
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SK 3.5

1. (Jensen Ø�ª) e f(x) ´«m I þ�à¼ê, x1, · · · , xn ´ I ¥ n �:, Ké?

¿÷v α1 + · · ·+ αn = 1 ��ê α1, · · · , αn, k

f(α1x1 + · · ·+ αnxn) 6 α1f(x1) + · · ·+ αnf(xn).

2. � x1, x2, · · · , xn Ú λ1, λ2, · · · , λn Ñ´�ê, � λ1 + λ2 + · · ·+ λn = 1. KkØ�ª

xλ11 x
λ2
2 · · ·xλnn 6 λ1x1 + λ2x2 + · · ·+ λnxn.

AO� λ1 = λ2 = · · · = λn = 1
n , Kk�â²þØ�ª

n
√
x1x2 · · · xn 6

x1 + x2 + · · ·+ xn
n

.

£J«µ�Ä«m (0,+∞) þ�¼ê f(x) = − lnx �à]5§¿|^ Jensen Ø�

ª"¤

3. � a, b, c, d ÷v a
b 6

c
d , Ù¥ b > 0, d > 0, y²Ø�ª

a

b
6
a+ c

b+ d
6
c

d
.

4. � f(x) ´«m I þ�à¼ê, @o f(x) 3 I �S:´ëY�.

5. �¼ê f(x) 3«m I þ??��, �Ø
k��:�	, þk f ′′(x) > 0. K f(x)

3 I þ´à�. ò�K^u −f , Ò��'u]¼ê�aq(Ø.

6. �¼ê f(x) 3«m I SkëY����ê. e x0 ´ f(x) ���Û=:, K

f ′′(x0) = 0.

7. �¼ê f(x) 3: x0 9ÙNC����, � f ′′(x0) = 0. e f ′′′(x0) �3�Ø�",

K x0 ´ f(x) �$:.

8. ¦e�¼ê�à]«mÚÛ=::

(1) y = 2x3 − 3x2 − 36x+ 25; (2) y = x+ 1
x ;

(3) y = x5/3; (4) y = (1 + x2)ex;

(5) y = x4; (6) y = x+ sinx.

9. ¦ a, b �, ¦: (1, 3) �­� y = ax3 + bx2 �$:.

10. £±e��­��ã/.

(1) y = x3 + 6x2 − 15x− 20; (2) y = x3

2(1+x)2 ;

(3) y = x− 2 arctanx; (4) y = xe−x.
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11. �¼ê y = f(x) ¤L«�­�� C. P C þ�: M(x, y) ?�­Ç� k(k 6= 0),

L: M Ú­��{�, 3d{�þ­�à��ý�: D, ¦ |DM | = 1
k = ρ, ± D

��%, ρ ��»��; ù��¡�­�3: C ?�­Ç�, Ù�% D ¡�­�3

: M ?�­Ç¥%, �» ρ ¡�­�3: M ?�­Ç�».

¦e�­�3�½:�­Ç, ­Ç¥%9­Ç�».

(1) xy = 1 3: (1, 1) ?; (2) y = e−x
2
3: (0, 1) ?.

12. ¦e�­�3�½:�­Ç:

(1)

x = 3t2

y = 3t− t3
3 t = 1 ?; (2)

x = cos t+ t sin t

y = sin t− t cos t
3 t = �

2 ?.

13. éê­� y = lnx þ=�:�­Ç�»��? ¿¦ÑT:�­Ç�».

14. �¼ê f(x) ´½Â3 (−∞,+∞) þ�à¼ê�kþ.. ¦y: f(x) ´~ê.
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§3.6 Taylor Ðm

�¼ê f(x) 3 x0 ��, P

R(x, x0) = f(x)− (f(x0) + f ′(x0)(x− x0)) ,

K

lim
x→x0

R(x, x0)

x− x0
= lim

x→x0

(
f(x)− f(x0)

x− x0
− f ′(x0)

)
= 0

Ïd, 3 x0 �NC, �±^��'u x− x0 ��gõ�ª

T1(x) = f(x0) + f ′(x0)(x− x0),

Cq f(x). õ�ª T1(x) � f(x) 3 x = x0 ��Ó�� T1(x0) = f(x0) ¿k�

Ó��� T ′1(x0) = f ′(x0). 3 x = x0 �NC, T1(x) � f(x) �Ø�£½¡�{

�¤R(x, x0) = f(x)− T1(x) � x→ x0 �, ´' x− x0 �p��Ã¡�þ.

?�Ú, �b� f 3��«m I Sk���ê�, Kéu I S�?¿ü: x Ú x0,

aq Lagrange ¥�½n�y², �E9Ï¼ê

g(t) = f(t)− T1(t)− f(x)− T1(x)

(x− x0)2
(t− x0)2

K g(t) ÷v

g(x) = g(x0) = 0, g′(x0) = 0

¤±d Lagrange ¥�½n��3 x0 Ú x �m, �3�: ξ0, ¦� g′(ξ0) = 0, 3 ξ0 Ú

x0 �m, �3�: ξ, ¦� g′′(ξ) = 0. =

g′′(ξ) = f ′′(ξ)− 2
f(x)− T1(x)

(x− x0)2
= 0

¤±{� R(x, x0) ÒL«�

R(x, x0) = f(x)− T1(x) =
f ′′(ξ)

2
(x− x0)2

ÏLù�{�, ·��±�O¼ê f(x) 3��«m I þÚ�gõ�ª T1(x) �m�Ø

�.

3.6.1 Taylor úª

g,F"U
^�p�� n gõ�ª Tn(x) 3 x = x0 NC�Cq f(x) , ¦ÙØ

�, ={� Rn(x, x0) = f(x) − Tn(x) 3 x → x0 �, ´(x − x0)n�p�Ã¡�þ. ¿U

?�Úé{� R(x, x0) �Ñ�°(��O.
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Äk�¯, �o��õ�ªU
3 x → x0 �´¼ê f(x) �p�Cqº½ö`X

Jk�� n gõ�ª Tn(x), 3 x→ x0 �´¼ê f(x) �p�Cq, XÛ(½§�Xê

a0, a1, · · · , anº�d�

Tn(x) = a0 + a1(x− x0) + · · ·+ an(x− x0)n,

Ù¥Xê�½, ¿�¼ê f(x) 3 x0 ��� (x0 − δ, x0 + δ) S n ���. XJ f(x) �

Tn(x) �Ø�� x→ x0 �´' (x− x0)n �p��Ã¡�þ

f(x) = Tn(x) + o((x− x0)n), x→ x0,

@oÒk

lim
x→x0

f(x)− Tn(x)

(x− x0)k
= lim

x→x0

o((x− x0)n)

(x− x0)k
= 0, k = 0, 1, · · · , n,

±d��Ñu:¿|^8B{, � k = 0 �k

lim
x→x0

(f(x)− Tn(x)) = 0

ddíÑ

a0 = Tn(x0) = f(x0)

� k = 1 �, |^ L’Hospital {Kk

0 = lim
x→x0

f(x)− Tn(x)

x− x0
= lim

x→x0
(f ′(x)− T ′n(x)) = f ′(x0)− T ′n(x0),

Ò��

a1 = T ′n(x0) = f ′(x0)

XJé?¿� k, 1 6 k 6 n, k

a0 = Tn(x0) = f(x0), · · · , ak−1 =
T

(k−1)
n (x0)

(k − 1)!
=
f (k−1)(x0)

(k − 1)!
,

@o� x→ x0 �,¼ê f(x)−Tn(x)±9Ø�L k−1����ê f (i)(x)−T (i)
n (x), 1 6

i 6 k − 1 Ñ´Ã¡�þ, Ïd�ëY¦^ L’Hospital {K,�

0 = lim
x→x0

f(x)− Tn(x)

(x− x0)k
= lim

x→x0

(f (k)(x)− T (k)
n (x))

k!
,

=

ak =
T

(k)
n (x0)

k!
=
f (k)(x0)

k!
.

�d, ·�®²y²
÷v f(x) = Tn(x) + o((x− x0)n), x→ x0 �õ�ª�U´Xe

/ª:

Tn(x) = f(x0) +
f ′(x0)

1!
(x− x0) + · · ·+ f (n)(x0)

n!
(x− x0)n.

¡þãd¼ê f(x) 3�:����ê(½�õ�ª Tn(x) �¼ê f(x) 3: x0 ?� n

g Taylor õ�ª.
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½n 3.32 �¼ê f(x) 3 x0 ��� (x0− δ, x0 + δ) S n ���. K¼ê f(x) �

§3: x0 ?� n g Taylor õ�ª Tn(x) �m�Ø�£={�¤Rn(x) = f(x)− Tn(x)

� x→ x0 �´ (x− x0)n �p�Ã¡�þ

lim
x→x0

Rn(x)

(x− x0)n
= lim

x→x0

f(x)− Tn(x)

(x− x0)n
= 0.

½ö`, � x→ x0 �, k

f(x) = f(x0) +
f ′(x0)

1!
(x− x0) + · · ·+ f (n)(x0)

n!
(x− x0)n + o((x− x0)n),

þª¡�¼ê f(x) 3: x0 ?�� Peano {�� Taylor úª.

AO,XJ¼ê f(x)3 x = 0��Sk n��ê, ½n 3.32¥� x0 = 0, K Taylor

úª�

f(x) = f(0) +
f ′(0)

1!
x+ · · ·+ f (n)(0)

n!
xn + o(xn), x→ 0

¿¡��¼ê f(x) � n �äk Peano {�� Maclaurin úª£½Ðmª¤.

3.6.2 {��L«��O

½n 3.32 k�½�Û�5, §��N
� x→ x0 �¼ê�5�. ·�?�ÚF"

U
é{�k����°(��O, 
Ø==´� x → x0 ��5�. �d·�\r^

�, b�¼ê f(x) 3,�«mäk�� n+ 1 ���ê. ¯¢þ, ·�k

½n 3.33 �¼ê f(x) 3«m I Sk n + 1 ��ê, x Ú x0 ´ I ¥?¿ü:,

Tn(x) ´ f 3 x0 ?� n g Taylor õ�ª. K3 x Ú x0 �m�3��ê ξ, ¦�

f(x) = Tn(x) +Rn

¥�{� Rn äke�/ª

Rn =
f (n+1)(ξ)

(n+ 1)!
(x− x0)n+1,

½ö` f(x) �±L«¤

f(x) = f(x0) +
f ′(x0)

1!
(x− x0) + · · ·+ f (n)(x0)

n!
(x− x0)n +

f (n+1)(ξ)

(n+ 1)!
(x− x0)n+1.

Rn ¡� Lagrange {�, 
þ¡ù�úª¡�äk Lagrange {�� Taylor úª.

y² �9Ï¼êXe

g(t) = f(t)− Tn(t)− f(x)− Tn(x)

(x− x0)n+1
(t− x0)n+1, t ∈ I

w,, g(t) k n+ 1 ��ê, �÷v

g(x0) = g(x) = 0, g(k)(x0) = f (k)(x0)− T (k)
n (x0) = 0, k = 1, 2, · · · , n



3.6 Taylor Ðm 131

�â�©¥�½n, �30u x Ú x0 �m�ê ξ1 ¦� g′(ξ1) = 0,(Ü®�^�

g′(x0) = 0, UYé g′(t) $^�©¥�½níÑ,�30u x0 Ú ξ1 �m�ê ξ2,¦�

g′′(ξ2) = 0. Xdaí, 3 ξn Ú x0 �m£�,�3 x Ú x0 �m¤, �3��ê ξ ¦�

g(n+1)(ξ) = 0. 5¿� T
(n+1)
n (t) ≡ 0, ¤±

g(n+1)(ξ) = f (n+1)(ξ)− (n+ 1)!
f(x)− Tn(x)

(x− x0)n+1
= 0

=

f(x) = Tn(x) +
f (n+1)(ξ)

(n+ 1)!
(x− x0)n+1.

�

Ï� ξ ´0u x Ú x0 ���ê, ¤±�L«¤�

ξ = x0 + θ(x− x0), 0 < θ < 1

Ïd Lagrange {� Rn �L«¤

Rn =
f (n+1)(ξ)

(n+ 1)!
(x− x0)n+1 =

f (n+1)(x0 + θ(x− x0))

(n+ 1)!
(x− x0)n+1.

¯¢þ, �âØÓ�I�, Taylor úª�{� Rn(x) kõ«ØÓ�L�/ª. 31

5 Ù¥�ò�Ñ��È©/ª�L�ª.

Ó��5¿�, � n = 0 �, ½

x

y
ex

ex

T1
T3

T2

ã 3.26

n 3.33 Ò´Ù�� Lagrange ¥�ú

ª. Ïd½n 3.33 �(J, ��w¤

´ Lagrange ¥�½n�í2.

,��¡, 3¦4�L§¥, 3

��7: x0 ?£= f ′(x0) = 0¤,

XJ���ê f ′′(x0) 6= 0, K�â

���ê3 x0��½K, íä¼ê

3 x0 ?��4�½4��. �´�

f ′′(x0) = 0 �, x0 ´4�:½Ø´4

�:��U5Ñk£~Xéu f(x) =

x4, 37: x = 0 ?, �, f ′′(0) = 0,

�´4��:. 
éu f(x) = x3 �¹K��ØÓ, �,Ó� x = 0 ´7:, 
�Ó�k

f ′′(0) = 0, �´ x = 0 Ø´4�:¤. |^ Taylor Ðm·��±�Ñ��5�¿©^�:
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� x0 ´¼ê f(x) �7:= f ′(x0) = 0¤, *	 f(x) 3��7:?� Taylor Ðmª,

f(x)− f(x0) =
f ′′(x0)

2!
(x− x0)2 + · · ·+ f (n)(x0)

n!
(x− x0)n +

f (n+1)(ξ)

(n+ 1)!
(x− x0)n+1.

ù�, ¯K�'�´wþªm>�1���"�´ x− x0 �óg��´Ûg�. éuó

g�, x0 ´4�:, 3T:��4��´4��ûuù���Xê´K�´�. éuÛ

g�, x0 Ø´4�:. ÖöØ���î��y²£SK¥�111K¤.

éu Taylor Ðm�AÛ)º�±le�ü��¡5w. Äk5¿�3�: x0 N

C, ¼ê f(x) �§� Taylor õ�ª Tn(x) �m�Ø��X n �O��5��, 
�

f(x)− Tn(x) 3 x0 ?�� n �êÑ�" f(x0)− Tn(x0) = 0, f ′(x0)− T ′n(x0) = 0, · · · ,
f (n)(x0)− T (n)

n (x0) = 0, ·�¡§�¤½Â�­�k n ��>£¯¢þ��aq/�±

½Â?¿ü�¼ê�m� n ��>¤, Tn(x) �¡� f(x) ���/�Ô�0, �,�k

� n = 2 �, T2(x) â´ý���Ô�. ã3.26 ´'u¼ê f(x) = ex 3 x = 0 ?��Ð

n^���Ô�, l¥Öö�±N¬/��0�¹Â. Ù¥

T1(x) = 1 + x, T2(x) = 1 + x+
1

2
x2, T3(x) = 1 + x+

1

2
x2 +

1

3!
x3.

íØ 3.34 �¼ê f(x)3«m I Skk.� n+1��¼ê, = |f (n+1)(x)| 6M ,

K3«m I þ, f(x) �§� Taylor õ�ª�m�Ø�£�Ò´{�¤́

|f(x)− Tn(x)| = |Rn| 6
M

(n+ 1)!
(x− x0)n+1.

Túª¦�Ø��\�ß. AO� n → ∞ �, k Rn → 0, ù´8�·��Är¼

êL«¤/Ã¡gõ�ª0�����{ü��y.

íØ 3.35 �¼ê f(x) 3«m I Säk n+ 1 ��ê, XJ3�: x0 ?�3g

,ê r, r < n ¦�

f(x0) = 0, f ′(x0) = 0, · · · , f (r−1)(x0) = 0, f (r)(x0) 6= 0

@o¡ x0 ´ f(x) ��� r ­":. (Ø´ x0 ´ f(x) � r ­":�¿©7�^�´

�3��¼ê g(x), ¦�

f(x) = (x− x0)rg(x), g(x0) 6= 0

y² � x0 ´ f(x) � r ­":, |^ Taylor úª, ò f(x) 3 x = x0 ?Ðm�

f(x) =
f (r)(x0)

r!
(x− x0)r + · · ·+ f (n)(x0)

n!
(x− x0)n +

f (n+1)(ξ)

(n+ 1)!
(x− x0)n+1

= (x− x0)r
(
f (r)(x0)

r!
+ · · ·+ f (n)(x0)

n!
(x− x0)n−r +

f (n+1)(ξ)

(n+ 1)!
(x− x0)n−r+1

)
= (x− x0)rg(x),
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Ù¥

g(x) =
f (r)(x0)

r!
+ · · ·+ f (n)(x0)

n!
(x− x0)n−r +

f (n+1)(ξ)

(n+ 1)!
(x− x0)n−r+1

÷v g(x0) = 1
r!f

(r)(x0) 6= 0"��K�I�|^ Leibniz ¦�{K����y. �,þ

ã(J��^ L’Hospital {K5y².

� 0 ´«m I S�:�, Taylor úª���AÏ/ª��üÕJÑ. 3úª¥�

x0 = 0, K ξ = θx, 0 < θ < 1, Ïd

f(x) = f(0) +
f ′(0)

1!
x+ · · ·+ f (n)(0)

n!
xn +

f (n+1)(θx)

(n+ 1)!
xn+1

ù�3 x0 = 0 � n � Taylor Ðmª�¡�äk Lagrange {�� Maclanrin úª.

e¡·��ÑÊ«~�Ð�¼ê� Maclanrin úª.

ex = 1 + x+
x2

2!
+ · · ·+ xn

n!
+

eθx

(n+ 1)!
xn+1. (−∞ < x < +∞)

ln(1 + x) = x− x2

2
+ · · ·+ (−1)n−1x

n

n
+Rn(x), (x > −1)

Rn(x) =
(−1)nxn+1

(n+ 1)(1 + θx)n+1
. (0 < θ < 1)

sinx = x− x3

3!
+ · · ·+ (−1)m−1 x2m−1

(2m− 1)!
+R2m(x), (−∞ < x < +∞),

R2m(x) =
(−1)mx2m+1

(2m+ 1)!
cos θx, (0 < θ < 1).

cosx = 1− x2

2!
+ · · ·+ (−1)m−1 x2m−2

(2m− 2)!
+R2m−1(x), (−∞ < x < +∞)

R2m−1(x) =
(−1)mx2m

(2m)!
cos θx. (0 < θ < 1)

(1 + x)α = 1 + αx+
α(α− 1)

2!
x2 + · · ·+ α(α− 1) · · · (α− n+ 1)

n!
xn +Rn(x),

Rn(x) =
α(α− 1) · · · (α− n)

(n+ 1)!
xn+1(1 + θx)α−n−1. (0 < θ < 1).

éu����Ðmª, � α ´g,ê�, (1 + x)α ÒgÄz� Newton ��ªúª.

�
¦Ñ¼ê f(x) 3�: x0 � Taylor úª, �KþA¦Ñ¼ê3 x0 :��ê�

f (k)(x0) , k = 0, 1, 2, · · ·n. �k�ÿ¼ê�p��ê�¿ØN´O�. Ïd�±æ�Ù

¦m��ª. ù´Äué Taylor úªÄ�¹Â�eãn):

½n 3.32 �Ä�¹Â´, XJ¼ê f (n)(x0) �3, KÃØ^�o�{, ����ä

N/ª

f(x) = a0 + a1(x− x0) + · · ·+ an(x− x0)n + o((x− x0)n), x→ x0
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�Ðmª, K§�½Ò´¼ê f � Taylor úª. ��B�¬, ·��^BO�Ñ¼ê3

x0 ����ê f (k)(x0) = k!ak. e¡é Maclaurin úª�ÑäN~f.

~ 3.6.1 ¦¼ê e−x
4
� 4n � Maclaurin úª.

) Ï�� x→ 0�, −x4 → 0, |^ ex Ðm�(J, ��ò −x4 O� ex Ðmª¥

� x, k

e−x
4

= 1 + (−x4) +
(−x4)2

2!
+

(−x4)3

3!
+ · · ·+ (−x4)n

n!
+ o((−x4)n), x→ 0

= 1− x4 +
x8

2!
− x12

3!
+ · · ·+ (−1)nx4n

n!
+ o(x4n), x→ 0

ùÒ´¤�¦� Maclaurin úª�dd���


(e−x
4

)(4k)
∣∣∣
x=0

=
(−1)k(4k)!

k!
,


3 x = 0 ?�Ù¦���êþ�". ù«�{, �'��O�¼ê e−x
4
����êN

´�õ.

~ 3.6.2 ¦ cos2 x � 2n �� Maclaurin úª.

) |^

cos2 x =
1

2
+

1

2
cos 2x,

±9 cosx � Maclaurin úª, 5¿�� x→ 0 �, 2x→ 0, ¤±

cos2 x =
1

2
+

1

2

[
1− (2x)2

2!
+ · · ·+ (−1)n−1(2x)2n−2

(2n− 2)!
+ o((2x)2n−2)

]
= 1− 2

2!
x2 + · · ·+ (−1)n−1

(2n− 2)!
22n−3x2n−2 + o(x2n−2), x→ 0

e¡��~f´|^¼ê�Ðmª, O�4�¯K.

~ 3.6.3 ¦ lim
x→0

e−x
4−cos2 x−x2

x4 .

) ù´�� 0
0 .��½ª. XJ^ L’Hospital {K, K¬��E,�¦�L§.

XJ|^¼ê� Maclaurin úª, dc¡�~f

e−x
4 − cos2 x− x2 = (1− x4 + o(x4))− (1− x2 +

1

3
x4 + o(x4))− x2

= −4

3
x4 + o(x4), x→ 0.

¤±¤¦�4��:

lim
x→0

e−x
4 − cos2 x− x2

x4
= −4

3
.

5¿, du©13 x→ 0 �, ´�� 4 �Ã¡�þ, Ïd©f��Ðm� 4 �=�. ,�

�¡, 3�K�O�L§¥, Ø+´k��Ã¡�þ�Ú, �´k��ê¦±Ã¡�þ,

Ù(J�´Ã¡�þ.
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~ 3.6.4 � f(x) = 1
x , ¦ f(x) 3 x = 2 � Taylor úª.

) d 1
x = 1

x−2+2 = 1
2

(
x−2

2 + 1
)−1

. 3 (1 + x)−1 � Maclaurin úª¥, ^ x−2
2 �

O x, Ò��

1

x
=

1

2

(
1− x− 2

2
+ · · ·+ (−1)n

(
x− 2

2

)n
+ 2R

)
=

1

2
− x− 2

22
+ · · ·+ (−1)n

(x− 2)n

2n+1
+R,

ùp

R =
(−1)n+1(x− 2)n+1

2n+2

[
1 +

θ(x− 2)

2

]−n−2

, (0 < θ < 1).

~ 3.6.5 O� e ��, ¦Ø�Ø�L 10−5.

) 3 ex �Ðmª¥, � x = 1, �

e = 1 + 1 +
1

2!
+ · · ·+ 1

n!
+

eθ

(n+ 1)!
0 < θ < 1.

du

0 <
eθ

(n+ 1)!
<

e

(n+ 1)!
<

3

(n+ 1)!

¤±, ��(½ n, ¦�
3

(n+ 1)!
< 10−5

=�, ´�, ���ù��°Ý, �I� n = 9, ù�

e = 1 + 1 +
1

2!
+ · · ·+ 1

9!
= 2.718282

~ 3.6.6 y² e ´Ãnê.

y² £�y{¤XJ e ´knê, � e = q
p , Ù¥ p, q ´��ê. � n > p �

n > 3, K

e =
q

p
= 1 + 1 +

1

2!
+ · · ·+ 1

n!
+

eθ

(n+ 1)!
0 < θ < 1.

u´k
n!q

p
= n! + n! +

n!

2!
+ · · ·+ n!

n!
+

n!eθ

(n+ 1)!

d n �À���, þªØm>����	, Ù{��Ñ´�ê. Ïd n!eθ

(n+1)! �7´�ê.

�¢Sþ

0 <
n!eθ

(n+ 1)!
=

eθ

n+ 1
<

3

n+ 1
<

3

4
< 1,

gñ. ù`² e Ø´knê.

~ 3.6.7 �¼ê f(x)3 [0, 1]«mþ����,�é?¿� x,k |f ′′(x)| 6M£M

´��~ê¤, ±9 f(0) = f(1) = 0. y²: 3 [0, 1] «mþk |f(x)| 6 M
8 .



136 1 3 Ù üCþ¼ê��©Æ

y² é?¿� x ∈ (0, 1), d Taylor úª, �

f(0) = f(x)− f ′(x)x+
f ′′(ξ1)

2
x2, ξ1 ∈ (0, x)

f(1) = f(x) + f ′(x)(1− x) +
f ′′(ξ2)

2
(1− x)2, ξ2 ∈ (x, 1)

ò1�ª¦± (1− x), 1�ª¦± x, ,��\�

|f(x)| =
∣∣∣∣f ′′(ξ1)

2
x2(1− x) +

f ′′(ξ2)

2
x(1− x)2

∣∣∣∣ 6 M

2
x(1− x) 6

M

8
.
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SK 3.6

1. �Ñe�¼ê� (äk Peano {��) Maclaurin Ðmª:

(1) y = x3+2x+1
x−1 ; (2) sin2 x.

2. ¦Ñ¼ê esinx � (äk Peano {��) n� Maclaurin Ðm.

3. ¦Ñ¼ê ln cosx � (äk Peano {��) 8� Maclaurin Ðm.

4. ®� f(x)´��ogõ�ª,¿� f(2) = −1, f ′(2) = 0, f ′′(2) = 2, f ′′′(2) = −12,

f (4)(2) = 24. O� f(−1), f ′(0), f ′′(1).

5. ¦e�¼êäk Lagrange .{�� Taylor úª:

(1) y = tanx 3 x = 0 ��� Taylor Ðmª;

(2) y = 1
x 3 x = −1 � n � Taylor Ðmª.

6. ¦e�4�:

(1) lim
x→0

cosx−e−
1
2x

2

sin4 x
; (2) lim

x→0

4√1+x2− 4√1−x2
x2 ;

(3) lim
x→∞

[
x− x2 ln

(
1 + 1

x

)]
; (4) lim

x→0

cos(sinx)−cosx

sin4 x
.

7. �¼ê f(x) ??k n + 1 ��ê, y²: f(x) �gêØ�L n �õ�ª�¿©7

�^�´ f (n+1)(x) ð�".

8. �¼ê f(x) 3 [0, 2] þ����, �é?¿ x ∈ [0, 2], k |f(x)| 6 1 9 |f ′′(x)| 6 1.

y²: |f ′(x)| 6 2, x ∈ [0, 2].

9. � n ���ê, �Ä¼ê f(x) =

xn+1, x �knê,

0, x �Ãnê.
y² f ′(0) = 0; � f ′′(0) Ø

�3. (J«: y² f(x) =3�: x = 0 ��.)

5¿, ·�w,k

f(x) = 0 + 0 · x+ 0 · x2 + · · ·+ 0 · xn + o(xn), x→ 0.

�� n > 1 �, ¿ØUäó f (k)(0) = 0(2 6 k 6 n). Ïd, ½n 3.32 ¥�^�: ¼

ê3: x0 ?k n ��ê, ´�'­��.

10. �Ä¼ê f(x) =

e−
1
x2 , x 6= 0,

0, x = 0,
§3 x 6= 0 ?w,k?¿��ê. y² f(x) 3

x = 0 ?�?¿��êÑ�3, 
�Ñ�u". (J«: Äk, ´^8B{y², �

x 6= 0 �, é n = 1, 2, · · · k f (n)(x) = e−
1
x2P3n

(
1
x

)
, ùp P3n(t) ´ t � 3n gõ�



138 1 3 Ù üCþ¼ê��©Æ

ª; d	, d�ê½Â9 L’Hospital {K, �Ñ (P y = 1
x))

lim
x→0

f(x)− f(0)

x
= lim

y→∞

y

ey2
= lim

y→∞

1

2yey2
= 0,

= f ′(0) = 0. y3¤`�(Ø´^8B{9 L’Hospital {Ky².)

�K¿�X, é?¿���ê n, ¼ê f 3 x = 0 ?� n � Taylor õ�ª´ 0; �

é{`, {�o´�u f(x). Ïd, =¦´¼ê3�:NC�5�, ^ (3T:�)

v
p���ê��7UòÙ�«Ñ5.

11. �¼ê f(x) 37: x0 ?� n ��û�3, ¿�

f ′(x0) = f ′′(x0) = · · · = f (n−1)(x0) = 0, 
 f (n)(x0) 6= 0.

(1) e n �Ûê, K¼ê f(x) 3: x0 ?Ã4�;

(2) e n �óê, K¼ê f(x) 3: x0 ?��4�. �f (n)(x0) > 0 �, f(x) 3:

x0 ?�4��; � f (n)(x0) < 0 �, f(x) 3: x0 ?�4��.

�KL², e¼ê f(x) 37:þ�3Xþ¤ã�p��ê, Kdd�(½7:´Ä

�4�:. ,
, ·�5¿, þ�K¥�¼ê f 3 x = 0 ?w,k4��, �%Ø�

U^ù��O{�O.

1 3 ÙnÜSK

1. � f(x) = x(x+ 1)(x+ 2) · · · (x+ n), ¦ f ′(0).

2. �Û¼ê f(x) 3 (−∞,+∞) þäk��ëY�ê, P¼ê

g(x) =


f(x)
x , x 6= 0,

a, x = 0.

(1) (½ a ��, ¦ g(x) 3 (−∞,+∞) þëY.

(2) é (1) ¥(½� a, y² g(x) 3 (−∞,+∞) þ��, ��¼êëY.

3. � a0
n+1 + a1

n + · · ·+ an = 0. y²: �§ a0x
n + a1x

n−1 + · · ·+ an = 0 3 (0, 1) S�

�k���.

4. e¼ê f(x)3 [a, b]þëY,3 (a, b)S��,� f(a) = f(b) = 0,K�3 ξ ∈ (a, b),

¦ f ′(ξ) + f(ξ) = 0.

5. � f(x) 3«m I þëY, XJ?� I ¥ü: x1, x2, k

f

(
x1 + x2

2

)
6
f(x1) + f(x2)

2
,

K f(x) ´«m I þ�à¼ê.
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6. � f(x) ´ [0, 1] þ�����¼ê, f(0) = f(1) = 0. y²: �3 ξ ∈ (0, 1), ¦�

f ′′(ξ) = 2f ′(ξ)
1−ξ .

7. e¼ê f(x) 3 [a, b] þëY, � f(a) = f(b) = 0, f ′(a)f ′(b) > 0. y²: 3 (a, b) S

�3�: ξ, ¦� f(ξ) = 0.

8. � f(x) 3 [0, 1] þ��, f(0) = 1, f(1) = 1
2 . ¦y: �3 ξ ∈ (0, 1), ¦�

f2(ξ) + f ′(ξ) = 0.

9. �¼ê f(x) 3 [a,+∞) þ����, �÷v f(a) > 0, f ′(a) < 0, ±9� x > a �,

f ′′(x) 6 0. Áy3«m (a,+∞) S, ¼ê f(x) Tk��":.

10. �¼ê f(x) 3 [a, b] þ��, f ′(x) î�üNO. e f(a) = f(b) = λ, Ké?¿

x ∈ (a, b), k f(x) < λ.

11. ¼ê sinx2

x (x > 0) L², e¼ê f(x) 3 (a,+∞) þ��, � lim
x→+∞

f(x) �3, ØU

�y lim
x→+∞

f ′(x) �3. y²: e®�ù4��3, KÙ�7,�".

12. �¼ê f(x)3 x > 0�����,� f ′′(x) < 0, f(0) = 0. y²: é?¿�ê x1, x2,

kf(x1 + x2) < f(x1) + f(x2).

13. �¼ê f(x) 3 x0 ?�3���ê, ¦

lim
h→0

f(x0 + h) + f(x0 − h)− 2f(x0)

h2
.

14. y²e�Ø�ª:

(1) é?¿¢ê x, ex > 1 + x+ x2

2 + x3

6 ;

(2) é x > 0, x− x2

2 6 ln(1 + x) 6 x− x2

2 + x3

3 ;

(3) é 0 < x < �
2 , x−

x3

6 < sinx < x− x3

6 + x5

120 ;

(4) é?¿¢ê x, y, k 2e
x+y
2 6 ex + ey.

15. ¦ lim
n→∞

(
1 + 1

n2

) (
1 + 2

n2

)
· · ·
(
1 + n

n2

)
.

16. ¦ n
√
n (n = 1, 2, · · · ) ����.

17. Á�Ñ¼ê x cosx 3
[
0, �2

]
þ���¦�U��þ..

18. �¼ê f(x)34«m [−1, 1]þäkn�ëY�ê,� f(−1) = 0, f(1) = 1, f ′(0) =

0. y²: �3 ξ ∈ (−1, 1), ¦� f ′′′(ξ) = 3.

19. � a > 1, ¼ê f : (0,+∞)→ (0,+∞) ��. ¦y�3ªuÃ¡��ê� {xn} ¦
�

f ′(xn) < f(axn), n = 1, 2, · · · .
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20. |^à¼ê�5�y² Hölder Ø�ª: � {ai}, {bi}, i = 1, 2, · · · , n ´�ê. p, q

´�u 1 ��ê, � 1
p + 1

q = 1, Kk

n∑
i=1

aibi 6

(
n∑
i=1

api

) 1
p
(

n∑
i=1

bqi

) 1
q

.

(J«: �Ä¼ê f(x) = xp.)
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313Ù¥, ·�0�
¼ê��ê£�û¤±9�ê�Ôn¿ÂÚAÛ¿Â. ~

X, ®����:$Ä�ål��m�'X s = s(t), ÏL¦��(½�:$Ä�

�Ý v = v(t) Ú\�Ý a = a(t). ��g,��¯K´: XJ®��:$Ä��Ý

v = v(t)£½\�Ý a = a(t)¤, UÄ(½Ù$Ä�5Æ s = s(t). ~X, ��gdáN�

\�Ý´ g£~ê¤, UÄ��3,���áN��ÝÚüáål. lêÆþw, aqù

��¯K¢Sþ´�ê (½�©) �_$�¯K, =¦����¼ê, ¦�Ù�ê�u�

�®��¼ê. ùÒ´�Ù¤�0��Ø½È©.

§4.1 Ø½È©9ÙÄ�O��{

4.1.1 Ä�Vg

½Â 4.1 � f(x) ´«m I þ�½�¼ê, e�3����¼ê F (x), ¦�3«

m I þk

F ′(x) = f(x) ½ dF (x) = f(x)dx,

K¡ F (x) � f(x) 3«m I þ����¼ê.

N´wÑ, ��¡, XJ F (x) ´ f(x)£3«m I þ¤����¼ê, K F (x) \þ

��?¿~ê�E,´ f(x) ����¼ê; ,��¡, éu¼ê f(x) 3«m I þ?¿

ü��¼ê F1(x) Ú F2(x), §��� F1(x)− F2(x) �½÷v F ′1(x)− F ′2(x) = 0, ¤±

´��~ê. Ïd, f(x) (3«m I þ) ��¼ê��N�L«�

F (x) + C

�/ª, Ù¥ F (x) � f(x) (3«m I þ)����¼ê, 
 C ´?¿�~ê.

¼ê f(x) ��¼ê��N�¡� f(x) �Ø½È©, P��
f(x)dx,

Ù¥/
�
0¡�È©Ò, f(x) ¡��È¼ê, f(x)dx ¡��ÈL�ª. 5¿, 3È©Ò

�
e��´¤¦�¼ê��©, 
Ø´�û.

Ïd, ¼ê f(x) �Ø½È©, A�(�/¡��© f(x)dx �Ø½È©.

/Ø½È©0ù�¶c±9Ù�APÒ�d5, ·�ò3 §5.1 ¥�
)º. Ööé

¯Uw�, ù�PÒ, éu¦Ø½È© (�¼ê) �$�, òLyÑNõB|.

d�ê�AÛ¿Â,�±lAÛþ)º¦¼ê f(x)��¼ê�¯K:3 Oxy ���

IX¥éÑ�^­� y = F (x), ¦Ù3 x ?����Ç� f(x). ù���^­�, ¡�
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f(x) ��^È©­�, ò§÷X y ¶����²£, B�Ñ¤kÎÜþã�¦�­�.

Ïd, 3AÛþ, Ø½È©
�
f(x)dx L«�¹þã�ÜÈ©­��­�x (Xã 4.1).

-

6

x

y

.

.....................................................................................................................

.

.....................................................................................................................

.

.....................................................................................................................

..........

..........

..........

..........

..........

..........

..........

..........

..........

..........

..........

..........

..........

ã 4.1

-

6

x

y

.
..............

........

...............
.....

................
.

................ ............... .............. ............. ............. .............. ...............
................
.................
....................

......................

.
..............

........

...............
.....

................
.

................ ............... .............. ............. ............. .............. ...............
................
.................
....................

......................

.
..............

........

...............
.....

................
.

................ ............... .............. ............. ............. .............. ...............
................
.................
....................

......................

y= 1
2
x2

ã 4.2

~X, �¦ f(x) = x ��¼ê, Ò´�¦ Oxy ²¡¥ù��­� y = F (x), §

3: (x, F (x)) ?�����Ç�X x �O�
�5O�. ù��­���Nd

y = F (x) = 1
2x

2 + C L«, Ù¥ C ´?¿~ê£ã 4.2¤.

k
¯K¥, �¦Ñ f(x) �L�½�: (x0, y0) �È©­�. ù�, ��â�¦, ¦

�~ê´��(½��. ± f(x) = x �~, XJ�¦¦�^L (0, 1) �È©­�, Kd

1 = F (0) � C = 1, ¤±ù^A½�È©­�´ y = F (x) = 1
2x

2 + 1.

Ï~, ¡(½~ê C �^�

y(x0) = y0, ½ y|x=x0 = y0,

�Ð©^�. �kÐ©^��¦�¼ê¯K, ¡�Ð�¯K.

·�I�?Ø�¯K´:

£1¤�o��¼êk�¼ê£½ö`�o���È¼êkØ½È©¤?

£2¤31 3 Ù¥, ·�5¿�Ð�¼ê��êE,´Ð�¼ê, @o���ê�_

$�, ��Ð�¼ê��¼ê£½ö`Ø½È©¤́ Ä�½�U
L«¤Ð�¼ê?

£3¤XJ��¼ê f(x) k�¼ê, @oXÛäN�Ñ f(x)��¼ê? �Ò´XÛ

¦Ñ¼ê�Ø½È©?

d1 3 ÙSK 3.3, 1 14 K��, ÎÒ¼ê y = sgnx ´ØUL«¤��¼ê��ê

�, Ï���Ù§¼ê��¼ê, ´Ø�Uk1�amä:�¼ê. ù�~f`², Ø´

¤k�¼êÑk�¼ê. ·�ò3e�Ù¥y²��­�¯¢: éu�½«mþ�ëY

¼ê, 3ù«mþ7k�¼ê.

'u1��¯K�£�´Ä½�. (¢kù��Ð�¼ê, ~X§��Ø½È

©£�¼ê¤�3, %Ã{L«¤Ð�¼ê. ~X, �±y²e�È©�
e−x

2

dx,

�
1

lnx
dx,

�
sinx2dx

´ØUL«¤�Ð�¼ê�. ·�ò3e�Ù¥, ?Øù��ëY��È¼êÚ§��
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Ø½È©.

5¿, 8�·� /̀¦ÑØ½È©0, ´��òØ½È©L«�Ð�¼ê.

e¡, �â §3.2 ¥�©úªL, Äk�Ñ�
{ü¼ê�Ø½È© (Ù¥ C C ′ �

?¿~ê).

(i)

�
0dx = C;

(ii)

�
xαdx = 1

α+1x
α+1 + C, (α 6= −1);

(iii)

�
axdx = 1

ln aa
x + C (a > 0, a 6= 1);

(iv)

�
1
xdx = ln |x|+ C;

(v)

�
sinxdx = − cosx+ C;

�
cosxdx = sinx+ C;

�
sec2 xdx = tanx+ C;

�
csc2 xdx = − cotx+ C;

(vi)

�
1√

1−x2 dx = arcsinx+ C = − arccosx+ C ′;
�

1
1+x2 dx = arctanx+ C = −arccotx+ C ′.

��, ·��ÑØ½È©�Ä�5�

1◦ XJ a ´~ê (a 6= 0), K

�
a · f(x)dx = a ·

�
f(x)dx;

2◦
�

[f(x)± g(x)]dx =

�
f(x)dx±

�
g(x)dx.

þã5�´�©{Kw,�íØ, �AT5¿�, 'uØ½È©��ª¢Sþ´'

u¼êx��ª (=��8Ü�ª). 5� 1◦ �¹Â´, � a 6= 0 �, a · f ��¼ê�d
a ¦ f ��¼ê��; 
� a ¦ f ��¼ê�7´ a · f ��¼ê. 5� 2◦ äkaq�

¹Â.

dþã5�, �±ò���E,�Ø½È©z�eZ�®��Ø½È©�Ú, ?


�Ñ(J.

~ 4.1.1 ¦
�
x2−3x+1
x+1 dx.

)

�
x2 − 3x+ 1

x+ 1
dx =

� (
x− 4 +

5

x+ 1

)
dx

=

�
xdx− 4

�
dx+ 5

�
dx

x+ 1

=
1

2
x2 − 4x+ 5 ln |x+ 1|+ C.
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(5¿, þ¡1���ªmà�z��Ø½È©Ñ¹k��?¿~ê, ��Ü¿P� C;

'uù�:§±�Ø2�².)

~ 4.1.2 ¦
�

1
sin2 x·cos2 x

dx.

) �
1

sin2 x · cos2 x
dx =

�
sin2 x+ cos2 x

sin2 x · cos2 x
dx =

�
sec2 xdx+

�
csc2 xdx

= tanx− cotx+ C.

~ 4.1.3 ¦
�

1
x2(1+x2)dx.

) �
1

x2(1 + x2)
dx =

� (
1

x2
− 1

1 + x2

)
dx =

�
1

x2
dx−

�
1

1 + x2
dx

= −1

x
− arctanx+ C.

,
, �âþã5�¦Ø½È©¿Øäk2�5. �
�Ð/£�XÛ¦Ø½È©

�¯K, e¡©O0�ü«�{))��È©{Ú©ÜÈ©{.

4.1.2 ��È©{

��È©{´¦Ø½È©��«Ä��{, §�EÜ¼ê��©{K�éA. Ù�

K, ��/`, ´Ú\#�È©Cþ, ±UC�È¼ê�/ª, ¦Ø½È©´u¦Ñ.

½n 4.2 � F (x) ´ f(x) ����¼ê£= F ′(x) = f(x)¤, ¿� u = ϕ(x) �

�, K·�k �
f(ϕ(x)) · ϕ′(x)dx = F (ϕ(x)) + C,

= f(ϕ(x)) · ϕ′(x) ����¼ê´ F (ϕ(x)).

y² d���©/ª�ØC5, 'Xª

dF (u) = f(u)du

3±¼ê ϕ(x) �OgCþ u �E,¤á, dd�Ñ¤¦�ª. �

3¢�¥, b��¦�Ø½È©�±L��/ª
�
f(ϕ(x)) · ϕ′(x)dx, ½ö�¤�

f(ϕ(x))dϕ(x). eØ½È©
�
f(u)du ´u¦�, Kd½n 4.2 B¦Ñ��¦Ñ�È©�

f(ϕ(x)) · ϕ′(x)dx. ù��{�¡�“1���{”½“n�©{”.

½n 4.3 �¼ê x = ϕ(t) ´î�üN���¼ê, � ϕ′(t) Ø�"�£l
 ϕ k

����¼ê ϕ−1¤. e G(t) ´ f(ϕ(t))ϕ′(t) ����¼ê, =�
f(ϕ(t))ϕ′(t)dt = G(t) + C,
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Kk �
f(x)dx = G(ϕ−1(x)) + C.

= G(ϕ−1(x)) ´ f(x) ����¼ê.

y² ·�dEÜ¼ê¦�{K, �¼ê¦�{K±9®�^�, �Ñ

dG(ϕ−1(x))

dx
=

dG

dt
· dt

dx

= G′(t) · 1

ϕ′(t)
= f(ϕ(t))ϕ′(t) · 1

ϕ′(t)

= f(ϕ(t)) = f(x).

dd�Ñ¤`�(J. �

½n 4.3 Jø
,�«�ª���: ��¦�Ø½È©�
�
f(x)dx, �Ø´��

È©. ·�����·���� x = ϕ(t),£ùp, ϕ(t) ÷v½n 4.3 ¥��¦¤, ò�
f(x)dx z� �

f(ϕ(t))dϕ(t) =

�
f(ϕ(t)) · ϕ′(t)dt.

emà�Ø½È©´u¦�, K��3Ù(J¥± t = ϕ−1(x) òCþ t �£Cþ x, Ò

¦Ñ

�
f(x)dx. ù��{Ï~¡�“1���{”.

~ 4.1.4 ¦

�
tanx dx.

) ¤¦�Ø½È© =

�
sinx

cosx
dx = −

�
(d cosx)

cosx
= − ln | cosx|+ C.

~ 4.1.5 ¦

�
lnx

x
√

1 + ln x
dx.

) P t = lnx, ¤¦�Ø½È©��
lnx

x
√

1 + ln x
dx =

�
lnx√

1 + ln x
d(lnx) =

�
t√

1 + t
dt

=

�
(1 + t)− 1√

1 + t
dt =

� √
1 + td(1 + t)−

�
d(1 + t)√

1 + t

=
2

3
(1 + t)3/2 − 2

√
1 + t+ C

=
2

3
(1 + ln x)3/2 − 2

√
1 + ln x+ C.

~ 4.1.6 ¦

�
1√

ex + 1
dx.

) � t =
√

ex + 1, K ex + 1 = t2, � exdx = 2tdt, = dx = 2t
t2−1dt. ¤¦�Ø½È

©��
1

t
· 2t

t2 − 1
dt =

� (
1

t− 1
− 1

t+ 1

)
dt = ln

t− 1

t+ 1
+ C = 2 ln

(√
ex + 1− 1

)
− x+ C.
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~ 4.1.7 ¦

�
1√

x(1 + 3
√
x)

dx.

) �È¼ê�½Â�� x > 0. ·�- x = t6 (t > 0) ±�Ø¤k�Ò, K
√
x = t3, 3

√
x = t2, dx = 6t5dt, l
�

dx√
x(1 + 3

√
x)

= 6

�
t2dt

1 + t2
= 6

�
dt− 6

�
dt

1 + t2

= 6(t− arctan t) + C.

��, du t = 6
√
x, �¤¦�Ø½È©� 6( 6

√
x− arctan 6

√
x) + C.

~ 4.1.8 ¦

� √
a2 − x2dx, Ù¥ a ´��~ê, a > 0.

) �
�Ø�g�Ò,·�- x = a sin t, ùp −�2 < t < �
2 . K t = arcsin x

a , �

dx = a cos tdt. �¤¦�Ø½È©��
a2 cos2 tdt =

a2

2

�
(1 + cos 2t)dt =

a2

2

(
t+

sin 2t

2

)
+ C

=
a2

2
(t+ sin t cos t) + C

=
a2

2
arcsin

x

a
+

1

2
x
√
a2 − x2 + C.

~ 4.1.9 ¦

�
1√

x2 − a2
dx, ùp a ´��~ê, a > 0.

) �È¼ê�½Â�� x > a ½ x < −a. ·�k�Ä x > a ��/. d��n

��� x = a sec t (Ù¥ 0 < t < �
2 ), ��Ñ(J, ��Kæ^V­��K���B.

- x = a ch t,Ù¥ t > 0. (ë�SK2.1,118K).K dx = a sh tdt,
√
x2 − a2 = a sh t,

�¤¦�È©z�
�

dt = t + C. y3, ´dV­{u¼ê��¼êL�ª�Ñ (é

x > a)

�
1√

x2 − a2
dx = ln

(
x

a
+

√(x
a

)2
− 1

)
+ C = ln(x+

√
x2 − a2) + C ′,

Ù¥ C ′ = C − ln a, �?¿~ê.

� x < −a �, - x = −a sec t (0 < t < �
2 ); ½ö- x = −a ch t (t > 0), aq/��

Ñ(J� ln(−x−
√
x2 − a2) + C ′. (�{ü�, - x = −t, Kò��«�/, z�
c�

«�/.) Ïd, ü«�/e�(J�Ü¿��
1√

x2 − a2
dx = ln |x+

√
x2 − a2|+ C.

~ 4.1.10 ¦

�
1

x
√
a2 − x2

dx, ùp a ´~ê, a > 0.

) �È¼ê�½Â�� |x| < a, � x 6= 0. �K�±^n���¦), ùp0�,

�«k����——�ê��.
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� 0 < x < a �, - x = a
t , K t > 1, � dx = − a

t2 dt. dc~�(J, ´�¤¦�Ø

½È©�

−1

a

�
1√
t2 − 1

dt = −1

a
ln |t+

√
t2 − 1|+ C

=
1

a
ln

∣∣∣∣∣a−
√
a2 − x2

x

∣∣∣∣∣+ C.

Ó�, �−a < x < 0 �, - x = a
t (Ù¥ t < −1), �Ñ�(J�þ¡��Ó. nÜå5,

�� �
1

x
√
a2 − x2

dx =
1

a
ln

∣∣∣∣∣a−
√
a2 − x2

x

∣∣∣∣∣+ C.

·�J2Öö, e�È¼ê3½Â�þëY, K7L¦Ñ�È¼ê3��½Â�þ

�Ø½È© (·���, §7½�3), 
Ø´Ü©½Â�þ�Ø½È©. ·�Þ�~f,

±�`².

~ 4.1.11 ¦

�
x2 + 1

x4 + x2 + 1
dx.

) � x 6= 0�, ò�È¼ê�©f!©1ÓØ± x2, �Ñ
�

x2 + 1

x4 + x2 + 1
dx =

�
1 + 1

x2(
x− 1

x

)2
+ 3

dx =

�
d
(
x− 1

x

)(
x− 1

x

)2
+ 3

=
1√
3

arctan
x2 − 1√

3x
+ C.

�
¦Ñ f(x) = x2+1
x4+x2+1 3��½Â� (−∞,+∞) þ��¼ê F (x), d®��(J,

��

F (x) =


1√
3

arctan x2−1√
3x

+ C1, x < 0;

C, x = 0;

1√
3

arctan x2−1√
3x

+ C2, x > 0.

d F (x) 3 x = 0 ?ëY, �Ñ

lim
x→0+0

F (x) = lim
x→0−0

F (x) = F (0),

= 1√
3
�
2 + C1 = C = − 1√

3
�
2 + C2, � C1 = C − 1√

3
�
2 , C2 = C + 1√

3
�
2 . dd (A^S

K3.3, 113K) ´�

F ′+(0) = F ′−(0) = f(0).

l
 F 3 x = 0 ?��, � F ′(0) = f(0). �

�
f(x)dx =


1√
3

(
arctan x2−1√

3x
− �2

)
+ C, x < 0;

C, x = 0;

1√
3

(
arctan x2−1√

3x
+ �

2

)
+ C, x > 0.



148 1 4 Ù Ø½È©

�K��æ^e¡��{ (;�
þ¡�æ�):�
x2 + 1

x4 + x2 + 1
dx =

1

2

�
(x2 + x+ 1) + (x2 − x+ 1)

(x2 + x+ 1)(x2 − x+ 1)
dx

=
1

2

�
1

x2 − x+ 1
dx+

1

2

�
1

x2 + x+ 1
dx

=
1

2

�
d
(
x− 1

2

)(
x− 1

2

)2
+ 3

4

+
1

2

�
d
(
x+ 1

2

)(
x+ 1

2

)2
+ 3

4

=
1√
3

arctan
2x− 1√

3
+

1√
3

arctan
2x+ 1√

3
+ C.

(´u�y, ù�(J�c¡�(J¢��Ó.)

4.1.3 ©ÜÈ©{

Ø½È©¥�©ÜÈ©{´?nÈ©¯K�2�æ^�,�«�{, §�¼ê¦È

��©{K

(u(x)v(x))′ = u′(x)v(x) + u(x)v′(x),

½

d(u(x)v(x)) = v(x)du(x) + u(x)dv(x)

�éA. Ïd (u(x)v(x))′ ����¼êÒ´ u(x)v(x), ¤±·�á=Òke¡�½n.

½n 4.4 (©ÜÈ©{) �¼ê u = u(x) � v = v(x) këY��û, K�
u(x) · v′(x) dx = u(x) · v(x)−

�
v(x) · u′(x) dx;

ù�{P� �
u dv = uv −

�
v du.

½n¥�?¿~ê?1
Ü¿. T½n����A^´|^¦ u′v Ú uv′ Ù¥��

�Ø½È©, �Ñ,���Ø½È©.

~ 4.1.12 ¦

�
lnx dx.

) � u(x) = ln x, dv(x) = dx, K�� v(x) = x, �Ñ�
lnx dx = x lnx−

�
xd(lnx) = x lnx−

�
dx

= x lnx− x+ C.

~ 4.1.13 ¦

�
eax sin bx dx (a, b ´Ø�u"�¢ê).

) P¤¦�Ø½È©� I, Kd©ÜÈ©úª, �Ñ

I =
1

a

�
sin bx · d(eax) =

eax

a
sin bx− b

a

�
eax cos bx dx.
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émà1��È©2^©ÜÈ©úª, �
�

eax cos bxdx =
eax

a
cos bx+

b

a

�
eax sin bxdx.

Ïd,·�k

I =
eax

a
sin bx− b

a2
eax cos bx− b2

a2
I.

£��� (5¿, I L«��¼êx)

I =
eax

a2 + b2
(a sin bx− b cos bx) + C.

~ 4.1.14 P In =

�
1

(x2 + a2)n
dx (n = 1, 2, · · · ), Ù¥ a ´�"¢ê. y²e¡

�4íúª¤á:

In+1 =
1

2na2

x

(x2 + a2)n
+

2n− 1

2na2
In (n = 1, 2, · · · ).

(dd9 I1 = 1
a arctan x

a , �4í/¦� In.)

y ©ÜÈ© (=� u = 1
(x2+a2)n , v = x, K du = − 2nx

(x2+a2)n+1 dx, dv = dx), �

In =
x

(x2 + a2)n
+ 2n

�
x2

(x2 + a2)n+1
dx

=
x

(x2 + a2)n
+ 2n

(�
1

(x2 + a2)n
dx− a2

�
1

(x2 + a2)n+1
dx

)
=

x

(x2 + a2)n
+ 2n

(
In − a2In+1

)
,

dd=�(J.

NõØ½È©�O�, Iò©ÜÈ©{���{(Ü¦^, ·�Þ��ù��~f.

~ 4.1.15 ¦

�
xex(1 + ex)−

3
2 dx.

) ·�kd©ÜÈ©�Ñ�
xex(1 + ex)−

3
2 dx = −

�
2xd

(
1√

1 + ex

)
= − 2x√

1 + ex
+ 2

�
1√

1 + ex
dx.


þª¥�Ø½È©�^��{¦� (�~ 4.1.6), ·���k
�
xex(1 + ex)−

3
2 dx = 4 ln

(√
ex + 1− 1

)
− 2x− 2x√

ex + 1
+ C.
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SK 4.1

1. ¦e�Ø½È©:

(1)

�
x(x− 1)3 dx; (2)

�
e3x + 1

ex + 1
dx;

(3)

�
(2x + 3x)2 dx; (4)

�
tan2 x dx;

(5)

�
x2

1 + x2
dx; (6)

�
1 + cos2 x

1 + cos 2x
dx.

2. ^1���{¦e�Ø½È©:

(1)

�
(2x− 1)100 dx; (2)

�
1

x2
sin

1

x
dx;

(3)

�
cosx− sinx

1 + sin x+ cosx
dx; (4)

�
arctanx

1 + x2
dx;

(5)

�
x
√

1− x2 dx; (6)

�
1√

x(1 + x)
dx;

(7)

�
arctan 1

x

1 + x2
dx; (8)

�
1 + ln x

1 + x lnx
dx;

(9)

�
sin2 x dx; (10)

�
sin5 x cosx dx.

3. ^1���{¦e�Ø½È©, Ù¥� a þ��~ê:

(1)

� √
ex − 2 dx; (2)

� √
x2 + a2 dx;

(3)

�
1

(x2 − a2)3/2
dx; (4)

�
x2

√
a2 − x2

dx;

(5)

�
1

1 +
√
x+ 1

dx; (6)

�
x lnx

(1 + x2)3/2
dx;

(7)

�
1− lnx

(x− lnx)2
dx; (8)

�
1

x2
√
x2 + a2

dx;

(9)

�
x+ 2

3
√

2x+ 1
dx; (10)

�
x1/7 + x1/2

x8/7 + x1/14
dx;

(11)

�
x− 1

x2
√
x2 − 1

dx; (12)

�
1

x8(1 + x2)
dx.

4. ¦e�Ø½È©:

(1)

�
|x| dx; (2)

�
max(1, x2) dx.
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5. ^©ÜÈ©{¦e�Ø½È©:

(1)

�
x sinx dx; (2)

�
x2 lnx dx;

(3)

�
cos lnx dx; (4)

�
x2 cos 5x dx;

(5)

�
sec3 x dx; (6)

�
x2ex dx;

(7)

�
x arcsinx dx; (8)

�
x(arctanx)2 dx;

(9)

�
(arcsinx)2 dx; (10)

�
ln(x+

√
x2 + 1) dx.

6. �Ñe�Ø½È©�4íúª:

(1)

�
sinn xdx (n = 1, 2, · · · ); (2)

�
xnexdx (n = 1, 2, · · · ).

7. ¦e�Ø½È©:

(1)

�
1

1 + ex
dx; (2)

�
x2 − 1

x4 + x2 + 1
dx;

(3)

�
1

x4 + x6
dx; (4)

�
x
√
x− 2 dx;

(5)

� √
x− 1 arctan

√
x− 1

x
dx; (6)

�
xex√
ex − 2

dx;

(7)

�
xex sinx dx; (8)

�
1

(1 + tan x) sin2 x
dx;

(9)

� √
1− x

1−
√
x

dx; (10)

� √
x− 1

x+ 1
· 1

x2
dx;

(11)

�
x arctanx

(1 + x2)3
dx; (12)

�
x

1 + sin x
dx;

(13)

�
arcsin

√
x dx; (14)

�
x+ sinx

1 + cos x
dx;

(15)

�
x sin2 x dx; (16)

�
x3

√
1 + x2

dx;

(17)

�
arctanx

x2(1 + x2)
dx; (18)

�
arctan ex

ex
dx;

(19)

�
e2x(1 + tan x)2 dx; (20)

�
x2

(x sinx+ cosx)2
dx;

(21)

�
cosx cos 2x cos 3x dx; (22)

�
1√

x− 1 +
√
x+ 1

dx;

(23)

�
1√√
x+ 1

dx; (24)

� √
x

1− x
√
x

dx;

(25)

�
e−x

2/2 cosx− 2x sinx

2
√

sinx
dx; (26)

�
xex

(1 + x)2
dx.
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§4.2 kn¼ê�Ø½È©

þ�!®²0�
¦Ø½È©��
Ä��{Ú�K, Ó���Ñ
kNõÐ�¼

ê�Ø½È©�,�3, %Ø´U^Ð�¼êL«�. ,
, 3Ø½È©nØ¥k��

ék¿Â���(J: ��kn¼ê�Ø½È©Ñ´Ð�¼ê. Ïdé�
U
ÏLC

�z�kn¼ê�¼êa, ÙÈ©�´Ð�¼ê.

4.2.1 kn¼ê�Ø½È©

¤¢kn¼ê´���©f!©1Ñ´ x �õ�ª�©ª P (x)
Q(x) , Ù¥

P (x) = anx
n + an−1x

n−1 + · · ·+ a0, an 6= 0;

Q(x) = bmx
m + bm−1x

m−1 + · · ·+ b0, bm 6= 0.

e n > m, ¡ P (x)
Q(x) �knb©ª; e n < m, K¡ P (x)

Q(x) �kný©ª.

dõ�ª�Ø{´�, ?Ûknb©ª�L«���õ�ª���kný©ª�

Ú. duõ�ª��¼ê´uO�, Ù(JE´��õ�ª. Ïd, ¦kn¼ê�Ø½È

©, �I�Äkný©ª�Ø½È©.

kný©ª�Ø½È©, ��e¡ü�áu�êÆ�¯¢, ùpØ�y².

½n 4.5 (õ�ªÏª©)) 3¢ê��S, ?Û¢Xê�õ�ª Q(x) �©)�

Q(x) = bm(x− α1)r1 · · · (x− αk)rk(x2 + β1x+ γ1)s1 · · · (x2 + βlx+ γl)
sl ,

ùp r1 + · · · + rk + 2s1 + · · · + 2sl = m, ¤k� αi, βj , γj Ñ´¢ê, � β2
j − 4γj < 0

(j = 1, 2, · · · , l).

½n 4.6 � P (x) Ú Q(x) ©O´ n Ú m g¢Xêõ�ª, ¿� n < m. e Q(x)

®©)�½n4.5¥�/ª, K�3¢ê Ai,j , Bi,j , Ci,j, ¦�

P (x)

Q(x)
=

A1,1

(x− α1)
+ · · ·+ A1,r1

(x− α1)r1
+ · · ·+ Ak,1

(x− αk)
+ · · ·+ Ak,rk

(x− αk)rk

+
B1,1x+ C1,1

(x2 + β1x+ γ1)
+ · · ·+ B1,s1x+ C1,s1

(x2 + β1x+ γ1)s1
+ · · ·

+
Bl,1x+ Cl,1

(x2 + β1x+ γl)
+ · · ·+ Bl,slx+ Cl,sl

(x2 + βlx+ γl)sl
.

{ü/`, e Q(x) �©)¥kÏª (x− α)r, K P (x)
Q(x) �Ü©©ª©)¥�¹X�:

A1

x− α
+ · · ·+ Ar

(x− α)r
;
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e Q(x) �©)¥kÏª (x2 + βx+ γ)s (Ù¥ β2 − 4γ < 0), K P (x)
Q(x) �Ü©©ª©)¥

�¹e�/ª��:

B1x+ C1

x2 + βx+ γ
+ · · ·+ Bsx+ Cs

(x2 + βx+ γ)s
.

XÛé��kn¼ê?1©), �kb�kn¼êkþã©)L�ª, Ù¥¤k�

~ê Ai, Bi, Ci �½. ,�?1Ï©, '�Ï©�©f��g��Xê, (½¤k�½

�~ê. ùÏ~¡��½Xê{. ½n 4.6 �y
�½Xê´�½U
(½�.

½n 4.6 �Ì��^´ò���kný©ª©)�,
�{ü�kn¼ê�Ú, d

d�ò¦ P (x)
Q(x) �Ø½È©�¯K, z�¦±eü«AÏa.�Ø½È©:

(i)

�
1

(x− α)k
dx; (ii)

�
Bx+ C

(x2 + βx+ γ)k
dx.

Ù¥ k �g,ê, 
 β2 − 4γ < 0.

w,, /X (i) �Ø½È©´Ð�¼ê (5¿, k = 1 9 k > 1 ���/ØÓ). éu

(ii) ¥�Ø½È©, P t = x+ β
2 , a

2 = γ − β2

4 , §�z�

�
Bx+ C

(x2 + βx+ γ)k
dx =

B

2

�
2t

(t2 + a2)k
dt+

(
C − Bβ

2

) �
1

(t2 + a2)k
dt.

� k = 1 �, þªmà�1��Ø½È©´éê¼ê/ª, 1��´���¼ê/ª, ¤

±´Ð�¼ê. � k > 1 �, þªmà�1��Ø½È©�

1

(1− k)
· 1

(x2 + βx+ γ)k−1
+ C,

ù´Ð�¼ê; 
d §4.1 ¥~ 4.1.14 �4íúª�, þªmà�1��Ø½È©�´�

�Ð�¼ê. ù�, ·�Òy²
kný©ª��¼ê (?
?¿kn¼ê��¼ê),

Ñ´Ð�¼ê.

~ 4.2.1 ¦

�
1

x3+1dx.

) �È¼ê�©1�©)�

x3 + 1 = (x+ 1)(x2 − x+ 1).

d½n 4.6, ��
1

x3 + 1
=

A

x+ 1
+

Bx+ C

x2 − x+ 1
,

Ù¥, A,B,C þ´�½�¢ê. òþª�©1, ��ð�ª

A(x2 − x+ 1) + (Bx+ C)(x+ 1) = 1.
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'��ªü>Óg��Xê, k 
A+B = 0,

−A+B + C = 0,

A+ C = 1.

dd�)� A = 1
3 , B = −1

3 , C = 2
3 . (¦ A,B,C ��æ^“��{”. ~X, 3þãð�

ª¥� x = −1, �� A = 1
3 ; � x = 0, � C = 2

3 ; 2� x = 1, �Ñ B = −1
3 .) y3�

1

x3 + 1
dx =

1

3

�
1

x+ 1
dx− 1

3

�
x− 2

x2 − x+ 1
dx

=
1

3
ln |x+ 1| − 1

6

�
d(x2 − x+ 1)

x2 − x+ 1
+

1

2

�
1(

x− 1
2

)2
+ 3

4

dx

=
1

6
ln

(x+ 1)2

x2 − x+ 1
+

1√
3

arctan
2x− 1√

3
+ C.

¦kn¼ê�Ø½È©, �Kþ�k�Ñkn¼ê�Ü©©ª©). �
��ù�

:, �½Xê{´��Ä���{. ,
, �é¯K�A:, æ^·��ð�C/, k�

U�{ü/�Ñ¤I��©). ,��¡, k
¯K¥, æ^þã�Kò�)P�ÚE

,�O�, ·�w�æ^Ù¦�¦)�{, Xe¡�ü�~f.

~ 4.2.2 ¦

�
1

x(x+ 1)(x2 + x+ 1)
dx.

) ·�k

1

x(x+ 1)(x2 + x+ 1)
=

(x2 + x+ 1)− (x+ 1)x

x(x+ 1)(x2 + x+ 1)
=

1

x
− 1

x+ 1
− 1

x2 + x+ 1
,

dd´�¤¦�Ø½È©�

ln

∣∣∣∣ x

x+ 1

∣∣∣∣− 2√
3

arctan
2x+ 1√

3
+ C.

~ 4.2.3 ¦

�
1

x(x8 + 1)
dx.

) ·�k�
1

x(x8 + 1)
dx =

�
1 + x8 − x8

x(x8 + 1)
dx =

�
1

x
dx− 1

8

�
d(x8 + 1)

x8 + 1

= ln |x| − 1

8
ln(x8 + 1) + C.

4.2.2 n�¼êknª�Ø½È©

dn�¼ê9~ê²Lk�goK$��¤�L�ª, ¡�n�¼ê�knª. n

�¼ê�knª�P� R(sinx, cosx), ùp R(u, v) ´'uCþ u, v �kn¼ê, =´

ü�'u u, v ���õ�ª�û.
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n�¼êknª�Ø½È© �
R(sinx, cosx)dx,

ÏLe���UC�

t = tan
x

2
(−� < x <�),

�z�kn¼ê�È©, Ï
ÙØ½È©�´Ð�¼ê. ¯¢þ, ÏL/�UC�0, k

1

1 + t2
= cos2 x

2
,

t2

1 + t2
= sin2 x

2
.

dn�¼ê���úª�

sinx =
2t

1 + t2
, cosx =

1− t2

1 + t2
,

�Ò´ sinx Ú cosx (?
¤kn�knª) ÑU²L/�UC�0L«¤knª. 
²

L�©, k

dx =
2

1 + t2
dt

= x é t ��ê��L«¤knª. dd�ò
�
R(sinx, cosx)dx z�

�
R

(
2t

1 + t2
,
1− t2

1 + t2

)
· 2

1 + t2
dt,

ù´'u t �kn¼ê�Ø½È©, ��L«� t �Ð�¼ê; l


�
R(sinx, cosx)dx

�´ x �Ð�¼ê.

~ 4.2.4 ¦

�
1

5+4 sinxdx.

) - t = tan x
2 , K

5 + 4 sinx =
5t2 + 8t+ 5

t2 + 1
.

l
 �
1

5 + 4 sinx
dx = 2

�
dt

5t2 + 8t+ 5
=

2

3
arctan

5t+ 4

3
+ C

=
2

3
arctan

5 tan x
2 + 4

3
+ C.

éuV­¼êknª�È© �
R(coshx, sinhx)dx

��aq/Ú?�«�UC�

u = tanh
x

2
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òÈ©z�kn¼ê�È©. Öö�¿©|^V­¼êaqun�¼ê��X�5�?

1?Ø.

�Öö5¿, �Kþ, Ø+´n�kn¼ê�´V­kn¼ê, �UC�´?n§�

Ø½È©����{. ��éäN¯K, ·�/A^n�ð�C/£ÚV­¼êaq�

ð�ª¤, �æ^�(¹!{B��{.

~ 4.2.5 ¦

�
sin4 xdx.

) �Kkõ«){; ^�UC�K���¡. ·�üg^��úª, �Ñ�
sin4 xdx =

�
(sin2 x)2dx =

� (
1− cos 2x

2

)2

dx

=
1

4

�
(1− 2 cos 2x+ cos2 2x)dx

=
1

4

� (
1− 2 cos 2x+

1 + cos 4x

2

)
dx

=
3

8
x− 1

4
sin 2x+

1

32
sin 4x+ C.

5P þ¡Ú?�C� t = tan x
2 �AÛ¿Â

-

6

u

v

.......................

.......................

........................

.......................

.......................

......................

......................
.......................

.......................
...................................................................................................................................................................

......................
.

.................
.....

...............
.......

...............
........

.............
..........

.............
...........

............
...........

............

...........

............

...........

............
...........

.............
...........

.............
..........

...............
........

...............
.......

.................
.....

......................
.

....................... ........................ ....................... ....................... ....................... .......................
........................

.......................
.......................

......................

......................

.......................

.......................

........................

.......................

.......................

q
O

.

...............
................x
2 ...........

.......... x

P(u,v)

S

R

ã 4.3

Xe: Xã4.3, 3ü �±þ�: P , §��I�

(u, v), u = cosx, v = sinx, 
 t = tan x
2 , =´�ã

SP (½� |x| > �
2 � SP �ò��) � v ¶��:

R �p�I. Ïd, ü �±þ���: P (u, v) �

ÏLëê t �knª

u =
1− t2

1 + t2
, v =

2t

1 + t2

5L«. §´�± (Ø S :�	) ���¢ê¶£=

v ¶¤�m���éA: � t l −∞ � +∞ �, éA

�: P (u, v) Kl S :Ñu, _����7��±. �±ù��L«, w,Ò´ð�ª

(t2 − 1)2 + (2t)2 = (t2 + 1)2, t ∈ (−∞,+∞)

5¿�, � t ´�ê�, þª�Ñ
 Pythagoras (.�x.d) �ê a = t2 − 1, b =

2t, c = t2 + 1, =÷v�§ a2 + b2 = c2 ��ê) (��½n). AO� t = 2 �,

a = 3, b = 4, c = 5.

4.2.3 Ù¦a.�Ð�¼ê�Ø½È©

XÓc¡�PÒ, P R(u, v) ´'uCþ u, v �kn¼ê, = R(u, v) ´ü�'u

u, v �õ�ª¤/¤�©ª.
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1◦ R(x,
√

1− x2) �Ø½È©

Ø½È© �
R(x,

√
1− x2)dx

�ÏLe���

x = cosu, K
√

1− x2 = sinu, dx = − sinudu

z�n�¼ê�knª�Ø½È©, ùp 0 6 u 6�. 
�öÏL�UC� t = tan u
2 z

�kn¼ê�Ø½È©, ¤���(J´'u t �Ð�¼ê. Ïd, ��|^ü���

��¼ê, Ò�±rR(x,
√

1− x2) �¼ê�Ø½È©L«¤Ð�¼ê.

XJòüg��Üå5

t =

√
1− x
1 + x

,

K

x =
1− t2

1 + t2
,
√

1− x2 =
2t

1 + t2
,

dx

dt
= − 4t

(1 + t2)2

Ò�±��ò�Ø½È©z�kn¼ê�Ø½È©.

2◦ R(x,
√
x2 − 1) �Ø½È©

3Ø½È© �
R(x,

√
x2 − 1)dx

¥, ·�|^V­{u¼ê����,

x = coshu, K
√
x2 − 1 = sinhu, dx = sinhu

òÈ©z�V­kn¼ê�È©. 2¦^V­kn¼ê��UC�, �ªò�Ø½È©

z�kn¼ê�Ø½È©.

3◦ R(x,
√
x2 + 1) �Ø½È©

éuØ½È© �
R(x,

√
x2 + 1)dx

���� x = sinhu, òÙz�V­kn¼ê�Ø½È©; ½ö|^��

u = x+
√
x2 + 1,

�ÚÒ�òÙz�kn¼ê�Ø½È©.

4◦ R(x, n

√
ax+b
cx+d) �Ø½È©

éuùaØ½È©, Ù¥ a, b, c, d ´~ê, � ad 6= bc, ��C�

t =
n

√
ax+ b

cx+ d
, ½ x =

dtn − b
−ctn + a

,
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K dx
dt ´ t �knª. u´

�
R

(
x,

n

√
ax+ b

cx+ d

)
=

�
R

(
dtn − b
−ctn + a

, t

)
dx

dt
dt

z�kn¼ê�È©.
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SK 4.2

1. ¦e�kn¼ê�Ø½È©:

(1)

�
1

x2 + x− 2
dx; (2)

�
x4

x2 + 1
dx;

(3)

�
x3 + 1

x3 − x
dx; (4)

�
1

(x2 + 1)(x2 + x)
dx;

(5)

�
x

(x+ 1)2(x2 + x+ 1)
dx; (6)

�
x2 + 1

x4 + 1
dx;

(7)

�
x5 − x
x8 + 1

dx; (8)

�
x15

(x8 + 1)2
dx.

2. ¦e�n�¼êknª�Ø½È©, Ù¥ a, b ´~ê:

(1)

�
1 + sin x

sinx(1 + cos x)
dx; (2)

�
sin5 x

cosx
dx;

(3)

�
1

sin4 x cos2 x
dx; (4)

�
sin2 x cosx

sinx+ cosx
dx;

(5)

�
sinx cosx

1 + sin4 x
dx; (6)

�
sin2 x

1 + sin2 x
dx;

(7)

�
sinx cosx

sinx+ cosx
dx; (8)

�
1

sin4 x cos4 x
dx;

(9)

�
1

2 sinx+ sin 2x
dx; (10)

�
cosx

a sinx+ b cosx
dx, a2 + b2 6= 0.
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�Ù¤��È©, �¡�½È©. {¤þ, ½È©´�
O�²¡þµ4­��

¤�ã/¡È!½O��m­¡�¡È!­���Ý
�)�. 3�Ù¥, ·�ò

l±½Â3«m [a, b] þ¼ê f(x) �ã��>�­>F/�¡È\Ã, ïáüCþ

¼êÈ©�Ä�g�ÚnØ. ·�ò¬uy, ­>F/�¡È�¼ê f(x) ��¼ê

F (x) (dF (x) = f(x)dx)kX;�éX, l
òÈ©��©;�éXå5. ùÒ´Í¶�

�È©Ä�½n))Newton-Leibniz úª.

§5.1 È©

5.1.1 È©�½Â

Äk, ·�òÏL­>F/¡È�O�5ÚÑÈ©�½Â. ¤¢“­>F/” ´�X

ã 5.1))5.3 ¤«��«ã/. ��5`��¼ê y = f(x), x ∈ [a, b] ¤L«�ã/C

Xe�¡È�±¿©¤e�ã/�/ª½­>�e�aqã/. Ïd, ���Äz��

­>F/�¡ÈÒ�±
.

ã 5.1 ã 5.2

.

...............................
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.................
..............
..........
........ ....... ....... ........ ............
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..

.............
......
.............. .......... ......... ........ ......... ..........

............
............... .
.........................

......................

...................
...............
............
.......... ........ ....... ........ ......... ............

..............
.
.............
.....

.............
........

.............
...........

.............
.............
.

............

............

......

............

............

.........

ã 5.3

�½�����IX Oxy, ¦¤�Ä�­>F/dëY­� y = f(x) (f(x) > 0)

� x ¶, ü�� x = a 9 x = b ¤�¤ (Xã5.4).

x

y

a b

y = f(x)

ã 5.4

x

y

a b

y = f(x)

ã 5.5

�*þw,XJ·��Éù��b�: ù«ã/�¡È´��k(½¿Â�ê,@o

y3�ó�Ò´¦Ñù�ê. �d3 a � b �m�\ n− 1 �©�: x1, x2, · · · , xn−1
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¿P x0 = a, xn = b, ù� a = x0 < x1 < x2 < · · · < xn−1 < xn = b ¡�«m [a, b]��

�©�. 3z��©�:þxÑ� x ¶R����, u´¤`�­>F/�©¤ n �

�/�^0£Xã5.4¤.

�´¦ù
��^¡È�JÝ¿�ü$, Ïd�±�Ä^��Ý/5�Cq£X

ã5.5¤. �(�/`, ·�3z��«m [xi−1, xi] ¥?¿���: ξi, Kz��¬Ý/

�p� f(ξi), °� xi − xi−1, Ïd¡È´ f(ξi)(xi − xi−1), §��oÚP�

Sn = f(ξ1)(x1 − x0) + · · ·+ f(ξn)(xn − xn−1)

=
n∑
i=1

f(ξi)∆xi.

Ù¥ ∆xi = xi − xi−1 (i = 1, 2, · · · , n). Ïd Sn �À�­>F/¡È�Cq�. XJ�

«m [a, b] ©���5�[, =Ã�«m����Ýª�u"�,/Cq�0 Sn ªu�

�(½�4�, @où�4��ATÒ�±½Â�­>F/�¡È.

e¡·��Ñî��½Â.

½Â 5.1 �¼ê f(x) 34«m [a, b] þk½Â. ^©�

T : a = x0 < x1 < · · · < xn−1 < xn = b

£xi, i = 1, · · · , n ¡�©�:¤ò«m [a, b] ©�¤ n ��«m [xi−1, xi](i = 1, · · · , n).

3z��«m [xi−1, xi] þ?��: ξi, ¿P

‖T‖ = max
16i6n

∆xi, ∆xi = xi − xi−1

@o

Sn(T ) =
n∑
i=1

f(ξi)∆xi,

¡�¼ê f(x) 3«m [a, b] þéAu©� T ���Riemann£iù¤Ú, ‖T‖ ¡�©�
�/�0½/°Ý0.

XJk¢ê I ¦�é?¿���ê ε > 0, �3 δ > 0, ��©� T ÷v ‖T‖ < δ ,

ÃØ: ξi ∈ [xi−1, xi], i = 1, 2, · · · N�À�, Ñk

|Sn(T )− I| =

∣∣∣∣∣
n∑
i=1

f(ξi)∆xi − I

∣∣∣∣∣ < ε

@o¡¼ê f(x) 3«m [a, b] þ�È; ¿¡I � f(x) 3 [a, b] þ�È©, P�

I =

� b

a

f(x)dx.

k��¡� ‖T‖ → 0 �, Riemann Ú Sn(T ) �4�´I.



162 1 5 Ù üCþ¼ê�È©Æ

5¿�½Â%¹
ü�“?¿5”µ�´©��?¿5, �´: ξi ∈ [xi−1, xi], i =

1, 2, · · · À��?¿5.

d½Â·�á=w�, ¼ê�È±9§�È©, �N�´¼ê3��«mþ��

N5�£ù�¼ê���5����¤. ¢Sþ, XJP qi = 1
b−a∆xi, K qi > 0 (i =

1, · · · , n),
n∑
i=1

qi = 1. @o, f 3 [a, b] þ�È, ¿�X¼ê3«m [a, b] þ n �:���

f(ξi) �\�²þ
n∑
i=1

qif(ξi) äk�«Ð�5�: 3 max
16i6n

qi → 0 �k4�.

È©�þã½Â´�Ê­V�IêÆ[ Riemann£iù¤�Ñ�, ÏdXJ3,�

«mþ�¼ê3ù�¿Âe�È, �¡ù¼ê3¤`�«mþ Riemann �È, �A�È

©¡� Riemann È©.£¦^ù�¶¡, �´�
«©þãÈ©�Ù§È©Vg.¤

PÒ
� b
a f(x)dx ¥, È©Ò�Au¦ÚÒ

∑
, 
�����N, f(x)dx �Au

f(ξi)∆xi, ¡��ÈL�ª, f(x) ¡��È¼ê, x ¡�È©Cþ, a � b ©O¡�È©

e��È©þ�.

N´w�, ^N��i15L«È©Cþ, ´��Ã';��. Ïd, �±ò� b
a f(x)dx �¤

� b
a f(t)dt, ½

� b
a f(u)du. ·�^BJ�e, �

� x
a f(x)dx ½

� b
x f(x)dx ù

��L�ª, Ù¥�Ó�i1Q^5L«È©Cþ, q^5L«È©�þ (e) �, ùk

�òÚåØ), Ï
A�;�¦^.

È©´¡È!́ §ù
äN¯K�êÆÄ�, §²(
ù
�*Vg�êÆ¹Â,

�¯K���vký�)û. ·�8cØ��=
¼ê�È; �Ø��, ���¼ê3

,�«mþ�È�, N�¦Ñ�A�È©�.

5.1.2 �È¼êa

�o��¼ê�È, ´ÄU�Ñ��{²�OK�O��¼ê3,�«mþ�È,

ù
¯KØ´��{ü¯K. Äk�Ñ¼ê�È���Ä��7�^�, §�Ñ
�È

¼ê�����.

½n 5.2 e¼ê f(x) 3«m [a, b] þ�È, K f(x) 3 [a, b] þk..

y² �â½Â, �È¼ê� Riemann Ú Sn(T ) � ‖T‖ → 0 �k4� A, ¤±é

ε = 1, �3�ê δ, �½«m [a, b]þ÷v ‖T‖ < δ ���©� T : a = x0 < x1 < · · · <
xn−1 < xn = b,, Òk ∣∣∣∣∣

n∑
i=1

f(ξi)∆xi

∣∣∣∣∣ 6 |A|+ 1

5¿�þªéu?¿�|: (ξ1, ξ2, · · · , ξn), ξi ∈ [xi−1, xi] Ñ¤á.

bX¼ê f(x) 3 [a, b] þÃ., K f(x) 73,�f«m [xk−1, xk] þÃ.. y32
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�½ ξi ∈ [xi−1, xi], ùp i = 1, · · · , n, � i 6= k , �3 ξk �?¿5, d�

|f(ξk)|∆xk 6

∣∣∣∣∣∣
∑
i6=k

f(ξi)∆xi

∣∣∣∣∣∣+ |A|+ 1

é?¿ ξk ∈ [xk−1, xk] ¤á. þª�m>´���½�ê. Ïd� f(x) 3 [xk−1, xk] þ

Ã.gñ. �

½n 5.2 U
^u�ä,
¼ê3�½�«mþØ�È, �´½n 5.2 �_¿Ø�

(. ~X, Dirichlet ¼ê£�§2.1¤3?�«m [a, b] þk., �´, ��|^½ÂÒ��

ä§3 [a, b] þ´Ø�È�, �Öög1�¤y².

y3, ·�Û�ÑAa­��Ä���È¼êa, éuù
äó��
y²ò3

§5.2 !?Ø¼ê�È5�Å��¤.

½n 5.3 4«m [a, b] þëY�¼ê£Ï
´k.�¤, 3 [a, b] þ�½´�È�.

½n 5.4 e f(x) 34«m [a, b] þk., �3ù«mþ�õ�kk��mä:,

K f(x) 3 [a, b] þ�È.

½n 5.5 e f(x) ´4«m [a, b] þ�üN¼ê£ù%¹
 f 3 [a, b] þk.¤,

K f(x) 3 [a, b] þ�È.

½n 5.3 ´�È5nØ¥��Ä��(J. AO/, ù�½n�y
 (­>F/) ¡

È�êÆ½Â�Ün5. ´uw�£ã5.6¤, XJ [a, b] þ�ëY¼ê f Øð��, È©� b
a f(x)dx �k²
�AÛ¹Â.

+_
+

x

y

ã 5.6

x

y

a b

ã 5.7

½n 5.4 ´½n 5.3 ���í2. §L²�È¼êa'ëY¼êa�. Ï�ëY¼

ê´z�:Ñ�¦ëY, 
È©´��/È\0�4�, ¤±éu3eZ:k
¯Kÿ�

N=. ã5.7 ´��äkk��mä:�­�¤CX�¡È�«¿ã.

½n 5.5 3nØþ�$�­�. ·�3dJ9§, Ì�´F"Öö
): �È�¼ê
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��±kÃ¡õ�mä:. ~X, ¼ê

f(x) =


1
n ,

1
n+1 < x 6 1

n (n = 1, 2, · · · )

0, x = 0
,

3 1
2 ,

1
3 ,

1
4 , · · · ùÃ¡õ�:þmä; �3«m [0, 1]þ, f üNO�k., Ïd�È. ·�

5¿, �k�¼ê3 [a, b] þkÃ¡õ�mä:�, ½n 5.5 âw«ÑÙ¿Â.

5P lþ¡�©Û�±wÑ, �È¼êa�)
kk��mä:�k.¼ê, $

��)
þã~f¥kÃ��mä:�üNk.¼ê. �´ Dirichlet ¼ê`²�,§

´��k.¼ê, %´Ø�È�. �Ï´ Dirichlet ¼ê??mä. g,¬¯, ´Ä�

±ÏL°(�y“mä:�õ�” 5«©¼ê��È½Ø�È. �Y´�½�, ùÒ´

Lebesgue ½n. T½n���¹Â´¼ê�È�¿©7�^�´3«m [a, b] þ¼ê�

mä:�¤�:8�“o�Ý” � 0£�����á1nþ¤.

5.1.3 È©�Ð�~f

k�
Ä��­��¼ê, U
ÏL½Â5O�§��È©. �
Qã�B, ·�

æ^È©½Â¥�PÒ, 
ØAO�².

~ 5.1.1 «m [a, b] þ�~�¼ê f(x) = c �È©´
� b

a

c dx = c(b− a).

y² Ï�~�¼ê3?Û:��Ñ´���, ¤±

Sn =
n∑
i=1

f(ξi)∆xi = c
n∑
i=1

∆xi = c(b− a).

Ïd� ‖T‖ → 0 �, Sn k4�, �4�� c(b− a). � c > 0 �, d~�AÛ¿Â�: �!

°©O� c � b− a �Ý/�¡È´ c(b− a), ù�Ð�AÛ¥�½Â��.

~ 5.1.2 � a < b, y²
� b

a

x dx =
1

2
(b2 − a2).

y² Ï�¼ê f(x) = x ëY, ¤±�È. =ÃØæ��o��«m©��ª±9

ÃØ��o��: ξi, éA� Riemann Ú�4��½�3. 3dcJe, �
^½ÂO

�È©, ·��ÀJ,«AÏ�©��ª, �AÏ�: ξ, ±Bu?n�A� Riemann

Ú. ùp·�ò«m [a, b] ^©�:

a, a+ h, a+ 2h, · · · , a+ (n− 1)h, b = a+ nh
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y©� n �°, Ù¥ h = b−a
n . òz��«m�mà:�� ξi, K�A�È©Ú�

Sn = (a+ h)h+ (a+ 2h)h+ · · ·+ (a+ nh)h

= nah+
1

2
n(n+ 1)h2

= a(b− a) +
1

2

(
1 +

1

n

)
(b− a)2.

�� n→∞ �, Sn → 1
2(b2 − a2).

-

6

x

y

.............................................................

..........................................................................................................................................................................

a b

ã 5.8

-

6

x

y

a b

ã 5.9

~ 5.1.3 � a < b, y²
� b

a

x2 dx =
1

3
(b3 − a3).

y² Ï��È¼ê f(x) = x2 ëY, ¤±Ú1��~f�nd��, ¿æ^�Ó

�©�:9: ξ, �ÑÈ©Ú

Sn = (a+ h)2h+ (a+ 2h)2h+ · · ·+ (a+ nh)2h

= na2h+ n(n+ 1)ah2 +
1

6
n(n+ 1)(2n+ 1)h3

= a2(b− a) +

(
1 +

1

n

)
a(b− a)2 +

1

6

(
1 +

1

n

)(
2 +

1

n

)
(b− a)3.

dd´� lim
n→∞

Sn = 1
3(b3 − a3).

�K`²: �Ô� y = x2, � x ¶, ±9ü�� x = a Ú x = b �¤�­>F/�

¡È� 1
3(b3 − a3)£ã5.9¤. ù�(J@3 Archimedes£CÄ��, ú�c287c)ú�

c212c¤��Ò®��.

~ 5.1.4 ¦ f(x) = sin x 3«m [a, b] þ�È©.

) Äk, f(x) = sin x ´ëY¼ê, ¤±�½�È. 3dcJe, ��1��~f¥

���©�:, ¿òz��«m�mà:�� ξi, K Riemann Ú�

Sh = h[sin(a+ h) + sin(a+ 2h) + · · ·+ sin(a+ nh)]

=
h

2 sin h
2

[
cos

(
a+

h

2

)
− cos

(
a+

2n+ 1

2
h

)]
=

h

2 sin h
2

[
cos

(
a+

h

2

)
− cos

(
b+

h

2

)]
.
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þª�í�L§¥, é

2 sin
h

2
[sin(a+ h) + sin(a+ 2h) + · · ·+ sin(a+ nh)]

¥�z��, |^n�¼ê�ÈzÚ�úªÒ��1���ª, �� h Ø´ 2� ��ê.


1���ª^�
 b = a+ nh. Ïd� h→ 0 �, þª��à�1��Ïf

h

2 sin h
2

→ 1,

¤±k � b

a

sinx dx = −(cos b− cos a).

Ón��±�� � b

a

cosx dx = sin b− sin a.

e¡�~f, �9�{ü�ØëY¼ê�È©, ·�3�¡�?Ø¥�òJ�§.

~ 5.1.5 � a < b, 
 c ÷v a 6 c 6 b. �Ä¼ê

J(x) =

0, x ∈ [a, b], x 6= c,

1, x = c.

y²
� b
a J(x) dx = 0.

y² J(x) =3�: x = c ?mä; d½n 5.4 �, J(x) 3 [a, b] þ�È, Ïd, é

«m [a, b] �?¿��©� a = x0 < x1 < · · · < xn = b Ú?¿�: ξi ∈ [xi−1, xi] (1 6

i 6 n), 4�

lim
‖T‖→0

n∑
i=1

J(ξi)∆xi

o´�3�. AO,�ù�� ξi(1 6 i 6 n), ¦§�;m: c , = ξi 6= c(1 6 i 6 n), @o

¼ê J(x) 3ù��:þ÷v J(ξi) = 0(1 6 i 6 n), ¤±þã4���0, �Ò´ J(x)

3 [a, b] þ�È©� 0.

5.1.4 È©�Ä�5�

�±wÑ, ±þz��~fÑ´�â½Â, æ�AÏ�{?n�, w,Øäk��

5. �d, ·�ò?�Ú?ØÈ©��
Ä�5�. �ª�ÑO�È©���5�(J.

½n 5.6 � a < c < b. XJ¼ê f 3«m [a, b] þ�È, K f 3«m [a, c] Ú

[c, b] þþ�È. �L5, e f 3 [a, c] Ú [c, b] þ�È, K f 3 [a, b] þ�È. f 3n�«

mþ�È©÷v � b

a

f(x) dx =

� c

a

f(x) dx+

� b

c

f(x) dx.
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T5�¡�È©�«m�\5, AÛþwÒ´¡È��\5. �[y²� §5.2!.

ùpI����­�`²: �d·�=é a < b ��/½Â

� b
a f(x) dx. �
8��

�B, �I�3 a = b 9 a > b ��/D�ÎÒ
� b
a f(x) dx ²(�¿Â: ½Â��ªA

¦�½n 5.6 ¥È©�«m�\5úª�±¤á. Ïd, � c = a �� b

a

f(x)dx =

� a

a

f(x)dx+

� b

a

f(x)dx.

¤±¯k½Â � a

a

f(x) dx = 0

´Ün�. XJ� b < a, K½Â� b

a

f(x) dx = −
� a

b

f(x) dx

ù�, È©�½Â¥þe�Òvk
���©, 
�é�3�È«m��S�?¿n�

ê a, b, c, ½n 5.6 ¥��\5Ñ¤á£��5¿ a, b, c �^S¤.

íØ 5.7 �¼ê f(x) 3«m [a, b] þ�È, K f 3[a, b] �?Ûf«m [a′, b′] ⊆
[a, b] þ��È.

ù´Ï�d½n 5.6 ,Äk�¼ê3«m [a, b′]þ�È,2gA^½n 5.6�3 [a′, b′]

þ��È.

½n 5.8 �¼ê f Ú g 3«m [a, b] þ�È. K

1◦ é?¿~ê α, β, ¼ê αf + βg 3 [a, b] þ�È, �� b

a

(αf(x) + βg(x)) dx = α

� b

a

f(x) dx+ β

� b

a

g(x) dx;

2◦ ¼ê f · g 3 [a, b] þ�È.

½n 5.8 ¥�1��(Ø�y²´w,�, �Öög1�¤. ¡��È©��55

¿´uí2�eZ��È¼ê�/: =eZ��È¼ê�/�5|Ü0E,�È, ¿�È

©�Ò�uùeZ�¼ê�È©�/�5|Ü0. AOd f(x) �È, �íÑ αf(x) �È,

� � b

a

αf(x) dx = α

� b

a

f(x) dx,

=�ÈL�ª¥�~êÏf�J��È©Ò�	.

d½n 5.8 ¥� 1◦, �UíÑ�È¼ê�����5¿�Ä�5�: �Ä~ 5.1.5

¤½Â�¼ê J(x), §3�È�È©� 0 ; ?
, é?¿~ê α, ¼ê αJ 3 [a, b] þ�

È�
� b
a αJ(x) dx = 0. ò αJ \��� (3 [a, b] þ) �È�¼ê fþ, ¤��¼êE,

�È, ¿� � b

a

(f(x) + αJ(x)) dx =

� b

a

f(x) dx.
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dd��, UC�È¼ê f(x)3�:?£?
k��:?¤��, Ø¬»�Ù�È5, �

ØUCÙÈ©�.

½n 5.8 ¥1��(Ø�y²33 §5.2 !?1. §L²ü��È¼ê�¦ÈE,

�È. ,
, È©
� b
a f(x)g(x) dx ��ØU^

� b
a f(x) dx �

� b
a g(x) dx 5L«, ��
ó,

� b

a

f(x)g(x) dx 6=
� b

a

f(x)dx ·
� b

a

g(x) dx.

½n 5.9 �¼ê f(x) Ú g(x) 3 [a, b] þ�È.

1◦ eé¤k x ∈ [a, b] k f(x) > 0, K
� b

a

f(x) dx > 0;

2◦ eé¤k x ∈ [a, b] k f(x) 6 g(x), K
� b

a

f(x)dx 6
� b

a

g(x) dx;

3◦ ¼ê |f(x)| 3 [a, b] þ��È, �k∣∣∣∣� b

a

f(x) dx

∣∣∣∣ 6 � b

a

|f(x)| dx.

3½n 5.9 ¥, 1◦ ¡�È©��Ò5, �dÈ©�½Â��íÑ5. 2◦ ¡�È©�

üN5, §´ 1◦ 9½n 5.8 ¥ 1◦ �w,íØ.

��5¿�´, �
� b
a f(x) dx Ø´O��, 2◦ �Ñ
�Où�È©���Ä��

K: 3 [a, b] þ, �Ñ f(x) ���¦�UÐ� (�È�) þ.¼ê g(x), ¦�
� b
a g(x) dx

´uO�, ù  U��
� b
a f(x)dx ��°(�þ.. Ó���K�,�·^u�O� b

a f(x) dx �e..

3◦¥1��äóL², ýé�$��±�È5, ù´�È5nØ¥éÄ��¯¢. ²

L §5.2 !�?Ø��, ò¬éN´�Ñy².

d½n 5.9¥� 2◦ 9~ 5.1.1�á=�Ñe�(Ø,§�´È©���{²���.

½n 5.10 �¼ê f 3«m [a, b] þ�È, M 9 m ©O´ f 3 [a, b] þ���þ

.9��e., =é¤k x ∈ [a, b], k

m 6 f(x) 6M,

K

m(b− a) 6
� b

a

f(x) dx 6M(b− a).

e¡�5�¡�È©Æ�¥�½n, §�Ñ
ëY¼ê�È©ù��N�þ, �Ù

ü�¼ê���«{²�éX.
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½n 5.11 (È©¥�½n) �¼ê f(x) 34«m [a, b]þëY, K�3 ξ ∈ [a, b],

¦�

� b

a

f(x) dx = f(ξ)(b− a).

y² d f 34«m [a, b] þëY, l
§3ù�«mþk��� M ���� m,

u´dþãíØ��

m 6
1

b− a

� b

a

f(x) dx 6M.

�âëY¼ê�0�½n, 3«m [a, b] þ�3�: ξ, ¦� f(ξ) TÐ�u¤¢�È©

²þ� 1
b−a

� b
a f(x) dx, ùÒ´�y²�(J. �

±þn�½nÑkXm²�AÛ¿Â, �ÖögC±ã¿��)º.

·�^BJA^'uÈ©¥�½n�5º. Äk, ½n¥� ξ, ¯¢þ��3«m�

SÜ, = a < ξ < b; Ùg, ½n¥ëY5�^�´7Ø���; ��, ¥�½n�k��

k��“\�” í2, ù�´È©Æ¥��5¿�(J. ¤kù
, �Ööë�SK5.1 ¥

1 7 KÚ1 9 K.

5.1.5 �È©Ä�½n

�¼ê f(x) 3«m [a, b] þ�È. d½n 5.6 �íØ��, é?�«m [a′, b′] ⊆
[a, b], f 3 [a′, b′] þ��È, ÙÈ©�6uÈ©� a′ Ú b′, =´ü�È©� a′ Ú b′ �¼

ê. �
�B/?Ø (È©) éuÈ©��ù«�6'X, ·�òe������½�

ê; S.þÒ�� a, 
þ�K^ x 5L«, ±L²·�òþ�w�Cþ. u´, ·�P

ϕ(x) =

� x

a

f(t)dt, a 6 x 6 b.

Ï�éz� x ∈ [a, b], þªmàþ��(½
��ê���éA, Ïd ϕ(x) ´ [a, b] þ

���#�¼ê, ¡�Cþ��È©.

5¿,/Cþ�È©0Ø´��#�È©, �ØL´3«m [a, x] þ�½È©, Ù¥,

È©�þ�k���¹Ä���.

½n 5.12 �¼ê f(x) 3 [a, b] þ�È, K f(x) �Cþ�È© ϕ(x) 3«m [a, b]

þëY.

y² du f 3 [a, b] þ�È, ¤± f 3ù«mþk., =�3 M ¦� |f(t)| 6
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M, ∀t ∈ [a, b]. � x0 ∈ [a, b], Ké?¿� x ∈ [a, b], k

|ϕ(x)− ϕ(x0)| =
∣∣∣∣� x

a

f(t)dt−
� x0

a

f(t)dt

∣∣∣∣
=

∣∣∣∣� x0

a

f(t)dt+

� x

x0

f(t)dt−
� x0

a

f(t)dt

∣∣∣∣
=

∣∣∣∣� x

x0

f(t)dt

∣∣∣∣ 6 ∣∣∣∣� x

x0

|f(t)|dt
∣∣∣∣ 6M |x− x0|.

5¿, �â½n 5.6�`², ÃI«© x > x0 ½ x < x0. Ïd, ?����ê ε > 0,

��� δ = ε
M , K� 0 < |x− x0| < δ �, Òk |ϕ(x)− ϕ(x0)| < ε, ùÒy²
 ϕ(x) 3

x = x0 ?ëY. �

½n 5.13 �¼ê f(x) 3 [a, b] þ�È, x0 ∈ [a, b].

1◦ e f(x) 3 x = x0 ?ëY, K f(x) �Cþ�È© ϕ 3 x = x0 ?��, �

ϕ′(x0) = f(x0).

2◦ e f(x) 3«m [a, b] þëY, K f(x) �Cþ�È©3 [a, b] þ��, ¿�

ϕ′(x) = f(x), a 6 x 6 b, ½ dϕ(x) = d

� x

a

f(t)dt = f(x)dx,

= ϕ(x) ´ f(x) ����¼ê. ¤±·��kù��(Ø: ëY¼ê�½k�¼ê.

y² Äk�Ä x0 Ø´à: aÚ b ��/. du f 3 x0 ?ëY, Ké�½�

ε > 0, k���ê δ, ¦�3 |t− x0| < δ � a 6 t 6 b �,

|f(t)− f(x0)| < ε.

Ïd, e 0 < |x− x0| < δ 
� a 6 x 6 b, K∣∣∣∣ϕ(x)− ϕ(x0)

x− x0
− f(x0)

∣∣∣∣ =

∣∣∣∣ 1

x− x0

� x

x0

[f(t)− f(x0)]dt

∣∣∣∣ < ε.

ùÒ��y�
 ϕ′(x0) = f(x0).

e x0 � a ½ b, òþ¡�y²�w,�?U, BU�Ñ¤`�(J. ½n¥� 2◦ ´

1◦ ���í2. �

éuëY¼ê f(x) 5`, Ï� ϕ(x) ´ f(x) ����¼ê, ¤± f(x) �?¿��

�¼ê F (x), Ñ�±L«� F (x) = ϕ(x) + c. ù�Òk
e¡�­�(J.

½n 5.14 � f(x) ´«m [a, b] þëY¼ê, K

1◦ f(x) �?¿���¼ê F (x)£= dF (x) = f(x)dx¤Ñ�±L«¤e�/ª

F (x) = ϕ(x) + c =

� x

a

f(t)dt+ c
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2◦ e F (x) ´ f(x) ����¼ê, K

� b

a

f(x)dx = F (b)− F (a).

ù��ª�~L«� � b

a

f(x)dx =

� b

a

dF = F (x)
∣∣∣b
a

ùÒ´ Newton—Leibniz úª, �¡��È©Ä�½n. §�«
�yÛÜ5��

�©��N�N5��È©ùü�Vg�m����p_'X.

���J�´: l½Â5w, �¼ê (=�©�_$�) Ú (½) È©��´ü�¯

�, 3�«
§��m�'X�, ·�âknd¦^“Ø½È©” ù�â�¡��¼ê,

¿��ò�¼ê��NP�
�
f(x) dx.

lO�þw, XJ�±O�¼ê f �Cþ�È©, K�¦Ñ f ����¼ê. ��,

�O���¼ê f(x) �È©, XJ·���§����¼ê F (x), KÈ©Ò´�¼ê

3È©þ!e�����. ÏdUÄA^ Newton—Leibniz úªO�È©, '�3uU

Äk�{¦Ñ���¼ê F (x) ÷v½n 5.14 ��¦, ù�´1 4 Ù¥ó����d

�. ~X, éu

F (x) =
x3

3
Ú f(x) = x2,

K3 [a, b] þk F ′(x) = f(x), ddÒ¦Ñ
c¡~5.1.3 ¥�È©. (aq/�¦�

~5.1.1 Ú~5.1.2 ¥�È©.)

�, Newton—Leibniz úª´�È©�Ä�½n, �lO�È©�Ýw, Ek~	

u). ùÌ�kü��¡��Ï. �´�3�
ëY¼ê£~X·�31 4 Ù¥®J�

L� f(x) = e−x
2
¤, �,§���¼ê�½�3, ��¼êØUL«¤�Ð�¼ê. �

´�3Nõ¼ê, �,3�½�«mþ�È, �%vk�¼ê, Ïd, O�ùüa¼ê�

È©�, ÒÃ{A^ Newton—Leibniz úª. ~X, ��~5.1.1—~5.1.3 �é', ~5.1.4

¥�¼ê J(x), 3¤`�«mþBvk�¼ê, Ïd·�ØU��^ Newton—Leibniz

úª5O�~5.1.4 ¥�È©.

du Newton—Leibniz úª�­�5, ·�ÏdJ9eã(J, §3�f�^�e

�Ñ
�Ó�(Ø.

½n 5.15 �¼ê f(x) 3 [a, b] þ�È, ¼ê F (x) 3 [a, b] þëY, 3 (a, b) S

��, �

F ′(x) = f(x), a < x < b.

K � b

a

f(x)dx = F (b)− F (a).
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y² � T : a = x0 < x1 < · · · < xn−1 < xn = b ´«m [a, b] �?��©�. K

n∑
i=1

(F (xi)− F (xi−1)) = F (b)− F (a).

w, F (x) 3z��«m [xi−1, xi] þ÷v�©¥�½n�^�. Ïd, �3 ξi ∈
(xi−1, xi), ¦�

F (xi)− F (xi−1) = F ′(ξi)∆xi = f(ξi)∆xi.

u´
n∑
i=1

f(ξi)∆xi = F (b)− F (a).

þª�>´�Au©� T ��� RiemannÚ.du f(x)3 [a, b]þ�È,�� ‖T‖ → 0

�, ù�È©Úªu
� b
a f(x)dx, l
�Ñ
¤`��ª. �

5.1.6 È©�O�

A^ Newton—Leibniz úªO�È©, �Kþ�I¦Ñ�È¼ê��¼ê£=Ø½

È©¤. 
O�Ø½È©�ü�­��{))��{Ú©ÜÈ©{�´�©¥EÜ¼ê

¦�{K�¼ê¦È¦�� Leibniz {K�_$�. ÏL Newton—Leibniz úª, �±

��ò�©¥ü�­��5��N�È©¥5, =ïáÈ©���{Ú©ÜÈ©{. ù

ü��{, ´È©nØ¥�~Ä�Ú­��(J, Öö�ÏLùü�{K�y², 2gN

¬�©�È©�'X.

½n 5.16 (È©���{K) �¼ê f(x) 3«m [a, b] þëY, 
¼ê x = ϕ(t)

÷ve¡^�

1◦ ϕ(α) = a 9 ϕ(β) = b, �� t l α C� β �, x = ϕ(t) ¤(½���Ü¹u«

m [a, b];

2◦ ¼ê ϕ(t) 3«m [α, β]£½ [β, α]¤þkëY��û ϕ′(t). Kke¡���ú

ª � b

a

f(x)dx =

� β

α

f(ϕ(t))ϕ′(t)dt.

y² Äk� α < β. d½n¥�^���, þªüà�È©Ñ�3, �¼ê f(x)

Ú f [ϕ(t)]ϕ′(t) ©O3«m [a, b] 9 [α, β] þk�¼ê. � F (x) ´ f(x) (3 [a, b] þ) �

���¼ê, K�âEÜ¼ê�¦�{K��, F (ϕ(t)) ´ f(ϕ(t))ϕ′(t) 3 [α, β] þ��

��¼ê. d Newton–Leibniz úª, ·�k

� b

a

f(x)dx = F (b)− F (a),
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±9 � β

α

f [ϕ(t)]ϕ′(t)dt = F [ϕ(β)]− F [ϕ(α)] = F (b)− F (a).

ùÒy²
¤`��ª.

� α > β �y²�aq/?1. �

5P �Ø½È©���{�', ½È©���{�{üNõ. Ïcö�ªAò#

Cþ�£�5�È©Cþ, 
3½È©���{¥KÃIù��. Ïd, ½n 5.16 ¥Ø

�¦CþO�¼ê x = ϕ(t) k�¼ê£Á'�§4.1, ½n 4.3¤. d	, �Öö5¿, ½

n 5.16 ¥, #�È©þ!e�£= α Ú β¤���Ã';�, ù´Ï�, ½n�y²��


 Newton)Leibniz úª, 
ù3£È©¤e��uþ��E,¤á.

½n 5.17 (È©�©ÜÈ©{) �¼ê u(x) Ú v(x) 3«m [a, b] þkëY��

û u′(x) � v′(x), K

� b

a

u(x)v′(x) dx = u(x)v(x)
∣∣∣b
a
−
� b

a

u′(x)v(x) dx,

½ö�¤ � b

a

u(x) dv(x) = u(x)v(x)
∣∣∣b
a
−
� b

a

v(x) du(x).

y² d�©¥�¦�{K��

(u(x)v(x))′ = u′(x)v(x) + u(x)v′(x),

d®�^���, þª�ü>Ñ´ëY�, Ïd�È. éþªü>?1È©, ¿^

Newton)Leibnizúª, Ò��Ñ½n(J. �

~ 5.1.6 O�

� 2

0

|x3 − 1| dx.

) ÄkA^È©�«m�\52©OA^ Newton)Leibniz úª, �Ñ
� 2

0

|x3 − 1|dx =

� 1

0

|x3 − 1|dx+

� 2

1

|x3 − 1|dx

=

� 1

0

−(x3 − 1)dx+

� 2

1

(x3 − 1)dx

= −
� 1

0

x3dx+

� 2

1

x3dx

= −1

4
x4
∣∣∣1
0

+
1

4
x4
∣∣∣2
1

= 3
1

2
.

~ 5.1.7 O�

� 1

−1

sgnx dx.
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) ¼ê sgnx 3 x = 0 ?k1�amä, Ïd§3 [−1, 1] þvk�¼ê, l
Ø

U��^ Newton)Leibniz úªO�È©. ÏdÄkdÈ©�«m�\5, �Ñ� 1

−1

sgnx dx =

� 0

−1

sgnx dx+

� 1

0

sgnx dx.

3«m [−1, 0] þ, ò sgnx 3 x = 0 ?��, UC�¼ê3 x = 0 ?��4�� −1, K

�È¼ê3 [−1, 0] þëY (5¿, ù�ÃYØUC¼ê��È59�A�È©�), ?


d Newton)Leibniz úª�� 0

−1

sgnx dx =

� 0

−1

−1 dx = −x
∣∣∣0
−1

= −1.

Ó�, 3«m [0, 1] þ, ò sgnx 3 x = 0 ?��, UC�¼ê3 x = 0 ?�m4��1,

aq/�
� 1

0 sgnx dx = 1. Ïd¤¦�È©� 0.

XJ^\r� Newton)Leibniz úª£½n 5.15¤, KO�����: f(x) = −x 3
«m [−1, 0] þëY, 3ÙSÜ��, ��ê� −1 = sgn x, x ∈ (−1, 0). �dT½n�Ñ� 0

−1 sgnx dx = −1. Ó��¦Ñ
� 1

0 sgnx dx = 1.

~ 5.1.8 O�

� 0

−1

x2 + 1

x4 + 1
dx.

) �±k¦�È¼ê�Ø½È©. é x 6= 0, ò�È¼ê�©f!©1Ó�Ø±

x2, �Ñ �
x2 + 1

x4 + 1
dx =

� 1
x2 + 1

x2 + 1
x2

dx =

�
d
(
x− 1

x

)(
x− 1

x

)2
+ 2

=
1√
2

arctan

[
1√
2

(
x− 1

x

)]
+ C.

�ù�¦Ñ��¼ê��
 x 6= 0, ØU��^uO�¯K¥�È©.

�
^þ¡�(JO�È©, ·�æ^e¡��{: P

F (x) =
1√
2

arctan

[
1√
2

(
x− 1

x

)]
, −1 6 x < 0.

du F (0 − 0) =
√

2
4 �, ·�½Â F (0) =

√
2

4 �, K F (x) 3 [−1, 0] þëY, �3T«m

þ��ê�´ x2+1
x4+1 . Ïd, d Newton)Leibniz úª,

� 0

−1

x2 + 1

x4 + 1
dx = F (0)− F (−1) =

√
2

4
�.

,�«O��{Xe: duCþ�È©
� x
−1

t2+1
t4+1dt (−1 6 x 6 0) ´ x �ëY¼ê,

� (3«m [−1, x] þ^ Newton)Leibniz úª)� 0

−1

t2 + 1

t4 + 1
dt = lim

x→0−0

� x

−1

t2 + 1

t4 + 1
dt = lim

x→0−0
[F (x)− F (−1)]

=

√
2

4
�.
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5¿, ��±;�þã@�Ø± x2, 
¦� x2+1
x4+1 (3Ù��½Â�þ) ����¼

ê�
1√
2

arctan
√

2

(
x−
√

2

2

)
+

1√
2

arctan
√

2

(
x+

√
2

2

)
.

^ù��¼ê9 Newton–Leibniz úª���¦�¯K¥�È©�.

~ 5.1.9 ¦

� a

0

√
a2 − x2 dx (a > 0).

) - x = a sin t (0 6 t 6 �/2). K� x = 0 �, t = 0; � x = a �, t = �
2 . ¤±

(dÈ©���{)

� a

0

√
a2 − x2 dx =

� �
2

0

a2 cos2 t dt =
a2

2

� �
2

0

[1 + cos 2t] dt

=
a2

2

[
t+

1

2
sin 2t

]∣∣∣∣�2
0

=
�
4
a2.

~ 5.1.10 O�

� �
2

0

sinn x dx 9

� �
2

0

cosn x dx (n = 0, 1, 2, · · · ).

) �O� x = �
2 − t. K� x = 0 �, t = �

2 ; � x = �
2 �, t = 0, �dÈ©���

{�Ñ � �
2

0

sinn x dx = −
� 0

�
2

cosn t dt =

� �
2

0

cosn t dt =

� �
2

0

cosn x dx.

Ïd·��I¦ In =
� �

2
0 sinn x dx. w, I0 = �

2 , I1 = 1. é n > 2, d©ÜÈ©��

In =

� �
2

0

sinn−1 xd(− cosx)

= − sinn−1 x · cosx
∣∣∣�2
0

+ (n− 1)

� �
2

0

sinn−2 x · cos2 xdx

= (n− 1)

� �
2

0

sinn−2 x(1− sin2 x) dx

= (n− 1)

� �
2

0

sinn−2 x dx− (n− 1)

� �
2

0

sinn x dx.

= In = (n− 1)In−2 − (n− 1)In, ¤±

In =
n− 1

n
In−2 (n > 2).

dù4íúª, ·��Ñ

I2n =
(2n− 1)

2n
I2n−2 = · · · = (2n− 1)

2n
· (2n− 3)

(2n− 2)
· · · 3

4
· 1

2
· I0

=
(2n− 1)!!

(2n)!!
· �

2
.
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aq/��

I2n+1 =
2n

(2n+ 1)
· (2n− 2)

(2n− 1)
· · · 2

3
· I1 =

(2n)!!

(2n+ 1)!!
.

nÜå5, ·�k

� �
2

0

sinn x dx =

� �
2

0

cosn x dx =


(n−1)!!
n!! , n �Ûê,

(n−1)!!
n!! ·

�
2 , n �óê.

~ 5.1.11 O� I =

� 1

0

arctanx

1 + x
dx.

) ©ÜÈ©�Ñ

I = arctanx · ln(1 + x)
∣∣∣1
0
−
� 1

0

ln(1 + x)

1 + x2
dx =

�
4

ln 2−
� 1

0

ln(1 + x)

1 + x2
dx.

�O���È©, - x = tan θ, ùp θ ∈
[
0, �2

)
, KÈ©C�

� �
4

0 ln(1 + tan θ) dθ. �

1 + tan θ =

√
2 sin

(
�
4 + θ

)
cos θ

,

�k � 1

0

ln(1 + x)

1 + x2
dx =

�
8

ln 2 +

� �
4

0

ln sin
(�

4
+ θ
)

dθ −
� �

4

0

ln cos θ dθ.

�O� θ = �
4 − ϕ (ùp ϕ l�4 C� 0), �òm>1��È©z�1��È©, l


� 1

0

ln(1 + x)

1 + x2
dx =

�
8

ln 2,

u´ I = �
8 ln 2.

5.1.7 ^È©½Â¼ê

31 4 ÙÚ�Ù¥, ·�©OÚ?
ü�Vg, ��´Ø½È©£�¼ê¤, ��´

½È©. ÏL Newton–Leibniz úª, ·���, éu�3�¼ê��È¼ê, Ù3«m

þ�½È©, Ò´�¼ê3«m�ü�à:���. ��, ��¼ê��¼ê, ��±Ï

LÙCþ�È©�Ñ. ÏdØ+´¦��¼ê��¼ê, �´¦ù�¼ê�½È©, ·�

Ï¡�¦¼ê�È©.

�þ�~f`², Ð�¼ê��¼êE´Ð�¼ê, 31 4 Ù¥, ·�Ñ´¦�U

�¦/�Ñ�^Ð�¼ê5È©�¼ê£=r¼ê�È©(J, ^Ð�¼ê5L«¤.

�´, éue�Ð�¼ê�Ø½È©�
e−x

2

dx,

�
1

lnx
dx,

�
sinx

x
dx,

�
sinx2dx,

½ �
dx√

a0 + a1x+ · · ·+ anxn
,

� √
a0 + a1x+ · · ·+ anxndx
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Áã^Ð�¼êL«È©�(J¢Sþ´Ø�U�.

Ïd, ��J¦Ð�¼ê�È©U
L«¤Ð�¼ê��¦, ��Ò´ØÜn�.

â»ù����, �
mÿ
·��À�.

éu��ëY¼ê5`, ÙÈ©´�½�3�, §�Cþ�È©Ø�ëY, 
��

�. �§�È©U
ÏL·�®²Ù��¼ê£Ð�¼ê¤5L«�, L²·�Ù��¼

ê��±^È©5½Â£�,§��Uk�5�Ñ?¤. �È©ØU^Ù��¼êL«

�, ·�Ø�Ú\ù�È©����#�)�¼ê. Ïd, È©�L§D´�)#¼ê

����{. e¡Þü�~f.

1◦ ^È©½Âéê¼ê

-

6

x

y
.

.............
.............
...........

.............
.............
.........

.............
.............
........

..............
..............

....

...............
...............

.

...............
..............

.................
............

....................
...........

........................
........

..............................
....

................................... .....................................

1 x

y= 1
x

ã 5.10

�,éê¼ê´��Ù��Ð�¼ê, ·�òw

�, ^��kn¼ê 1
x£w,´½Â3 x > 0 þ�ë

Y¼ê¤�È©5½Â§, Ó��±��§��X�

5�.

y3b�·�¯kØ���o´éê¼ê, éu

x > 0, ÏLÈ©½Â

f(x) =

� x

1

1

u
du

§´½Â3 x > 0 þ��ëY
����¼ê. lAÛþw, §´­� y = 1
u 3«m

[1, x] ½ [x, 1], x > 0 CXe�¡È. ÃØ´AÛ�*, �´�âÈ©�5�, ·�Äk�

�þª¤½Â�¼ê÷v f(1) = 0, f(x) î�üN4O, Ïd� x > 1 �, f(x) > 0, �

0 < x < 1 �, f(x) < 0.

éu x > 0, y > 0, ¼ê f(x) äke�5�:

f(xy) = f(x) + f(y)

ù´Ï�

f(xy) =

� xy

1

1

u
du =

� x

1

1

u
du+

� xy

x

1

u
du

ùp, ^�
È©éÈ©«m��\5. éþªm>�1��È©?1�� u = xt, k� xy

x

1

u
du =

� y

1

1

xt
x dt =

� y

1

1

t
dt
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¤±5�¤á. AO,

� y = x, �

f(x2) = 2f(x)

� y = x−1, Kk

f(x) + f(x−1) = f(1) = 0, = f(x−1) = −f(x)

þ¡(J�g,í2´

f(xn) = nf(x), x > 0, n ´?Û£�½K¤��ê

éu?Û��knê α = m
n , P xα = y, Ïd xm = yn, K

f(xm) = f(yn) =⇒ mf(x) = nf(y)

¤±

f(xα) = αf(x), x > 0

e¡y²

f(e) = 1

�âê��4�, ·���

e = lim
n→∞

(
1 +

1

n

)n
5¿�¼ê f(x) �ëY5, k

f(e) = f

(
lim
n→∞

(
1 +

1

n

)n)
= lim

n→∞
f

((
1 +

1

n

)n)
= lim

n→∞
nf

(
1 +

1

n

)
|^È©¥�½n, ���3�: ξ ∈

[
1, 1 + 1

n

]
, ¦�

f

(
1 +

1

n

)
=

� 1+ 1
n

1

1

u
du =

1

ξ

1

n

Ïd, � n→∞ �, ξ → 1, ¤±� f(e) = 1.

·�rþ¡½Â�¼êP� log x ½ lnx.

5P aqu^È©½Âéê¼ê�L§, ·���±È©L§Ú¦�¼ê�L§

5Ú\n�¼ê, �d�I�

arctanx =

� x

0

dt

1 + t2
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Ú

arcsinx =

� x

0

dt√
1− t2

��¼ê arctanx Ú arcsinx �½Â, ,�ÏL¦�¼ê��n�¼ê. ^ù«�ª5

½Ân�¼ê, vk�9�*�AÛ, �vk/�0�Vg. �±���âþã½Ây²

n�¼ê�Ä�5�.

2◦ ý�È©�ý�¼ê

XJ`þ¡^È©½Â�¼êE,´·��kÙ��Ð�¼ê�{, �ÑÐ�¼ê

�1��­�~f´ ý�È©. ý�È©´�«È©a., ùp·��ÞüaØÓ/ª

�ý�È©

u(s) =

� s

0

dx√
(1− x2)(1− k2x2)

Ù¥ k ´��ëê.±9

u(s) = 4a

� s

0

√
1− e2u2

√
1− u2

du,

Ù¥ e �ý��l%Ç.

·��8��´�Ñü�ÏLéÐ�¼ê��È©, E�E�
Ø´Ð�¼ê�¼

ê, ¤±3dØ?Øý�È©�««5�.

5.1.8 Taylor Ðm¥{��È©L«

|^È©, ·�2g?Ø'u Taylor úª¥{���O. ù«{��È©L«, l

,��ý¡�N
�©�È©�'X.

Äk�´l�{ü��¹m©. � f(x) këY����ê, P

R = f(x)− f(a)− f ′(a)(x− a)

´ Taylor ��Ðm�{�. XJr a w¤Cþ£5¿ù� f(x) Ú x w¤´~ê¤, ¿

éÙ¦�, �

R′(a) = −f ′(a)− f ′′(a)(x− a) + f ′(a) = −f ′′(a)(x− a)

dªé?Û«m¥� a Ñ¤á. lþªÑu, Äké a È©, ¿5¿�� a = x �,

R(x) = 0, k

R(a) =

� x

a

f ′′(t)(x− t)dt

Ùg|^�©¥�úª�

R(a)−R(x)

x− a
=
R(a)

x− a
= −R′(ξ) = f ′′(ξ)(x− ξ)
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¤±

R(a) = (x− a)(x− ξ)f ′′(ξ)

Ù¥ ξ ´0u a Ú x �m���:.

òþãg�í2��p��Ðm¥�, �¼ê f(x) 3«m¥äk�� n + 1 ��

ëY�¼ê. �Ä¼ê3 x = a ?� Taylor Ðmª

f(x) = f(a) +
f ′(a)

1!
(x− a) + · · ·+ f (n)(a)

n!
(x− a)n +Rn

ùp, {� Rn �±L«¤

Rn(a) = f(x)− f(a)− f ′(a)

1!
(x− a)− · · · − f (n)(a)

n!
(x− a)n

y3, ò a w¤Cþ, ¤±� a = x �, Rn(x) = 0. XJ�ª�ü>é a ¦�, K

R′n(a) = −f ′(a)− f ′′(a)

1!
(x− a) +

f ′(a)

1!
− f ′′′(a)

2!
(x− a)2 +

f ′′(a)

1!
(x− a)

− · · · − f (n+1)(a)

n!
(x− a)n +

f (n)(a)

(n− 1)!
(x− a)n−1

��ý�Ü©��, k

R′n(a) = −f
(n+1)(a)

n!
(x− a)n.

éþª?1È©, ¿5¿� Rn(x) = 0, k

Rn(a) =

� x

a

f (n+1)(t)

n!
(x− t)n dt.

ùÒ´ Taylor Ðm¥{����°(�È©L«ª. Ó�, |^�©¥�úªk

R(a)−R(x)

x− a
=
R(a)

x− a
= −R′(ξ) =

f (n+1)(ξ)

n!
(x− ξ)n,

¤±

R(a) =
(x− a)(x− ξ)n

n!
f (n+1)(ξ),

Ù¥ ξ ´0u a Ú x �m���:.

|^þ¡�(J, ·��±��Ù¦/ª�{�L«ª.

1◦ {�� Lagrange L«ª: 3È©L«ª¥, 5¿��È¼êÜ©� (x− t)n

3 a Ú x �mØCÒ! (Ø+´ a < x ½ a > x), Ïd�âÈ©¥�½n (SK 5.1: 9),

�3�: ξ 0u a Ú x �m, ¦�

Rn =
1

n!
f (n+1)(ξ)

� x

a

(x− t)ndt =
(x− a)n+1

(n+ 1)!
f (n+1)(ξ)

2g- ξ = a+ θh, h = (x− a), 0 6 θ 6 1, Òk

Rn =
hn+1

(n+ 1)!
f (n+1)(a+ θh)
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2◦ {�� Cauchy L«ª: ò ξ = a+ θh, h = (x− a), 0 6 θ 6 1 �\

R(a) =
(x− a)(x− ξ)n

n!
f (n+1)(ξ)

¥, ¿5¿� x− ξ = (x− a)(1− θ), Òk

R(a) =
hn+1

n!
(1− θ)nf (n+1)(ξ).

5P Taylor Ðmª±9§�{�, ��±��l

f(x)− f(a) =

� x

a

f ′(t)dt =

� x

a

f ′(t)d(t− x)

�E?1©ÜÈ©í�Ñ5, ~X

f(x)− f(a) =

� x

a

f ′(t)dt =

� x

a

f ′(t)d(t− x)

= f ′(t)(t− x)
∣∣∣x
a
−
� x

a

f ′′(t)(t− x)dt

= f ′(a)(x− a) +

� x

a

f ′′(t)(x− t)dt

Öö�±UY eí�, �Ñ��(J.
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SK 5.1

1. �Ñe¡�¼ê¥=
3«m [0, 1] þ�È? ¿`²nd.

(1) f(x) =


sinx
x , x 6= 0,

1, x = 0;
(2) f(x) =


1
x sin 1

x , x 6= 0,

1, x = 0;

(3) f(x) =


1

[ 1
x ]
, 0 < x 6 1,

0, x = 0.

2. y² Dirichlet ¼ê3?¿«m [a, b] þØ�È. (Ïdk.�¼ê�7�È.)

3. Þ~`², ��¼ê�ýé�¼ê3 [a, b] þ�È, ØU�yù¼ê3 [a, b] þ�È.

4. (1) ��È¼ê f(x) 3 [a, b] þ�K, �3�: c ?ëY (ùp a 6 c 6 b). e

f(c) > 0, K
� b
a f(x) dx > 0.

(2) y², e f(x) ´«m [a, b] þ�K�ëY¼ê, �Øð�", K
� b
a f(x) dx > 0.

(3) Þ~`², kù���È¼ê f(x) , 3«m [a, b] þ�K�Øð�", � f 3T

«mþ�È©� 0.

5. e¼ê f(x) 3 [a, b] þüN4O, K

(b− a)f(a) 6
� b

a

f(x) dx 6 (b− a)f(b).

e f(x) 3 [a, b] þüN4~, ATk�o��Ø�ªº

6. y²e�Ø�ª:

(1)

� 2�

0

|a sinx+ b cosx| dx 6 2�
√
a2 + b2 (a, b �~ê).

(2)

� 1

0

xm(1− x)n dx 6
mmnn

(m+ n)m+n
(m > 0, n > 0, þ�~ê).

7. (1) y², È©¥�½n¥�¥� ξ, ��3«m [a, b] SÜ.

(J«: dù½n�y²��, ���Ñ� f ���� M ½��� m 3«mà:

��, ��u 1
b−a

� b
a f(x) dx �, (Ø¤á.)

(2) Þ~`², È©¥�½n¥ëY5�^�´7��.

8. � f ´«m [a, b] þ�ëY¼ê. e
� b
a f(x) dx = 0, K f 3 (a, b) ¥��k��"

:. (Ïd, d¼ê�È©ù��N&E, U
íä¼ê��,
5�.)

9. (1) �¼ê f(x) 3 [a, b] þëY, 
 g(x) 3 [a, b] þ�È�´�K (½��) �. y
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²: �3 ξ ∈ [a, b], ¦�

� b

a

f(x)g(x) dx = f(ξ)

� b

a

g(x) dx.

(2) Þ~`², (1) ¥éu¼ê g �b�´7Ø���.

5 (1) ¥�(J�¡�È©¥�½n�\�í2. ù«\��È©¥�½n,

�Jø
�OÈ©���Ãã: �
� b
a ϕ(x) dx Ø´O��, �Á�ò ϕ(x) �¤

f(x)g(x), Ù¥ f(x)Ú g(x)÷vþ¡ (i)¥�^�,�¦�
� b
a g(x) dx´uO�.d

d�Ñ

m

� b

a

g(x) dx 6
� b

a

ϕ(x) dx 6M

� b

a

g(x) dx,

ùp M,m ©O´ f(x) 3 [a, b] þ����9���. ´uw�,
� b
a ϕ(x) dx ù�

þ!e.�O, `u��^½n 5.11 ¤��(J.

10. Þ~`²: 3½n 5.13 ¥, ¼ê f(x) 3 x = c ?ëY, Ø´ F (x) =
� x
a f(t) dt 3

x = c ?���7�^�.

11. ¦e�¼ê��ê:

(1) f(x) =

� x2

0

sin t2 dt; (2) f(x) =

� 1

x

1

1 + t2 + cos2 t
dt;

(3) f(x) =

� x2

x

e−t
2

dt; (4) f(x) = sin

(� x

0

sin

(� y

0

sin t2 dt

)
dy

)
.

12. ée¡�¼ê, ¦ (f−1)′(0)§ùp f−1(x) L«¼ê f(x) ��¼ê.

(1) f(x) =

� x

0

[1 + sin(sin t)] dt; (2) f(x) =

� x

1

e−t
2

dt.

13. �¼ê f(x) ??ëY. P F (x) =
� x

0 xf(t) dt, ¦ F ′(x).

14. � f(x) 3 [0,+∞) þ���ëY¼ê. y², � x > 0 �, ¼ê

G(x) =

� x

0

tf(t) dt
/� x

0

f(t) dt

üN4O.

15. ^ Newton-Leibniz úªO�e�È©:

(1)

� �
0

sinx dx; (2)

� 1

0

xα dx, α �~ê, α > 0;

(3)

� 2

1

lnx dx; (4)

� 3

2

1

2x2 + 3x− 2
dx.
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16. � f(x) =


−1, −1 6 x < 0;

0, x = 0;

1, 0 < x 6 1,

¦ F (x) =
� x
−1 f(t) dt; ¿ïÄ F (x) 3 [−1, 1] þ�

��5.

17. O�e¡²¡ã/�¡È:

(1) d­� y =
√
x � y = x2 ¤�¤�ã/;

(2) d­� y = x2, y = 1
4x

2 9 y = 1 �¤�ã/.

18. ¦e�4�:

(1) lim
x→0

� x
0 sin t3 dt

x4
;

(2) lim
x→0

1

sin3 x

� tanx

0

arcsin t2 dt;

(3) lim
n→∞

[
1√
n2

+
1√

n2 − 12
+

1√
n2 − 22

+ · · ·+ 1√
n2 − (n− 1)2

]
;

(4) lim
n→∞

1p + 2p + · · ·+ np

np+1
, p ´~ê, p > 0.

19. ¦e�4�:

(1) lim
n→∞

� b

a

e−nx
2

dx, ùp a, b �~ê, � 0 < a < b;

(2) lim
n→∞

� 1

0

xn

1 + x
dx;

(3) lim
n→∞

� n+a

n

sinx

x
dx, ùp a �~ê, � a > 0.

(5¿: éu (2) e^È©¥�½n, ¤`�È©� ξn

1+ξ , Ù¥ 0 < ξ < 1; �ù� ξ

� n k', �3 n→∞ �, ØUäó ξn → 0.)

20. �¼ê f(x) 3«m [−a, a] þëY. y²:

(1) e f(x) ´Û¼ê, K
� a
−a f(x) dx = 0;

(2) e f(x) ´ó¼ê, K
� a
−a f(x) dx = 2

� a
0 f(x) dx.

21. � f(x) �äk±Ï T �ëY¼ê, y², é?¿�~ê a, k

� a+T

a

f(x) dx =

� T

0

f(x) dx.

22. O�e�È©:
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(1)

� 2�

0

| cosx| dx; (2)

� 4

−3

[x] dx;

(3)

� 1

−1

cosx ln
1 + x

1− x
dx; (4)

� �
2

−�
2

1

1 + ex
cos3 x dx;

(5)

� ln 2

0

√
1− e−2x dx; (6)

� 1

0

x arcsinx dx;

(7)

� 1

0

x3ex dx; (8)

� a

0

1

x+
√
a2 − x2

dx;

(9)

� �
4

0

√
tanx dx; (10)

� �
2

0

1

a2 sin2 x+ b2 cos2 x
dx (a > 0, b > 0);

(11)

� 1

−1

x4
√

1− x2 dx; (12)

� 2�

0

sin6 x dx;

(13)

� 1

−1

e|x| · arctan ex dx; (14)

� �
0

sec2 x

2 + tan2 x
dx.

23. � f(x) 3 [0, 1] þëY, y²
� �

0

xf(sinx) dx =�
� �

2

0

f(sinx) dx;

¿^ù�(JO�
��

0
x sinx

1+cos2 x dx.

24. y²: 1
6 <

� 1

0 sinx2 dx < 1
3 . (5¿: �K¥�È¼ê sinx2 �,�È, �Ù�¼ê´

ØU^Ð�¼êL«�. ÏdÁãÏL¦¯K¥�È©´äN�).

25. �¼ê f(x) 3 [a, b] þ�È, ·�ò 1
b−a

� b
a f(x) dx ½Â�¼ê f(x) 3«m [a, b]

þ�²þ�. ée�¼ê, O�3�½«mþ�²þ�, ±9��!���.

(1) f(x) = x, «m� [0, 1] 9 [0, 105];

(2) f(x) = e−x, «m� [0, 1] 9 [0, 105];

(3) f(x) = xe−x, «m� [0, 1] 9 [0, 105].

26. �ÄÈ© I =
� 100

0
e−x

x+100 dx.

(1) Á�Ñ I �¦�UÐ�þ!e.�O;

(2) ¦Ñ I �Cq�, °(� 0.0001.

27. (1) � f(x) ´ [0, 1] þüN4~�ëY¼ê. y², é?¿ α ∈ (0, 1), k
� α

0

f(x) dx > α

� 1

0

f(x) dx.

(2) e=b� f(x) 3 [0, 1] þüN4~, y²Ó��(Ø.

J«:(1) kA«y{. 1�«�{: |^
� α

0 f(x) dx = α
� 1

0 f(αx) dx; 1�«�{:
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�Ä g(α) = 1
α

� α
0 f(x) dx (0 < α < 1), y² g(α) ´üN4~¼ê. �´, ùü«�

{ÑI� f(x) ëYù�b�, ÏdÑØ·^u)û (2).

28. �¼ê f(x) 3 [a, b] þ��, � |f ′(x)| 6M (é?¿ x ∈ [a, b]).

(1) e f(a) = 0, y² � b

a

|f(x)| dx 6
M

2
(b− a)2;

(2) e f(a) = f(b) = 0, y²
� b

a

|f(x)| dx 6
M

4
(b− a)2.

J«: ÏLéÈ©�þ�¦�U�Ñ (1) ���y², =�Ä¼ê

G(t) =

� t

a

|f(x)| dx− M

2
(t− a)2, a 6 t 6 b.

29. |^C� u = sinx, òe�È©
�

dx√
cos 2x

C�ý�È©�/ª.

30. |^

f(x)− f(a) =

� x

a

f ′(t) dt =

� x

a

f ′(t) d(t− x)

²Lõg©ÜÈ©, �[í�Ñ Taylor ÐmªÚ§�{��È©L«.

31. � f(x) 3 R þëY. -

g(x, y) =

� x

0

(
f(t+ y)− f(t)

)
dt.

¦y: g(x, y) = g(y, x).
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§5.2 ¼ê��È5

�!X­ïÄ�o��¼ê´�È�. du�È¼ê�½´k.�, ¤±�!¥·

�o´b½3«m [a, b] þ�¼ê f(x) ´k.�, ¿�§�þe(.©O´ M Ú m,

Ïd

m 6 f(x) 6M, x ∈ [a, b].

5.2.1 ¼ê��È5

3È©�½Â¥, kü�'�::

�´«m�©�

T : a = x0 < x1 < · · · < xn = b

´?¿�, 
�3z���«m [xi−1, xi] ¥¤��: ξi ´?¿�. �´��4�L§,

=�©����°Ý ‖T‖ = max16i6n ∆xi → 0 �, Riemann Ú�4��3.

�â1��'�:, éu�½�©� T , �¼ê f(x) 3«m [xi−1, xi] þ�þ!e(

.©O�

Mi = sup{f(x) | x ∈ [xi−1, xi]} mi = inf{f(x) | x ∈ [xi−1, xi]}

¿P

ω = M −m, ωi = Mi −mi, i = 1, · · · , n

©O¡�¼ê f(x) 3«m [a, b] Ú [xi−1, xi] þ��Ì.

½Â 5.18

S(T ) =
n∑
i=1

Mi∆xi, S(T ) =
n∑
i=1

mi∆xi

©O¡��¼ê f(x) �/Darboux þÚ0�/Darboux eÚ0.

w,, éu?¿�: ξi ∈ [xi−1, xi], k

m 6 mi 6 f(ξi) 6Mi 6M, i = 1, · · · , n

Ïd¼ê f(x) �?¿�� Riemann Ú

S(T ) =
n∑
i=1

f(ξi)∆xi

�½0u§� Darboux þÚ� Darboux eÚ�m, 
�n«ÚÑ´k.�

m(b− a) 6 S(T ) 6 S(T ) 6 S(T ) 6M(b− a)
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y3�Ä©�. 5¿�, XJ T ′ ´©� T ¥O\��©�:/¤�©�, =

T : a = x0 < x1 < · · · < xk−1 < xk < · · · < xn = b,

T ′ : a = x0 < x1 < · · · < xk−1 < x′k < xk < · · · < xn = b.

K¼ê f(x) ©O3ü�f«m [xk−1, x
′
k] Ú [x′k, xk] �þ(.Ø¬�L§3«m

[xk−1, xk] þ�þ(.£Ü©�þ(.Ø¬�L�N�þ(.¤

Mk >M ′k = sup{f(x) | x ∈ [xk−1, x
′
k]}, Mk >M ′′k = sup{f(x) | x ∈ [x′k, xk]}

Ïd,

S(T )− S(T ′) = Mk(xk − xk−1)−M ′k(x′k − xk−1)−M ′′k (xk − x′k)

>Mk(xk − xk−1)−Mk(x
′
k − xk−1)−Mk(xk − x′k) = 0.

q

S(T )− S(T ′) 6M(xk − xk−1)−m(x′k − xk−1)−m(xk − x′k)

= ω(xk − xk−1) 6 ω‖T‖.

=

S(T ) > S(T ′) > S(T )− ω‖T‖.

éu Darboux eÚ�kéA�(J S (T ) 6 S (T ′) 6 S (T ) + ω‖T‖.

XJ T ′ ´©� T ÏLO\?¿k��©�:¤���#�©�, ¿¡ T ′ �©�

T �\[©�, K�¬kaq�(J, =

½n 5.19 � T ′ ´©� T V\ l �©�:¤���\[©�, K

S(T ) > S(T ′) > S(T )− lω‖T‖,

S (T ) 6 S (T ′) 6 S (T ) + lω‖T‖

S(T )− S (T ) > S(T ′)− S (T ′)− 2lω‖T‖.

þã½n`², 3é©�\[£=©�:��ÝO\¤�L§¥, þÚØO, eÚØ

~, äk�«/üN50.

e¡©Û Darboux þÚ�eÚ�m�?�Ú'X. � T1 Ú T2 ©O´ü�?¿�

©�, Kòü�©��©�:Üå5/¤��#�©� T , K T Q´ T1 �\[©�, �

´ T2 �\[©�, ¤±

½n 5.20 éu«m [a, b] �?¿ü�©� T1 Ú T2, ��©�éA�eÚ, o´

Ø�L,��©�éA�þÚ, =

S(T1) 6 S(T ) 6 S(T ) 6 S(T2)
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k
þ¡�©Û, ·�F"*	 Darboux þÚ�eÚ� ‖T‖ → 0 ��4�. Ï�

þÚ�eÚÑ´k.�, 
�äk,«üN5£½n 5.19¤, a'u/üNk.ê�k4

�, 
�4�Ò´ê��þ(.½e(.0�¯¢, ¤±éu¼ê f(x), ·��Ä¤kþ

Ú£eÚ¤|¤�8Ü�e(.£þ(.¤, P

I = inf
T
S(T ), I = sup

T
S(T )

¡�¼ê f(x) �þÈ©ÚeÈ©. ��½n 5.20 ���íØ, éu?¿ü�©� T1

Ú T2, kØ�ª

S(T1) 6 I 6 I 6 S(T2)

½n 5.21 éu«m [a, b] þ?¿��k.¼ê f(x), � ‖T‖ → 0 �, f(x) �

Darboux þ£e¤Ú�½k4�, 
�4�Ò´þ£e¤È©

lim
‖T‖→0

S(T ) = I, lim
‖T‖→0

S(T ) = I.

y² ·��y²1���ª, 1���ª�y²´aq�. �âþ(.�½Â,

éu?¿�½��ê ε, �3«m [a, b] ���©�

T0 : a = x0 < x1 < · · · < xl = b

¦�

I > S(T0) > I − ε

2

�

δ =
ε

2lω + 1
> 0,

éu?¿©� T , �� ‖T‖ < δ�, ò T Ú T0 �©�:Üå5|¤��#�©� T ′, ù

� T ′ ´3 T �©�:Ä:þ, �õO\
 T0 � l �©�:£/�õ0�¹Â´k�U

©�:k­E¤. Ïd, d½n 5.19 ��,

S(T ) > S(T ′)− lω‖T‖ > S(T0)− lω‖T‖

> I − ε

2
− lω ε

2lω + 1
> I − ε

ùÒy²


lim
‖T‖→0

S(T ) = I.

�d, éuk.¼ê f(x), � ‖T‖ → 0 �, �,¿Ø��§�?¿ Riemann Ú

S(T ) ´Äk4�, �§� Darboux þÚ S(T ) �eÚ S(T ) �4�o´�3�. �´d

Ø�ª

S(T ) 6 S(T ) 6 S(T )
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·�á=�±wÑ, � ‖T‖ → 0 �, XJk.¼ê f(x) � Darboux þÚ�eÚ�4�

��, K f(x) 3«mþ� Riemann Ú Sn(T ) �4��½�3
�����.

��, XJ¼ê f(x) �È, = lim
‖T‖→0

S(T ) = I, Ïdéu?¿��ê ε, �3���

ê δ, ¦��©� T ÷v ‖T‖ < δ �, k

I − ε

2
<

n∑
i=1

f(ξi)∆xi < I +
ε

2

é��: ξi ∈ [xi−1, xi], i = 1, · · · , n ¤á, Ï
©Oéz���«m¥�þ(e)(.,

k

I − ε < I − ε

2
6 S(T ) 6 S(T ) 6 I +

ε

2
< I + ε

= Darboux þÚ�eÚ�4���. ù�·�Òk
�ª�(J

½n 5.22 �¼ê f(x) 3«m [a, b] þk.. K f(x) 3 [a, b] þ�È�¿©7�

^�´� ‖T‖ → 0 �, f(x) � Darboux þÚ�eÚ�4���

lim
‖T‖→0

(
S(T )− S(T )

)
= lim
‖T‖→0

n∑
i=1

ωi∆xi = 0

Ù¥ ωi = Mi −mi ´ f(x) 3©��«m [xi−1, xi], i = 1, · · · , n þ��Ì.

½n5.22 ¥1���ªL², �y¼ê�È�¿©7�^��, ØI�äNO�

Ñ¼ê Darboux þÚ�eÚ�4�£=ØI��ÑþÈ©ÚeÈ©¤, �I�y�

‖T‖ → 0 �,
n∑
i=1

ωi∆xi �4�´Ä�u 0 =�. �
A^�B, 3(å��!�c, ·�

�Ñ'uk.¼ê f(x)3��«m [a, b] þ��Ì�,�«£ã.

½n 5.23 k.¼ê f(x) 3«m [a, b] þ��Ì��±de��ªL�

ω = sup{|f(x)− f(y)| | x, y ∈ [a, b]}.

=�Ì�u¼ê3«mþ?¿ü:��ýé��þ(..

y² �â½Â, ¼ê3��«m [a, b]þ��Ì�Ùþ(.Úe(.��

ω = M −m, M = sup{f(x) | x ∈ [a, b]}, m = inf{f(x) | x ∈ [a, b]}.

w,, é?¿� x, y ∈ [a, b], k

|f(x)− f(y)| 6M −m = ω

= ω ´8Ü {|f(x)− f(y)| | x, y ∈ [a, b]} ���þ..

,��¡, é?¿��ê ε£Ø�� ε < M −m¤ , du M ´ f(x) 3 [a, b] þ�

þ(., ¤±�3�: x0, ¦� f(x0) > M − ε
2 . Ón§éue(. m, �3�: y0, ¦
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� f(y0) < m+ ε
2 . Ïd

|f(x0)− f(y0)| = f(x0)− f(y0) > M −m− ε = ω − ε

= ω ´8Ü {|f(x)− f(y)| | x, y ∈ [a, b]} �þ(.. �

|^�Ì�ù«L��ª, 3äNO��¬�5�
B|.

5.2.2 �È¼êak'½nÚ5��y²

y3·�|^¼ê�È5�k'(J,5�¤þ�!¥�Ñ��È¼êak'½n

Ú5��y². ÏLù
y², ·�uy §5.2.1 !¥¤?Ø��È5nØ´ù
½nÚ

5�j¢�Ä:.

~ 5.2.1 'u½n5.3 �y², =4«m [a, b] þëY¼ê£Ï
k.¤�½�È.

y² Ï�4«mþëY¼ê�½´��ëY�, ¤±é?¿�½��ê ε, �½�

3���ê δ, ¦�, �?¿ü: x, y ∈ [a, b] ÷v |x− y| < δ �, �½k

|f(x)− f(y)| < ε

2(b− a)

éu [a, b] ���©� T : a = x0 < x1 < · · · < xn = b, � ‖T‖ < δ �, 3z���«m

[xi−1, xi] þ, w,k|x − y| 6 ‖T‖ < δ, x, y ∈ [xi−1, xi], Ï
�â½n 5.23 ¥é�Ì�

½Â, k

ωi = sup{|f(x)− f(y)| | x, y ∈ [xi−1, xi]} 6
ε

2(b− a)
,

¤±
n∑
i=1

ωi∆xi 6
ε

2(b− a)

n∑
i=1

∆xi < ε.

=¼ê f(x) �È. �

~ 5.2.2 'u½n5.4 �y², =4«mþ�õ�kk��mä:�k.¼ê�

½�È.

y² �¼ê f(x) 34«m [a, b] þk., P ω � f(x) 3 [a, b] þ��Ì.

Äk� f(x) 3 [a, b] þk��mä: c ∈ [a, b], Ø�� a < c < b£c 3à:�

�/�aq?n¤, é?¿�½��ê ε, ��ê δ1 <
ε

4ω Ó� δ1 < min{ b−c2 , c−a2 } ±
�y± c �¥%�m«m (c − 2δ1, c + 2δ1) á3 [a, b] �SÜ. d�¼ê f(x) 3«m

[a, c− δ1] Ú [c+ δ1, b] þ©OëY, �,©O��ëY. Ïd�3��Ú���ê δ2, ¦

�� |x− y| < δ2, x, y ∈ [a, c− δ1] ½ x, y ∈ [c+ δ1, b] �, k|f(x)− f(y)| < ε
b−a .

� δ = min{δ1, δ2}. Ïdéu [a, b] ���©� T : a = x0 < x1 < · · · < xn = b, �

‖T‖ < δ ��«m [xi−1, xi] ½á3 (c − 2δ1, c + 2δ1) S, ½á3 [a, c − δ1] ½ [c + δ1, b]
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S, òÚª©¤e�üÜ©
n∑
i=1

ωi∆xi =
∑
(1)

ωi∆xi +
∑
(2)

ωi∆xi

Ù¥
∑
(1)

ωi∆xi L«é@
�«má3 (c− 2δ1, c+ 2δ1) S�¦Ú,
∑
(2)

ωi∆xi L«Ù{¦

ÚÜ©.w, ∑
(1)

ωi∆xi 6 4ωδ1 < ε,
∑
(2)

ωi∆xi 6 ε

Ïd
n∑
i=1

ωi∆xi < 2ε

éuk�õ�mä:��/, y²��aq. �

I�`²�´½n5.4 �´1nþò�0�� Lebesgue ½n�«AÏ�¹. �üö

�y²k�q�?.

~ 5.2.3 'u½n5.5 �y², =4«mþüN¼ê�½�È.

y² Ø�� f(x) 3[a, b] þüN4O. éu?¿©� T , 5¿�üN4O¼ê3«

m [xi−1, xi] þ��ÌÒ´¼ê3ü�à:���, ¤±

0 6
n∑
i=1

ω∆xi =
n∑
i=1

(Mi −mi)∆xi

=
n∑
i=1

(f(xi)− f(xi−1))∆xi 6 ‖T‖
n∑
i=1

(f(xi)− f(xi−1))

= ‖T‖(f(b)− f(a)).

=

lim
‖T‖→0

n∑
i=1

ωi∆xi = 0.

�

~ 5.2.4 'u½n5.6 �y², =È©é«m��\55�.

y² � a < c < b, é [a, c] �?¿©� T1 : a = x0 < · · · < xm = c Ú [c, b] �?

¿©� T2 : c = xm < · · · < xn = b, ò©:Ü¿, Ò�Ñ [a, b] ���©� T , �

‖T‖ = max{‖T1‖, ‖T2‖},

=� ‖T1‖ → 0, ‖T2‖ → 0 �k ‖T‖ → 0. Ïd, � f(x) 3 [a, b] þ�È�, d

m∑
i=1

ωi∆xi 6
n∑
i=1

ωi∆xi,
n∑

i=m+1

ωi∆xi 6
n∑
i=1

ωi∆xi,
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¿- ‖T1‖ → 0, ‖T2‖ → 0, =�íÑ f(x) 3 [a, c] Ú [c, b] þ©O�È.

��, é[a, b] �?�©� T : a = x0 < · · · < xn = b, O\ c ��©:, ��\[�

©� T ′. ù� T ′ �©)¤ [a, c] �©� T1 Ú [c, b] �©� T2, �÷v

‖T1‖, ‖T2‖ 6 ‖T ′‖ 6 ‖T‖

=� ‖T‖ → 0 �, ‖T1‖ → 0, ‖T2‖ → 0 . d½n5.19 ¥1nª�

n∑
i=1

ωi∆xi = S(T )− S (T ) > S(T ′)− S (T ′)− 2ω‖T‖

=
∑
(1)

ωi∆xi +
∑
(2)

ωi∆xi − 2ω‖T‖.

ùp
∑
(1)

,
∑
(2)

©OL«éA©� T1, T2 �«mþωi∆xi �¦Ú. Ïd- ‖T‖ → 0, Ò�

y� f(x) 3[a, b] þ��È. �

~ 5.2.5 'u½n5.8 ¥ 2◦ �y², =�È¼ê�¦ÈE,´�È�.

y² � f(x), g(x) ´«m [a, b]þ��È¼ê, ÏdÑ´k.¼ê. Ø��

|f(x)| 6M, |g(x)| 6M, x ∈ [a, b]. é [a, b]�?�©� T : a = x0 < x1 < · · · < xn = b,

©OP ωi(f), ωi(g), ωi(fg) �¼ê f, g, fg 3«m [xi−1, xi] þ��Ì, Kd

|f(x)g(x)− f(y)g(y)| = |f(x)g(x)− f(y)g(x) + f(y)g(x)− f(y)g(y)|

6M |f(x)− f(y)|+M |g(x)− g(y)|, x, y ∈ [xi−1, xi]

��

ωi(fg) 6M(ωi(f) + ωi(g)), i = 1, · · · , n,

¦Ú�
n∑
i=1

ωi(fg)∆xi 6M

(
n∑
i=1

ωi(f)∆xi +
n∑
i=1

ωi(g)∆xi

)
,

=��¤y². �
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SK 5.2

1. ¦«m [0, 1] þ Dirichlet ¼ê3«m [0, 1] þ�þÈ©ÚeÈ©.

2. Á�Ñ Darboux þÚ�eÚ�AÛ)º.

3. y², XJ¼ê f(x) 3«m [a, b] þ�È, K |f(x)| 3«m [a, b] þ��È, 
�k∣∣∣∣� b

a

f(x) dx

∣∣∣∣ 6 � b

a

|f(x)| dx

4. y², � f(x) 3«m [a, b] þÑ�È, � f(x) > c > 0. ¦y: 1
f(x) 3«m [a, b] þ�

�È.
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§5.3 È©�A^

AÛ�ÔnÆ¥kNõ�N5��þ (P� Q) (X­��l�!�þ!ÔN�­%

�), �±A^È©5(½. ùp¤¢��N5��þ, ´�ù��þ�,�«�k',

¿��äk«��\5. äN/`, 3���¹e«m [a, b] þþ Q �©ÜA÷v

Q([a, c]) +Q([c, b]) = Q([a, b]), a 6 c 6 b

£Ïd� c = a �, g,k Q(a) = 0¤.

^È©¦,��þ, 3êÆþw, ´`ù�þ�½ÂU
L«���È©. �È©

½Â§¦��L§ko�Ú½: ©�))Cq�O))¦Ú))�4�, 
ò¤¦�þ

z���È©5O�.£Öö�ë�c¡'u­>F/¡È�?Ø¤. ¢Sþ, þ¡`�

o�Ú½,   {z�üÚ, ùÒ´¤¢���{:

3���¹e, �¤�Ä�þ Q ©Ù3«m [a, b] þ, ¼ê Q(x) L«þ Q éAu

«m [a, x] (a 6 x 6 b) �Ü©þ.

1�Ú, 3«m [a, b] þ?����Ý� dx ��«m [x, x + dx], ¦ÑÛÜþ

∆Q = Q(x+dx)−Q(x)���Cq� f(x)dx,Ù¥ f(x)´,�¼ê,¦� ∆Q−f(x)dx

´� dx �p��Ã¡�:

∆Q = f(x)dx+ o(dx),

= f(x)dx ´¼ê Q(x) ��©. ·��ò f(x)dx ¡��Nþ Q ���.

1�Ú, ò¤����3«m [a, b] þ“Ã�\\”)È©, Kd Newton–Leibniz ú

ª�

� b

a

f(x)dx =

� b

a

Q′(x)dx = Q(x)

∣∣∣∣b
a

= Q(b)−Q(a)

= Q(b) = Q.

=þ Q �±L«�È©

Q =

� b

a

f(x)dx.

��{�'�3u(½��. Ï�þ Q ´�¦�, Ü©þ Q(x) ´���, ¤±, �

�
ó, ¦Ñ Q(x) ��©, = ∆Q ��5Ì�Ü©, ´����(J�¯.

e¡ù�A�~f, ±9^��{�Ñ�(J, 3êÆþÑU
î�/½ÂÚy²;

ùp�?n, �À��«“[ýín”, Ã�`²
�Ñù
(J�Ä�° . 3ÔnÆ

¥, ��{K´����2�¦^��{, Ï�¤`���, = ∆Q ��(Cq, Ø´l

êÆþ, 
´lÔnþw´k(½¿Â�.



196 1 5 Ù üCþ¼ê�È©Æ

5.3.1 ²¡­��l�

3���IXe§���­�ã
_

AB ��§�

y = f(x)(a 6 x 6 b).

_

AB �Ý�êÆ½Â�: 3
_

AB þ?�©: (Xã5.13).

A = M0, M1, · · · , Mn−1, Mn = B,

^gë(ù
©:, �Ñ
_

AB ��^S�ò�. e� max
16i6n

Mi−1Mi → 0 �, ò���Ý

�4��3, Ò¡
_

AB ´�¦��, ¿�ù�4�Ò½Â�
_

AB ��Ý.

U
y², � f(x) ëY��� (= f ′ �3�ëY, d�, ·�~`
_

AB ´1w�),
_

AB �½´�¦��, ¿�Ù�Ý�L«�

s =

� b

a

√
1 + [f ′(x)]2dx,

ù¡� (���IXe�) l�úª.

-

6

x

y

q q q q
A

M1

Mi

Mi+1

B

ã 5.11

-

6

x

y

.
....................................

....................................

.....................................

......................................

.......................................

........................................

.........................................
..........................................

...........................................
............................................

q
........................................................................................................................................................................

.....................................................................................................

. ......... . ......... . ......... . ......... . ......... . ......... . ......... . ......... . ......... . ......... . ......... .....M
N

x x+dx

L

O

ã 5.12

·�y3^��{�Ñù�úª: � dx > 0, 3
_

AB þ?�ü: M Ú M ′, Ùî�

I©O� x � x+ dx. Kùü:�ål�√
(dx)2 + [f(x+ dx)− f(x)]2 =

√
(dx)2 + [f ′(x)dx+ o(dx)]2.

·�dd��l���� (=l���©)

ds =
√

1 + [f ′(x)]2dx.

ò ds 3«m [a, b] þÈ©, =�þãl�úª.

du dy = f ′(x)dx, �l���©��L��

ds =
√

(dx)2 + (dy)2.
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l���© ds k²w�AÛ¿Â. Xã5.12 ¤«, 3±�� ML ��>�n�/

(¡��©n�/) LMN¥, MN = dx, LN = dy. �

ML =
√
MN2 + LN2 =

√
(dx)2 + (dy)2,

= ML = ds. Ïd, AÛþw, l���©Ò´�©n�/��>�.

Nõ¯K¥, ­�l��§dëê�§½4�I�§�Ñ, ·�y3�Ñ�A�l

�O�úª:

�­�l
_

AB �ëê�§�x = x(t)

y = y(t)
(α 6 t 6 β),

Ù¥¼ê x(t) Ú y(t) 3«m [α, β] þkëY��û, � x′(t), y′(t) ØÓ��". ·��

b½,�ëê tl αC� β �,l
_

AB þ�:Kl AC� B,K� dt > 0�,k ds > 0.

u´l���©y3¤�

ds =
√

[x′(t)]2 + [y′(t)]2dt,

l
��ëê�§e�l�úª

s =

� β

α

√
[x′(t)]2 + [y′(t)]2dt.

e­�l
_

AB d4�I�§

r = r(θ) (α 6 θ 6 β)

�Ñ, Ù¥ r(θ) 3 [α, β] þkëY��û. � θ l α C� β �, ­�þ�:l A C�

B. ·��À^ θ ��ëê, ò
_

AB ��§L«�ëê�§x = r(θ) cos θ

y = r(θ) sin θ
(α 6 θ 6 β),

K´� [x′(θ)]2 + [y′(θ)]2 = r2(θ) + r′2(θ), �kl�úª

s =

� β

α

√
r2(θ) + r′2(θ)dθ.

����~f, ·�5¦ý�x = a cos t

y = b sin t
(0 6 t 6 2�)

�l�, Ù¥ a > b > 0.
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¢Sþ, dé¡5, �I�Äý��Au 0 6 t 6 �
2 lã��Ý, dd´�ý��l

��

s = 4

� �
2

0

√
a2 sin2 t+ b2 cos2 tdt = 4a

� �
2

0

√
1− e2 cos2 tdt,

Ù¥ e �ý��l%Ç. UY¢1��, - u = cos t, KþãÈ©z��«ý�.È

©£ý�È©�¶c�5
ud¤

s = 4a

� 1

0

√
1− e2u2

√
1− u2

du,

5.3.2 ²¡ã/�¡È

·�®?ØL²¡­��¤ã/�¡È�½Â, ¿�3���IXe (�Kþ) U


¦Ñã/�¡È. ùpò^��{�Ñ4�Ie��aã/�¡ÈO�úª.

�­�d4�I�§

β α

r=r(θ)

ã 5.13

r = r(θ) (α 6 θ 6 β)

�Ñ, Ù¥ r(θ) 3«m [α, β] þëY, ·��(½

ù^­���� θ = α 9 θ = β ¤�¤�­>÷

/�¡È (Xã5.13).

3«m [α, β] S?����Ý� dθ �«m [θ, θ + dθ]. 3ù��«mþ, ^�l

r = r(θ) �O­�l, ��¡È�� (ã5.13 ¥ÒKÜ©�¡È)

dS =
1

2
r2(θ)dθ.

Ïd, ¤¦�¡È´

S =

� β

α

1

2
r2(θ)dθ =

1

2

� β

α

r2(θ)dθ.

·�^BJ9, dþ¡�úª�±�Ñ,
dëê�§�Ñ�4­�¤�¤�ã/

�¡È.

�²¡ã/d4­� x = ϕ(t),

y = ψ(t)
(a 6 t 6 b)

�¤, Ù¥ ϕ(t) � ψ(t) äkëY��û, � ϕ(a) = ϕ(b), ψ(a) = ψ(b). Ï�

r2 = x2 + y2, θ = arctan
y

x
,



5.3 È©�A^ 199

dEÜ¼ê��û{K, �Ñ

θ′t =
dθ

dt
=
xy′t − x′ty
x2 + y2

.

� 1
2r

2dθ = 1
2(xy′t− x′ty)dt. e4� θ (U_����) l α C� β, éAuëê t l a C

� b, Kdã/�¡È�

S =
1

2

� b

a

(ϕ(t)ψ′(t)− ϕ′(t)ψ(t)) dt.

~X, ·�´¦Ñý�

x = a cos t

y = b sin t
(0 6 t 6 2�) �¡È�

1

2

� 2�

0

(a cos t · b cos t+ a sin t · b sin t)dt =�ab.

5.3.3 ^=N�NÈ

'u�máN�NÈ, ·�ò3õ��È©¥�ÑêÆ½Â, ùpK����AÛ

�*, ¿^��{�ÑAaáN�NÈ.

��m¥,�áNd�­¡�R�u x

a bx x+dx

ã 5.14

¶�ü²¡ x = a 9 x = b �¤ (Xã5.14).

eL?¿�: x(a 6 x 6 b) �R�u x ¶

�²¡�áN¤���¡¡È S(x) �®�

�ëY¼ê, y3�(½TáN�NÈ V .

·�?�«m [a, b]þ���Ý� dx�

�«m [x, x+ dx], ù��«mþ�áN�Cq/w�þ!e.�¡ÈÑ´ S(x), 
p�

dx ����ÎN. u´�ÑNÈ���� dV = S(x)dx. ò dV l a � b È©, Kk

V =

� b

a

S(x)dx.

�âþã�K�¦Ñ,
^=N�NÈ. ±eþb�¼ê y = f(x) 3«m [a, b] þ

ëY¿÷v f(x) > 0 . ·�ò�Äd y = f(x), �� x = a, x = b 9 x ¶�¤�­>F

/, ©O7 x ¶^=�±Ú y ¶^=�±�^=N�NÈ.

1◦ 7 x ¶^=�±¤��^=N�NÈ.
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é«m [a, b] þ?�: x, �R�u x ¶�²¡, �^=N¤��¡�¡È, �u�

»� y = f(x) ���¡È, =S(x) =�y2 =�f2(x). Ïd, dþ¡�ªf�, ^=N�

NÈ�

V =�
� b

a

f2(x)dx.

2◦ 7 y ¶^=�±¤��^=N�NÈ.

y3·��Äþã�­>F/ (Ù¥ a > 0) 7 y ¶^=�±¤�^=N�NÈ. 5

¿, ùp��E,´d y = f(x), �� x = a, x = b 9 x ¶�¤�­>F/, �§7 y ¶

^=�±�×L��m«��NÈ.

3«m [a, b] þ?���Ý� dx �«m [x, x + dx], �A (uù��«m) ��­

>F/7 y ¶^=�±¤��^=N�NÈ, �Cq/w�p� f(x), 
.�»©O�

x+ dx 9 x �ü�Î�NÈ�, =´

f(x)[�(x+ dx)2 −�x2] = 2�xf(x)dx+�f(x)(dx)2.

Ñ� dx �p�Ã¡� �f(x)(dx)2, �NÈ���� 2�xf(x)dx, �¤¦�NÈ�

V = 2�
� b

a

xf(x)dx.

5.3.4 ^=N�ý¡È

�m­¡�¡È, �ò3õ��È©¥?Ø. ùp·���AÛ�*, �Ñe¡�a

^=N�ý¡È.

�¼ê y = f(x) 3«m [a, b] þkëY��û, ¿� f(x) > 0 ( x ∈ [a, b]). òd­

�ã7 x ¶^=�±, �(½¤�)�^=N�ý¡È F .

3«m [a, b] þ?��Ý� dx ��

x x+dx

∆F

ã 5.15

«m [x, x + dx], �Ä�AuT«mþ�

lã MM ′ 7 x ¶^=�±¤��^=

N�ý¡È ∆F (ë�ã5.17). MM ′ �^

��ã ML (�Ý� ds) Cq�O, Ïd

∆F �d ML 7 x ¶^=¤�����

ý¡È5Cq�O(ã5.15). Ù�, ¤`�

��ý¡È�

�·(þ.�» + e.�») · �p

=�[y + (y + dy)] · ds = 2�yds+�dy · ds.
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Ñ� dx �p�Ã¡� �dy · ds, ��ý¡È��

dS = 2�yds = 2�y
√

1 + y′2 dx.

u´¤¦�ý¡È�

S = 2�
� b

a

y

√
1 + y′2 dx

= 2�
� b

a

f(x)
√

1 + (f ′(x))2dx.

e­�ãdëê�§ x = x(t)

y = y(t)
(α 6 t 6 β)

�Ñ, Ù¥ x(t) Ú y(t) 3 [α, β] þkëY��û, Ký¡Èúª�

S = 2�
� β

α

y(t)

√
x′2(t) + y′2(t) dt.

e­�ãd4�I�§

r = r(θ) (α 6 θ 6 β)

�Ñ, �À θ ��ëê, K

S = 2�
� β

α

r(θ) sin θ

√
r2(θ) + r′2(θ) dθ.

5.3.5 Cå�õÚÚå

��
ó, (½CåéÔN¤��õ, IA^�Ö1�þ0��­�È©. �éu

e¡�«��{ü��/, �±^��{?n.

�ÔN3(C)å F = F (x) ��^e÷ x ¶���$Ä (å����ÔN�$Ä�

���), eÔNl a :$Ä� b :, �(½CåéÔN¤��õ W (b½ F (x) ´ x �

ëY¼ê).

3«m [a, b] þ?����Ý� dx ��«m [x, x + dx]. 3ù��«mþ, d

Cå�ëY5, Cå¤��õ�Cq/w�ðå F (x) ¤��õ,u´��õ���

dW = F (x)dx. ò dW l a � b È©, �ÑCå F (x) ¤��õ�

W =

� b

a

F (x) dx.

~ 5.3.1 �»� R m ��¥/Y³S5÷
Y, ¦ò�Ü�YÄZI��õ (Y

��Ý� 1 t/m3).
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) Xã5.16, 3L¥%�R¡þ�

Oxy�IX, ±R¡Ú�¥¤�����

é¡¶� y ¶, Y²��� x ¶. ����

§� x2 + (y − R)2 = R2(0 6 y 6 R). ¤

¦�õ=´ò³S�Y�ÜJ,�³÷p

Ý¤I�õ. ¦Y l y(0 < y 6 R) ü�

y− dy ¤I�õCq/� �gx2dy · (R− y),

Ù¥g �­å\�Ý, x2 = 2Ry − y2. =õ

���

dW =�(2Ry − y2)(R− y)dy.

x

y

R

dy

ã 5.16

�¤I�õ�

W =

� R

0

�g(2Ry − y2)(R− y) dy =
�
4
gR4 (N·m).

'uÚå�O�Xe:d�kÚå½Æ��, ål� r �ü��:�m�Úå�

F = k
m1m2

r2
,

Ù¥ m1,m2 ©O´ü��:��þ, k �Úå~þ. XJ�(½��ÔNé���:�

Úå, ½öü�ÔN�m�Úå, ��
ó, I�A^õ­È©. �3,
{ü�¹e,

�±^��{5)û.

~ 5.3.2 �k��þ![�, �þ� m, �Ý� 2l. 3� (¤3��) �ò��þ

k�ü �þ��: Q, ål��¥%� a (ùp a > l). ¦�é�: Q �Úå F .

) ±��¥%��:, �¤3���� x ¶, ¿¦�: Q 3 x ¶���þ.

é«m [−l, l] ¥?��Ý� dx ��«m [x, x + dx]. òù�ãCq/À���:,

Ù�þ� m
2l · dx, 
��: Q �ål� a− x. d�kÚå½Æ, ù��ãé Q �Úå

� k m
2l(a−x)2 dx, =

dF = k · m

2l(a− x)2
dx,

u´�é�: Q �Úå�

F =
km

2l

� l

−l

1

(a− x)2
dx =

km

a2 − l2
.
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SK 5.3

1. ¦e�­�l�l�.

(1) �Ô� y = x2 l x = −a � x = a �m�l;

(2) (/�

x = a cos3 t,

y = a sin3 t
(0 6 t < 2�), a > 0 ´~ê;

(3) Archimedes Ú� r = aθ (0 6 θ 6 2�).

2. O�e¡�­�¤�¤�²¡ã/�¡È.

(1) VÝ� r2 = a2 cos 2θ (θ ∈ [−�4 ,
�
4 ) ∪ (3�

4 ,
5�
4 ], a ��~ê);

(2)

x = t− sin t,

y = 1− cos t
(0 6 t 6 2�) 9 x ¶;

(3) y = ex, y = e−x 9 x = 1.

3. O�e�^=N�NÈ:

(1) y = sinx (0 6 x <�) � x ¶�¤�ã/©O7 x ¶9 y ¶^=�±;

(2) y = ex
2
(0 6 x 6 1) � x ¶�¤�ã/7 y ¶^=�±;

(3)

x = t− sin t

y = 1− cos t
(0 6 t 6 2�) � x ¶�¤�ã/7 x ¶^=�±.

4. ¦y: ± R ��», p� h �¥"�NÈ� �h2
(
R− h

3

)
.

5. ¦e�­�ã^=�±�¤�áN�ý¡È.

(1) x2 + y2 = r2 7 x ¶, Ù¥~ê r > 0;

(2) x2

a2 + y2

b2 = 1 7 y ¶, ùp a > b > 0;

(3) y = a coshx (0 6 x 6 a) 7 x ¶;

(4) r = a(1 + cos θ) 74¶, a > 0.

6. �»� r �¥�\Y¥, �Y¡�� (¥��Ý� 1). yò¥lY¥MÑ, I�õ

�õ?

7. ü^�� l, �þ� m �þ![\ uÓ���þ, ü\Càål� l, ¦ü\�m

�Úå.
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§5.4 2ÂÈ©

Riemann ¿Âe�È©kü���, �´È©«mk� (ÄKÒØU�y�©�:

�5�õ�, ©��°Ýªu"), �´�È¼êk.. XJ�â»ùü���, 7L/

Ï�Ä��4��{, �Ä Riemann È© ('uÈ©�) �üa4�. ddÚÑüa¤

¢�/2ÂÈ©0, 
 Riemann È©k�K�A/¡�~ÂÈ©.

5.4.1 Ã¡«mþ�È©

Äk�ÄÈ©«m´Ã¡��¹. �¼ê f(x)3«m [a,+∞)þk½Â,XJ f(x)

3?Û��k�«m [a,A] þ�È, 
�� A→∞ �, È©
� A
a f(x)dx = ϕ(A) �� A

�¼êk4�, K·�òù4��½Â�¼ê f(x) 3 (Ã¡) «m [a,+∞) þ�Ã¡È

©, P�
� +∞
a f(x)dx, =½Â

� +∞

a

f(x) dx = lim
A→+∞

� A

a

f(x) dx = lim
A→∞

ϕ(A).

ù��¡Ã¡È©
� +∞
a f(x) dx �3 (½Âñ). eþã�4�Ø�3, K¡dÃ¡È©

Ø�3 (½uÑ).

aq/, ·�½Â¼ê f(x) 3«m (−∞, a] þ�Ã¡È©�� a

−∞
f(x)dx = lim

c→−∞

� a

c

f(x)dx.


¼ê f(x) 3«m (−∞,+∞) þ�Ã¡È©½Â�� +∞

−∞
f(x) dx =

� a

−∞
f(x) dx+

� +∞

a

f(x) dx

= lim
c→−∞

� a

c

f(x) dx+ lim
b→+∞

� b

a

f(x) dx,

Ù¥ a �?�¢ê (Ï~� a = 0). �é{`, �þ¡�ªm>ü�Ã¡È©ÑÂñ�,

·�â¡
� +∞
−∞ f(x)dx Âñ (Ù�Ò½Â�üö�Ú).

c b
x

y

ã 5.17

lAÛþw, Ã¡«mþ�È©Ò´��m��­>F/�¡È.



5.4 2ÂÈ© 205

3y�ã, �OÃ¡È©
� +∞
a f(x)dx ´ÄÂñ, ÄkIé¦Ñ

� A
a f(x)dx; 2ïÄ

¤�(J3 A → +∞ �´Äk4� (Uù��K, e�O
È©Âñ, Ï~�Ó�¦

Ñ
Ã¡È©��.) �
��ù�:, ·��,A^ Newton—Leibniz úª: e¦�


f(x) 3 [a,+∞) þ����¼ê F (x), K¯KÒz�
¦ lim
A→+∞

F (A); �ù4��3

�, Ù�Ò^ F (+∞) L«, ·��(J�±Lã�

� +∞

a

f(x) dx = F (x)

∣∣∣∣+∞
a

= F (+∞)− F (a).

é
� a
−∞ f(x)dx 9

� +∞
−∞ f(x)dx �Ó�/?n.

~X, éu¼ê f(x) = 1
xα , Ø� α = 1 ��¹, k

� A

1

dx

xα
=

1

1− α
(A1−α − 1)

w,, e α > 1, K� A→∞ �4��3, =
� ∞

1

dx

xα
=

1

α− 1
.


� α < 1 �, 4�Ø�3. éu α = 1 �, ¼ê f(x) = 1
x ��¼ê´éê¼ê log x,

w,§3Ã¡�:uÑ.

,
, =¦�È¼ê´Ð�¼ê, È©
� A
a f(x)dx �O�����(J, k�$�Ã

{^wªL�ª5L«. Ïd�
�O
� +∞
a f(x)dx ´ÄÂñ, þã�{k�½�Û�

5. ·�ò3�Y�§¥0�Ù¦�
k���O{K, ±�OÃ¡«m�È©´ÄÂ

ñ.ù
�{�´�â�È¼êg��5�, 
Ø7kO�
� A
a f(x)dx.

,
, -<¯Û�´, 3~ÂÈ©
� A
a f(x)dx Ã{ (wª) O���¹e, 2ÂÈ©� +∞

a f(x)dx %²~UO�Ñ5. ~X£PoissonÈ©¤,
� A

0 e−x
2
dx Ø�UL«� A �Ð

�¼ê, �%U¦Ñ � +∞

0

e−x
2

dx =

√
�
2
.

·�ò3�Y�§¥,l���m5w� Poisson È©,¿�ÑäN�O�.

5.4.2 ×È©

éu3k�«mþÃ.�¼ê, ·���{´ò��¼êÃ.�: (¡�×:) �

C���, ¦�¼ê3�{�«mþk.. È©�, 24���Ü©��Ýªu", XJ

4��3, Ò½Â�Ã.¼ê�2ÂÈ©, ½¡�×È©.

Ø��«m [a, b] �mà: b ´ f(x) �����×:, =¼ê f(x) 3«m [a, b)

þk½Â, 3: b ��C�Ã., Ïd¼ê f(x) 3 [a, b] þØ�È.
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XJ�� b :NC?¿���«m (b − ε, b), Ù¥ ε´?¿��ê, 
 f(x) 3

�{Ü©«m [a, b − ε] þ�È (l

� b−ε
a f(x)dx k¿Â), 
�� ε → 0+ �, È©� b−ε

a f(x)dx ��Cþ�¼êk4�, K¡ f(x) 3«m [a, b] þ�×È©�3 (½Âñ),

¿òù4��½Â�×È©��, P�
� b
a f(x)dx, =½Â

� b

a

f(x) dx = lim
ε→0+

� b−ε

a

f(x) dx.

eþã4�Ø�3, K¡ f(x) 3 [a, b] þ�×È©Ø�3 (½uÑ).

aq/, XJ«m��à: a ´¼ê f(x) �����×:, K½Â f(x) 3 [a, b]

þ�×È©� � b

a

f(x) dx = lim
ε→0+

� b

a+ε

f(x) dx,

��mà4�S�È©©ª�3.

XJ«m (a, b) �ü�à:Ñ´ f(x) �×:, Ké?¿ c ∈ (a, b), �ü�×È©� c
a f(x)dx �

� b
c f(x)dx ÑÂñ�, Ò¡×È©

� b
a f(x)dx Âñ, Ù��ùü�×È©�

Ú, =½Â � b

a

f(x) dx = lim
ε→0+

� c

a+ε

f(x) dx+ lim
η→0+

� b−η

c

f(x) dx,

w,, �×È©
� b
a f(x)dx Âñ�, Ù�w,� c �À�Ã'.

XJ×:�)3«m�SÜ, Ø�� c ∈ (a, b) ´ f(x) ���×:, K�âÈ©�

\5�Ä��K, ©O�Ä¼ê f(x) 3ü�f«m (a, c) Ú (c, b) þ�È©½×È©.

�ü�È©Ñ�3�, K¼ê3�5�«m (a, b) þ2Â�È.

XJ¼ê f(x) 3«m (a, b) þkê�×:, �âÈ©��\5, �±ò«m (a, b)

3×:?©m. � f(x) 3z��ãþ�È©½×È©Ñ�3, K§��ÚÒ´¼ê3�

�«mþ�×È©.

�Ã¡«mþ�2ÂÈ©aq, 3y�ã, �
�O��×È©´ÄÂñ, ·��U

Uì½Â?1. Ø�� b ´ f(x) ���×:. e¦�
 f(x) 3ù«mþ����¼ê

F (x), K×È©´ÄÂñ�ûu4� lim
x→b−

F (x) ´Ä�3. �â Newton—Leibniz úª

k� � b

a

f(x)dx = F (b− 0)− F (a);

e lim
x→b−

F (x) Ø�3, K¤`�×È©uÑ.

~X, ×È©
� 1

0
1
xαdx �È¼ê��¼ê©O´ F (x) = 1

1−αx
1−α � α 6= 1, Ú

F (x) = log x, � α = 1. ÏdéN´�äÈ©3 α < 1 �Âñ, 3 α > 1 �uÑ.

���¹e, ·���â�È¼êg��A:�ä×È©�Âñ5, ùò´·�8

����;�{K, 3dØL.
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5P ^B�Ñ, �e¡ù��È©
� 1

0

sinx

x
dx �

� 1

0

xα lnx dx (α ´~ê, α > 0),

�È¼ê3 x = 0 ?�,vk½Â, �Ï�¼ê sinx
x � xα lnx 3 (0, 1] þëY, ��

x→ 0+ �Ñk4� (l
k.). Ïd, ÃØN�½Âùü�¼ê3 x = 0 ?��, ÑØ

K�§�3 [0, 1] þ� Riemann �È5±9È©�. Ï~, ·�éù��È©Ø�AO

��², ¿�S.þ%@�È¼ê3 x = 0 ?��, ½Â�¼ê3ù�:?�m4��,

±¦��È¼ê3��«m [0, 1] þëY.

,��¡, ÃØ´Ã¡«mþ½Ã.�¼ê�2ÂÈ©, Ñ´~ÂÈ©��«4�

/�, Ïd, 34��?n�e, ~ÂÈ©�Ä�5�ÚO��{�±�3.e¡·�A

O?Ø2ÂÈ©���Ú©ÜÈ©ü«�{, ±B3O�2ÂÈ©���A^.

5.4.3 2ÂÈ©���Ú©ÜÈ©

·�Äk?Ø2ÂÈ©¥���{. �¼ê f(x) 3«m [a, b) þëY, ùp b �±

´ +∞; 
 x = ϕ(t) ´3«m [α, β) þî�üN4O���¼ê, ϕ′(t) ëY�Ø�"

�, ùp β �±´ +∞, ¿� ϕ(α) = a 9 ϕ(β) = b (ùAn)� lim
t→β

ϕ(t) = b).

d�¼ê½n, 3«m [a, b) þk ϕ �î�4O�ëY��¼ê t = ϕ−1(x), ¿�

lim
x→b

ϕ−1(x) = β.

y3� x0 � t0 = ϕ−1(x0) ´«m (a, b) � (α, β) ¥?¿�ép�éA�ê, Kd

~ÂÈ©���úª, �
� x0

a

f(x) dx =

� t0

α

f(ϕ(t))ϕ′(t) dt,

w,, � t0 → β �k x0 → b, ��½,. Ïd, e
� b
a f(x)dx Âñ, K� t0 → β �, (5)

ªmà�È©7k4�, =
� β
α f(ϕ(t))ϕ′(t)dt Âñ, ¿�

� b

a

f(x) dx =

� β

α

f(ϕ(t))ϕ′(t) dt.

aq/, eþªmà�È©Âñ, K�>�È©�Âñ, �üö��.

±þ�?ØÓ�·^u (Cþ��) ¼ê ϕ �î�4ü� α > β ��/ (ùp

a = ϕ(α), b = ϕ(β)).

é (a, b] þ�(2Â)È©, Cþ���{��þ¡aq/?1.

2ÂÈ©�Cþ��{K, Ù¿Â´: �ª¥�>�È©Âñ, K,�>�È©�

Âñ, �üö��. ù�{K�^uO� (®�Âñ�) 2ÂÈ©, ��^uy²2ÂÈ

©Âñ.
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��{�±ò2ÂÈ©=z�~ÂÈ© (3d�¹e, 2ÂÈ©�Âñ5B�8


,), ��±ò�«/ª�2ÂÈ©=z�,�«/ª�2ÂÈ©.

~X, éuÃ¡«mþ�2ÂÈ©
�∞
a f(x)dx, (a > 0) ?1��

x =
1

y
, K dx = −dy

y2
.

Ïd � ∞
a

f(x) dx =

� 1/a

0

1

y2
f

(
1

y

)
dy

þª��àÂñÒ¿�X,�à�Âñ.

y3=�2ÂÈ©�©ÜÈ©. �¼ê u = u(x) � v = v(x) 3 [a, b) þëY��,

ùp b �±´ +∞. Ké?¿ c (a < c < b), 3«m [a, c] þd~ÂÈ©�©ÜÈ©úª,

k � c

a

u dv = u(x)v(x)

∣∣∣∣c
a

−
� c

a

v du.

4 c→ b, K·�w�, þª¥n��¥ekü�k4�, K1n��k4�, ¿�k

� b

a

u dv = u(x)v(x)

∣∣∣∣b
a

−
� b

a

v du,

ùp u(x)v(x)
∣∣∣b
a

= lim
x→b

u(x)v(x)− u(a)v(a).

ùÒ´2ÂÈ©�©ÜÈ©úª, §Q�^5O� (®�Âñ�) 2ÂÈ©, �U^

5y²2ÂÈ©Âñ.

éu«m (a, b] þ�2ÂÈ©, aq/�ïá©ÜÈ©{K.

~ 5.4.1 � α ´?��¢ê, ¦y

I =

� +∞

0

1

(1 + x2)(1 + xα)
dx

Âñ, ¿¦Ù�.

) - x = tan y, ùp y ∈
[
0, �2

)
, Kd��{K�

I =

� �
2

0

1

1 + tanα y
dy,

ù´��~ÂÈ© (�È¼ê3
[
0, �2

)
þëY, �3 y → (�2 )− �k4�), l
¯K¥

�2ÂÈ©Âñ.
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�
¦Ñ I ��. òÈ©«m©� [0, 1] 9 [1,+∞), ¿��� x = 1
t , �Ñ

I = −
� 1

+∞

tα

(1 + t2)(1 + tα)
dt−

� 0

1

tα

(1 + t2)(1 + tα)
dt

=

� +∞

0

tα

(1 + t2)(1 + tα)
dt = −I +

� +∞

0

1

1 + t2
dt

= −I +
�
2
,

� I = �
4 .

~ 5.4.2 y²: ×È©

I =

� �
2

0

ln sinx dx

Âñ, ¿¦Ù�.

) ©ÜÈ©, ·��Ñ

I = x ln sinx
∣∣∣�2
0
−
� �

2

0

x

tanx
dx = −

� �
2

0

x

tanx
dx.

(5¿, ^ L’Hospital {K�� lim
x→0+0

x ln sinx = 0.) m>�È©´��~ÂÈ©, Ï


y²
×È© I �Âñ5.

�
O� I, - x = 2t, K

I = 2

� �
4

0

ln sin 2t dt =
�
2

ln 2 + 2

� �
4

0

ln sin t dt+ 2

� �
4

0

ln cos t dt.

3þª���� (~Â) È©¥��� t = �
2 − y, K� (�§5.1, ~5.1.10 ���)

I =
�
2

ln 2 + 2

� �
4

0

ln sin t dt+ 2

� �
2

�
4

ln sin y dy

=
�
2

ln 2 + 2I,

� I = −�2 ln 2.
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SK 5.4

1. �äe�2ÂÈ©´ÄÂñ, ¿¦ÑÂñ�2ÂÈ©��.

(1)

� +∞

0

xe−x
2

dx; (2)

� +∞

0

x sinx dx;

(3)

� +∞

2

lnx

x
dx; (4)

� +∞

1

arctanx

x
dx;

(5)

� +∞

0

e−x sinx dx; (6)

� +∞

−∞

1

x2 + 2x+ 2
dx;

(7)

� 1

0

lnx dx; (8)

� 1

−1

1√
1− x2

dx;

(9)

� 1

0

x lnx

(1− x2)3/2
dx; (10)

� 1

0

ln
1

1− x2
dx;

(11)

� +∞

0

xne−x dx (n ���ê); (12)

� 1

0

(lnx)n dx (n ���ê).

2. 2ÂÈ©
� +∞
−∞ f(x) dx ��ÜÌ�½Â�

P.V.

� +∞

−∞
f(x) dx = lim

b→+∞

� b

−b
f(x) dx.

w,, e2ÂÈ©
� +∞
−∞ f(x) dx Âñ, KÙÌ��Âñ, ��L5Ø�½¤á. ïÄ

e�2ÂÈ©Ì��Âñ5.

(1) P.V.

� +∞

−∞

x

1 + x2
dx; (2) P.V.

� +∞

−∞

|x|
1 + x2

dx.

3. e¼ê f(x)3 (a,+∞)þëY,¿�± a�×:,K2ÂÈ©
� +∞
a f(x) dx½Â�

� b

a

f(x) dx+

� +∞

b

f(x) dx,

ù´�!ù�üa2ÂÈ©�|Ü, Ù¥ b > a ´?��¢ê. �þ¡ü�2ÂÈ

©ÑÂñ�, ·�¡
� +∞
a f(x) dx Âñ; ÄK¡�uÑ.

(1) y²
� +∞

1

1

x
√
x− 1

dx Âñ, ¿¦Ù�;

(2) y², é?¿¢ê α,

� +∞

0

1

xα
dx uÑ.

4. � a < c < b, : c ´¼ê f(x) 3«m [a, b] S���×:, K×È©
� b
a f(x) dx ½

Â�ü�×È©
� c
a f(x) dx �

� b
c f(x) dx �Ú.

(1) ¦

� 4

−1

1

x2 + x− 2
dx;
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(2) ¦

� 1

−1

x−
1
3 dx.

1 5 ÙnÜSK

1. � m,n ���ê, y²

(1)

� 2�

0

sinmx · cosnx dx = 0;

(2)

� 2�

0

sinmx · sinnx dx =

� 2�

0

cosmx · cosnx dx =

�, X m = n

0, X m 6= n
.

(�K�(Ø, 3±��ù�Lp�?ênØ¥äkÄ��­�5.)

2. � m,n ���ê, P

B(m,n) =

� 1

0

xm(1− x)n dx.

y²: (1) B(m,n) = B(n,m); (2) B(m,n) = m!n!
(m+n+1)! .

B(m,n) ´Í¶� Beta ¼ê ({¡ B–¼ê) �A~. ��� B(m,n), é m > −1

9 n > −1Ñk¿Â,·�ò3±�?Ø.SK5.1¥16.(2)K,�Ñ
 m > 0, n > 0

�, B(m,n) ���þ.�O.

3. O�e�È©:

(a)
� 2

1
2

(
1 + x− 1

x

)
ex+ 1

x dx;

(b)
� n�

0 x| sinx| dx (n ���ê);

(c) � f(x) =
� x+2�
x (1 + esin t − e− sin t) dt+ 1

1+x

� 1

0 f(t) dt, ¦
� 1

0 f(x) dx.

4. y² 1
2n+2 <

� �
4

0 tann x dx < 1
2n (n = 1, 2, · · · ).

5. �¼ê f 3 [a, b] þ�È, �
� b
a f(x) dx > 0, y²: 7k��«m [α, β] ⊂ [a, b], ¦

�é?¿ x ∈ [α, β], k f(x) > 0. ('�SK5.1¥18K.)

(J«: b�(ØØé, Ké [a, b] �?�y© a = x0 < x1 < · · · < xn−1 < xn = b,

3«m [xi−1, xi] þÑ�3 ξi, ¦ f(ξi) 6 0. dd�)�����È©Ú, LÞ�4

�, �)gñ.)

6. (1) � f ´??ëY�ó¼ê, K f 7k���¼ê�Û¼ê;

(2) � f ´??ëY�Û¼ê, K f �?���¼êÑ´ó¼ê. (Á'�SK3.1,

115K.)

7. Þ~`², �3��ëY�±Ï¼ê f , ¦� f ��¼êÑØ´±Ï¼ê. (Á'�

SK3.1, 116K.) (J«: À��ëY�±Ï¼ê f , ¦§U�y F (x) =
� x

0 f(t) dt
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Ø´±Ï¼ê. 5¿, Ø7�Ä F (x) �wªL«.)

8. � a0
n+1 + a1

n + · · ·+ an = 0. y²: õ�ª a0x
n + a1x

n−1 + · · ·+ an 3 (0, 1) S��

k��":. (�K´1 3 ÙÖ¿SK�13K, ùp�¦^È©�Ã{5Øy. �

wSK5.1 ¥,�SK.)

9. �¼ê f 3 [0,�] þëY, �k
��

0 f(x) sinx dx =
��

0 f(x) cosx dx = 0. Áy3

(0,�) S�3ü: x1 Ú x2, ¦� f(x1) = f(x2) = 0.

(J«:´� f 3 (0,�) S��k��": x1. eù´���":, K f 3 (0, x1)

� (x1,�) SÉÒ. u´
��

0 f(x) sin(x− x1)dx 6= 0, ùò�)gñ.)

10. � f(x) ??ëY, f(0) = 0, � f ′(0) �3. P F (x) =
� 1

0 f(xy) dy. y² F (x) ??

��, ¿¦Ñ F ′(x).

11. (1) � f(x) =

e−x
2
, |x| 6 1

1, |x| > 1.
P F (x) =

� x
0 f(t)dt. ÁïÄ F (x) 3=
:��.

(J«: �SK5.1 ¥1 16 KØÓ, �KÃ{¦Ñ F (x) �wªL«.)

(2) � f(x) =
� x

0 cos 1
t dt, ¦y f ′+(0) = 0.

12. �¼ê f ??ëY.y²

lim
h→0

1

h

� b

a

[f(x+ h)− f(x)] dx = f(b)− f(a).

(J2: �KN´��.)

13. �¼ê f(x) 3 [a, b] þëY��.y²

lim
λ→∞

� b

a

f(x) sinλx dx = 0.

(J«: ©ÜÈ©.)

14. y²: limx→+∞
1
x

� x
0 | sin t| dt = 2

� .

15. y²: lim
n→∞

� �
2

0

sinn x dx = 0. (J«: ��^È©¥�½n, �Ñ¤`�È©�
�
2 sinn ξn (Ù¥ 0 < ξn <

�
2 ), �ùØU�Ñ(J, ÏØUüØ {ξn} ¥k��f�

ªu �
2 . �Ñù�(J�æ^Xe��{. é?¿�ê ε < 1, ���ëê δ (� ε

k'), ò¯K¥�È©
¤üÜ©: �Ü©^«m�Ý��; ,�Ü©d n → ∞
5��, ±¦�üö�Ú�u ε. ·�k� �

2

0

sinn x dx =

� �
2
−δ

0

sinn x dx+

� �
2

�
2
−δ

sinn x dx

< 2
[
sin
(�

2
− δ
)]n

+ δ = 2 cosn δ + δ.
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y3� δ = ε
2 , Ï 0 < cos ε2 < 1, � cos ε2 � n Ã', � n ¿©��, �¦þª1�

��u ε
2 .

)��K�,��{´A^ §5.1 ¥~9. ë�1 1 ÙnÜSK¥1 1 K¥� (1).)

16. � f(x) ´ [a, b] þ�ëY¼ê, � f(x) > 0 (é x ∈ [a, b]). P f(x) 3ù«mþ�

���� M , K

lim
n→∞

(� b

a

fn(x) dx

) 1
n

= M.

17. (1) � f(x) ´ [1,+∞) þ�4O!�K¼ê, Ké?¿��ê n, k

0 6
n∑
k=1

f(k)−
� n

1

f(x) dx 6 f(n);

(2) � f(x) ´ [1,+∞) þ�4~!�K¼ê, Ké?¿��ê n, k

0 6
n∑
k=1

f(k)−
� n

1

f(x) dx 6 f(1).

d	, 4�

lim
n→∞

(
n∑
k=1

f(k)−
� n

1

f(x) dx

)
= α

�3, � 0 6 α 6 f(1).

(J«: éu (1), A^SK 5.1¥1 5 K��,

f(k) 6
� k+1

k

f(x) dx 6 f(k + 1),

é k = 1, 2, · · · , n− 1 ¦Ú, ��Ñ(J. aq/�y² (2) ¥�Ø�ª.

�y² (2) ¥`�4��3, �y²

g(n) =
n∑
k=1

f(k)−
� n

1

f(x) dx, n = 1, 2, · · ·

´üN4~�¼ê; 
þ¡®�Ñ g(n) ± 0 �e..)

,
 (Ø´��?n�) lÑ�þ——ê��Ú, �±ÏL (´u?n�) ëY�

þ—— È©�Ñ�O, �K�Ñ
�{ü�ù��(J (ù3�¡�Ã¡?ênØ

¥�òJ9). ~X, ·�y3´u�Ñ
n∑
k=1

√
k 9 n! ���°(�þ!e..·�A

OJ9, é n > 1, k

lnn 6
n∑
k=1

1

k
6 lnn+ 1,

l

n∑
k=1

1
k ªuÃ¡�, ¿�� lnn Ó�. d	,

γ = lim
n→∞

(
n∑
k=1

1

k
− lnn

)
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�3, ù¡� Euler ~ê.

18. (Cauchy È©Ø�ª) � f(x) � g(x) 3 [a, b] þëY, y²(� b

a

f(x)g(x) dx

)2

6
� b

a

f2(x) dx

� b

a

g2(x) dx,

�Ò¤á�¿©7�^�´: f Ú g ¥k��ð�", ½ f(x) = λg(x) (é

x ∈ [a, b]), ùp λ ´��~ê.

(J«: �KkÐA«y{. ^éÈ©þ�¦���Ñ��y², ë�SK5.1¥1

28 K�J«. �IO��{Xe: Ã��
� b
a g

2(x) dx 6= 0, ÄK´�¼ê g ð�",

(Øw,¤á (SK5.1 1 4(2) K). �Ä'u t ��gn�ª
� b
a (f(x) + tg(x))2 dx,

ùo´�K�.)

19. � f(x) 3 [0, 1] þkëY��ê, Ké?¿ a ∈ [0, 1], k

|f(a)| 6
� 1

0

|f(x)| dx+

� 1

0

|f ′(x)| dx.

20. y² 0.944 <
� 1

0
sinx
x dx < 0.947. (J«: ëwSK5.1¥1 24 K�J«.)

21. � f(x) 3«m [0, 1] þëY��, � |f ′(x)| 6M . y²: é?¿��ê n,∣∣∣∣∣
� 1

0

f(x) dx− 1

n

n∑
k=1

f

(
k

n

)∣∣∣∣∣ 6 M

2n
.

22. � f : R→ (0,+∞) ´����¼ê, �é?¿¢ê x, y ÷v

|f ′(x)− f ′(y)| 6 |x− y|.

¦y: é?¿¢ê x, k

(f ′(x))
2
< 2f(x).
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3Ýº
�©ÚÈ©�Ä�SN�,�±�Ä��¢S�µ�¯K–¦)�©�

§.lêÆþw,¤¢�©�§Ò´éXX��gCþ x � (��) ¼ê y 9Ù�û

y′, y′′, · · · , y(n) �'Xª (�§)

F (x, y, y′, y′′, · · · , y(n)) = 0

ùp�?Øü�gCþ��§,Ïd�¡��~�©�§. �§¥¤¹��¼ê�û�

�p�ê n, ¡�ù��§��. e�§'u y, y′, · · · , y(n) þ´�g�, K¡Ù� (n

�) �5�©�§.

��¼ê y = y(x) ¡��©�§�), XJ§U÷vT�§. Ïd��½�§�,

�Ä��¯��,´¦Ñ�§�), =¦��¼ê y = y(x).

�©�§3êÆÚÙ¦g,�Æ!ó§Eâ,D�²L+n+�¥�üX�~Ä�

Ú­���Ú. 3g,L§¥, k'�Cþ9ÙCzÇ�m, Uì��TL§��
Ä�

��Æ�n (½Æ), ´*d�éX�. òù«éX^êÆ�ªL�Ñ5,   Ò�)�

� (½A�) �©�§.

~X, �â Newton Ä�½Æ, �:��þ m ¦±$Ä�\�Ý�u�:¤É�	

å. XJÀ½�I, ��:3�� t �ål (½ �) � x(t), ¤É�	å� F (x(t)), K

x(t) ÷v Newton �§

F (x(t)) = mẍ(t)

Ï~, 3åÆ¥^ ẋ, ẍ �L«é�m t ��ê.

�{ü�~f´gdáN�$Ä, §÷v

ẍ(t) = −g (g ´­å\�Ý)

±9�:÷ x ¶��5å.��:�$Ä, d��:� �¼ê x(t) ÷v

mẍ(t) = −kx(t) (k ´�5Xê)

þã�yÔn¯K��§��ØU��û½�:�$Ä. XJ·��½3,���

('X t0 = 0) �:�Ð© � x(0) ÚÐ©�Ý ẋ(0), K$ÄÒ��(½
. =�:l�

½� �, ±�½��ÝÑu, 
��$ÄÒ��d�§¤û½.

^êÆ��ó`, Ò´: Ø�AO�¦, ��5`�©�§)��êØ��. ~X,

�{ü����§

y′ = f(x)
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§�)�½´e�/ª

y =

�
f(x)dx = F (x) + C,

Ù¥ F (x) ´ f(x) ?��(½��¼ê, C ´?¿~ê. =é?¿�~ê, F (x) + C Ñ

´�§�). �¡ù�/ª�)��§�“Ï)”. XJ¯k�¦¤¦�)3��A½�

: x0 ÷v y(x0) = α, KÎÜ�¦�)´���

y(x) =

� x

x0

f(x)dx+ α

¡��§���“A)”.

éu��/ª����©�§

F (x, y, y′) = 0

XJvk?Û�¦, §�)���¹k��?¿~ê C, Ï~L«�Ûª£ë�§1.3

¥“¼ê�Ù¦L��ª”.¤

Φ(x, y, C) = 0

XJUl¥ y = y(x,C) , K¡��)�wL«.

éu��/ª� n ��©�§

F (x, y, y′, y′′, · · · , y(n)) = 0

§�)Ï~�¹ n �Õá�£=*dØUÜ¿�¤?¿~ê C1, C2, · · · , Cn, §�)Ã

Ø´ÛL« Φ(x, y, C1, · · · , Cn) = 0 �´wL« y = y(x,C1, · · · , Cn), ¡��§�Ï)

½¡��§�ÏÈ©, ~ê C1, C2, · · · , Cn ¡� È©~ê. 
e�Ð©^�

y(x0) = y0, y
′(x0) = y′0, · · · , y(n−1)(x0) = y

(n−1)
0 .

��5`û½
�§���A).

~XéugdáN�$Ä�§, ²LügÈ©, §�Ï)�

x(t) = −1

2
gt2 + C1t+ C2

Ù¥ C1, C2 ´?¿~ê. XJ�½3�� t = 0 ��Ð© �ÚÐ©�Ý x(0) =

α, ẋ(0) = β, KÎÜ�¦�A)´��(½�

x(t) = −1

2
gt2 + βt+ α.

lþ¡A�{ü~fwÑ, ¦)�©�§�L§Ò´��È©�L§. ¤±��©

�§�Ï)U
^Ð�¼ê9Ð�¼ê�Ø½È©5L«, K¡�§��È�©�§,


�Ñù«)��{¡�Ð�È©{.
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,
, U^Ð�È©{¦)��§¯¢þ´�~��, éØ��§�¦)L§�´

�©E,Ú(J�. ¦+Xd, ù�Ä��{3�©�§¥Eé­�. ·�ò{�0�

�
^Ð�È©{¦)���½p��§�){. 
éu(~)�©�§���nØ, ò

3�Y�§¥0�.

§6.1 ���©�§

6.1.1 ©lCþ{

�Ä/X

dy

dx
= f(x, y) (1)

����§. =B´ù�{ü��§, ¦)�´��(J�¯�. ��§äk,«AÏ

a.�, K´u^Ð�È©{)û.

XJ f(x, y) = g(x)h(y), ùp g, h©O´ xÚ y �ëY¼ê, � h(y)Øð�". K

�§

dy

dx
= f(x, y) = g(x)h(y). (2)

3 h(y) 6= 0 ��z�

dy

h(y)
= g(x)dx. (3)

� y �� x �¼ê´�§ (2) �)�, �â���©/ª�ØC5, 3 (3) ªü>©O

¦'u y Ú x �Ø½È©, ��
dy

h(y)
=

�
g(x) dx, = H(y) = G(x) + C, (4)

Ù¥ H(y), G(x) ©O´ 1
h(y) , g(x) ����¼ê, C ´?¿~ê (þª�>�A�

¹��?¿~ê, �ù��
�
g(x) dx ¥�?¿~êÜ¿� C). Ïd�§ (2) �Ï)

d (4) �Ñ. Ï� H ′(y) = 1
h(y) 6= 0, ¤±�3�¼ê, �§ (2) �Ï)�±kwªL

« y = H−1(G(x) + C). XJ�ÄÐ�¯K y0 = y(x0), �\Ï)¿(½~ê C, �

C = H(y0)−G(x0). �Ò´÷vÐ�¯K�A)�ÛL«Xe

H(y)−H(y0) = G(x)−G(x0)

5¿, é h(y) �?�":: h(a) = 0, ~�¼ê y = a w,´�§ (2) �). ù
)

  3©lCþ (= (2) z� (3)) �¿�, �k�ØU�¹3ÏÈ© (4) ¥, �Aòù�

�)Öþ. ù�¯¢�`²Ï)�7´�Ü), ½ö`Ï)�	�U�k“~	)”.
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·�w�, �§ (2) ¥, �òÙ¥ x �¼ê� dx �u�ª�>, 
ò y �¼ê�

dy �u�ª�,�>, l
ü>��g¦Ø½È©. ù���§¡��©lCþ��

§, ù�){�¡�©lCþ{.

~ 6.1.1 ¦)�§
dy

dx
= −x

y
.

) ò�§©lCþ�, k

ydy = −xdx.

üà¦ (Ø½) È©, ��§�Ï)

x2 + y2 = C (C �?¿~ê),

ù3 Oxy �IX¥, L«±�:��%�Ó%�x.

~ 6.1.2 ¦)�§

(1 + x2)ydy +
√

1− y2dx = 0.

) � 1− y2 6= 0 �, ©lCþ�, �§�U�¤�

− ydy√
1− y2

=
dx

1 + x2
.

ü>È©, ��§�Ï)�√
1− y2 = arctanx+ C (C �?¿~ê).

q y = ±1 Ñ´��§�), �AÖþ. Ïdù��§��Ü)´√
1− y2 − arctanx = C 9 y = ±1.

6.1.2 àg�§

k
�§��ØU��©lCþ, ��·�����, �^©lCþ{¦). ¤¢

�àg�©�§Ò´ù���a�§.

��¼ê f(x, y) ¡� n gàg¼ê, XJé,���S� x, y � t k

f(tx, ty) = tnf(x, y).

���©�§

P (x, y)dx+Q(x, y)dy = 0
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¡�àg�, XJ¼ê P Ú Q ´Óg�àg¼ê. y3 P (x,y)
Q(x,y) ´ 0 gàg¼ê, Ïd§

��� ϕ
(
y
x

)
�/ª. u´þã�àg�©�§�z�/ª

dy

dx
= ϕ

(y
x

)
. (5)

�
)�§ (5). ·�Ú\#���¼ê

u =
y

x
,

K y = ux, l

dy

dx
= u+ x

du

dx
.

u´�§ (5) C¤

x
du

dx
= ϕ(u)− u. (6)

�§ (6) �©lCþ, ¤�
du

ϕ(u)− u
=

dx

x
.

ü>È©, �� �
du

ϕ(u)− u
= ln |x|+ C,

Ù¥ C ´?¿~ê. ¦Ñþª�>�Ø½È©�, 2^ y
x ��Ù¥� u, =��§ (5)

�Ï). 5¿, e ϕ(u) − u k��¢": u0, K y = u0x Ò´¿����A), A�Ö

þ.

~ 6.1.3 ¦)�§
dy

dx
=
x+ y

x− y
.

) ù´��àg�§, 3Ù¥- y = ux, ¿©lCþ, �Ñ

1− u
1 + u2

du =
dx

x
,

È©�

arctanu− 1

2
ln(1 + u2) = ln |x|+ C1,

Ù¥ C1 ´?¿~ê. òu = y
x �\þª, �Ñ��§�Ï)�√

x2 + y2 = Cearctan y
x , Ù¥ C = e−C1 .

eæ^4�I, KþãÏ)��¤

r = Ceθ,

ùL«²¡þ�x±�:�¥%�éêÚ�.
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~ 6.1.4 ¦)�§

xdy = (y +
√
x2 + y2)dx.

) k�Ä x > 0 ��/, d���§�z�

dy

dx
=
y

x
+

√
1 +

(y
x

)2
,

ù´��àg�§. ��� y = ux, �

x
du

dx
=
√

1 + u2, =
du√

1 + u2
=

dx

x
.

È©��

ln(u+
√

1 + u2) = lnx+ C1,

Ù¥ C1 ´?¿~ê. ± u = y
x �\þª, ��

y +
√
x2 + y2 = Cx2, Ù¥ C = eC1 > 0.

dd�)Ñ

y =
1

2

(
Cx2 − 1

C

)
.

� x < 0 �, �¦��þ¡�Ó�(J. ���§�)� y = 1
2

(
Cx2 − 1

C

)
, Ù¥ C > 0

´~ê.

6.1.3 ���5�§

XJ���©�§¥���¼ê y 9Ù�¼ê y′ Ñ´�g�, K¡�§����

5�§, §�z�IO/ª

dy

dx
+ P (x)y = Q(x). (7)

emà� Q(x) ð�", K�§¡� (��) �5àg�§; ÄK, �§¡� (��) �5

�àg�§. 5¿, ùp“àg”�¹Â�c¡`L���ØÓ.

�5àg�§

dy

dx
+ P (x)y = 0 (8)

�¦)´��N´�, Ï�ù´���©lCþ�§: � y 6= 0 �, ·�k

dy

y
= −P (x)dx,

�Ñ

ln |y| = −
�
P (x)dx+ C1,
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dd�

y = Ce−
�
P (x)dx, Ù¥ C = ±eC1 ( 6= 0).

w, y = 0 ´�§ (8) �), 3þ¡�Ï)¥4 C = 0 Ò��
ù�), ��5àg�

§ (8) �Ï)£�´�Ü)¤�

y = Ce−
�
P (x)dx (C �?¿~ê). (9)

y35)�àg�§ (7), duØU��^©lCþ{, ùpæ^e¡��{: ��
P (x)dx � P (x) �?��(½��¼ê, 3 (7) ü>Ó¦þ e

�
P (x)dx, K¤��(J�

C/�
d
(
ye

�
P (x)dx

)
dx

= Q(x)e
�
P (x)dx.

ü>È©=�

ye
�
P (x)dx =

�
Q(x)e

�
P (x)dxdx+ C,

=�§ (7) �Ï)� (Ù¥ C �?¿~ê)

y = e−
�
P (x) dx

[�
Q(x)e

�
P (x) dxdx+ C

]
, (10)

�§ (7) �,�«¦)�{�: ���

y = C(x)e−
�
P (x)dx, (11)

Ù¥ C(x) �½.�\�§ (7), �Ñ
 C(x) ÷v��§,

dC(x)

dx
= Q(x)e

�
P (x)dx.

ü>��È©�

C(x) =

�
Q(x)e

�
P (x)dxdx+ C.

ù(Ü (11) ��Ñ
�§ (7) �Ï) (10).

'� (9) � (11) �±w�, )�àg�§ (7) ¤����, �À�3�A�àg�

§�Ï)¥, ò?¿~ê C C´� x �¼ê C(x), Ïd, ù��{�¡�~êC´{,

ù´�©�§¥�~­�����{. d	, lÏ)úª (10) ¥��w�: �5�àg

�§�Ï), {ü/`, ´�A�àg�§�Ï) Ce−
�
P (x)dx ��5�àg�§���

A) e−
�
P (x)dx

�
Q(x)e

�
P (x)dxdx �Ú. ù�¯�, ·�±��òJ9.

k
���§, ¿Ø´�5�§, ��±ÏL·����z��5�§, ?
Ù)´

u¦�. ùp, ·��J�aù���§, Ò´¤¢�Bernoulli£�ã|¤�§:

dy

dx
+ P (x)y = Q(x)yn, n �Ø�u 0, 1 �¢ê. (12)
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)�§ (12) �æ^e¡��{: k± yn Ø�§�ü>, �

y−n
dy

dx
+ P (x)y1−n = Q(x),

2��� u = y1−n, K�§z��5�§

du

dx
+ (1− n)P (x)u = (1− n)Q(x).

ddÒ´¦Ñ�§ (12) �Ï).

~ 6.1.5 ¦)�§
dy

dx
− 1

x
y = −1.

) ù´�� (��) �5�àg�§, �±^cã��{¦), ����A^Ï)

úª (17) (� P (x) = − 1
x , Q(x) = −1), ·�k

y = e
�

dx
x

[
C +

�
−e−

�
dx
x dx

]
= eln |x|

[
C −

�
e− ln |x|dx

]
= |x|

[
C −

�
dx

|x|

]
.

þªmà3 x > 0 �´

x

[
C −

�
dx

x

]
= x[C − ln |x|];

3 x < 0 �´

−x
[
C −

�
dx

−x

]
= x[−C − ln |x|].

du C ´?¿~ê, ��§�)�Ú�Lã�

y = x[−C − ln |x|].

~ 6.1.6 ¦)�§

(2y2 + y − x)dy − ydx = 0.

) � y 6= 0�, �§�C/�

dy

dx
=

y

2y2 + y − x
,

�ùØ´�5�§. eò�§C/�

dx

dy
= 2y + 1− x

y
, =

dx

dy
+

1

y
x = 1 + 2y,
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B´± y �gCþ, x ���¼ê��5�§; ÙÏ)�

x = e−
� dy

y

[�
(1 + 2y)e

� dy
y dy + C

]
=

1

|y|
[

�
(1 + 2y)|y|dy + C]

=
1

y

[
1

2
y2 +

2

3
y3 + C

]
=

1

2
y +

2

3
y2 +

C

y
, Ù¥ C �?¿~ê.

~ 6.1.7 ¦)�§
dy

dx
= xy + x3y3.

) ù´Bernoulli�§, ��� u = y−2, ò§z��5�§

du

dx
+ 2ux = −2x3,

ÙÏ)´¦Ñ� u = 1− x2 + Ce−x
2
, ���§�Ï)´

1

y2
= 1− x2 + Ce−x

2

,

�k��A) y = 0.

6.1.4 �ü��©�§

������©�§�/ª´

F (x, y, y′, y′′) = 0.

ùp�ùü«AÏa.����§, ÏL��, §�U
z����§.

1◦ Øw¹��¼ê����§ e���§¥Øw¹ y, Kù«�§��¤

f(x, y′, y′′) = 0. (13)

Ú\#�¼ê p = y′, K y′′ = dp
dx . ù� (13) z�
���§

f

(
x, p,

dp

dx

)
= 0. (14)

XJU¦Ñ (14) �Ï) Φ(x, p, C) = 0, Kòp = y′ �\ù�Ï)¥, ù�),����

�§ Φ(x, y′, C) = 0. ¦Ñ
ù����§�), �Ò¦Ñ
 (13) �). ù��{, ´ò

�����§, z�ü����§ÅÚ5)û.

2◦ Øw¹gCþ��§ e���§¥Øw¹ x, K�§���

g(y, y′, y′′) = 0. (15)
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·�E- p = y′, �y3I^é y ��ê5L« y′′:

y′′ =
dp

dx
=

dp

dy

dy

dx
= p

dp

dy
.

u´ (15) ���

g

(
y, p, p

dp

dy

)
= 0. (16)

ù´��'u��¼ê p = p(y) ����§, ¦Ñ�§ (16) �Ï) p = p(y, C) �, q

ò¯Kz�
,�����§ y′ = p(y, C) �¦)¯K.

~ 6.1.8 ¦)���§

xy′′ + y′ = 4x (x 6= 0).

) ù´Øw¹��¼ê��§. - p = y′, K�§z�

xp′ + p = 4x. (17)

ù´���5�àg�§, �±^¦)���àg�§��{¦). ��{ü/, ´ò

(17) C/�
d(xp)

dx
= 4x.

u´ xp = 2x2 + C1, =
dy

dx
= 2x+

C1

x
.

È©�, ��§�Ï)�

y = x2 + C1 ln |x|+ C2,

Ù¥ C1, C2 ´ (Õá�) ~ê. 5¿, ·�c¡J�L, ���§�Ï)¥, �¹Xü

� (Õá) ~ê.ù�~f�`²,¦)�©�§�±æ��\(¹��ª,��U
rÏ

),½�âK¿¤I��)¦Ñ5Ò��8�.

~ 6.1.9 ¦�§

y′′ − e2y = 0

÷vÐ©^� y(0) = 0, y′(0) = 1 �A).

) ù´Øw¹ x ����§. - p = y′, K y′′ = pdp
dy . �\�§�, �

p
dp

dy
− e2y = 0.

©lCþ, ¿È©, �Ñ
1

2
p2 =

1

2
e2y + C1.
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d y(0) = 0, p(0) = y′(0) = 1, � C1 = 0. � p = p(y) = ey, ¤±2)�§

dy

dx
= p(y) = ey.

©lCþ, ¿È©, �Ñ

−e−y = x+ C.

d y(0) = 0, � C = −1, �¤¦A)� 1− e−y = x.
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SK 6.1

1. ¦)e��©lCþ��©�§:

(1) (1 + x2) dy = y dx; (2) y′ = ex−y;

(3) xy′ + y = y2; (4) yy′ =
1− 2x

y
.

2. ¦)e��©�§:

(1) y′ =
y2

x2
− 2; (2) y′ =

y

x
+
x

y
;

(3)
dx

x2 − xy + y2
=

dy

2y2 − xy
; (4) (x2 + 3y2) dx− 2xy dy = 0.

3. y²: /X
dy

dx
= f

(
a1x+ b1y + c1

a2x+ b2y + c2

)
��§, �ÏL��z�àg�§. (J«: e�§|a1x+ b1y + c1 = 0

a2x+ b2y + c2 = 0

k�") x0, y0 (= x0, y0 Ø��"), K�- u = x− x0, v = y − y0; Ù§�/�´

u?n.)

¦)e¡��§:

(1) dy
dx = x+y+3

x−y+1 ; (2) dy
dx = 2x+4y+3

x+2y+1 .

4. ¦e��5�§Ú�ã|�§�).

(1) (1 + x2)y′ − 2xy = (1 + x2)2; (2) y′ +
1− 2x

x
= 1;

(3) y′ =
y

x+ y3
; (4) y′ +

y

x
= y2 lnx;

(5) y′ = y tanx+ y2 cosx; (6) y − y′ cosx = y2(1− sinx) cosx.

5. ¦e��§÷vÐ©^��A).

(1) y′ = y
x ln y

x , y(1) = 1;

(2) y′ + y
x = sinx

x , y(�) = 1.

6. ¦)e��©�§:

(1) y′ + x =
√
x2 + y; (2) y′ = cos(x− y);

(3) y′ − ex−y + ex = 0; (4) y′ sin y + x cos y + x = 0.

7. Á^~êC´{�Ñ�ã|�§�Ï).
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8. �^­�L: (2, 3), Ù3�I¶m�?¿��ã��:²©, ¦ù­�.

9. �¼ê f(x) ??ëY, � f(x) =
� x

0f(t) dt (é x ∈ R), ¦ f(x).

10. ®�Y�PC�Ç�Y�y�þ¤�' ('~~ê� k). �m©�Y�þ� a. ¯

t ��Y�þ x(t) �õ�?

11. �ðÎ±�Ý v �u 10 úp/��3·Yþ$Ä, §�uÄÅ3mvêå�'K,

²L 20 ¦�, ðÎ��Ýü$� v1 = 6 úp/��. �YéðÎ$Ä�{åÚðÎ

�Ý¤�', Á¦:

(1) uÄÅÊ� 2 ©¨�ðÎ��Ý;

(2) uÄÅÊ� 1 ©¨�ðÎ¤r�´§.

12. ¦)e����§�).

(1) xy′′ = y′; (2) y′′ =
y′

x
+ x;

(3) y′′ = y′ + x; (4) y′′ + (y′)2 = 2e−y.

13. ¦e����§÷vÐ©^��A).

(1) y′′ = y′

x + x2

y′ , y(1) = 1, y′(1) = 0;

(2) y3y′′ = −1, y(1) = 1, y′(1) = 0.
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§6.2 ���5�©�§

Äk�	���þ�m��:3�5å�^e��Ä¯K.��:�²ï ��

�:,�:òx¶$Ä.XJ��t�:� �´x(t), du§¤É��5åF1� £¤�

',����²ï �,¤±F1 = −κx(t),Ù¥b > 0´�5Xê.dNewton1�½Æ,$Ä

÷v�§m
d2x

dt2
= −κx(t), ½ö-ω0 =

√
κ
mò�§U��

d2x

dt2
+ ω2

0x = 0,

¡�gd{��Ä�§.

Ø�5å	,XJ�:�É�{å F2 �^,{å���$Ä�Ý¤�',���$Ä

����,= F2 = −ν dx
dt ,Ù¥ ν ´{ZXê. � β = ν

2m , K�:�$Ä�§�

d2x

dt2
+ 2β

dx

dt
+ ω2

0x = 0.

XJ3�5å!{å�	,�:�É���±Ï	åF3 = a cosωt£¡�üÄå,Ù

¥a, ω´~ê¤��^,K$Ä�§�

d2x

dt2
+ 2β

dx

dt
+ ω2

0x = a cosωt.

êÆþ,¡'u��¼êy(x)��§

y(n) + a1(x)y(n−1) + a2(x)y(n−2) + · · ·+ an−1(x)y′ + an(x)y = f(x) (1)

�n��5�©�§,� f = 0 �¡� n �àg�5�©�§.XJ�§¥�Xê

a(x), a2(x), · · · , an(x) Ñ´~�¼ê,�§(1)q¡�n�~Xê�©�§.

3¢S¯K¥�~���5�©�§´���, §���/ª´

y′′ + p(x)y′ + q(x)y = f(x), (2)

�A�àg�§´

y′′ + p(x)y′ + q(x)y = 0, (3)

Ù¥ p(x), q(x) 9 f(x) Ñ´�½�¼ê. 3cü!¥·�®²w�ùü��§�)

��Ø´���, ÙÏ)¥���¹ü�Õá�~ê. �´XJ·��¦) y(x) ÷

vÐ©^� y(x0) = α, y′(x0) = β, @où��)Ò´���.±e·�ob½¼ê

p(x), q(x), f(x) 3,«m I = (a, b) ½3��ê¶þ´ëY�.

½n 6.1 (Ð�¯K)��3��5) e¼ê p(x), q(x), f(x) 3«m I þëY,

x0 ∈ I, Ké?ÛÐ� α, β, e�Ð�¯Ky′′ + p(x)y′ + q(x)y = f(x)

y(x0) = α, y′(x0) = β
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3 x0 ���S�3���) y(x). AO, ÷vÐ� y(x0) = 0, y′(x0) = 0 �)�½ð

�" y(x) = 0

ùpÑ�½n�y²,§�Ñ
�Ö��.

6.2.1 ���5�§)�(�

éuàg�§ (3) éN´�ye¡�(Ø.

½n 6.2 e y1(x), y2(x) ´�§ (3) �), Ù¥ c1, c2 ´?¿~ê, K y1(x) �

y2(x) ��5|Ü

y(x) = c1y1(x) + c2y2(x)

�´�§ (3) �).

½n6.2L²,àg�§�)8,äk�5(�,ù�´�5�§¡¢�d5.éu�à

g�§(2),N´�yXe½n

½n 6.3 e y1(x), y2(x)´�àg�§(2) �ü�),Ky1(x) − y2(x)´àg�

§(3) �). �é{`, XJ y(x) ´àg�§(3) �), y0(x) ´�àg�§(2) �),

Kỹ(x) = y0(x) + y(x) E´�àg�§(2) �).

l±þü�½n�±uy,XJ·�U¦Ñ¦Ñàg�§(3)�Ï),±9�àg�

§(2)���)£¡��A)¤,Ò�±���àg�§(2)�Ï). �
Ï¦àg�5�

§�), ·�Ú\¼ê|�5Ã'!�5�'±9 Wronski 1�ª�Vg.

½Â 6.4 � ϕ1(x), ϕ2(x) ´«m I þ�¼ê. XJ�3Ø��"�~ê c1, c2, ¦

�éu«m I S��� x, k

c1ϕ1(x) + c2ϕ2(x) = 0,

@o¡ùü�¼ê3«m I þ´�5�'�, ÄKÒ¡§�3«m I þ´�5Ã'�.

½Â 6.5 � ϕ1(x), ϕ2(x) ´«m I þ�ü���¼ê. ¡

W (x) =

∣∣∣∣∣ϕ1(x) ϕ2(x)

ϕ′1(x) ϕ′2(x)

∣∣∣∣∣
� ϕ1(x), ϕ2(x) � Wronski£KdÄ¤1�ª.

N´�y,XJ¼ê| ϕ1(x), ϕ2(x) �5�', =�3Ø��"�~ê c1, c2 ÷v

c1ϕ1(x) + c2ϕ2(x) = 0, ¦�� c1ϕ
′
1(x) + c2ϕ

′
2(x) = 0, �Ò´ü��5�§éák�"

), ÏdXê1�ª, =§�� Wronski 1�ª�u0,���¿Ø¤á£�SK¤.

,
,�ü�¼ê´àg�§(3)�)�, (ØÒØÓ
, =
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½n 6.6 �¼ê y1(x), y2(x) ´àg�§ (3) �ü�), K§�3«m I þ�5

�'�¿©7�^�´ùü�)� Wronski 1�ª3«m I þð�".

y² 7�5: �Xþ¡��y(J, � y1(x), y2(x) �5�'�, �5�§|

c1y1(x) + c2y2(x) = 0, c1y
′(x) + c2y

′
2(x) = 0 k�"), ¤±Xê1�ª, = y1(x), y2(x)

� Wronski 1�ª�u".

¿©5: 3 I S?��: x0 , �â^�k

W (x0) =

∣∣∣∣∣y1(x0) y2(x0)

y′1(x0) y′2(x0)

∣∣∣∣∣ = 0.

dd��3Ø��"�~ê c1, c2 ÷v

c1y1(x0) + c2y2(x0) = 0,

c1y
′
1(x0) + c2y

′
2(x0) = 0.

� y(x) = c1y1(x) + c2y2(x). �â½n6.2 � y(x) ´àg�§ (3) �), �÷vÐ©^�

y(x0) = 0, y′(x0) = 0.

Ïd�½´"), = c1y1(x) + c2y2(x) ≡ 0. �

3“¿©5” �y²¥,�^�
Wronski 1�ª3�:�". ¯¢þ, ��¼ê

y1(x), y2(x) ´�§ (3) �), @ol y1(x), y2(x) � W (x) 3«mS,�:�", íÑ

�5�'. 2�â½n�7�5,íÑ W (x) 3T«mSð�". �Ò´���§�)

y1(x), y2(x) , §�� Wronski 1�ª�:�" , K??�". �?�Ú�(Ø´

½n 6.7 àg�§ (3) ü�) y1(x) � y2(x) � Wronski 1�ª�L«�e�

Liouville£4��¤úª

W (x) = W (x0)e
−

� x
x0
p(t) dt

,

Ù¥ x0 ´«m I S�:.

y² Ï� y1(x) � y2(x) ´�§ (3) �), ¤±k

y′′1(x) = −p(x)y′1(x)− q(x)y1(x)

y′′2(x) = −p(x)y′2(x)− q(x)y2(x).

dd�

dW (x)

dx
= y1(x)y′′2(x)− y′′1(x)y2(x)

= −p(x)
(
y1(x)y′2(x)− y′1(x)y2(x)

)
= −p(x)W (x).
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üà¦± e
� x
x0
p(t) dt ��

d

dx

(
W (x)e

� x
x0
p(t) dt

)
= 0.

ù`²

W (x)e
� x
x0
p(t) dt

= C

´~ê. - x = x0 � W (x0) = C. �

(Üþ¡ü�½nN´íÑXe(Ø.

½n 6.8 e¼ê y1(x) � y2(x) ´àg�§ (3) ��é�5Ã'), K§��

Wronski 1�ª??Ø�".

e¡�½n�Ñ
��àg�5�©�§Ï)�/ª.

½n 6.9 �¼ê y1(x) � y2(x) ´àg�§ (3) ��é�5Ã'), KT�§�

?Û��)�±L«�

y(x) = c1y1(x) + c2y2(x),

Ù¥ c1, c2 �~ê.

y² 3 y1(x) � y2(x) �½Â�S?��: x0. dùü�¼ê��5Ã'5, �

W (x0) =

∣∣∣∣∣y1(x0) y2(x0)

y′1(x0) y′2(x0)

∣∣∣∣∣ 6= 0.

� y(x) ´�§ (3) �?��"), K±W (x0) ¥���Xê�e��5�§|

c1y1(x0) + c2y2(x0) = y(x0),

c1y
′
1(x0) + c2y

′
2(x0) = y′(x0).

�3����|�") c1, c2. - ỹ(x) = c1y1(x) + c2y2(x) , K ỹ(x) �´�§ (3) �

), � ỹ(x0) = y(x0), ỹ′(x0) = y′(x0). �âÐ�¯K)���5�� ỹ(x) ≡ y(x), =

y(x) = c1y1(x) + c2y2(x). �

�§ (3) ��é�5Ã')¡���Ä�)|.

½n 6.10 àg�§ (3) �Ä�)|�½�3.

y² �ü|ê α1, β1 Ú α2, β2 ¦�

∣∣∣∣∣α1 α2

β1 β2

∣∣∣∣∣ 6= 0, Ke¡ü�Ð�¯K

y′′ + p(x)y′ + q(x)y = 0,

y(x0) = α1, y
′(x0) = β1,y′′ + p(x)y′ + q(x)y = 0,

y(x0) = α2, y
′(x0) = β2
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þ�3��, 
�©O¤��) y1(x), y2(x) 3 x0 ?� Wronski 1�ª W (x0) =∣∣∣∣∣α1 α2

β1 β2

∣∣∣∣∣ 6= 0, Ï
 y1(x), y2(x) �5Ã'. = y1(x) Ú y2(x) �¤
 (3) ���Ä�)

|. �

5Pµ̂ �5�ê��ó5ù,�V´àg�§(3)�N)�8Ü,½n(6.2)L² V ´

���5�m,Ä�)|´V ��|Ä. én�àg�5�©�§�kÓ��(Ø.

�,½n6.10�Ñ
àg�§(3)Ä�)|��35,�¿vk�Ñ¦)Ä�)|�

Ï^�{. ��~^��{´µXJ®��§(3) ����")y1(x) , K�^ Liouville

úª5¦,��� y1(x) �5Ã'�) y2(x). l
���§(3)�Ä�)|.

�®����") y1(x), Ï�

W (x) = y1(x)y′2(x)− y′1(x)y2(x) = W (x0)e
−

� x
x0
p(t) dt

,

Ø�� W (x0) = 1. lþª�

y1(x)y′2(x)− y′1(x)y2(x)

y2
1(x)

=
1

y2
1(x)

e
−

� x
x0
p(t) dt

,

=,
d

dx

(
y2(x)

y1(x)

)
=

1

y2
1(x)

e
−

� x
x0
p(t) dt

.

È©��

y2(x) = y1(x)

�
1

y2
1(x)

e
−

� x
x0
p(t) dt

dx.

w,, y2(x) � y1(x) � Wronski 1�ªØ�u", Ïdüö�¤�§(3) �Ä�)|.

~ 6.2.1 ¦�§ xy′′ − y′ = 0 �Ï).

) ´� y1 = 1 ´T�§���A). �§�L� y′′ − 1
xy
′ = 0. P p(x) = − 1

x .� x

x0

p(t)dt = − ln
x

x0
.

Ïd y2(x) = 1
2cx

2. ¤± x2 ´��� 1 �5Ã'�A). ¤¦Ï)� y(x) = c1 + c2x
2.

6.2.2 ~êC´{

þ!·�?Ø
àg�§(3))�(�,3dÄ:þ·�ò&?�àg�§ (2))�

(�¯K. �â½n6.3Ú½n6.9,XJ y0(x) ´�àg�§ (2) ���A), y1(x), y2(x)

´�Aàg�§ (3) �Ä�)|, @o�àg�§ (2) �Ï)´

y(x) = c1y1(x) + c2y2(x) + y0(x).

Ïd,3®�àg�§(3)Ï)�cJe, ¯K�'�´�¦Ñ�àg�§(2)���A).

¦A)��{Ò´eã~êC´{.
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� y1(x), y2(x) ´àg�§ (3) �Ä�)|. b��àg�§ (2) �k/X

y0(x) = c1(x)y1(x) + c2(x)y2(x)

�A), �´Ù¥ c1(x) Ú c2(x)Ø2´~ê, 
´�½¼ê. éþª¦��

y′0(x) = c1(x)y′1(x) + c2(x)y′2(x) + c′1(x)y1(x) + c′2(x)y2(x).

�
;�±�Ñy c1(x) Ú c2(x) �p��ê, -

c′1(x)y1(x) + c′2(x)y2(x) = 0. (4)

Ï
 y′0(x) = c1(x)y′1(x) + c2(x)y′2(x). UY¦�, �

y′′0(x) = c1(x)y′′1(x) + c2(x)y′′2(x) + c′1(x)y′1(x) + c′2(x)y′2(x).

ò y0(x), y′0(x) Ú y′′0(x) �L�ª�\�àg�§ (2) �

c1(x)
(
y′′1 + p(x)y′1 + q(x)y1

)
+ c2(x)

(
y′′2 + p(x)y′2 + q(x)y2

)
+ c′1(x)y′1 + c′2(x)y′2 = f(x).

du y1, y2 ´àg�§ (3) �), lþª��

c′1(x)y′1(x) + c′2(x)y′2(x) = f(x). (5)

Ï� y1(x), y2(x) � Wronski 1�ª W (x) 6= 0, éá (4) Ú (5) �)�

c′1(x) = −y2(x)f(x)

W (x)
, c′2(x) =

y1(x)f(x)

W (x)
.

È©���

c1(x) = −
� x

x0

y2(t)f(t)

W (t)
dt, c2(x) =

� x

x0

y1(t)f(t)

W (t)
dt.

u´·����àg�§ (2) ���A)

y0(x) =

� x

x0

y1(t)y2(x)− y2(t)y1(x)

W (t)
f(t) dt. (6)

ùp·��8�´¦Ñ��A), ÏdÏLV\^�, ��È©~ê, ��¦Ñ�|�²

���½¼ê c1(x), c2(x) =�.

6.2.3 ��~Xêàg�5�©�§

lþ!?Ø�±wÑ, ����àg�§�Ä�)|, ÏL~êC´{Ò����

àg�§�A), ?
��àgÚ�àg�§�Ï). ��¢3�¯K´XÛO�àg

�§�Ä�)|¯K. �,þ!�Ñ
�«�{, �cJ´7L¯k®���), âU�
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E,��)¦üö�¤Ä�)|. �d, ·��é��~Xêàg�5�©�§, ?Ø

XÛ¦Ä�)|�¯K. ù«�§��¤

y′′ + py′ + qy = 0, (7)

Ù¥ p, q ´¢~ê. b��§ (7) k/X y(x) = eλx (λ ´�½~ê) �), Kk

λ2eλx + λpeλx + qeλx = 0.

Ï


λ2 + pλ+ q = 0. (8)

dª¡��§ (7) �A��§. Ïd, �� λ ´A��§����, ÒéA��~Xê

�5�§ (7) ��) y(x) = eλx. �âA��§¦�¯K�A5, ©±en«�/?Ø:

1◦ eA��§ (8) kü�ØÓ�¢� λ1, λ2, K y1(x) = eλ1x, y2(x) = eλ2x ´�§

(7) �), §��Wronski 1�ª W (x) = (λ2− λ1)e(λ2−λ1)x 6= 0, Ïd´Ä�)|. u´

(7) �Ï)�

y(x) = c1eλ1x + c2eλ2x (c1, c2´~ê).

2◦ eA��§ (8) k�éE� λ1 = α + iβ, λ2 = α − iβ, K eλ1x, eλ2x E,´),

�ØL´�éE¼ê). �
��¢¼ê�), d Euler úªk

eλ1x = (cos βx+ i sin βx)eαx, eλ2x = (cos βx− i sin βx)eαx

�â�§)÷v�55��

eαx cos βx =
eλ1x + eλ2x

2
, eαx sin βx =

eλ1x − eλ2x

2i

´ (7) �ü�¢¼ê)
��5Ã', Ïd�¤�§ (7) ¢¼ê�Ä�)|. u´ (7)

�Ï)�

y(x) = (c1 cos βx+ c2 sin βx)eαx (c1, c2´~ê).

3◦ eA��§ (8) k��¢­� λ, K y1(x) = eλx ´�§ (7) �). d� λ = −p
2 ,

q = p2

4 . N´�y y2(x) = xeλx �´ (7) �), §� eλx �5Ã'. u´ (7) �Ï)�

y(x) = c1eλx + c2xeλx (c1, c2´~ê).

~ 6.2.2 ¦)�§ y′′ − 3y′ + 2y = 0.

) A��§´ λ2 − 3λ + 2 = 0. §kü�¢� λ1 = 2, λ2 = 1. Ïd¤¦Ï)�

y(x) = c1e2x + c2ex (c1, c2´~ê).

~ 6.2.3 ¦)�§ y′′ + y′ + y = 0.
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) A��§´ λ2 + λ+ 1 = 0. §k�éE� λ1 = −1
2 +

√
3

2 i, λ2 = −1
2 −

√
3

2 i. Ïd

¤¦�§�Ï)� y(x) = e−
1
2
x
(
c1 cos

√
3

2 x+ c2 sin
√

3
2 x
)
.

ÏL±þ©Û, ·�uy¦)��~Xêàg�5�©�§ (7) �¯K=z�ÙA

��§ (8) ¦�¯K. e¡·�ò|^�©�fÚA��§�Ïª©)2gí�Ñ�§

(7) �Ï), �´��þ�þã�{´���.

Ú?�©�fPÒ D = d
dx , §�^3¼êþ=�é¼ê�¦� Dy = dy

dx , �,,

D2y = d2y
dx2 , · · · , D

ky = dky
dxk

, ù��§ (7) ÒU��

(D2 + pD + q)y = 0

�éA�A��§©)¤Xe/ª£ùpØ�� λ1 6= λ2¤

λ2 + pλ+ q = (λ− λ1)(λ− λ2).

K�§�kXe©)/ª

(D2 + pD + q)y = (D − λ1)(D − λ2)y = 0,

ùp5¿�é?Û~ê λ k Dλy = λDy, Ó�5¿�

e−λx(D − λ)y = D(e−λxy).

P ỹ = (D − λ2)y, K

(D − λ1)ỹ = 0,

e−λ1x(D − λ1)ỹ = D(e−λ1xỹ) = 0.

È©�

ỹ = ceλ1x,

Ïd

e−λ2xỹ = e−λ2x(D − λ2)y = D(e−λ2xy) = ce(λ1−λ2)x.

È©�

e−λ2xy = c
e(λ1−λ2)x

λ1 − λ2
+ c′,

ù�Ò����~Xêàg�5�©�§ (7) �Ï)

y = c1eλ1x + c2eλ2x (c1, c2´~ê).

5¿, ùpéA��§äkü�p��Ý�E��, þã(J�´¤á�, �ØLÏ

)�/ª�´E�. ���¢�Ï),�I�â)��55, ²·��5|Ü=�.
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�A��§k­��, Pλ1 = λ2 = λ, ù´�§� (D − λ)2y = 0

0 = e−λx(D − λ)2y = e−λx(D − λ){(D − λ)y}

= D{e−λx(D − λ)y} = D{D(e−λxy)}

= D2(e−λxy),

ügÈ©�Ò�� e−λxy = c1x+ c2, ¤±��§�Ï)�

y = e−λx(c1x+ c2)

5P 'u��~Xêàg�5�©�§�¦)�{ØJí2�¦) n �~Xê

àg�5�©�§

y(n) + a1y
(n−1) + · · ·+ an−1y

′ + any = 0

��réA�A��§

λn + a1λ
n−1 + · · ·+ an−1λ+ an = 0

U¢�!Eê�!­�?1©a, ¿Uì���/Ó�?n=�. ÖöØ�ÏLSK, ¦

)�
pu����§ÙöÝº�{.

éue�/ª��àg�§

y′′ + py′ + qy = f(x)

�±kéàg�§ y′′ + py′ + qy = 0 U¤0��{¦ÑÏ), 2Uì§6.2.2 ¥0���

{¦Ñ�àg�A), ?
Ò���àg�/�Ï).

6.2.4 �Ä�§�)*

���Ù�(å, ·�?Ø�Ä�§�¦)¯K.

1◦ {��Ä�§
d2x

dt2
+ ω2

0x = 0,

Ù¥ω0 =
√

κ
m L«{��Ä��kªÇ, κ L«�5Xê, m L«�:��þ.

{��Ä�§�A��§�λ2 + ω2
0 = 0,)�λ = ±iω0. Ïd�§¢¼ê�Ä�)

|� cosω0t, sinω0t, Ï)�

x(t) = c1 cosω0t+ c2 sinω0t.

-

A =
√
c2

1 + c2
2, cosϕ =

c1√
c2

1 + c2
2

, sinϕ = − c2√
c2

1 + c2
2
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K�Ä�§�)�±L«¤e�/ª

x(t) = A cos(ω0t+ ϕ)

ùp A, ϕ ©OL«�ÌÚ� , §�´d�Ä�Ð�¤û½�£�X c1, c2 ´dÐ�

û½��¤.�Ä�±Ï T = 2�
ω0

, §��Ä��ÌÃ'.

2◦ {Z�Ä�§
d2x

dt2
+ 2β

dx

dt
+ ω2

0x = 0,

ùp β = ν
2m �{ZXê ν ¤�'. þã�§�A��§´ λ2 + 2βλ+ ω2

0 = 0.

1. 0 < β < ω0, d�A��§��´�é�ÝEêλ = −β ± iω,Ù¥ω =
√
ω2

0 − β2,l


{Z�Ä�§�Ï)´

x(t) = e−βt(c1 cosωt+ c2 sinωt).

�{��Ä�/aq, þãÏ)�±L«¤

x(t) = A(t) cos(ωt+ ϕ)

Ù¥�Ì A(t) = Ae−βt U�êP~. �ÄªÇ� ω =
√
ω2

0 − β2.

2. β = ω0, ù«�/¡�“�.{Z”. d�A��§k­�λ = −β < 0,éA{Z�Ä

�§�Ï)´

x(t) = e−βt(c1 + c2t);

3. β > ω0, ù«�/¡�“L{Z”. d�A��§��λ1, λ2´�É�K¢ê,{Z�

Ä�§�Ï)´

x(t) = c1eλ1t + c2eλ2t.

¡�“P~)”.

3◦ É½�Ä�§ �Ä±e��{ü�É½�Ä�§

d2x

dt2
+ ω2

0x = a cosωt

ùp F (t) = a cosωt ¡�“É½å”, ω �É½å�ªÇ. þã�§´����~Xê�

àg�5�§, d 1◦ �, éA�àg�§�Ä�)|� cosω0t, sinω0t. �â§6.2.2 “~

êC´{”�Ñ�úª, �±O�ÑÉ½�Ä�§���A), ?
��T�§�Ï).

,
, ¦A)��{�±äN¯KäNé�. ùp·�§m §6.2.2 §ªz�¡O�

���ÑÉ½�Ä�A).5¿�É½å�ªÇ� ω, ÏdÉ½�ÄAT´±�kªÇ

ω0 �{��Ä�±É½åªÇ ω ��Ä�U\, =Ï)Aäke�/ª

x(t) = c1 cosω0t+ c2 sinω0t+ C cosωt+D sinωt,
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ùp C, D �½. ù�É½�Ä�§�A)AT�

x0(t) = C cosωt+D sinωt.

�\�§�

−ω2C + ω2
0C = a, −ω2D + ω2

0D = 0,

)�

C =
a

ω2
0 − ω2

, D = 0

ÏdÉ½�Ä�§�Ï)�

x(t) = c1 cosω0t+ c2 sinω0t+
a

ω2
0 − ω2

cosωt.

XJ�ÄÐ�: x(0) = x′(0) = 0, KéA�)�

x(t) =
a

ω2
0 − ω2

(cosωt− cosω0t).

5¿��É½å�ªÇªu�Ä��kªÇ ω → ω0 �

x(t)→ x̃(t) =
at

2ω0
sinω0t

ù�Ò�)
��, �����Ì��m�5O�.
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SK 6.2

1. 3e��§¥, ®��§���A) y1, Á¦§��Ï).

(1) y′′ + 2
xy
′ + y = 0, y1 = sinx

x ;

(2) y′′ sin2 x = 2y, y1 = cotx;

(3) (1− x2)y′′ − 2xy′ + 2y = 0, y1 = x.

2. k^*	{¦e�àg�§����"A), ,�¦�§�Ï).

(1) x2y′′ − 2xy′ + 2y = 0, x 6= 0;

(2) xy′′ − (1 + x)y′ + y = 0, x 6= 0.

3. ®��§ (1 + x2)y′′ + 2xy′ − 6x2 − 2 = 0 ���A) y1 = x2, Á¦T�§÷vÐ

©^� y(−1) = 0, y′(−1) = 0 �A).

4. ¦e�~Xêàg�§�Ï).

(1) y′′ − 2y′ − y = 0;

(2) y′′ + 2y′ + 2y = 0;

(3) y′′ + y′ − 6y = 0.

5. ¦e�~Xê�àg�§���A).

(1) y′′ + y = 2 sin x
2 ;

(2) y′′ − 6y′ + 9y = (x+ 1)e2x.

6. �y¼ê|1, x, x2, · · · , xn 3¢¶þ�5Ã'§¼ê| 1, cos2 x, sin2 x 3¢¶þ�

5�'.

7. y²3«m I þ?Û�5�'�ü�¼ê y1(x), y2(x)§§�� Wronski 1�ª�

½ð�""

8. y²e�¼ê3«m (0, 2) þ´�5Ã'�§�´§�� Wronski 1�ª%ð�"

y1(x) =

(x− 1)2, 0 6 x 6 1,

0, 1 < x 6 2
y2(x) =

0, 0 6 x 6 1,

(x− 1)2, 1 < x 6 2

9. ¦e��§�Ï).

(1) x′′′ + 3x′′ + 3x′ + x = 0;

(2) x′′′ − 2x′′ + x′ − 2x = 0;

(3) x(4) − 8x′′ + 18x = 0;

(4) x(4) + 2x′′ + x = 0.
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éu��Ã¡g���¼ê, 3ÙTaylor Ðm¥, XJ{�ªu0, K¼ê�±w¤

´Ã¡õ�ØÓg���¼êU\�(J. Ïdg,�)ü�¯K. �´UÄr¼êÐ

m¤Ã¡õ�Ù¦¼ê£XØÓ±Ï�n�¼ê¤�U\. �´ÏLÃ¡õ�¼ê�U

\UÄ�EÑØ´·�~��Ð�¼ê�¼ê, �X·�ÏLÈ©�EÑý�¼ê�

�. 3£�ù
¯K�c, ·�7Lt²x/Ã¡õ�¼êU\0�(�¹Â. �d, ·

�Äk�
)Ã¡õ�¢ê�\�¹Â.

§7.1 ê�?ê

7.1.1 Ä�Vg�5�

¤¢Ã¡?ê, Ò´Ã¡õ�ê an, n = 1, 2, 3, · · · �g�\���/ªþ�¦Ú
∞∑
n=1

an = a1 + a2 + · · ·+ an + · · · ,

Ù¥ an �?ê�Ï�. ùp·�^¦ÚÒ
∞∑
n=1
L«¦Ú´l1����¦�Ã¡�, 


n∑
k=1

KL«¦Ú´l1����¦�1 n �, ¿¡ Sn =
n∑
k=1

ak = a1 + · · ·+ an �?ê�

c n �Ü©Ú ½{¡�Ü©Ú . ÄkwwA�~f

1 + q + q2 + · · ·+ qn + · · · ,

a+ (a+ d) + (a+ 2d) + (a+ 3d) + · · · ,

1− 1 + 1− 1 + · · ·+ (−1)n−1 + · · · ,

1��?ê¡�AÛ?ê½�'?ê, ØJuy, §�c n �Ü©Ú´

Sn =
1− qn

1− q
, |q| 6= 1

Ïd�X�ê�\�õ, o�ª³´ (1− q)−1 (� |q| < 1), ½ ∞ (� |q| > 1). 1��?

ê¡��â?ê (��?ê), §�c n �Ü©Ú´

Sn = na+
n(n− 1)

2
d

Ïd��ê�\�õ�, ª³´Ã¡. éu1n�?ê,

Sn =

0, n = 2k

1, n = 2k + 1.
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ÏdÃ{�ä�ª�¦Ú´õ�.

�d, ·�7L²(Ã¡�¦Ú�(�¿Â. ��d8���Ün��Y´lk�

LÞ�Ã¡, =Äk�Äc n �Ü©Ú, ,�*	�X��\�õ�4�.

½Â 7.1 éu?ê
∞∑
n=1

an, XJÙc n �Ü©Ú Sn ¤�¤�ê� {Sn} Âñu

S, = lim
n→∞

Sn = S, K¡?êÂñ, S ¡�?ê�Ú, ¿P

∞∑
n=1

an = S.

XJ {Sn} vk4�, K¡T?ê�uÑ�.

dd��?ØÃ¡?ê�ñÑ5Ò´?Ø§�Ü©Ú�¤�ê� {Sn} �ñÑ5.

��, XJk��ê� (Ø�EP� {Sn}), K§éA��± an = Sn − Sn−1 (n >

1), a1 = S1 �Ï��?ê, ?ê�c n ��Ü©ÚÒ´ Sn.

�âþã?êÂñ5�½Â±9�ê��'X, 'u?ê�ïÄq�´õ{�. ,


, éõê��4�U,/±Ã¡?ê5L«. ~X���?���¢ê α Ò�±L«

���Ã¡?ê

α = a0 +
a1

10
+

a2

102
+

a3

103
+ · · ·+ an

10n
+ · · ·

Ù¥, a0 ´§��êÜ©, an (n > 1) ´��0u 0 Ú 9 �m��ê. XJ� an ¥�k

k��Ø�", ½ö an ÷v,«Ì�5, =�3��g,ê k, ¦� an+k = an (n > 1),

KþãL�ª�½�±�¤©ê/ª. ù��êÒ´knê, =´k��½Ã�Ì��

ê. 
éuÃ�ØÌ��êÒ´Ãnê, ÙL��ª´��Ã¡?ê.

,��¡, ¿Ø´z��?ê, Ñ�±��Ùc n �Ü©Ú�wªL�ª, Ïd?

Ø?ê�ñÑ5, ��l?êg��5�\Ã.

½n 7.2 (CauchyÂñOK) ?ê
∞∑
n=1

an Âñ�¿©7�^�´: é?���ê

ε, �3��ê N , ¦� n > N �, Ø�ª

|an+1 + an+2 + · · ·+ an+p| < ε

é?Û��ê p ¤á.

½n 7.3 e?ê
∞∑
n=1

an Âñ, K lim an = 0.

T½n`², ��Ã¡õ��\´Âñ�, ë\¦Ú��AT�5�� (ªu

0). ¤±Ï�Øªu 0 �?ê��vk7��ÄÂñ5, ~X
∞∑
n=1

n sin 1
n uÑ, Ï�

limn sin 1
n = 1 6= 0. �´, Ï�ªu 0 ¿ØU�y?ê�½Âñ, �k��ªu 0 �¯

Úú�¯K. ~X lim ln n+1
n = 0, �?ê

∞∑
n=1

ln n+1
n ¥, Ü©Ú Sn = ln(n + 1)→∞, ¤

±´uÑ�.
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½n 7.4 e
∞∑
n=1

an Ú
∞∑
n=1

bn ÑÂñ, K
∞∑
n=1

αan, (α ´��~ê) Ú
∞∑
n=1

(an± bn)

�Âñ, ¿k

∞∑
n=1

αan = α
∞∑
n=1

an,
∞∑
n=1

(an ± bn) =
∞∑
n=1

an ±
∞∑
n=1

bn.

½n 7.5 3?ê
∞∑
n=1

an ¥, UC?Ûk����ØK�?ê�ñÑ5.

±þ½n�y²�±���â½Â��, Ù¥½n7.5 �±A^½n7.2 ��. �Ö

ög1�¤.

7.1.2 ��?ê�Âñ59Ù�O{

�
?�Ú�\
)?ê�ñÑ5, ·�ÄkÀJ�a��{ü�?ê, =�Ï�

an > 0 �, ¡?ê���?ê. éu��?ê�����*	Ò´§�Ü©Ú {Sn} ´
üNO\�: Sn+1 = Sn + an+1 > Sn, �dê�4��Âñ5���

½n 7.6 �
∞∑
n=1

an ´��?ê, {Sn} P�§�Ü©Ú.

1◦ ��?êÂñ�¿©7�^�´§�Ü©Ú´k.ê�.

2◦ ��?êXJÂñ, Âñ�´ {Sn} �þ(..

3◦ ��?êXJuÑ, �½uÑ��Ã¡.

4◦ éuÂñ���?ê, ?¿N�¦Ú^S����#?ê�Âñ, ¿�ÚØC.

1o�(Ø´I�y²�. �
∞∑
n=1

a′n ´?ê
∞∑
n=1

an ²LN�¦Ú^S¤���?

ê. §�Ü©ÚP�

S′n = a′1 + a′2 + · · ·+ a′n

5¿� a′n Ø´#��, 
´�5?ê¥¦Ú��, ²L­ü�?u1 n � ���, ¤

±�½�3 m, ¦� a′1, a
′
2, · · · , a′n 3�?ê�c m �Ñy, ¤± S′n 6 Sm. du�

?êÂñ, ÏdÜ©Úk., �Ò´#?ê�Ü©Ú�k., ¤±Âñ, 
�Âñ�Ø¬

�L�5?ê�Âñ�.

��, ·��±r
∞∑
n=1

an w¤´
∞∑
n=1

a′n ²LN�^S¤���?ê. ù�·�Ò

�Ñþã(Ø.

5¿,\{��^S3k�¦Ú�, ´g,�. éuÃ¡¦Ú¯KA>&. �,(Ø

4◦ `²��?ê´�±�¿N�^S�, ��¡·�òw�, ù«5�éu,
��?

ê¿Ø¤á.

~ 7.1.1 y²
∞∑
n=0

1
n! Âñ.
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y² ù´����?ê, ¤±�Ly²§�Ü©Úk.. ¯¢þ, ·�k

Sn = 1 + 1 +
1

2!
+ · · ·+ 1

n!
6 2 +

1

1 · 2
+

1

2 · 3
+ · · ·+ 1

n(n− 1)

= 2 +

(
1− 1

2

)
+

(
1

2
− 1

3

)
+ · · ·+

(
1

n− 1
− 1

n

)
= 3− 1

n
< 3.

Ïd, ?ê´Âñ�. �¡òy²ÙÂñ��´ e.

y3·�¡��´éu���½���?ê, XÛ�O§´ÄÂñ, �d·�k

½n 7.7 ('��O{) �
∞∑
n=1

an Ú
∞∑
n=1

bn ´ü���?ê, XJl,�m©k

an 6 bn, @o

1◦ e
∞∑
n=1

bn Âñ, K
∞∑
n=1

an Âñ;

2◦ e
∞∑
n=1

an uÑ, K
∞∑
n=1

bn uÑ.

y² Ï�UCk����ØUC?ê�ñÑ5, ��±b½ an 6 bn é¤k� n

Ñ¤á. u´
n∑
k=1

ak 6
n∑
k=1

bk.

ùL²�
∞∑
n=1

bn Âñ�, ÙÜ©Ú
n∑
k=1

bk k., Ï

n∑
k=1

ak �k., ¤±
∞∑
n=1

an Â

ñ; XJ
∞∑
n=1

an uÑ, KÙÜ©Ú
n∑
k=1

ak Ã., Ï

n∑
k=1

bk Ã., ¤±
∞∑
n=1

bn uÑ. �

~ 7.1.2 y²NÚ?ê
∞∑
n=1

1
n uÑ.

y² � x > 0 �, k

x > ln(1 + x),

�é?¿� n, k
1

n
> ln

(
1 +

1

n

)
,

Ï�
∞∑
n=1

ln
(
1 + 1

n

)
uÑ, ¤±d'��O{��NÚ?êuÑ.

~ 7.1.3
∞∑
n=1

1
np ¡� p ?ê, ?Ø§�ñÑ5.

) � p 6 1�, Ï�
1

np
>

1

n
,

�3d�¹e, p ?êuÑ.
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� p > 1�, · p = 1 + α (α > 0). d�©¥�½n��

1

(n− 1)α
− 1

nα
=

α

(n− θ)α+1
>

α

np
,

Ù¥ 0 < θ < 1, du
∞∑
n=2

(
1

(n− 1)α
− 1

nα

)
= 1,

�d'��O{��, � p > 1 �, p ?êÂñ.

~ 7.1.4 y²
∞∑
n=2

1
lnn uÑ.

y² � n > 2 �, ok

lnn < n,

�
1

lnn
>

1

n
,

¤±�?êuÑ.

'��O{Ì�´'�Ï����, �(�/`´'�l,�m©���Ï���

�. 5¿�Âñ�?ê�Ï�7Lªu", Ï�ªu"��Ýû½
§��m���.

Ïd, ·��±�Ä'��O{�4�/ª.

íØ 7.8 ('��O{�4�/ª) �
∞∑
n=1

an Ú
∞∑
n=1

bn ´��?ê, lim
n→∞

an
bn

= A.

K

1◦ e 0 < A < +∞, K
∞∑
n=1

an �
∞∑
n=1

bn ÓñÑ;

2◦ e A = 0, K�
∞∑
n=1

bn Âñ�,
∞∑
n=1

an �Âñ;

3◦ e A = +∞, K�
∞∑
n=1

bn uÑ�,
∞∑
n=1

an �uÑ.

ù�íØ�¹Â´: éuü�Ã¡�þ an, bn (n→∞), XJ an Ú bn ªu 0 ��

Ý´���, KéA�?êÓñÑ; XJ��',��ªu 0 ��Ý�¯, Kú�ÑÂ

ñ
, ¯��ÒÂñ; ½ö¯�uÑ, ú��AuÑ.

y² éu1�«�¹, � ε = A
2 , K�3 N , ¦� n > N �k∣∣∣∣anbn − A

∣∣∣∣ < A

2
,

=k
A

2
bn < an <

3A

2
bn.

¤±©Oéü�Ø�ª|^'��O{, ÒÒ��(J.
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Ó�, � lim
n→∞

an
bn

= A = 0 �, �3 N , ¦� n > N �k

0 6
an
bn

< 1,

=k

an < bn,


� lim
n→∞

an
bn

= A = +∞ �, �3 N , ¦� n > N �k

an
bn

> 1,

=k

an > bn,

ÃØ=«�¹, ��A^'��O{=��¤y².

'�½nJ«·�, �±ÏL���·�Ù��?ê (~XAÛ?ê
∞∑
n=1

qn) ?1'

�, ?Ø?ê�ñÑ5.

~ 7.1.5 ¦y
∞∑
n=1

n+3√
(n2+1)(n3+2)

Âñ.

y² d
n+ 3√

(n2 + 1)(n3 + 2)
∼ 1

n3/2

9
∞∑
n=1

1

n3/2

�Âñ5, ���?êÂñ.

~ 7.1.6 ¦y
∞∑
n=1

sin 1
nuÑ.

y² d

sin
1

n
∼ 1

n

9NÚ?ê�uÑ, ���?êuÑ.

½n 7.9 (Cauchy �O{) �
∞∑
n=1

an ´��?ê.

1◦ el,�åk n
√
an 6 q < 1, K?êÂñ;

2◦ ekÃ¡õ� n, ¦ n
√
an > 1, K?êuÑ;

3◦ e lim
n→∞

n
√
an = q, K� q < 1 �, ?êÂñ; � q > 1 �, ?êuÑ; � q = 1

�, �Ã{�ä?êÂñ�´uÑ.



246 1 7 Ù Ã¡?ê

y² Ø��é¤k� n Ñk n
√
an 6 q < 1, �Ò´k an 6 qn. �d

∞∑
n=1

qn �Â

ñ59'��O{, ��
∞∑
n=1

an Âñ.

XJkÃ¡õ� n ¦ n
√
an > 1, � {an} Ø±"�4�, ¤±

∞∑
n=1

an uÑ.

éu4�/ª, ��5¿��½�3���ê ε, ¦�éu¿©�� n, k n
√
an <

q + ε < 1 ½ö n
√
an > q − ε > 1. Öö�g1�¤y².

AÛ?ê����Úc���'�u���½�ê (ú'), AÛ?ê�ñÑ5dú

'���¤(½. éu����?ê
ó, �,vkù��5�, �´��±�â?ê

�c���', ?ØñÑ5.

½n 7.10 (D’Alembert �O{) �
∞∑
n=1

an ´��?ê.

1◦ el,�åk an+1

an
6 q < 1, K?êÂñ;

2◦ el,�åk an+1

an
> 1, K?êuÑ;

3◦ ec���'äk4�

lim
n→∞

an+1

an
= q,

K� q < 1 �, ?êÂñ; 
� q > 1 �, ?êuÑ; � q = 1 �, �ØU�ä.

y² Ø��é¤k� n Ñk an+1

an
6 q < 1, �k

a2

a1
6 q,

a3

a2
6 q, · · · , an

an−1
6 q,

rù
Ø�ªüà�¦, Ò��

an 6
a1

q
qn.

dua1
q ´��~ê, 


∞∑
n=1

qn Âñ, ¤±
∞∑
n=1

an Âñ.

XJ an+1

an
> 1, K an+1 > an, = a1 6 a2 6 · · · 6 an 6 · · · , d�?ê�Ï� an Ø

¬ªu", Ïd?êuÑ. �

~ 7.1.7 ¦y
∞∑
n=1

1
2n

(
1 + 1

n

)n2

uÑ.

y² lim
n→∞

n

√
1

2n

(
1 + 1

n

)n2

= e
2 > 1. �?êuÑ.

~ 7.1.8 ?Ø
∞∑
n=1

n!
(
x
n

)n
(x > 0) �ñÑ5.

) Ï�

lim
n→∞

an+1

an
= lim

n→∞

(n+ 1)!
(

x
n+1

)n+1

n!
(
x
n

)n = lim
n→∞

x(
1 + 1

n

)n =
x

e
,
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�� x > e �?êuÑ, � 0 6 x < e �?êÂñ. � x = e ��/3XSK, �Öög

·©Û.

?ê´Ã¡õ�ê�\, ½öw¤´k�Ú�4�/ª, 
È©�´�«k�Ú�

4�/ª, �´�ª�(JØ /́Ã¡¦Ú0, 
 /́ëY¦Ú0. �´üö�m´k�

'5�. 3d·�k?Ø�«éX.

½n 7.11 (Cauchy È©�O{) XJ f(x) 3 [1,+∞) þk½Â��K�üN~

�¼ê, @o?ê
∞∑
n=1

f(n) �È©
� +∞

1 f(x) dx ÓñÑ.

y² d f(x) �üN5��, � k 6 x 6 k + 1 �k

f(k + 1) 6 f(x) 6 f(k),

u´

f(k + 1) 6
� k+1

k

f(x)dx 6 f(k).

òþãØ�ªé k = 1, 2, · · · , n �\, Ò��, é?Û n ∈ N k
n+1∑
k=2

f(k) 6
� n+1

1

f(x)dx 6
n∑
k=1

f(k).

e
� +∞

1 f(x)dx Âñ, Kdþª����
n+1∑
k=2

f(k) k., Ï

∞∑
n=1

f(n) Âñ. e

� +∞
1 f(x)dx uÑ, Kdþªm���

n∑
k=1

f(k) Ã., �
∞∑
n=1

f(n) uÑ. �

~ 7.1.9 y²?ê
∞∑
n=2

1
n lnα n � α > 1 �Âñ, � α 6 1 �uÑ.

y² ?ê�È©
� +∞

2
dx

x lnα x ÓñÑ. 


� +∞

2

dx

x lnα x
=


(ln 2)1−α

α−1 , α > 1,

+∞, α 6 1.

��?ê� α > 1 �Âñ, 
� α 6 1 �uÑ.

ÃØ´ Cauchy �O{, �´ D’Alembert �O{, Ñ´ÚAÛ?ê?1'�. ·�

g,¬¯±eü�¯K:

1◦ ùü��O{=���rº

2◦ 3Âñ?ê�;.~f¥,

∞∑
n=0

qn, 0 < q < 1;
∞∑
n=1

1

nα
, α > 1;

∞∑
n=1

1

n(lnn)β
, β > 1,

§��Ï�ªu 0 ��Ý��'��ú. Ïd, UÄ�Ù¦ü�Âñ�Ý�ú�?ê?

1'�, ¿�)#��O{º
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1��¯Kò31nþ¥�[?Ø, ùp=�ÑXe(Ø: �´ D’Alembert �O{

U�O�, Cauchy �O{�½�U�O, ���Ø, (äN~f�SK7.1 ¥13K).

'u1��¯K, k�Äü���?ê
∞∑
n=0

an �
∞∑
n=0

bn �gÏ��c���', X

J÷v
an+1

an
6
bn+1

bn
,

K�öÂñÒ¿�Xcö�Âñ (�SK7.1 ¥114K). y3r����?ê
∞∑
n=0

an �

∞∑
n=1

1
nα , α > 0 ?1þã'�, XJ

an+1

an
6

1
(n+1)α

1
nα

=

(
n

n+ 1

)α
,

K

n

(
an
an+1

− 1

)
>

(
1 + 1

n

)α − 1
1
n

,

� n→∞ �, 4��´ α, ¤±ke¡�(Ø.

½n 7.12 (Raabe �O{) XJ

lim
n→∞

n

(
an
an+1

− 1

)
= α,

@o� α > 1 �, ��?ê
∞∑
n=0

an Âñ. � 0 < α < 1 �, ?êuÑ.

�Öögy.

~ 7.1.10 � α, β, γ, x Ñ´�ê. ?ê

F (α, β, γ, x) = 1 +
∞∑
n=1

α(α + 1) · · · (α + n− 1)β(β + 1) · · · (β + n− 1)

n!γ(γ + 1) · · · (γ + n− 1)
xn

¡��AÛ?ê. ·�5?Øù�?ê�ñÑ5. Ï�

lim
n→∞

an+1

an
= lim

n→∞

(α + n)(β + n)

(1 + n)(γ + n)
x = x

¤±dD’Alembert �O{, � x < 1 �Âñ, � x > 1�uÑ. � x = 1 �Ã{�O. �

´� x = 1 �,

lim
n→∞

n

(
an
an+1

− 1

)
= lim

n→∞

n2(1 + γ − β − α) + (γ − αβ)n

(α + n)(β + n)
= 1 + γ − β − α,

¤±� γ > α + β �Âñ, � γ < α + β �uÑ.

XJò?êÚÂñ��ú�?ê
∞∑
n=2

1
n(lnn)β

, β > 1 ?1'�, ��±��¤¢

Gauss �O{, ùpÒØ2?Ø
.
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7.1.3 ��?ê�Âñ59Ù�O{

(1) ��?ê

¤¢��?êÒ´?ê���K��, �±L«¤
∞∑
n=1

(−1)n−1an, Ù¥ an > 0. Ï

���?ê�c 2n �Ü©Ú÷v

S2n = (a1 − a2) + (a3 − a4) + · · ·+ (a2n−1 − a2n)

¤±, � {an} üN~�ªu 0 �, S2n+2 − S2n = a2n+1 − a2n+2 > 0, 
�

S2n = a1 − (a2 − a3)− (a4 − a5)− · · · − (a2n−2 − a2n−1)− a2n 6 a1,

=, S2n üNO\kþ.. ¤±ÂñµS2n → S. éu�ê´Ûê��Ü©Ú÷v

S2n+1 = S2n + a2n+1,

w,S2n+1 → S. ¤±� {an} üN~�ªu 0 �, ��?ê´Âñ�. ?�Ú�Ouy

|S − Sn| = |an+1 − an+2 + · · · |

= an+1 − (an+2 − an+3)− · · · < an+1

ùÒ�Ñ
Ü©Ú�?ê�Ú�m�Ø�. o�, ke¡(Ø:

½n 7.13 (Leibniz �O{) � {an} üNªu", K��?ê
∞∑
n=1

(−1)n−1an Â

ñ, �c n �Ü©Ú Sn �?ê�Ú S �Ø�Ø�L an+1.

Âñ��?ê�;.~f´µ
∞∑
n=1

(−1)n−1 1
n �uÑ���?ê

∞∑
n=1

1
n �'�, �±

N¬����m��p-��(J. ��, ·��ò��§�Ú´ ln 2.

(2) ýéÂñÚ^�Âñ

éu��?ê
∞∑
n=1

an 5` (=éÏ���KvkAO�¦), XJ
∞∑
n=1
|an| Âñ, K

¡
∞∑
n=1

an ýéÂñ.

½n 7.14 e
∞∑
n=1

an ýéÂñ, K?ê���½Âñ.

y² w,k

|an+1 + an+2 + · · ·+ an+p| 6 |an+1|+ |an+2|+ · · ·+ |an+p|,

�d?ê�Cauchy ÂñOKÒ�y�(J. �

XJ
∞∑
n=1

an Âñ, �
∞∑
n=1
|an| uÑ, @o¡?ê

∞∑
n=1

an �^�Âñ. ~X,
∑ (−1)n

n

Ú
∞∑
n=2

(−1)n

lnn ÑÂñ, �Ï��ýé��, (J´uÑ�, ¤±´^�Âñ�.
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½n 7.15 e
∞∑
n=1

an ýéÂñ, K?¿UC¦Ú^S�¤��#?êEÂñ, ¿

�ÙÚØC.

y² �

a+
n =

|an|+ an
2

, a−n =
|an| − an

2
,

=

a+
n =

an, an > 0,

0, an < 0;
a−n =

0, an > 0,

−an, an 6 0.

Ïdd a±n �¤�?ê
∞∑
n=1

a±n Ñ´��?ê, 
�÷v

|an| = a+
n + a−n > a±n ,

an = a+
n − a−n ,

�â'��O{��
∞∑
n=1

a±n ÑÂñ, 
�

∞∑
n=1

an =
∞∑
n=1

a+
n −

∞∑
n=1

a−n ,

∞∑
n=1

|an| =
∞∑
n=1

a+
n +

∞∑
n=1

a−n .

�?ê
∞∑
n=1

an �¦Ú^SUC�,
∞∑
n=1

a±n �¦Ú^S��A�UC. 
�ö´��?ê,

UC^S�Âñ5ÚÂñ��ØC. Ïdcö�Âñ5ÚÂñ��Ø¬C. �

íØ 7.16 ?ê
∞∑
n=1

an ýéÂñ�¿©7�^�´
∞∑
n=1

a+
n Ú

∞∑
n=1

a−n ÑÂñ. �

XJ?ê´^�Âñ�, Kü�?ê
∞∑
n=1

a+
n Ú

∞∑
n=1

a−n ÑuÑ� +∞.

y² 1��(Ø´w,�. éu1��(Ø, Ï�
∞∑
n=1
|an| uÑ, �

∞∑
n=1

a+
n Ú

∞∑
n=1

a−n ØUÑÂñ, �´e��ª

∞∑
n=1

an =
∞∑
n=1

a+
n −

∞∑
n=1

a−n

¥n�?êØ�Ukü�Âñ. ¤±
∞∑
n=1

a±n �UÑuÑ. �

½n 7.17 (Riemann ­ü½n) �?ê
∞∑
n=1

an ^�Âñ, K·�UC¦Ú�^S

�±¦#?êÂñu�½�?¿¢ê, ��¦#?êuÑ� +∞ ½ −∞.
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y² � A ´?¿ (k�) ¢ê, Ø�� A > 0. �
∞∑
n=1

pn ´?ê��K��¤�

?ê, §uÑ� +∞,
∞∑
n=1

qn ´?ê�K��¤�?ê, §uÑ� −∞. ·�ù�(½­

ü: k��

p1 + p2 + · · ·+ pm1

¦�dÚf�L A, 2��

q1 + q2 + · · ·+ qn1

����Ü©Úf�u A. ,�2�X��

pm1+1 + · · ·+ pm2

¦��Ü©Úqf�L A, �X2��

qn1+1 + · · ·+ qn2

����Ü©Úqf�u A, XdUYe�. þãz�ÚÑ´�1�, Ï�
∞∑
n=1

pn Ú

∞∑
n=1

qn Ñ´uÑ�, O\eZ� pn o¬¦ÚªfÐ�u A. O\eZ�K� qn o¬¦

ÚªfÐ�u A.

qÏ� an → 0, ¤± pn → 0, qn → 0, 
­ü��?ê�Ü©Ú� A ���ýé�

©ª�uê� {pn} �,��, ½�uê� {qn} �,��, �ù����­ü?êÂñ

u A.

�
¦­ü��?êuÑ� +∞, ·�ù�Sü: k��

p1 + p2 + · · ·+ pm1

¦ÙÚ�u 1, �X��� q1, ,��3�¡��

pm1+1 + · · ·+ pm2

¦��Ü©Ú�u 2, �X��� q2, UYe�, 1 n g����Ú��K��, ��Ü

©Ú�u n− qn. u´­ü��?êuÑ� +∞. aq/, ��­ü�?êuÑ� −∞.

(3) ��?êÂñ��O{

éu����?ê
∞∑
n=1

an 5`, �����O{�,´ Cauchy ÂñOK. �=´

����OK. 
|^��?ê��O{, �U�O?ê´ÄýéÂñ"

�
¼������O{, ·�k0�ü�Ún. TÚn¢Sþ´©ÜÈ©{�l

Ñ/ª, �¡� Abel ©Ü¦Ú{.
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Ún 7.18 (Abel ©Ü¦Úúª) � {an} Ú {bn} ´ü�¢ê�. Kk

n∑
k=1

akbk = Anbn +
n−1∑
k=1

Ak(bk − bk+1),

Ù¥ Ak = a1 + a2 + · · ·+ ak.

y² �½ A0 = 0, Kk
n∑
k=1

akbk =
n∑
k=1

(Ak − Ak−1)bk =
n∑
k=1

Akbk −
n∑
k=1

Ak−1bk

=
n∑
k=1

Akbk −
n−1∑
k=1

Akbk+1 = Anbn +
n−1∑
k=1

Ak(bk − bk+1).

|^ù�úª�±y²Xe Abel Ún.

Ún 7.19 (Abel Ún) � b1 > b2 > · · · > bn ½ö b1 6 b2 6 · · · 6 bn, P

Ak = a1 + a2 + · · ·+ ak. XJ |Ak| 6M, k = 1, 2, · · · , n, @ok∣∣∣∣∣
n∑
k=1

akbk

∣∣∣∣∣ 6M(|b1|+ 2|bn|).

y² d©Ü¦Úúª∣∣∣∣∣
n∑
k=1

akbk

∣∣∣∣∣ =

∣∣∣∣∣
n−1∑
k=1

Ak(bk − bk+1) + Anbn

∣∣∣∣∣
6

n−1∑
k=1

|Ak||bk − bk+1|+ |An||bn|

6M

(
n−1∑
k=1

|bk − bk+1|+ |bn|

)
= M(|b1 − bn|+ |bn|)

6M(|b1|+ 2|bn|).

y3·��±y²�é��?ê�����ü��O{.ÙÄ�g�´ò?ê�Ï

�©)¤ü�Ü©§�âü�Ü©�5��O?ê�Âñ5"

½n 7.20 (Dirichlet �O{) e {bn} ´üN4~ªu"�ê�, �?ê
∞∑
n=1

an

�Ü©Úk.µ|An| = |
n∑
k=1

ak| 6M , K
∞∑
k=1

anbn Âñ.

y² Ï� |Ak| 6M, ¤±éu m > n+ 1, k∣∣∣∣∣
m∑

k=n+1

ak

∣∣∣∣∣ = |Am − An| 6 2M.
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Ï� {bn} ªu", ¤±éu?¿�ê ε, �3g,ê N ¦�� n > N �, k |bn| 6 ε
6M .

du {bn} ´üN4~�, l Abel Ún�, Ø�ª∣∣∣∣∣
n+p∑

k=n+1

akbk

∣∣∣∣∣ 6 2M(|bn+1|+ 2|bn+p|) 6 2M

(
ε

6M
+

2ε

6M

)
= ε

é n > N 9��g,ê p ¤á. �â Cauchy OK,
∞∑
k=1

anbn Âñ. �

½n 7.21 (Abel �O{) e {bn} ´üNk.�ê�, �?ê
∞∑
n=1

an Âñ, K?

ê
∞∑
n=1

anbn Âñ.

y² Ï� {bn} ´üNk.�ê�, ¤±Âñ, �Âñu b. Ø�� {bn} üN4~,

K {bn − b} 4~ªu". Ï�
∞∑
n=1

an Âñ, ¤± Ak = a1 + · · ·+ ak k.. �â Dirichlet

�O{�
∞∑
n=1

an(bn − b) Âñ. 
 anbn = an(bn − b) + ban, ¤±
∞∑
n=1

anbn �Âñ. �

A^þãü��O{�'�§́ XÛr?ê�Ï�©)¤ü�Ü©§�Ü©üN4

~ªu"§,�Ü©Ü©Úk.¶½�Ü©üNk.§,�Ü©�¤�?êÂñ.

~ 7.1.11 �	e�/ª�?ê
∞∑
n=1

an
nα
, α > 0,

Ï� 1
nα üN~ªu", ¤±XJ

∞∑
n=1

an ´Ü©Úk.�?ê, @o?êÂñ.

~ 7.1.12 ?Ø?ê
∞∑
n=1

cosnx
n �ñÑ5.

) � x = 2k� �, T?êÒ´NÚ?ê, �uÑ. e x 6= 2k�, P

An = cosx+ cos 2x+ · · ·+ cosnx =
sin
(
n+ 1

2

)
x− sin x

2

2 sin x
2

.

u´ An k.

|An| <
1∣∣sin x

2

∣∣ .

 1

n → 0, �?êÂñ. aq�?Ø?ê
∞∑
n=1

sinnx
n �Âñ5.

~ 7.1.13 ¦y
∞∑
n=1

cosn
n ^�Âñ.

y² þ¡�~f��
∞∑
n=1

cosn
n Âñ, XJ§ýéÂñ, Kd cos2 n 6 | cosn| íÑ

∞∑
n=1

cos2 n

n
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�Âñ. �´
∞∑
n=1

cos2 n

n
=

1

2

∞∑
n=1

1

n
+

1

2

∞∑
n=1

cos 2n

n
.

þªmà1��?êuÑ,1��?êÂñ,��à?êØUÂñ,dgñ`²
∞∑
n=1

| cosn|
n

uÑ.

~ 7.1.14 éu��?ê
∞∑
n=1

(−1)n+1bn, �±r§w¤´
∞∑
n=1

anbn �/ª, Ù¥

an = (−1)n+1, w,, |An| = |a1 + · · ·+ an| 6 1, ¤±, � bn üN~� bn → 0 �, ?êÂ

ñ. ùÒ´Leibniz �O{���(J.

7.1.4 ?ê�¦È

�[��, �â¦{©�Æ, éuü�k�Ú�¦

(a1 + a2 + · · ·+ an)(b1 + b2 + · · · bm)

Ù(J´r¤k�U�¦È aibj , i = 1, · · · , n, j = 1, · · · ,m �\. y3�Äü�

Âñ�Ã¡?ê
∞∑
n=1

an Ú
∞∑
n=1

bn �m�¦È¯K. ·�ò¤k�U�¦È aibj , i =

1, · · · , j = 1, · · · , �¤e�/ª

a1b1, a1b2, a1b3, · · · ,

a2b1, a2b2, a2b3, · · · ,

a3b1, a3b2, a3b3, · · · ,
...

...
...

duz�1, z��Ñ´Ã¡õ�, Ïd\{ke�~^�ü«�{: �«�{´l�

þ�m©U�¬�\

a1b1 + (a1b2 + a2b2 + a2b1) + (a1b3 + a2b3 + a3b3 + a3b2 + a3b1) + · · ·

,�«�{´l�þ�m©, U�é���\

a1b1 + (a1b2 + a2b1) + (a1b3 + a2b2 + a3b1) + · · · ,

5¿�z��é��þ��ê£=z�)Òp��ê¤́ k��, eI�Ú´���, Ï

d�±�ÑÏ�

cn = a1bn + a2bn−1 + a3bn−2 + · · ·+ anb1 =
n∑
i=1

aibn+1−i,

¿����#�Ã¡?ê
∞∑
n=1

cn, ¡��?ê
∞∑
n=1

an Ú
∞∑
n=1

bn � Cauchy ¦È. �!ò

­:�ÄCauchy ¦È�ñÑ5¯K. ·�g,F"3
∞∑
n=1

an Ú
∞∑
n=1

bn ÑÂñ£P§�
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©OÂñu A Ú B ¤��¹e, §�� Cauchy¦È
∞∑
n=1

cn �Âñ¿�Âñu§��¦

È AB. ,
, e¡��~`²ù«F"¿ØUg,¤á.

~ 7.1.15 �	e�Âñ?ê

∞∑
n=1

(−1)n−1 1√
n
,

ÙgC�gC�Cauchy ¦È�(J´

cn = (−1)n−1
∑

i+j=n+1

1√
ij

Ïd

|cn| =
∑

i+j=n+1

1√
ij
>

∑
i+j=n+1

2

i+ j
=

2n

n+ 1
> 1

¤±Cauchy ¦È
∞∑
n=1

cn ´uÑ�.

þã~f´��^�Âñ�?ê. XJ\r^�, @o

½n 7.22 (Mertens) �
∞∑
n=1

an Ú
∞∑
n=1

bn ÑÂñ, ¿©OÂñu A Ú B. eÙ¥

��k��´ýéÂñ�, K§�� Cauchy ¦ÈÂñ, �

∞∑
n=1

cn = AB

y² Ø��
∞∑
n=1

an ýéÂñ. ©OP An =
n∑
n=1

an, Bn =
n∑
n=1

bn, Cn =
n∑
n=1

cn �

n�?ê�Ü©Ú. K Cauchy ¦È�Ü©Ú�±L«Xe:

Cn =
n∑
k=1

ck =
n∑
k=1

k∑
i=1

aibk+1−i =
n∑
i=1

n∑
k=i

aibk+1−i

=
n∑
i=1

n+1−i∑
l=1

aibl =
n∑
i=1

ai

n+1−i∑
l=1

bl =
n∑
i=1

aiBn+1−i

= a1Bn + a2Bn−1 + · · ·+ anB1

e B = 0, = Bn → 0(n → ∞), Kéu?¿���ê ε, �½�3��g,ê N1,

¦�� n > N1 �, k |Bn| < ε, � {Bn} k. |Bn| 6M1, n = 1, 2, · · · .

d
∞∑
n=1

an ýéÂñ��, �3 N2, ¦�� n > N2 �, |aN2+1| + · · · + |an| < ε , �

∞∑
n=1
|an| 6M2 .
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� N = N1 +N2 − 1, K� n > N �, k n−N2 + 1 > N1, n > N2, ¤±

|Cn| = |a1Bn + a2Bn−1 + · · ·+ anB1|

6 (|a1||Bn|+ · · ·+ |aN2||Bn−N2+1|) +M1(|aN2+1|+ · · ·+ |an|)

6M2ε+M1ε = (M1 +M2)ε

¤± Cn → 0(n→∞).

e B 6= 0, K βn = Bn −B → 0(n→∞), d�

Cn = AnB + (a1βn + a2βn−1 + · · ·+ anβ1),

�âþãy²,þªm>1��� n→∞ �4��", ¤± Cn → AB �

½n 7.23 (Abel) �
∞∑
n=1

an = A Ú
∞∑
n=1

bn = B ´ü�Âñ?ê. XJ§��

Cauchy ¦È
∞∑
n=1

cn = C Âñ, @o C = AB.

y² Ï�

Cn = a1Bn + a2Bn−1 + · · ·+ anB1,

¤±
C1 + C2 + · · ·+ Cn

n
=
AnB1 + An−1B2 + · · ·+ A1Bn

n

�â1�Ù~1.2.19 Ú~ 1.2.20 =���
∞∑
n=1

cn = C = AB

�

5P ùp�?Ø
ü�?ê� Cauchy ¦È�ñÑ5¯K. ¯¢þ Cauchy �Ñ


,���r�½n, =XJ
∞∑
n=1

an Ú
∞∑
n=1

bn Ñ´ýéÂñ, ¿©OÂñu A Ú B, @

or aibj , i, j = 1, 2, · · · , U?Û�ª�\¤����?ê£P�
∞∑
k=1

aikbjk ¤Ñ´ýé

Âñ�, �Âñu AB. y²�g´´: Äk�	?ê��ýé��Ü©Ú

n∑
k=1

|aikbjk | 6

(
N∑
n=1

|an|

)(
N∑
n=1

|bn|

)
6

( ∞∑
n=1

|an|

)( ∞∑
n=1

|bn|

)
ùp N ´eI i1, i2, · · · , in Ú j1, j2, · · · , jn ¥���, Ïdk.. ù�Òy²
?ê�

ýéÂñ5. 2|^ Riemann ­ü½n7.17, éýéÂñ?ê?¿N�¦Ú^SØUC

Âñ�. ÏdU�¬�\��ª­ü, Òk

∞∑
k=1

aikbjk = lim
N→∞

(
N∑
n=1

an

)(
N∑
n=1

bn

)
= AB.

Öö�g1�¤y²�L§.
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7.1.5 Ã¡¦È*

���!�(å, ·�?Ø��k�¯K, =Ã¡õ�ê�¦�ñÑ5.

½Â 7.24 �kÃ¡õ�ê p1, p2, · · · , pn, · · · , ¡
∞∏
n=1

pn = p1p2 · · · pn · · ·

�Ã¡¦È. XJ§�c n ��¤�Ü©¦È

Pn =
n∏
k=1

pk = p1p2 · · · pn, n = 1, 2, · · ·

�¤�ê� {Pn} � n→∞ �, kk��"�4� P , @o¡Ã¡¦ÈÂñ, ÄK¡�

uÑ.

du·��¦4�� P 6= 0 , ¤±Ø��Ã¡¦È�Ï� pn 6= 0, n = 1, 2, · · · . �
â½Â, �±����Ã¡¦ÈÂñ�7�^�

½n 7.25 Ã¡¦È
∞∏
n=1

pn Âñ�7�^�´ lim
n→∞

pn = 1.

ù´Ï�

pn =
Pn
Pn−1

→ P

P
= 1 (n→∞).

Ïd, é¿©�� n k pn > 0, ½ö`Ï��K����kk��, ¤±Ø�b�¤k

�Ñ´��, ¿P

pn = 1 + an, −1 < an < +∞, (n = 1, 2, · · · ),

ù�, Ã¡¦ÈÒL«�
∞∏
n=1

(1 + an), ÙÂñ�7�^�� an → 0(n→∞) .

½n 7.26 Ã¡¦È
∞∏
n=1

(1 + an) Âñ�¿©7�^�´?ê

∞∑
n=1

ln(1 + an)

Âñ. 3Âñ��¹e, eP S �?ê�Ú, @o

∞∏
n=1

(1 + an) =S
e .

ù´Ï�éÃ¡¦È�Ü©¦ÈÚ?ê�Ü©Ú÷v

lnPn =
n∑
k=1

ln(1 + ak) = Sn
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SK 7.1

1. y²e��ª:

(1)
∞∑
n=1

1

(2n− 1)(2n+ 1)
=

1

2
; (2)

∞∑
n=1

(
√
n+ 2− 2

√
n+ 1 +

√
n) = 1−

√
2;

(3)
∞∑
n=1

ln
n(2n+ 1)

(n+ 1)(2n− 1)
= ln 2; (4)

∞∑
n=1

2n+ 1

n2(n+ 1)2
= 1.

2. ïÄe�?ê�ñÑ5:

(1)
∞∑
n=1

n
√

0.001; (2)
∞∑
n=2

1

n
√
n− 1

;

(3)
∞∑
n=1

1√
(2n− 1)(2n+ 1)

; (4)
∞∑
n=1

sinn;

(5)
∞∑
n=1

2n sin
�
3n

; (6)
∞∑
n=1

1

n n
√
n

;

(7)
∞∑
n=1

1(
2 + 1

n

)n ; (8)
∞∑
n=1

n(
n+ 1

n

)n ;

(9)
∞∑
n=1

arctan
�
4n

; (10)
∞∑
n=1

1 000n

n!
;

(11)
∞∑
n=1

(n!)2

(2n)!
; (12)

∞∑
n=1

3 + (−1)n

2n
;

(13)
∞∑
n=1

lnn
4
√
n5

; (14)
∞∑
n=3

1

n lnn(ln lnn)k
;

(15)
∞∑
n=1

(
cos

1

n

)n3

; (16)
∞∑
n=2

(
an

n+ 1

)n
(a > 0).

3. � an =


1

2(n+1)/2 , n �Ûê,

1
2n/2

, n �óê.
ÁïÄ?ê

∞∑
n=1

an �ñÑ5.

4. �
∞∑
n=1

anÂñ,y²
∞∑
n=1

(an+an+1)�Âñ. ÁÞ~`²_·KØ¤á;�e an > 0,

K_·K¤á.

5. y²½£�e¡�Øä:

(1) e lim
n→∞

nan = a 6= 0, K?ê
∞∑
n=1

an uÑ;

(2) e?ê
∞∑
n=1

an Âñ, ´Äk lim
n→∞

nan = 0?
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(3) e lim
n→∞

nan = a, �?ê
∞∑
n=1

n(an − an+1) Âñ, y²
∞∑
n=1

an Âñ.

6. ���?ê
∞∑
n=1

an Âñ, y²
∞∑
n=1

a2
n �Âñ. Á¯��´Ä¤á?

7. � {an}, {bn} ´ü��Kê�÷v an+1 < an + bn, 
�
∞∑
n=1

bn Âñ. ¦y lim
n→∞

an

�3.

8. y²: e?ê
∞∑
n=1

a2
n Ú

∞∑
n=1

b2n Âñ, K?ê
∞∑
n=1
|anbn|,

∞∑
n=1

(an + bn)2, ±9
∞∑
n=1

|an|
n

�Âñ.

9. ¦e�4� (Ù¥ p > 1):

(1) lim
n→∞

[
1

(n+1)p + 1
(n+2)p + · · ·+ 1

(2n)p

]
;

(2) lim
n→∞

(
1

pn+1 + 1
pn+2 + · · ·+ 1

p2n

)
.

10. ���ê� {an} üN~�, �
∞∑
n=1

(−1)nan uÑ, Á¯
∞∑
n=1

(
1

an+1

)n
´ÄÂñ? ¿

`²nd.

11. � an > 0, an > an+1 (n = 1, 2, · · · ), � lim
n→∞

an = 0, y²?ê

∞∑
n=1

(−1)n−1a1 + a2 + · · ·+ an
n

´Âñ�.

12. �
∞∑
n=1

an Ú
∞∑
n=1

bn ýéÂñ. ¦y
∞∑
n=1

(an + bn) ýéÂñ.

13. ïÄe�?ê�^�Âñ5�ýéÂñ5:

(1)
∞∑
n=1

(−1)n
(

2n+ 100

3n+ 1

)n
; (2)

∞∑
n=1

(−1)
n(n−1)

2

2n
;

(3)
∞∑
n=1

(−1)n
√
n

n+ 100
; (4)

∞∑
n=1

(−1)n−1 sin
1

n
;

(5)
∞∑
n=1

(−1)n−1 lnn

n
; (6)

∞∑
n=1

(−1)n−1

np
;

(7)
∞∑
n=1

(−1)n(e
1
n − 1); (8)

∞∑
n=1

(−1)n
[

1

n
− ln

(
1 +

1

n

)]
;

(9)
∞∑
n=1

(−1)n
(

1− cos
p

n

)
; (10)

∞∑
n=1

(−1)n
(

1− cos
1

n

)p
.
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14. XJ?ê
∞∑
n=1

an ^�Âñ, K S+
n

S−n
� n→∞ �k4�� lim

n→∞
S+
n

S−n
= 1 ùp, S±n ´

��?ê
∞∑
n=1

a±n �Ü©Ú, a+
n , a

−
n �½Âd §7.1.3 �Ñ.

15. y²XJ��?ê
∞∑
n=1

bn Âñ, ¿�l,���k

∣∣∣∣an+1

an

∣∣∣∣ < bn+1

bn
,

K?ê
∞∑
n=1

an ýéÂñ.

16. ïÄe�?ê�ñÑ5:

(1)
∞∑
n=1

sinnx

n
; (2)

∞∑
n=2

cos n�4
lnn

;

(3)
∞∑
n=1

sinn√
n

(
1 +

1

n

)n
; (4)

∞∑
n=1

(−1)n
n− 1

n+ 1
· 1

100
√
n
.
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§7.2 ¼ê�?ê

7.2.1 Âñ5

� u1(x), u2(x), · · · , un(x), · · · ´½Â3��ê8 E þ���¼ê. ek��¼

ê�\, K(J�´½Â3Ó��½Â�¥�¼ê, y3�ÄÃ¡õ�¼ê�\�¯K.

∞∑
n=1

un(x) = u1(x) + u2(x) + · · ·+ un(x) + · · ·

¡� E þ�¼ê�?ê. é x0 ∈ E,
∞∑
n=1

un(x0) Ò´��ê�?ê. XJÂñ, K¡ x0

�Âñ:; XJuÑ, K¡ x0 �uÑ:. Ø��¼ê�?ê�Âñ:8�N�«m I,

¿¡¼ê�?ê3 I þÂñ£k��¡Å:Âñ¤. d�

x ∈ I, x −→ S(x) =
∞∑
n=1

un(x)

½Â
 I þ���¼ê, ¡�¼ê�?ê�Ú¼ê.

½ö`, XJ�3��¼ê S(x), ¦�¼ê�?ê
∞∑
n=1

un(x) �c n ��Ü©Ú

Sn(x) = u1(x) + u2(x) + · · ·+ un(x)

¤�¤�¼ê� {Sn(x)} é«m I ¥z�: x ∈ I, ÑÂñ� S(x), K¡¼ê�?ê
∞∑
n=1

un(x) 3«m I þ(Å:)Âñu¼ê S(x), ¿P S(x) =
∞∑
n=1

un(x), x ∈ I.

l½Â¥wÑ, ¼ê�?ê�Âñ¯K, Ò´Ü©Ú¤�¤�¼ê��Âñ¯K. 8

�, XJ·�Õá/?Ø¼ê� {fn(x)} �Âñ¯K, Ù½Â�'u {Sn(x)} �½Â�
�.

~ 7.2.1 ?Ø
∞∑
n=0

xn �Âñ5.

) ?ê
∞∑
n=0

xn �Ï�3 (−∞,+∞) þÑk½Â (éu�½� x, Ò´��AÛ?

ê), ��3 (−1, 1) þÂñ¿k

∞∑
n=0

xn =
1

1− x
.


� |x| > 1 �, ?êuÑ.

3k�¦Ú¥, ¼ê�ëY5, ��!�È�)Û5�Ñ���±. éuÃ�¦Ú,

Ú¼ê´Ä�UU«ù
5�, =éu¼ê�?ê
∞∑
n=1

un(x),

1◦ XJ?ê�Ï� un(x) ëY, Ú¼ê S(x) ´Ä�ëYº
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2◦ XJ?ê�Ï� un(x) ��, Ú¼ê S(x) ´Ä���ºXJ��, ´Äk

S′(x) =

( ∞∑
n=1

un(x)

)′
=
∞∑
n=1

u′n(x)?

3◦ XJ?ê�Ï� un(x) �È, Ú¼ê S(x) ´Ä��ÈºXJ�È, ´Äk
� b

a

S(x)dx =

� b

a

( ∞∑
n=1

un(x)

)
dx =

∞∑
n=1

� b

a

un(x)dx?

�we¡~f.

~ 7.2.2 �	?ê x+ x(x− 1) + x2(x− 1) + · · · xn−1(x− 1) + · · · . §�c n �

Ü©Ú� Sn = x+ x2 − x+ x3 − x2 + · · ·+ xn − xn−1 = xn, ¤±

S(x) = lim
n→∞

Sn(x) =

0, 0 6 x < 1;

1, x = 1.

3Âñ«� [0, 1] ¥, Ú¼êkmä:, ¦+¦Ú�z��3 [0, 1] ¥ÑëY.

~ 7.2.3 � {r1, r2, r3, · · · } ´ [0, 1] þknê��N, 3 [0, 1] þ½Â

Sn(x) =

1, x = r1, r2, · · · rn,

0, x = Ù¦�

w,

lim
n→∞

Sn(x) = S(x) =

1, x = knê,

0, x = Ãnê

éuz�� Sn(x), §3 [0, 1] þ�kk��mä:, Ïd3 [0, 1] þ�È, � S(x) %Ø

´�È�.

~ 7.2.4 �

Sn(x) = 2n2xe−n
2x2 , n = 1, 2, · · · ; x ∈ [0, 1]

w, S(x) = lim
n→∞

Sn(x) = 0. Ï

� 1

0 S(x)dx = 0, �

lim
x→∞

� 1

0

Sn(x)dx = lim
x→∞

(1− e−n
2

) = 1

~ 7.2.5

Sn(x) =
sinnx√

n
−→ 0

�´ S′n(x) =
√
n cosnx9 0.

lù
~f�±wÑþã¯K¿�´²��. �
)û3�o^�eþã¯K�±

��)û, ·�I�Ú?�«¡����Âñ�Vg.
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7.2.2 ��Âñ5

¼ê�Ú¼ê�?ê3Âñ�þ�Âñ5, ��þ´“:�”�Âñ. 3��Âñ:

kØÓ�Âñ�Ý. �Âñ�Ýk,«�N���5�, ¡Ù���Âñ, O(/`Òk

e¡�½Â.

½Â 7.27 �¼ê� {fn(x)} 3«m I þÂñu f(x), XJé?¿�ê ε, Ñ�

3 N > 0 ¦�� n > N �, é¤k x ∈ I Ñk

|f(x)− fn(x)| < ε,

@o¡¼ê� {fn(x)} 3 I þ��Âñu f(x)£½��ªu f(x)¤.

�¼ê�´¼ê�?ê
∞∑
n=1

un(x) �Ü©Ú fn(x) = Sn(x) =
n∑
k=1

uk(x) �, þ¡�

½Â�Ò�Ñ
¼ê�?ê���Âñ5�½Â.

w, {fn(x)} ��Âñu f(x) �du {f(x) − fn(x)} ��ªu". Ïd·�k�

d�·K

½n 7.28 ¼ê� {fn(x)} 3 I þ��Âñu f(x) �¿©7�^�´

lim
n→∞

βn = 0, Ù¥, βn = sup
x∈I
|fn(x)− f(x)|.

d·K�y²3�Öö�¤.

~ 7.2.6 ?Ø¼ê� fn(x) = 1
x+n 3 [0, 1] þ���Âñ5.

) ?� ε > 0, � N > 1
ε , � n > N �,

-

6

x

y

..........

..........

..........

..........

..........

..........

..........

..........

..........

..........

..........

..........

..........

..........

..........

..........

..........

..........

..........

..........

ã 7.1

|fn(x)− 0| = 1

x+ n
6

1

n
< ε

é¤k x ∈ [0, 1] Ñ¤á. ¤±T¼ê�3 [0, 1] þ��

Âñu 0. ��±l

βn = sup
x∈[0,1]

|fn(x)− 0| = 1

n
→ 0

��ù�(Ø.

~ 7.2.7 �	~7.2.2 ¥�?ê, ÙÜ©Ú� Sn(x) = xn, x ∈ [0, 1]; w, Sn(x)

3 [0, 1] þÅ:Âñu

S(x) =

0, 0 6 x < 1;

1, x = 1.
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Ï�

βn = sup
x∈[0,1]

|Sn(x)− S(x)| = 1

¤± {Sn(x)} Ø��Âñu S(x). (�ã7.1), �Ò´?êØ´��Âñ�.

½n 7.29 (Cauchy ÂñOK) ¼ê� {fn(x)} 3 I þ��Âñ�¿©7�^�

´: é?���ê ε, �3 N > 0, ¦�� n > N �, é?Û��ê p Ú x ∈ I Ñk

|fn+p(x)− fn(x)| < ε.

éu¼ê�?ê
∞∑
n=1

un(x) 3 I þ��Âñ�¿©7�^�´µé?���ê ε, �3

N > 0, ¦�� n > N �, é?Û��ê p Ú x ∈ I Ñk∣∣∣∣∣
n+p∑

k=n+1

un(x)

∣∣∣∣∣ = |un+1(x) + · · ·un+p(x)| < ε

y² 7�5´w,�. e¡y²¿©5. d^��éz� x ∈ I, ê� {fn(x)} Ñ
´��Ä��, Ï
�3��ê f(x) ¦� fn(x)→ f(x) (n→∞). u´ f(x) ´½Â3

I þ���¼ê, � {fn} 3 E þÅ:Âñu f. Ï�é?¿ ε > 0, �3 N > 0 ¦��

n > N �

|fn+p(x)− fn(x)| < ε

é��g,ê p 9�� x ∈ I ¤á. - p→∞, lþª��

|f(x)− fn(x)| 6 ε

é�� x ∈ I ¤á. u´ {fn(x)} 3 I þ��Âñu f(x). �

íØ 7.30 ¼ê�?ê
∞∑
n=1

un(x) 3 I þ��Âñ�7�^�´?ê�Ï��¤

�¼ê� {un(x)} 3 I þ��ªu", = lim
n→∞

sup
x∈I
|un(x)| = 0.

XÓ?êÂñ�7�^���, �¼ê�?ê�Ï�3«mþØ��ªu"�, T

?ê�½Ø´��Âñ�.

~ 7.2.8 ?Ø
∞∑
n=1

ne−nx 3 (0,+∞) þ���Âñ5.

) Ï� ne−nx > 0, �é x > 0, k

ne−nx = o

(
1

n2

)
¤±?ê´Âñ�. �´

sup
x∈(0,+∞)

|un(x)| > |un(
1

n
)| = ne−1

¤±?ê3«m (0,+∞) þØ��Âñ.
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½n 7.31 (Weierstrass) e��?ê
∞∑
n=1

an Âñ¶q3 I þðk

|un(x)| 6 an,

K¼ê�?ê
∞∑
n=1

un(x) 3 E þ��Âñ.

T½n�y²��A^?ê� CauchyÂñOK=��¤. ùp,¡��?ê
∞∑
n=1

an

�
∞∑
n=1

un(x) 3 I þ���?ê. Weierstrass ½n�^�'�r, ÷vù�^��¼ê

�?êØ�Âñ
�ýéÂñ, �´, §%´�O��Âñ���{'¢^��O{.

d Weierstrass ½n, ØJwÑ
∞∑
n=1

ne−nx �,3 (0,+∞) þØ´��Âñ�,�3

(0,+∞) �ÛÜ«m [δ,+∞), δ > 0 þ÷v |ne−nx| 6 ne−nδ, ¤±´��Âñ�.

~ 7.2.9 e α > 1, K?ê
∞∑
n=1

cosnx
nα 3 (−∞,+∞) þ��Âñ.

y² Ï� ∣∣∣cosnx

nα

∣∣∣ 6 1

nα
,


?ê
∞∑
n=1

1
nα 3 α > 1 �Âñ, ¤±�?ê��Âñ.

eé½Â�¥z��½� x ¼ê� {un(x)} ��ê�´k.�, K¡d¼ê�Å:

k.. e�3���ê M ¦� |un(x)| < M é¤k n 9½Â�¥�¤k x ¤á, K¡

d¼ê���k.. �ìê�?ê¥ Dirichlet Ú Abel ��O{, ·�k

½n 7.32 (Dirichlet �O{) �?ê
∞∑
n=1

un(x)vn(x) 3 E þk½Â, eéz��

½� x ∈ E, {vn(x)} ´üN~ê�, �3 E þ��ªu 0, 
�
∞∑
n=1

un(x) �Ü©Ú3

E þ��k., K
∞∑
n=1

un(x)vn(x) 3 E þ��Âñ.

½n 7.33 (Abel �O{) �?ê
∞∑
n=1

un(x)vn(x) 3 E þk½Â, eéz��½

� x ∈ E, {vn(x)} ´üNê�, �3 E þ��k., 
�
∞∑
n=1

un(x) 3 E þ��Âñ,

K
∞∑
n=1

un(x)vn(x) 3 E þ��Âñ.

Öö�±gC�¤ Dirichlet �O{Ú Abel �O{�y², �´A5¿z�Ú��

�5Ny3Û?.

~ 7.2.10 � an üN~ªu 0, é?Û÷v � > δ > 0 � δ. K
∞∑
n=1

an cosnx 3

[δ, 2�− δ] þ��Âñ.
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y² Ï�

Ak(x) = cos x+ cos 2x+ · · ·+ cos kx =
sin
(
k + 1

2

)
x− sin x

2

2 sin x
2

,

¤±

|Ak(x)| 6 1∣∣sin x
2

∣∣ 6 1

sin δ
2

.

ù`² {An(x)} 3¤�«mþ��k.. q {an} w,üN~��ªu 0. ¤±�?ê

3½Â�«mþ´��Âñ�.

~ 7.2.11 �
∞∑
n=1

an Âñ, ¦y:
∞∑
n=1

an
nx 3 [0,+∞) þ��Âñ.

y² Ï�
∞∑
n=1

an ��Âñ£§� x ��ÎÃ'X¤, 
 { 1
nx} é�½� x > 0 ü

N4~, 
� | 1
nx | 6 1 ��k.. ¤±�?ê3 [0,+∞) þ��Âñ.

7.2.3 ��Âñ?ê�5�

·�òw�, �´��Âñ�Vg, ¦·��±?Ø¼ê�?êÚ¼ê�5�. '

u¼ê��4�¼ê�5��aq?1, ÏdØ2üÕ?Ø.

½n 7.34 XJ?ê
∞∑
n=1

un(x) 3«m I þ��Âñu S(x), �¦Ú� un(x) 3

«m I þëY, K S(x) 3 I þ�ëY.

y² é?¿ x0 ∈ I, ��y² lim
x→x0

S(x) = S(x0) =�. �âëY�½Â, Ò��

OØ�ª |S(x)− S(x0)|. �d, é?¿� ε > 0, d��Âñ5��, �3 N , ¦é?Û

x ∈ I Ñk
|SN (x)− S(x)| < ε/3.

2d SN (x)3 x0 �ëY5£§´k��ëY¼ê�Ú¤��,�3 δ > 0,� |x−x0| < δ

�

|SN (x)− SN (x0)| < ε/3.

¤±, � |x− x0| < δ �,

|S(x)− S(x0)| 6 |S(x)− SN (x)|+ |SN (x)− SN (x0)|

+ |SN (x0)− S(x0)| < ε.

= S(x) 3 x0 ëY. Ïd S(x) 3 I þëY. �

5¿, T½nk��é~^�í2, =, �¦Ú� un(x) 3«m I þëY, XJ?ê
∞∑
n=1

un(x) 3 I �?��4f«mþ��Âñ. K?ê
∞∑
n=1

un(x) 3 I Âñ, ¿�Ú¼ê

3 I þ�ëY. ëY´��ÛÜ5�, ��Âñ´���N5�. �y²/ÛÜ0�ëY,
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�I�3/ÛÜ0NC�/�N0þ���Âñ5=�. 
z�:�ëY, Ò´�N�ë

Y.

��;.�~fE,´?ê S(x) =
∞∑
n=1

ne−nx, x ∈ (0,+∞). §3«m (0,+∞)

þØ´��Âñ�,�3?Û4f«mþ��Âñ. é?¿� x0 ∈ (0,+∞),�3��

δ ÷v 0 < δ < x0, ?ê3 [δ,+∞) þ��Âñ, ¤±Ú¼ê S(x) 3 x0 ?ëY. du

x0 ∈ (0,+∞) �?¿5, ÏdÚ¼ê S(x) 3 (0,+∞) þëY.

½n 7.35 �?ê
∞∑
n=1

un(x) 3«m [a, b] þ��Âñu S(x), Ï� un(x) 3 [a, b]

þ�È, KÚ¼ê S(x) 3 [a, b] þ��È, �

� b

a

S(x)dx =

� b

a

( ∞∑
n=1

un(x)

)
dx =

∞∑
n=1

� b

a

un(x)dx.

y² ·��Ì�8�´�
y²È©ÚÃ�¦Ú���5. ¤±Ø�� {un(x)}
3 [a, b] þëY, �â½n7.34 , Ú¼ê S(x) �ëY, ¤±�È.

?� ε > 0, �3 N > 0, � n > N �, é¤k� x ∈ [a, b] k

|Sn(x)− S(x)| < ε,

�� n > N �k ∣∣∣∣� b

a

S(x)dx−
� b

a

Sn(x)dx

∣∣∣∣ =

∣∣∣∣� b

a

(S(x)− Sn(x))dx

∣∣∣∣
6

� b

a

|S(x)− Sn(x)|dx

< (b− a)ε.

=

lim
n→∞

n∑
k=1

� b

a

un(x)dx = lim
n→∞

� b

a

(
n∑
k=1

un(x)

)
dx = lim

n→∞

� b

a

Sn(x)dx =

� b

a

S(x)dx

Ïd, ?ê
∞∑
n=1

� b
a un(x)dx Âñ, 
�Âñu

� b
a S(x)dx. �

~ 7.2.12 � f(x) =
∞∑
n=1

cosnx
n2 , ¦

��
0 f(x)dx.

) d?ê���Âñ5, ��k

� �
0

f(x)dx =
∞∑
n=1

1

n2

� �
0

cosnxdx = 0.
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½n 7.36 �?ê�¦Ú� un(x) 3 I = [a, b] këY�ê, ?ê
∞∑
n=1

un(x) 3 I

Âñu S(x),
∞∑
n=1

u′n(x) 3 I ��Âñ, KÚ¼ê S(x) 3 I ��, ¿k

( ∞∑
n=1

un(x)

)′
=
∞∑
n=1

u′n(x).

y² �
∞∑
n=1

u′n(x) ��Âñu g(x), ¤±d½n7.35 �

� x

a

g(t)dt =

� x

a

∞∑
n=1

u′n(t)dt =
∞∑
n=1

� x

a

u′n(t)dt

= S(x)− S(a).

¤± S′(x) = g(x), =Ú¼ê��, �¦�Ú¦Ú$����. �
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SK 7.2

1. y²ü�3�Ó«m I þ��Âñ�?ê�Ú, �3 I þ��Âñ.

2. (½e�¼ê�?ê�Âñ�:

(1)
∞∑
n=1

ne−nx; (2)
∞∑
n=2

xn
2

n
;

(3)
∞∑
n=1

(−1)n

2n− 1

(
1− x
1 + x

)n
; (4)

∞∑
n=1

1

xn
sin
�
2n

;

(5)
∞∑
n=1

(x− 3)n

n− 3n
; (6)

∞∑
n=1

n!
(x
n

)n
;

(7)
∞∑
n=1

cosnx

enx
; (8)

∞∑
n=1

xn

1− xn
.

3. 3«m [0, 1] þ, ½Â

un(x) =


1
n , x = 1

n ,

0, x 6= 1
n

y²?ê
∞∑
n=1

un(x) 3 [0, 1] þ��Âñ, �´§vk Weierstrass �O{¥���

?ê.

4. ïÄe�?ê3�½«mþ���Âñ5:

(1)
∞∑
n=1

sinnx

n2
, −∞ < x < +∞; (2)

∞∑
n=1

1

2n (1 + (nx)2)
, −∞ < x < +∞;

(3)
∞∑
n=1

(−1)n−1xn, −1 < x < 1; (4)
∞∑
n=1

x2e−nx, 0 6 x < +∞;

(5)
∞∑
n=1

(−1)n

x+ n
, 0 6 x < +∞; (6)

∞∑
n=1

1

nx
, 1 < x < +∞;

(7)
∞∑
n=1

cosnx

n
, 0 < δ 6 x 6 2�− δ; (8)

∞∑
n=1

x2

(nen)x
, 0 6 x < +∞.

5. y²: e?ê
∞∑
n=1

an Âñ, K?ê
∞∑
n=1

an
enx
3 0 6 x < +∞ ¥��Âñ.

6. y²¼ê ζ(x) =
∞∑
n=1

1

nx
3 (1,+∞) SëY, �këY����ê.
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7. y²: f(x) =
∞∑
n=1

sinnx

n4
� |x| < +∞ �, äkëY����û.

8. � f(x) =
∞∑
n=1

xn cos n�x
(1 + 2x)n

, ¦ lim
x→+∞

f(x) 9 lim
x→1

f(x).

9. � f(x) =
∞∑
n=1

ne−nx, ¦

� ln 3

ln 2

f(x)dx.

10. 48½Â [0, 1) þ�ëY��¼êS� {fn} Xe: f1 = 1, 3 (0, 1) þk

f ′n+1(x) = fn(x)fn+1(x), fn+1(0) = 1.

¦y: éz� x ∈ [0, 1) lim
n→∞

fn(x) �3, ¿¦ÑÙ4�¼ê.

11. y² Dini ½nµ

(1) � {un(x)} ´½Â34«m [a, b] þ��KëY¼ê�, �3d«mþÅ:Â

ñ�". eé?¿�½� x ∈ [a, b] ê� {un(x)} ´üN4~�, K {un(x)} 3
x ∈ [a, b] þ��Âñ�".

(2) XJ¼ê�?ê
∞∑
n=1

un(x) 3«m [a, b] þÅ:Âñ� S(x), �Ï� un(x) 3«

m [a, b] þ´ëY��K�, @oÚ¼ê S(x) 3 [a, b] ëY�¿©7�^�´d?

ê3 [a, b] þ��Âñ.
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§7.3 �?êÚ Taylor Ðª

�!·�ò?Ø�«{ü�¼ê�?ê/�?ê0µ
∞∑
n=0

anx
n = a0 + a1x+ a2x

2 + · · ·+ anx
n + · · · .

¿¡ an, n = 0, 1, · · · ��?ê�Xê. Ow§{ü, ·�¬uy, �?êÚ�¡�?Ø

�n�?ê´A^�2��üa­�¼ê�?ê. ù�NAy
ù��é{µ/{ü�

=´­��0. ·�Äk�ïÄ§�Ú¼ê�5�µ½Â�!ëY5!��5Ú�È5.

7.3.1 �?ê�Âñ«�

��?ê�Âñ«�� I. w,, x = 0 ´��Âñ:, = 0 ∈ I£¤±Âñ«�¿�
�8¤. e¡�~f�Ñü«4à�¹.

~ 7.3.1 �	e�ü��?ê�Âñ«�

1 + 22x2 + 33x3 + · · ·+ nnxn + · · ·

1 + x+
x2

2!
+ · · ·+ xn

n!
+ · · ·

1��?ê�3 x = 0 ?Âñ, ù´Ï�éu?¿ x 6= 0, oUé�ù�� N , ¦�

|x| > 1
N , ¤±� n > N �, ¤k�� nnxn �ýé�Ñ�u 1. 
1��?êé?Û�

x ∈ (−∞,+∞) Ñ´ýéÂñ�.

é���?ê
∞∑
n=0

anx
n, XJ3 x0 6= 0 Âñ, Kéu?¿÷v |x| < |x0| � x, k

anx
n = anx

n
0

(
x

x0

)n
Ï� lim

n→∞
anx

n
0 = 0£ù´Ï��?ê3 x0 Âñ¤, ¤± |anxn0 | < M£k.¤, =

|anxn| 6M | xx0 |
n, 
 | xx0 | < 1,

∞∑
n=0
| xx0 |

n Âñ¶Ïd
∞∑
n=0
|anxn| Âñ. o�, k

½n 7.37 e�?ê3 x0 (6= 0) ?Âñ, K3¤k |x| < |x0| ?ýéÂñ. XJ�

?ê3 x0 ?uÑ, K� |x| > |x0| �uÑ.

�âþã©Û, Âñ�¹kn«�Uµ

1◦ =3 x = 0 ?ÂñµI = {0};

2◦ 3 I = (−∞,+∞) þ??Âñ;

3◦ kØ�"�Âñ:ÚuÑ:, ¤± I ´��k.:8.

½n 7.38 e�?êk�"�Âñ:ÚuÑ:, K�3�ê R, ¦��?ê3

(−R,R) ¥ýéÂñ, 
� |x| > R �, �?êuÑ.
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y² dukuÑ:, ¤± I ´��k.8, � I kþ(., P� R. qduk�"

�Âñ:, ¤± R > 0, �âc¡�©ÛÒ���½n�(Ø. �

½n 7.38 ¥� R ¡��?ê�Âñ�» , (−R,R) ¡�Âñ«m. y3Ä��Ù,

�?ê�Âñ«� I XJØ´ {0} ½ö��¢¶, Ä�þ´��±�:�¥%�«m,

3ù�«mSÜ, �?êØ�Âñ, 
�ýéÂñ. �´«m�à:I�äN�Ä.

7.3.2 Âñ�»�O�

l~ 7.3.1 ¤Þ�ü�?ê�±wÑ, �?ê�Âñ«��§�Xê���'. �

n→∞ �, 1��~f¥ an = nn ´��ªuÃ¡�~¯�Ã¡�þ, 
1��~fK

��, an = 1
n! ´ªu"�Ý�~¯�Ã¡�þ. Ïd, XÛ|^�?êXêJø�&E,

O�§�Âñ�»´��!¤��Ä�¯K.

½n 7.39 e lim
n→∞

|an+1

an
| = L ½ lim

n→∞
n
√
|an| = L, K

∞∑
n=0

anx
n �Âñ�»�

R =
1

L
=


0, L = +∞;

1
L , L k�;

+∞, L = 0.

y² �Ä

lim
n→∞

∣∣∣∣an+1x
n+1

anxn

∣∣∣∣ = lim
n→∞

∣∣∣∣an+1

an

∣∣∣∣ |x| = L|x|.

Ï��?ê3Âñ«mSýéÂñ, ¤±d D’Alembert �O{��, � L|x| < 1, =

|x| < R = 1
L �,

∞∑
n=0

anx
n Âñ; 
� |x|L > 1, = |x| > R �uÑ. ¤±, ?ê�Âñ�

»� R. 'u1�«�¹�y²aq, ��|^��?ê� Cauchy �O{=�. �

~ 7.3.2 ¦?ê
∞∑
n=1

nαxn �Âñ�» R ÚÂñ«� I.

) Ï� lim
n→∞

nα

(n+1)α = lim
n→∞

(
n
n+1

)α
= 1, � R = 1; AO

� α = 0 �,
∞∑
n=1

xn 3 x = ±1 uÑ, ¤± I = (−1, 1)£Ø¹à:¤.

� α = −1 �,
∞∑
n=1

1
nx

n 3 x = 1 uÑ, 3 x = −1 Âñ, ¤± I = [−1, 1)£¹�à

:, Ø¹mà:¤.

� α = −2 �,
∞∑
n=1

1
n2x

n 3 x = ±1 ÑÂñ, ¤± I = [−1, 1]£¹�!mà:¤.

ù�~f`²: �´3Âñ«m�à:�äN�y; �´�~7.3.1¥�?ê�',

� n → ∞ �, nα (α > 0) ´' nn $��Ã¡�þ. nα(α < 0) ´' 1
n! $��Ã¡�

þ.
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~ 7.3.3 ¦?ê
∞∑
n=1

(
(2n)!
(n!)2

)
x2n �Âñ�» R.

) ��éÏ�an =
(

(2n)!
(n!)2

)
x2n ^�Oª�

lim
n→∞

∣∣∣∣an+1

an

∣∣∣∣ = 4|x|2

¤±� 4|x|2 < 1 �, ?êÂñ¶� 4|x|2 > 1 �, ?êuÑ, ¤± R = 1
2 .

��±r?êw¤´ y = x2 ��?ê¿¦ÑÂñ�», �ª�Ñ x �Âñ�».

~ 7.3.4 ¦
∞∑
n=0

anx
n �Âñ�», Ù¥

an =

2k, n = 2k;

k, n = 2k + 1.

) Ï��?ê3Âñ«mSýéÂñ, Ïd�±r�?ê�¤ü�?ê�Ú

∞∑
n=0

anx
n =

∞∑
n=0

2nx2n +
∞∑
n=0

nx2n+1

£�¡ò�Ø�?ê3ú��Âñ«�S��\5¤. |^ D’Alembert �O{��, é

u?ê
∞∑
n=0

2nx2nµ2|x|2 < 1�Âñ, 2|x|2 > 1�uÑ¶éu?ê
∞∑
n=0

nx2n+1µ|x|2 < 1�

Âñ, |x|2 > 1 �uÑ. ¤±, �?ê�Âñ�»´µR = 1√
2
.

7.3.3 �?ê�5�

��?ê
∞∑
n=0

anx
n 3 (−R,R) ¥Âñu S(x), Ù¥ R ´Âñ�».

½n 7.40 �?ê3 (−R,R) S?Û4f«m [−r, r], 0 < r < R þ��Âñ, Ï


, Ú¼ê S(x) 3 (−R,R) SëY.

y² ?� 0 < r < R, K
∞∑
n=0
|anrn|Âñ, 
� |x| 6 r�

|anxn| 6 |anrn|,

d Weierstrass �O{, �?ê3 [−r, r] þ��Âñ. é?¿� x0 ∈ (−R,R), �½�3

r ¦� x0 ∈ [−r, r] ⊂ (−R,R), d�?ê3 [−r, r] þ���5�Ú¼ê S(x) 3 [−r, r]
þëY, Ïd3 x0 ëY. �

?�Ú, XJ�?ê3à:Âñ, @oke�(J.

½n 7.41 XJ?ê3«m (−R,R) �m£�¤à:Âñ, KÚ¼ê S(x) 3à:

?m£�¤ëY.
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y² Ø���?ê3mà: x = R Âñ, �Iy²
∞∑
n=0

anx
n 3 [0, R] ��Âñ.

Ï�3 [0, R] þ,
∞∑
n=0

anx
n =

∞∑
n=0

anR
n
( x
R

)n
,

d
∞∑
n=0

anR
n Âñ9

(
x
R

)n
üN~��3 [0, R] þ��k., �?ê3 [0, R] ¥��Âñ.

,�à�y²aq. �

½n 7.42 �?ê�Ú¼ê S(x) 3Âñ«m (−R,R) ¥��, ¿k

S′(x) =
∞∑
n=1

nanx
n−1,

�¦����?ê�Âñ�»E� R.

y² k¦
∞∑
n=1

nanx
n−1 �Âñ�». ?� x0 ∈ (−R,R), �3 r : |x0| < r < R,

?ê
∞∑
n=1
|anrn| Âñ, Ïd |anrn| < M k., ¤±

|nanxn−1
0 | = |anrn|

n

r

∣∣∣x0

r

∣∣∣n−1
6M

n

r

∣∣∣x0

r

∣∣∣n−1
.

Ï�
∑

n
r

∣∣x0
r

∣∣n−1 � |x0| < r �Âñ, ¤±�?ê
∞∑
n=1

nanx
n−1 3 x0 ýéÂñ. �Ò´

`
∞∑
n=1

nanx
n−1 �Âñ�» R′ > R.

XJ R′ > R, K�3 x0µR′ > x0 > R, ¦�
∞∑
n=1
|nanxn−1

0 | Âñ. Ï�

x0|nanxn−1
0 | = |nanxn0 | > |anxn0 |

¤±
∑
|anxn0 | Âñ, ù´Ø�U�, ¤± R′ = R.

���?ê,
∞∑
n=1

nanx
n−1 3 (−R,R) �?¿4f«mþ��Âñ, ¤±½n�(Ø

3?¿4f«mþ¤á, ¤±3 (−R,R) Sz�:¤á. �

lþã½n�±wÑ, �?ê��ê�´kÓ�Âñ�»��?ê, ¤±�±UY

¦�, =

íØ 7.43 �?ê�Ú¼ê S(x) 3 (−R,R) ¥k?¿��ê, 
�

S(k)(x) =
∞∑
n=0

n(n− 1)(n− 2) · · · (n− k + 1)anx
n−k,

ÙÂñ�»�´ R.

'u�?ê�È©·�kXe½nµ
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½n 7.44 �?ê�Ú¼ê S(x) 3 (−R,R) S�È, �k

� x

0

S(t) dt =

� x

0

( ∞∑
n=0

ant
n

)
dt =

∞∑
n=0

� x

0

ant
n dt =

∞∑
n=0

an
n+ 1

xn+1, x ∈ (−R,R)

¿�È©�����?ê�Âñ�»E� R.

~ 7.3.5 ®��?ê S(x) =
∞∑
n=0

xn

n! 3��ê¶þÂñ, K

S′(x) =
∞∑
n=1

xn−1

(n− 1)!
= S(x) (−∞ < x < +∞),

)d�©�§�

S(x) = Aex.

du S(0) = 1, � S(x) = ex, =

ex =
∞∑
n=0

xn

n!
(−∞ < x < +∞).

~ 7.3.6 ¦?ê
∞∑
n=0

nxn �Ú.

) N´��T�?ê�Âñ�»� 1, 3 x = ±1 uÑ, �Âñ«m� (−1, 1). P

Ú¼ê� S(x) = x
∞∑
n=1

nxn−1, - f(x) =
∞∑
n=1

nxn−1, é |x| < 1, Å�È©, �

� x

0

f(t)dt =
∞∑
n=1

xn =
x

1− x
.

�ªüàé x ¦�, � f(x) = 1
(1−x)2 , ¤±Ú¼ê´

S(x) =
x

(1− x)2
, |x| < 1.

ddq�¦Ñ�
ê�?ê�Ú. ~X©O- x = 1
2 , x = 1

3 , �

∞∑
n=1

n

2n
= 2,

∞∑
n=1

n

3n
=

3

4
.

.

7.3.4 �?ê�$�

éuü��?ê
∞∑
n=0

anx
n Ú

∞∑
n=0

bnx
n. XJ§��Âñ�»©O� R1 Ú R2, P

R = min{R1, R2}, @oùü��?ê3�Ó�Âñ«m (−R,R) ¥�±�\, �

∞∑
n=0

anx
n ±

∞∑
n=0

bnx
n =

∞∑
n=0

(anx
n ± bnxn),
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ü��?ê�±�¦, Ù(J�´���?ê. �
òÓg��XêÜ¿, ùp·

�æ^ Cauchy ¦È��{, ù�:

∞∑
n=0

anx
n
∞∑
n=0

bnx
n =

∞∑
n=0

cnx
n,

Ù¥ cn =
n∑
k=0

akbn−k. Ï��?ê
∞∑
n=0

anx
n Ú

∞∑
n=0

bnx
n 3§��ú�Âñ«m (−R,R)

¥ýéÂñ, ¤±�¦�¤��?ê
∞∑
n=0

cnx
n �3 (−R,R) ¥ýéÂñ.

�?ê����/ª´3 x0 Ðm��?ê
∞∑
n=0

an(x− x0)n = a0 + a1(x− x0) + · · ·+ an(x− x0)n + · · ·

��uc¡?Ø��?ê3¤½Â�ê¶þ�
��²£. Âñ«m�Ò²£�± x0

�¥%���«mþµ (x0 −R, x0 +R) ±9�U�à: x0 −R (½ x0 +R) .

5P nþ¤ã, Ø
�?ê�Âñ«�´��«m	, Ù¦�)Û5�Úõ�ª

¼êvk�o«O. ¦��±Å�¦�, È©��±Å�È©, �ØL�?ê¦�½È©

�, §�/gê0Ø¬�õ�ª@�ü$½Jp£�?ê�/gê0́ Ã¡�¤.

7.3.5 ¼ê� Taylor Ðmª

�d, ·�ïÄ
�?ê�Âñ«�±9Ú¼ê��«5�. �3¢SA^¥, ²

~�¯, ���½�¼ê f(x) 3�o�¹eÚ�o��S�±Ðm¤���?ê?

XJ f(x) �±L«¤�?ê, =§�±L«¤ f(x) =
∞∑
n=0

an(x − x0)n, ¤±, f(x)

7k?¿��û. ü>¦��- x = x0, k an = f (n)(x0)
n! . Ïd, XJ f(x) U
L«¤�

?ê, @où��?ê´��(½�, §Ò´

f(x) =
∞∑
n=0

f (n)(x0)

n!
(x− x0)n.

��, é3: x0 k?¿��û�¼ê f(x), oU�E�?ê
∞∑
n=0

f (n)(x0)

n!
(x− x0)n,

¡§� f(x) 3: x0 � Taylor ?ê, P�

f(x) ∼
∞∑
n=0

f (n)(x0)

n!
(x− x0)n.

AO� x0 = 0�, ?ê
∞∑
n=0

f (n)(0)

n!
xn



7.3 �?êÚ Taylor Ðª 277

�¡� f(x) � Maclaurin ?ê. g,�¯, ù��E��?ê´ÄÂñu¼ê f(x)

g�ºXJÂñ, 3�o��SÂñº

d Taylor ½n�, e¼ê f(x) 3: x0 �,���Säk?¿��û, K

f(x) = f(x0) +
f ′(x0)

1!
(x− x0) +

f ′′(x0)

2!
(x− x0)2

+ · · ·+ f (n)(x0)

n!
(x− x0)n +Rn(x),

Ù¥

Rn(x) =
f (n+1)(ξ)

(n+ 1)!
(x− x0)n+1,


 ξ ´ x0 � x �m��:. dd��

½n 7.45 �¼ê f(x) 3«m (x0 − R, x0 + R) þk?¿��û, K f(x) 3

(x0 − R, x0 + R) þ�±Ð¤ Taylor ?ê�¿©7�^�´éù«mS�?¿: x, Ñ

k

lim
n→∞

Rn(x) = lim
n→∞

f (n+1)(ξ)

(n+ 1)!
(x− x0)n+1 = 0,

AO, � f(x) ����û3«m (x0 − R, x0 + R) S?Û4«mþ��k., K f(x)

3ù«mþ�±Ð¤ Taylor ?ê

���ê��k.=´�3���ê M , ¦� |f (n)(x)| < M (n = 1, 2, · · · ). u´,

é?¿ x ∈ (x0 −R, x0 +R), � r : |x− x0| < r < R, k

|Rn(x)| =
∣∣∣∣f (n+1)(ξ)

(n+ 1)!
(x− x0)n+1

∣∣∣∣ < M
|x− x0|n+1

(n+ 1)!

6M
rn+1

(n+ 1)!
.

¤±

lim
n→∞

|Rn(x)| 6 lim
n→∞

rn+1

(n+ 1)!
= 0.

éuÐ�¼ê, Ù Taylor Ðm¥�{� Rn ®²31nÙ¥�Ñ, Ïd��u��

n→∞ �, {��4�´Ä�"=�.

1. �ê¼ê f(x) = exµ

� |x| < M �, |f (n)(x)| = |(ex)(n)| = |ex| 6 e|x| 6 eM (n = 1, 2, · · · ), � f (n)(0) =

1, ¤±

ex =
∞∑
n=0

xn

n!

qÏ� M ´?¿�, ¤±þ¡�Ðmªé¤k¢ê¤á. AO� x = 1, k

e =
∞∑
n=0

1

n!
.



278 1 7 Ù Ã¡?ê

2. n�¼ê¼ê sinx Ú cosxµ

Ï�, é?¿�¢ê x Ñk∣∣∣∣ dn

dxn
sinx

∣∣∣∣ =
∣∣∣sin(x+

n�
2

)∣∣∣ 6 1 (n = 1, 2, · · · ),

��u¼ê sinx (Ó��k cosx) �3��ê¶þÐ¤�?ê.

sinx = x− x3

3!
+
x5

5!
− · · ·+ (−1)m

x2m+1

(2m+ 1)!
+ · · · . (−∞ < x < +∞)

cosx = 1− x2

2!
+
x4

4!
− · · ·+ (−1)m

x2m

(2m)!
+ · · · . (−∞ < x < +∞)

3. ��ª¼ê f(x) = (1 + x)α £α �?¿¢ê¤µ

^aqþã�{��±����ª (1 + x)α � Taylor Ðmª. �;��O{��

(J, �^eã�{.

Ï�

f (n)(0) =
dn

dxn
(1 + x)α

∣∣∣∣
x=0

= α(α− 1) · · · (α− n+ 1),

¤±��ª (1 + x)α � Maclaurin ?ê�

1 + αx+
α(α− 1)

2!
x2 + · · ·+ α(α− 1) · · · (α− n+ 1)

n!
xn + · · · .

du

lim

∣∣∣∣α(α− 1) · · · (α− n)

(n+ 1)!

n!

α(α− 1) · · · (α− n+ 1)

∣∣∣∣ = lim

∣∣∣∣α− nn+ 1

∣∣∣∣ = 1,

�ù�?ê�Âñ�»� 1. �
y²§3Âñ«m (−1, 1) þ�Ú¼êÒ´ (1 + x)α,

�

F (x) = 1 +
∞∑
n=1

α(α− 1) · · · (α− n+ 1)

n!
xn,

Å�¦��

F ′(x) =
∞∑
n=1

α(α− 1) · · · (α− n+ 1)

(n− 1)!
xn−1,

± 1 + x ¦d�ª�üà, ¿Ü¿mà x �Óg�XêÒ��'Xª

(1 + x)F ′(x) = αF (x),

)d�©�§¿5¿� F (0) = 1, =��

F (x) = (1 + x)α.

� α ´g,ê� (1 + x)α �ÐmªÒ´Ù����ª½n.
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XJ- α = −1, 1
2 ,−

1
2 , Ò��A�~����ª?ê.

1

1 + x
=
∞∑
n=0

(−1)nxn (−1 < x < 1);

√
1 + x = 1 +

1

2
x+

∞∑
n=2

(−1)n−1 (2n− 3)!!

(2n)!!
xn (−1 6 x 6 1);

1√
1 + x

= 1 +
∞∑
n=1

(−1)n
(2n− 1)!!

(2n)!!
xn (−1 < x 6 1).

k�é,
¼ê� Taylor ÐªÅ�¦�½Å�È©�U��,�
¼ê� Taylor

Ðª. ~X, eòÐmª

1

1 + x
=
∞∑
n=0

(−1)nxn (−1 < x < 1)

�üàl 0 � x È©Ò��éê¼ê ln(1 + x) � Taylor Ðª

ln(1 + x) =
∞∑
n=0

(−1)n
xn+1

n+ 1
(−1 < x < 1).

duÐªmà��?ê3 x = 1 Âñ, ¤±Ðª�¤á«m� −1 < x 6 1, �k
∞∑
n=0

(−1)n

n+ 1
= ln 2.

Ó�lÐmª
1

1 + x2
=
∞∑
n=0

(−1)nx2n (−1 < x < 1)

Å�È©�����¼ê� Taylor Ðª

arctanx =
∞∑
n=0

(−1)n
x2n+1

2n+ 1
(−1 6 x 6 1).

� x = 1, Ò��ê �
4 �?êL«

�
4

= 1− 1

3
+

1

5
− · · ·+ (−1)n

1

2n+ 1
+ · · · .

~ 7.3.7 ò¼ê 1
(1−x)(2−x) Ð¤ Maclaurin ?ê.

) du
1

(1− x)(2− x)
=

1

1− x
− 1

2− x
.

q

1

1− x
=
∞∑
n=0

xn, (−1 < x < 1)

1

2− x
=

1

2

1

1− x
2

=
1

2

∞∑
n=0

(x
2

)n
. (−2 < x < 2)
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¤±, � −1 < x < 1 �k

1

(1− x)(2− x)
=
∞∑
n=0

(
1− 1

2n+1

)
xn.

~ 7.3.8 3 x = 3 ?, r lnx Ð¤ Taylor ?ê.

) lnx = ln(x− 3 + 3) = ln 3 + ln
(
1 + x−3

3

)
, ¤±

lnx = ln 3 +
∞∑
n=1

(−1)n−1 1

n

(
x− 3

3

)n
= ln 3 +

∞∑
n=1

(−1)n−1 (x− 3)n

n3n
,

Ðmª3 −1 < x−3
3 6 1, = −3 < x− 3 6 3 ¥¤á.

5P 3 ex �Ðmª¥, �±^Eê�O x. AOéu x = iφ ´XJê� (Ù¥ i

´Jêü )

eiφ =
∞∑
n=0

(iφ)n

n!
=

(
1− φ2

2!
+
φ4

4!
− · · ·+ (−1)m

φ2m

(2m)!
+ · · ·

)
+ i

(
φ− φ3

3!
+
φ5

5!
− · · ·+ (−1)m

φ2m+1

(2m+ 1)!
+ · · ·

)
.

ØJuy, þª�¢ÜÚJÜ�´n�¼ê sinφ Ú cosφ � Taylor Ðmª, Ïdk

eiφ = cosφ+ i sinφ

ùÒ´Í¶� Euler úª.

éu���Eê a+ ib, � r ´§���, φ ´Ì�, KEê�±L«¤

a+ ib = r(cosφ+ i sinφ) = reiφ

5¿� e−iφ = cosφ− i sinφ, ¤±·���n�¼ê��êL«

cosx =
eix + e−ix

2
, sinx =

eix − e−ix

2i

é'�eV­¼ê

coshx =
ex + e−x

2
, sinhx =

ex − e−x

2

�½Â, ØJuyüö�aq5.

'þ¡�~f��2��´, XJ·�r�?ê�nØÿÐ�EXêÚECþ��

?ê, K´ECþ�)Û¼ê�Ñu:. ù
SN, Öö3'u/EC¼ê0��§¥ò

¬�[
)�.



7.3 �?êÚ Taylor Ðª 281

SK 7.3

1. ¦e��?ê�Âñ�»:

(1)
∞∑
n=1

(−1)n+1x
n

n2
; (2)

∞∑
n=1

(n!)2

(2n)!
xn;

(3)
∞∑
n=1

2nx2n; (4)
∞∑
n=1

xn

an + bn
(a > 0, b > 0);

(5)
∞∑
n=1

(x− 2)2n−1

(2n− 1)!
; (6)

∞∑
n=1

3n + (−2)n

n
(x+ 1)n;

(7)
∞∑
n=1

(
1 +

1

2
+ · · ·+ 1

n

)
xn; (8)

∞∑
n=1

xn
2

2n
.

2. � f(x) =
∞∑
n=0

anx
n 3 |x| < R �Âñ, e

∞∑
n=0

an
n+1R

n+1 �Âñ, K

� R

0

f(x) dx =
∞∑
n=0

an
n+ 1

Rn+1.

(5¿: ùpØ+
∞∑
n=0

anx
n 3 x = R ´ÄÂñ). A^ù�(Jy²

� 1

0

1

1 + x
dx = ln 2 =

∞∑
n=1

(−1)n−1 1

n
.

3. ¦e��?ê�Âñ«�9ÙÚ¼ê.

(1)
∞∑
n=0

(−1)n
x2n+1

2n+ 1
; (2)

∞∑
n=0

(n+ 1)xn;

(3)
∞∑
n=1

n(n+ 1)xn−1; (4)
∞∑
n=1

xn

n(n+ 1)
;

(5)
∞∑
n=1

x2n−1

(2n− 1)!!
.

4. ¦e�?ê�Ú:

(1)
∞∑
n=2

1

(n2 − 1)2n
; (2)

∞∑
n=0

(−1)n(n2 − n+ 1)

2n
;

(3)
∞∑
n=0

(−1)n

3n+ 1
; (4)

∞∑
n=0

(n+ 1)2

n!
.

5. ¦e�¼ê3�½:?� Taylor Ðmª, ¿�ÑÂñ«�.
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(1) x3 − 2x2 + 5x− 7, x = 1; (2) e
x
a , x = a;

(3) ln x, x = 1; (4)
1

x2 + 3x+ 2
, x = −4;

(5) ln(1 + x− 2x2), x = 0; (6) cos x, x =
�
4

.

6. ¦e�¼ê� Maclaurin Ðmª, ¿�ÑÂñ«�.

(1) sin2 x; (2) arcsinx;

(3) ln

√
1 + x

1− x
; (4) (1 + x) ln(1 + x);

(5)

� x

0

cosx2 dx; (6)

� x

0

sinx

x
dx;

(7)

� x

0

e−x
2

dx.

7. �§ y + λ sin y = x (λ 6= −1) 3 x = 0 NC(½
��Û¼ê y(x), Á¦§��?

êÐmª¥�co�.
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§7.4 ?ê�A^

?ê3êÆÚÙ¦Æ��A^���~2�, �!òÌ�0�n��¡�A^.

7.4.1 ^?ê�{O�È©

·���,=¦�È¼ê´Ð�¼ê,�
È©��¼ê´Ã{wª/dÐ�¼êL

«�,Ï
Ã{¦^ Newton—Leibniz úª. ù¦�È©¬�)é�(J. �´XJò�

È¼êÐm¤�?ê, �â�?ê�nØ, ·��±Å�È©, �d�·�Jø
O�È

©��^�U�å».

~ 7.4.1 O�È©

� 1

0

ln(1 + x)

x
dx.

) 5¿�Ðmª ln(1 + x) =
∞∑
n=0

(−1)n
xn+1

n+ 1
�Âñ�»´ 1, �´3Âñ«m�m

à:�´Âñ�. Ïd

� 1

0

ln(1 + x)

x
dx =

� 1

0

( ∞∑
n=0

(−1)n
xn

n+ 1

)
dx

=
∞∑
n=0

(−1)n
� 1

0

xn

n+ 1
dx =

∞∑
n=0

(−1)n

(n+ 1)2

���(J´��Âñ�ê�?ê(�,�´��¢ê).

~ 7.4.2 O�ý�È©

� 1

0

du√
(1− u2)(1− k2u2)

, k2 < 1.

) �C� u = sinx, K

� 1

0

du√
(1− u2)(1− k2u2)

=

� �
2

0

dx√
(1− k2 sin2 x)

ò�È¼êUì
1√

1− x
= 1 +

∞∑
n=1

(2n− 1)!!

(2n)!!
xn (−1 < x 6 1)

Ðm
1√

1− k2 sin2 x
= 1 +

∞∑
n=1

(2n− 1)!!

(2n)!!
k2n sin2n x

5¿� k2 sin2 x < 1, ¤±þªé¤k� x Ñ¤á. |^

� �
2

0

sinm x dx =


(m−1)!!
m!! , m �Ûê,

(m−1)!!
m!! ·

�
2 , m �óê.



284 1 7 Ù Ã¡?ê

¿Å�È©�
� �

2

0

dx√
(1− k2 sin2 x)

=
�
2

(
1 +

∞∑
n=1

(
(2n− 1)!!

(2n)!!

)2

k2n

)
.

Ïd, ý�È©�?¿Cq��±lþª¥��.

7.4.2 CqO�

¼êÐm¤�?ê�,Ò¿�X3�½���S¼êCq¤���õ�ª,Ø�£=

{�¤� n O�ªu". ~Xéê¼ê ln(1 + x) � Taylor Ðª

ln(1 + x) =
∞∑
n=0

(−1)n
xn+1

n+ 1
(−1 < x 6 1).

Ïd3 x = 1 ?�¼ê��

ln 2 =
∞∑
n=0

(−1)n

n+ 1
.

ù´����?ê, �â Leibniz �O{£½n7.13¤, XJ�O�Cq�¿¦Ø��

u0.01, ��O�?ê�c 100 �=�.


�O�3 x = 1
2 ��

ln
3

2
=
∞∑
n=0

(−1)n
1

2n+1(n+ 1)

¿�±Ó��°Ý, ��O�c 4 �=�.

Ón, d ex, arctanx �Ðmª, ·�k

e =
∞∑
n=0

1

n!
.

�
4

= 1− 1

3
+

1

5
− · · ·+ (−1)n

1

2n+ 1
+ · · ·

ù�Ò�±O�Ñ e Ú � �Cq�, ¦+§�Ñ´Ãnê.

5P 3?1CqO��, Ø��J¦°Ýp§��3�±°Ý�Ó�¦�U~�

O�þ, ½(Ü¢S¯K�ÑäN�{. ù
;��O��{ïÄ®�Ñ
��á��

�, a,��Öö�±ë�O��{�¡�ë�Ö.

^õ�ªCq£½¡�“%C”¤��¼êØ�3CqO�¥, $�3�
nØÚA

^ïÄ¥äk�r��^. �,8c·�Ýº�=´�â Taylor �g�, éäkp��

ê, $�äkÃ¡g�ê�UÐm¤�?ê�¼ê�±dõ�ª%C, � Weierstrass �

Ñ��¯<�(J, =?Û4«mþëY¼ê£¿Ø�¦k?Û��ê¤�±dõ�ª

%C. k'SNò3�Y�§¥0�.
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7.4.3 �©�§��?ê)

�3���©�§

y′′ + p(x)y′ + q(x)y = 0

¥, p(x) Ú q(x) 3 x0 ����±Ð¤�?ê, K�±b½�§3 x0 ���k�?ê)

y =
∞∑
n=0

an(x− x0)n.

XJ®²�ÑÐ©^� y(x0) = y0, y
′(x0) = y′0, Kw,Ak a0 = y0, a1 = y′0. �\�§

�, �àU x − x0 �Óg�Ü¿�, ���XêÑ´", Ò�±)Ñ a2, a3, · · · , an, · · · ,
l
���§3 x0 ��S��?ê).

~ 7.4.3 ¦ Airy �§

y′′ − xy = 0

��?ê).

) �

y =
∞∑
n=0

anx
n.

�\��§, Ò��

2a2 +
∞∑
n=1

((n+ 2)(n+ 1)an+2 − an−1)xn = 0.

=k

a2 = 0, an+2 =
an−1

(n+ 1)(n+ 2)
, (n > 1)

3þ¡�4í'Xª¥, ØJuy, a3k+2 = 0, � a0 Ú a1 �±´?¿�, Ø��

a0 = C1 Ú a1 = C2, K

a3k =
C1

2 · 3 · 5 · 6 · · · (3k − 1) · 3k
=

1 · 4 · 7 · · · (3k − 2)

(3k)!
C1

a3k+1 =
2 · 5 · 8 · · · (3k − 1)

(3k + 1)!
C2

��§�Ï)�

y = C1y1 + C2y2.

Ù¥

y1 = 1 +
∞∑
k=1

1 · 4 · 7 · · · (3k − 2)

(3k)!
x3k

y2 = x+
∞∑
k=1

2 · 5 · 8 · · · (3k − 1)

(3k + 1)!
x3k+1
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~ 7.4.4 � ν > 0, ¦)e� Bessel �§

x2y′′ + xy′ + (x2 − ν2)y = 0,

ùpØ�� ν > 0 ¿¡�� Bessel �§��.

) p(x) = 1
x , q(x) = x2−ν2

x2 . �b½�§�)�

y = xλ
∞∑
n=0

anx
n, a0 6= 0.

Ù¥ λ ��½~ê"O���

x2y′′ =
∑
n=0∞

(n+ λ)(n+ λ− 1)anx
n+λ,

xy′ =
∞∑
n=0

(n+ λ)anx
n+λ,

x2y =
∞∑
n=2

an−2x
n+λ,

−ν2y =
∞∑
n=0

−ν2anx
n+λ.

òþ��ª�\�§��à, ��

(λ2 − ν2)a0x
λ + ((λ+ 1)2 − ν2)a1x

λ+1 +
∞∑
n=2

((
(λ+ n)2 − ν2

)
an + an−2

)
xn+λ = 0.

'� x ���Xê, Äk7k λ = ±ν. k� λ = ν > 0.ù�Ak a1 = 09

an = − an−2

(ν + n)2 − ν2
= − an−2

n(n+ 2ν)
.

u´k

a2k+1 = a1 = 0, (k = 0, 1, 2, · · · )

9

a2k = − a2k−2

22k(k + ν)
= · · · = (−1)ka0

22kk!(ν + 1) · · · (ν + k)
.

� a0 = 2−ν , K

a2k =
(−1)k

k!(ν + 1) · · · (ν + k)

1

22k+ν
,

Ò���§���A)

y1 = Jν(x) =
∞∑
k=0

(−1)k

k!(ν + 1)(ν + 2) · · · (ν + k)

(x
2

)2k+ν
.
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� ν Ø´��ê�, � λ = −ν, aq/��Bessel �§�,��)

y2 = J−ν(x) =
∞∑
k=0

(−1)k

k!(−ν + 1)(−ν + 2) · · · (−ν + k)

(x
2

)2k−ν
.

du�§´�5�, ¤±� ν Ø´��ê�, �§�Ï)Ò´

y = C1Jν(x) + C2J−ν(x).

Bessel �§�ü�) Jν(x) Ú J−ν(x) ¡�1�a Bessel ¼ê. �,§��±L«¤�

?ê, ��±y²§�Ø´Ð�¼ê.

� ν ´��ê�, J−ν(x) Ã¿Â, XJ�¦�§�,��), ÒI�Ú?1�a

Bessel ¼ê, ù®�Ñ�Ö���, 2gØ�?�Ú?Ø.

7.4.4 Stirling úª

��, ·��?Ø��ék��¯K. �[��, �'�Ã¡�þ���, nα (α >

0), an (|a| > 1), n!, nn uÑ� +∞ ��Ý��'��¯. Stirling úªÒ´�Ñ n! Ú

nn �m��«'X. �
�Ñù�'X, ·�ky²e¡�Ún.

Ún 7.46 (Wallis) P 2n!! � (2n− 1)!! ©OL«c n �óêÚc n �Ûê�ë

Y¦È, K
�

2
= lim

n→∞

1

2n+ 1

[
2n!!

(2n− 1)!!

]2

.

y² Ï�� 0 < x < �
2 �¤á

sin2n+1 x < sin2n x < sin2n−1 x,

È©� � �
2

0

sin2n+1 xdx <

� �
2

0

sin2n xdx <

� �
2

0

sin2n−1 xdx,

¤±
2n!!

(2n+ 1)!!
<

(2n− 1)!!

2n!!

�
2
<

(2n− 2)!!

(2n− 1)!!
,

= [
2n!!

(2n− 1)!!

]2 1

2n+ 1
<
�
2
<

[
2n!!

(2n− 1)!!

]2 1

2n
.

e-

an =

[
2n!!

(2n− 1)!!

]2 1

2n+ 1
, bn =

[
2n!!

(2n− 1)!!

]2 1

2n
.

KN´�Ñ {an} ´4Oê�, {bn} ´4~ê�, �

bn − an =
1

2n(2n+ 1)

[
2n!!

(2n− 1)!!

]2

<
�
2

1

2n
.
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� n→∞ �, ù���ªu", dd� Wallis úª.

e¡�Ñ Stirling úª.

½n 7.47 (Stirling)

n! =
√

2n�
(n

e

)n
e
θn
12n (0 < θn < 1).

y² 3Ðmª

ln
1 + x

1− x
= 2x

(
1 +

1

3
x2 +

1

5
x4 + · · ·+ 1

2m+ 1
x2m + · · ·

)
¥- x = 1

2n+1 , Ò��

ln
n+ 1

n
=

2

2n+ 1

[
1 +

1

3

1

(2n+ 1)2
+

1

5

1

(2n+ 1)4
+ · · ·

]
½�¤ (

n+
1

2

)
ln

(
1 +

1

n

)
= 1 +

1

3

1

(2n+ 1)2
+

1

5

1

(2n+ 1)4
+ · · ·

ù�?ê�Úw,�u 1, 
�ur��©1þ�ê 5, 7, · · · ��± 3 �¤��?ê�

Ú

1 +
1

3

[
1

(2n+ 1)2
+

1

(2n+ 1)4
+ · · ·

]
= 1 +

1

12n(n+ 1)
,

¤±kØ�ª

1 <

(
n+

1

2

)
ln

(
1 +

1

n

)
< 1 +

1

12n(n+ 1)

=

e <

(
1 +

1

n

)n+ 1
2

< exp

(
1 +

1

12n(n+ 1)

)
.

2�	ê� {an = n!en

nn+
1
2
}, k

an
an+1

=

(
1 + 1

n

)n+ 1
2

e
,

��

1 <
an
an+1

< exp

(
1

12n(n+ 1)

)
.

lþ¡�>Ø�ªí� an ´4~ê�, ¿± 0 �Ùe., ¤±7�3k�4� a; lm

>Ø�ªí�

an exp(− 1

12n
) < an+1 exp(− 1

12(n+ 1)
)

= {an exp(− 1
12n)} ´4Oê�, �E± a �Ù4�. Xdþ¡ü�üNê���Ó4�

a 70uùü�ê��Ï� {an exp(− 1
12n)} � an �m,

{an exp(− 1

12n
)} < a < an.
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e� θn = 12n ln an
a , K 0 < θn < 1, ¿�ò

an = a exp

(
θn

12n

)
�\ an �L�ªÒ��

n! = a
√
n
(n

e

)n
exp

(
θn

12n

)
.

u´{e�¯KÒ´�(½~ê a. du

(2n)!!

(2n− 1)!!
=

(2n!!)2

2n!
=

22n(n!)2

2n!
,

�

n! =
√
n
(n
e

)n
an, 2n! =

√
2n

(
2n

e

)2n

a2n,

�\þª�m>, �
(2n)!!

(2n− 1)!!
=

22n(n!)2

2n!
=

√
n

2

a2
n

a2n
,

- n→∞, �
�
2

=
a2

4

l
 a =
√

2�. ù�Ò�� Stirling úª. �
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SK 7.4

1. ¦e�È©: (1)

� 1

0

e−x
2

x; (2)

� 1

0

sinx

x
x.

2. ¦�§ y′′ − xy′ + y = 0 ��?ê).

3. ¦�§ y′′ + y sinx = 0, y(0) = 1, y′(0) = 0 ��?ê)� x5 �.

4. |^ Stirling úª¦4�.

(1) lim
n→∞

n2
√
n!; (2) lim

n→∞

n
n
√
n!
.

5. ïÄe�?ê�ñÑ5.

(1)
∞∑
n=3

1

ln(n!)
; (2)

∞∑
n=1

n!en

nn+p
(p ´¢ê).

6. y²: � n→∞ �, ln(n!) ∼ lnnn.

1 7 ÙnÜSK

1. O�?ê
∞∑
n=1

1

n(n+ 1)

(
1 +

1

2
+ · · ·+ 1

n

)
�Ú.

2. y²
∞∑
n=0

(−1)n 2n+3
(n+1)(n+2) = 1.

3. � {an}´��4Oê�. ¦y?ê
∞∑
n=1

(
an+1

an
− 1
)
Âñ�¿©7�^�´ {an}k

..

4. � α > 0, {an} ´4O�ê�. ¦y?ê
∞∑
n=1

an+1 − an
an+1aαn

Âñ.

5. � φ(x) ´ (0,+∞) þ��î�O¼ê, {an}, {bn}, {cn} ´n��ê�, ÷v

an+1 6 an − bnφ(an) + cnan,
∞∑
n=1

bn = +∞,
∞∑
n=1

cn < +∞.

¦y lim
n→∞

an = 0.

6. � {an} ´�ê�¦�
∞∑
n=1

1
an
Âñ. ¦y: �3~ê M > 0 ¦�

∞∑
n=1

n

a1 + a2 + · · ·+ an
6M

∞∑
n=1

1

an
.

7. � {an} ´��î�üN4O¢ê�,�é?¿��ê n k an 6 n2 lnn. ¦y?ê
∞∑
n=1

1

an+1 − an
uÑ.
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8. XJ?ê
∞∑
n=1
|an+1 − an| Âñ, Ò¡ê� {an} ´kk.C��.

(1) y²äkk.C��ê� {an} �½Âñ;

(2) �E��uÑ�Ã¡?ê
∞∑
n=1

an ¦�ÙÏ� {an} ´��äkk.C��ê�.

9. �¼ê� {fn(x)}, n = 1, 2, · · · 3«m [0, 1] þd�ª

f0(x) = 1, fn(x) =
√
xfn−1(x)

½Â, y²� n→∞ �, ¼ê�3 [0, 1] þ��Âñ���ëY¼ê.

10. 48½ÂëY��¼êS� f1, f2, · · · : [0, 1)→ R, Xe: f1 = 1, 3 (0, 1) þk

f ′n+1 = fnfn+1,

� fn+1(0) = 1. ¦y: éz�� x ∈ (0, 1), lim
n→∞

fn(x) �3, ¿¦ÑÙ4�¼ê.

11. � f0(x) ´«m [0, a] þëY¼ê, y²Uìe�úª

fn(x) =

� x

0

fn−1(u)u

½Â�¼ê� {fn(x)} 3«m [0, a] þ��Âñu 0.

12. |^��ª?ê, O�
√

2 �o �ê.
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