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AR R B2 SC, n] RIUE R — S f S e sl oRm, XA~ ad A SE b 2 i
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K. HRIHERTA A R BINER S S, Bl {(-1)" 1} 22— A RED, B2
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2° FEEH
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arby, 4 agbp—1 + -+ apby <M1b1|+|52|+”'+|bn|_>0
n n

2 b£0, W b, —b— 0, H FIERPYEE R

lim Cbl(bn — b) + Gz(bn_l — b) + -+ an(bl — b)

n—00 n

=0
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Ry

lim

—b

ay +ag + -+ ay

(albn + agbn_1 + -+ anbl

n—00 n

TR AFIL2.19) BpfS4hie.

n
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>l 1.2
L. & SCUERA T T 2512
n 1 sinn
1) 1 = - 2) li =
D B 5¥an =3 @ Jg = =0
(3) lim (—1)" L 0; (4) lim o 0
n—00 vn+1 - n—oo n"

10.

11.

12.

BB {an} (n > 1) RS ARRBIEEL e, FAAEIEREL N, 155 n > N B A

lan, —a| < Me (HrAr M REED), W {a,} BLL o IR,

HER]: HEACS lim (a, —a) = 0 B, 7 lim a, = a. (B BR A3 2230k A )
AT PRI T VA AL 2. )

CUERA: A lim a, = a, il nh_)ngolan| = |a|; RZA—E WML (BZHIULRT). (H4

lim |a,| =0, WA lim a, = 0.
n—oo n—oo

CUERH: & lim a, =0, X |by| < M, (n=1,2,---), W lim a,b, = 0.
n—oo n—oo

R HEGB {a, ) R kli_)m Aopr1 = a, M kli_}rn as = a, N nh—>Holo a, = a.
WER T SIS ,
n n . _ _ = _ n
(1) ap, = (—1) T (2)an—5(1 n>+( )"
SR AR BR:

_ 4n245n42.
(1) an = Sionits

B an=(1-3) (1= (1= styn) n =23

A a, #0(n=1,2,---) H lim a, = a, BEEWIE lim -2 =17

LB {a,}, {bp} WL lim ay, b, = 0, BHUA lim a, =0 B lim b, = 07 #5if
n—oo n—oo n—oo
st lim ay, = a, BRI

RO {an} WS BN {bn} KL WES {an £ 00}, {an - by} BIBEEANf]? 28
B, R {an} 5 {by} B AR, [FIE LR L

A R A TR A7
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(1) BHO {an} + a1 =L anss =20, 1 (n=1,2,3,--+), K lim a,.
filt: 1% hm ap = a, £ app1 = 2a, — 1 PIHHURFR, 1%'1@—2@—1 Bl a = 1.
(2)

1 1 1
lim + b —
”HOO(\/nQ—I—l Vn? +2 \/n2+n>

. 1 . 1 )
= im e T s e i e

=0+0+---+0=0.

n’|

(3) lm (1+1)"=[lim (1+ )] =1 =1.

n—oo n—oo

13. BES {a,} 5 {b,} 5PHMET a, b. %5 a > b, WNFE—IIFLR, A a, > by ST
%k, NI IEEA a, > by, W a > b.

14. iﬁﬁﬂ {an}v {bn} ﬁ%uq&@ﬂ: a & b. ic Cn = max(anabn>7 d, = min<ana bn) (n -
1727...)_ 1FRH

lim ¢, = max(a,b), lim d,, = min(a,b).
n—00 n—00

15. 3K FIHRBR:

(1) Jim [t + Gt + o+ )
(2) lim [(n+1)F —n*], Hi 0 <k < 1;
(3) lim (V2 V2 V2 V2);
(4)
(5)

4) lim vVn? —n+2;
n—oo
5) lim +/cos?1+cos?22+ ---+4cos?n
n—oo
16. W ay, -, am N mAIEE UEH: liﬁm P/at +af + - +al, = max(ay, ag, - -+, ).
n o

17, GEW] TSRk
an=(1=3) (1=5) (- )

(1)
(2) an 1 + 32+1 +-
(3)

1 .
SIS E

3) an =g+ a1q+ -+ ang”, A || < M, (k=1,2,---), 1 |q| < 1;

__cosl cos2 cos 3 . cosn
4) an = 5 + S+ 55+ + amrD

18. UEW] R ANEEIIMEL, Ff-5K AR R
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19.

20.

21.

22.

23.

24.

25.

26.

Wa,<a<b,(n=1,2---), H lim (a, —b,) = 0. 2KiE: lim a, = a, lim b, = a.

n—oo n—oo n—oo

WEW: 45 ap, > 0, B lim (% =7> 1 W lim a, = 0.
n—oo

n—oo "

W {an}, {b,} EIEED, W2 ag—:l < bzzl, no=1,2--.KIE: & {b,} Yk, M
{an} WL

FUABER lim (14 1)" = o, R FHVEFIOBHE:

1 2n+1 1 n+1
(1)an=(1+2n+1> ; (2)an=(1—n_2) :
1+n n 1 2n3
W= (32) Won=(14+5)

& lim a, =00, H |by| 2b>0(n=1,2,---). W lim a,b, = oo.
n—oo n—oo

BiE n — oo B, ¥n! 5 nsin 2T (n > 1) BEAR, EEETILHK.
BES {a,} a1 =1, apyy = a, + = (n > 1) & X AEW: a, — +oo(n — o).

Qan

Uit O Stols SEFRAYIED],
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§1.3 HREMRR

1.3.1 ER#

BRI B 5 i R [A] BRI G 2R B AR 2 v 2 R 23 OC R AR AT LA R A
PRECCER. flan, AR TR ¢ 5TFEEE b ZRRERE ho — h = 59 (H
g RE IR ) ; FSE m s iR A SRR B s s o i A K
E = gmu? G510 LA i i o B AL (8] A AR A SRR TR
Q = 3RI?, Hoh R 2SR, 7EILAh, W F4EBMf o MEM MY, 5 o B
R BEAILIKE ¢ S=MEEM S ZEMXERRZ S = (tan a)a?; "4V PR TR
TEI R 2L b R AR AR AR SONBARZ B C BRI y = gax® (HP o FORMPLIT
AT AR/ ) AR, X 28 AT, BIRZ IERRIEIAN R, Eh S e
SRR R IR, — B R O SR, R T A A A,

(1) BEAHE

X e LAESEAE S R 19746 b HIBUE D SEE eR %, T4 e SCANF

EX 123 HARZRWTE, 2T APoE— Ao, AE—FHEH ycR
Sz sk (B Bey M), ¥y T f(x), AL, stk f =2 A B —/A S ERE
Lo AMA feHRIIR, M flo) KA f O foi—IA R om0 f A91E, B8
FIL f(A), B f(A) ={y |y=f(z), z€ A}. JRE #HhLikthy s hALE, y AR

MR Eidae S, pRECA =AM AR R Rl SOk, BT (BB ) R OCER . —1 iR
B AN E T A C R BA R HH— W5

f: A—R, B f:ax—y=f(z)

USRS SR A s —— X0z, W SCAE SR | BUE A SR R B — R L
P, By = f(o) WER. & SRR IE oy —4E AR 7 Oxy (R | {Er
TEBVRCE I, Wy = f(2) BIERIREE Oxy HAER R (2, f(z)) (z € A) BIRRIRL
P i CRZBUEOL T, XA mifR e —54% (OrB) k) .

PRI BRI S AR s A I B L AR — 2 AT T g IR EER, 5 y = f(2)
MR EZA — 3.

DR f B O A, —JBni S, HAESR f(A) MPasi o a2 2, (BA =R e e
PR R L

1° REWEE f(A) B—DEREBE A DER M, 15 f(A) & 7EXE
(=M, M), BIXHEfRT—A 2 € A, A | f(x)] < M. TR X MBI RECh A EE
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8, sHULREL f AE A B

20 BN A 5EE f(A) BF(SFRF). B AFEERDE 21, zo BIR/NIG
Fe, BEENTXRL AR f(A) FRIMAE g1 = f(21), yo = f(2) BIR/NIFEAATE (57
B ) , BEITFReRERL f () SRRy, BRUIHIE, f(x) PR A b

PRI R, AT 21, 20 € A, WER 21 <29, A f(x1) < flao);
I PREL, FMERER 21, 22 € A, WER 21 <29, Hf(21) > f(22);
PP A R R, GoRRh BRI R, A7 BN S AN WK f(x)
BRI (R ) R
3 RV A S [(A) ——XHEL HIAHE g € f(A), AW BN o € A
i3 f(z) =y MEREIEIR B&, RAEM—2 AT T « Biny HEk, SREBEgzs2
A= B, ARSI —AH f(A) B A BIBUN. XABUSFRN f(x) RIS
B (gt ), e f1 Ble = f N (y). ERE O f(A), HECOY A
RIS, #7 f & A B REny R %L, W f ke A B f(A) B—A— B,
AT S R
(2)RHMES
ANTA] ) R ECTEABAT T A S s SCRY XA 2 ] DLEAT L s, 3fe . BRI 3Ry (4
Brigiiy, HRETErBEA A XN 1T ) - X B F A R BN ) — s — R
ME G
WARE y = f(u), & XIH B, HHH C, u = g(x), & LA A, WKL g(z)
IEIL g(A) BE&TE B N. R4

fog(r)= flg(x))

X T —HREL fog, 2R [ 5 g MEERE, BRE R A BHICH
y = flg(x)), WAk u Hy gt

MG, A RBUEN A 2] B 3] C 1— B

o =

M, fogH gof —BIFAMIE, BESED, EEaHHELE1
(fog)oh=fo(goh),
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ILH fogoh Fom, B#IEHR f(g(h(x))), & =ARENE A JEMUHnT L% BT
AIREARENE A

(3) #ERLE

XL R LD A 5 — SE TRy rh 28 W5 B R B R pR AU Z I R AL R
PRI . TEECPRE . XTEORE . — A RS I A R, FREATT EZIW]EF . HAR)
S5 MR Z AT BRYCH L W T . BRANR A s B AR A PR BRI N 4125

Bl 1.3.1 & n BAEREEL, B

flx) =apx™ + -+ a1z +ag

SRRl ST R PSR [ (o). g(x) IR L9 5ok BRESR, T
SR A LG 2 g(x) =0 MPIrA 248

Bl 1.3.2 &

flx) =
MeREFR Ny TR s, Hrh o ATLUBERESERL QR o S8R, f (o) WA B sl sk
a=2L m>2Hm NEBEK, f(r) =om = /z RRRAHRE IR m ZmEEL F e X

W o >0, R m BAE f MEE o A& R o BICHE f & s — R
EN x> 0.

B 1.3.3  FrifE M EBUZAE T 4 D%, BNE X0 R.

) e’ —e " e’ +e "
sinhx = 5 , coshx = 5 ,
e’ —e” e’ + e "

tanhy = ———| cothz = (x #0).

EATIRBIFR AU 5K PR WU AR 5% R XU 1E D) R XS(EHL% PR XL PRR
5 = A eRBCA T o AR PR B, 355 T IR

sinh(x 4+ y) = sinh  cosh y 4 cosh z sinh v,

cosh(z £ y) = cosh x coshy + sinh x sinh y,

cosh? z —sinh®?x = 1, sinh2z = 2sinhzcoshz, cosh 2z = cosh? z + sinh? z.
B 1.3.4  SRXUHEIESZ %L v = sinhz IS R%L y = sinh '
i X y=sinh 'z, W z =sinhy, K

e¥ = coshy +sinhy = /14 sinh?y + sinhy = /1 + 22 +

A1 y = In(z + V1 + 22).

(4) BRI EAMRIETN
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AR AL g — f(2) AT RAO B y
R RHRFETR. AL b 7 1E A .
CERETS e

1° STEREmEy il srBeei g, st it
JER T AR AN [ A IR FEL, AR B R IR i 13
2 CRIXHRSEZR ) ANTE]. fifhn

1, x>0
y=sgn =10, =0

-1, <0
7l
x3, z =0
y=f(z)=

22, <0

SR RIS R B S — T RO RS R

2° ERHBIRRRIR R E 2SR AN AR R 22 ] A X O R S i — T R s R A
PRI RECH BRER B, Blan=pA2h r BYIE 7

2 4 y? = 2

Zah. AR, N B IRT AR AT RLgr it S (B L~ R R S 1 R

y=\r2—a22 —r<ao<r

y=—Vr2—a2 —r<a<r
B2, A2 i s By B #nl LA OT b i th i
sin(x +y) +2x +y =0,
TR EHR ) R T o RIMERY. R B3R — il R A R gh
p(r,y) =0

Xt 1 KA T AR R, FRATIRF AR AP AT IR ARYIE.
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3° RPHSHARRT ESHOTELIR, BARML LM BAR ¢ 5 y ZIH
AISC R 2T — NS U R, B o F oy v 3Rl R AE R

{x = z(t),
t € [a, B]
y =y(t),
XFERSEOT R LA RUEM [a, 8] € R BFEIR Oxy —A-IET
r: |a,f] — R?
WS 5 S Oxy il E—25HhZe. i~V b s 5 m) e X I o 2R AT DAFE S 27 i
t—r(t) = (z(t), y(t))

It LIA I PR 2 0 1) S A8 6 48 1 B E R B S RO R os b o My B h R SE 2 F
S

) Y

B T

t T

fian, LIS SRR, 2B r BRI S0 7
r=rcost, y=rsint, tel0,2]

BAE Ozy il EREIRE—AE, ¢ ZoR B0,
BN o WIAITE o BSIEICH SR shint, B E—HE s P #yizsh#l
WFR N $RE, Bt = 0 I P i Sn TG UAEARAT ¢ 20, P st BOARR (2, ) 2090

r=a(t —sint), y=a(l— cost).
R @ My FHBISEL ¢ SEOTRRFOR.

X T FRIREL y = y(z), WAL ER B — S8 BRI R %L

{$$’ x € |a, b
y =y(x),

XL, o P T SRR A



1.3 FRECHLR 33

0 T 2ma ©

K 1.5

SR, ZBOTBRRIR B R (UL R e RN 2 ) — M AE &0 T 20 RES i w
WX RRm. DR (r = 1) 6], BAREAERRL v = y(o) 2z = 2(y),
BRUR TC IR AR IR R AR &0 &, A S s OR R SRAE . (B, R — R % &, 5tA vl
feE M Baa R Flan, mR REE LR, p %ﬁl x = cost 7 (0, w) LA X &
B LAt =cos™la, x e (=1, 1), fCA y =sint, t € (0, w) (MLHF, y > 0) W ¢y =
V1 —cos(cos™ta) =1 —22 z€(=1,1). FEETFFEy=—vV1—22, z€(-1,1).
EREE A AR B BN

—MAEOLT, AR ¢ = a(t) RN RFRIAERE t = a7 (2), 2 y = y(t) =
y(x=Hz)) gl « My ZERRERR. BN ERBIE O, XA R RRIEE HEefr
1ET— k.

PR Z BT R RN AR ISR RN T2, W —A> o s e =5 (] 9 1z 3, 11
AEAEm AR & ¢ S, 2 rh s sl (k) b Yot al LS it e ¢
(S H0)7 R B ] i (H PRER

1.3.2 BREELS KRR

RICTHINRIR, TATERTHEREL y = f(x) 5 o] HHTESIHY n) TCRIEK
W, fz) BEA— “BEMBESET . 58, XHRBANTZORRE f(2) 1 |2| T80 K
A PI, f(z) = 2 CGERTEEIED] a, = 2) , AMERH, 2 |x] TCHRIE KM,
flz) =1 TRITLET 0. Wi, HE |z| K, ?ﬂl]?)ﬂ efff L H2E T 0 IR FIWL
FREMRRRE. b, N TAEEAENIER e, % 2| > 1 A |2 -0/ <e.

EX 1.24 #HBH y=f(z) EVE |2/ >a>0 AEZX. mRA-ANFEHK I BF
TFTOR: S TAEELETHERK ¢, RAE—NEK X =X()>a, 2% |2 > X A

[f(x) =1 <e,
ARAARG o AwAT KA, f(o) AL ARIR. TR

lim f(x)=1, R f(z) =1 (x— o0).
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XA E LS {an} Lh o AIRAE CEAZRZ . AALED) {a,} 2
TE AR FAREE R R, A SR n B ICHRE In E EJCS5 K. TR f(x) B9 A AR
|| WS G N E 2555 K.

ke SRR U B BV R, BITEEAAPRR Oxy P, f(z) — 1 (z — o)
G T UL, N TEREAENIER e, 78 « B b, S8 X, 15 |of > X (5
v > X, x < —X) M, KA flo) WKL, —EXEEVWEET T o B L
y=1—¢, y=1+e RMHIEKXEZHN (E1.6).

/ l+e

/
/ T~ N //

AT E bz X, TR AT LI H2 & — +oolit, f(z) DL 1 R BR 5 X L
W —oo W, f(x) ML OWHRBRAYE L R X [Lod] thEY x| > X7 4B
B e > X7 S < X7 BT G T E A SRR ) . X PRI

lim f(z)=1, 3¢ lim f(z)=1

T—r—+00 T—+—00

Fla) FEIE (S H70) T AR IR, By f () AETES5 KAL) (B4 ) SRR
AHETR G, Tim f(x) FFAEMITESPAS A, DI MR tim f(x) B limf(x) 77
e LRI,

B11.3.5 &k ZIEREG UEW]: lim =0,
B XHERERIER e, ZHERBIPT A SRAY X, HZ AR

1 0] <
— — E.
l‘k

MIXPNAEERXRAS |2 > e VF FTRARER X = e Vk 24 |z| > X B, gREEAE SR
Sz, B lim 2 =0,
T— 00
5] 1.3.6 K 0<a<l1, IFHH: lim o® =0.

r——+400

R XMERLAEMIER e, AW e < 1, Bl [o" — 0] = a” <&, HE

rlna <lne,
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HF Ina <0, Ine<0, HER X =12 >0, Tl 2> X B, A [o® — 0] =a® <&,
Bl lim =0, (0<a<1).

T—r+00

5 1.3.7 JEBH: lim e* = 0.

T——00

R A —1DER e <1, B0 < [e* -0 =e¢® <e, HE 2 < Ine. I
X =—lne, MY 2 < —X =1ne BFF e < ¢, REITEIEHSEE.

iy

%] 1.3.8 UEW] lim arctanz = -3, lim arctanz = .
T——00 T—+00

UERR R4 RS e, 2l

i i
—7—5<arctanx< —7+5

Hifi o < tan (=5 +¢), FIRAR X =tan (5 —¢) >0, Y o < —X 0 gA

m
arctan r + 7‘ <€

R

. n
lim arctanx = ——,
T——00 2

[Fi) AT IR

. ™
lim arctanxy = —
r—+00 2

MY ¢z B TIE . 7055 K, BREL arctan = BT EEL FRAAHEE, FrLA lim arctanz
AIFTE.

1.3.3 BEHEE— SRR

BAEZES © SHANABRE vo (B0FH URH _E— R E R ) ORI, MRk
fx) AR aS. X HLHIREOR f(2) £ zo miRIMHEA E L (HAER, zo Ab AT LABEA E
) BIXTHEAIEE S0, IRELTEER A {2 ] 0 < |z — 0| < b0} LA E X.

P, WARE o Hao TBREGIEH, sREL f () ORREGE— R W f(2) = 2 8
T oag W, LT OAIRER. B DY o — @0l FES/IIE, [ f(x) — 1| WTRMER/DN. B “e-0”
[EEI e

EX 1.25 & f(z) £ xo WEARZL (K vg RERAZNL) . e RAIEEL TN
B e, BEG>0, % 0< |o—xo| <O WA |fx)—1 <e. BRI A% z Ah xy B
f(x) B9MIR, TT R,

lim f(x)=1, =R f(z) =1 (x— ).

T—rXQ

MEREL f(x) MEIR AT LA, f(z) 7 o 8T xo BTLL 1 ARG LM L an .7
ivaie
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g — O xo xo + 0

K17

R, 4 o BEFRTIFEXE] (20 — 6, xo +0) W, f(z) WEIREIETATT o FifP
FHZE y=1+eMy=1—c ZIA. BIK HERE f(z) = c AR5 2o BIRRZE
c. TIANZE—LEH AR 7.

B 1.3.9 & f(x) =z, Uk lim flx) = z9

R R4 — DR e, FATHER—DMIER 6 =, 2 0 < |z — 20| < & I, HIA

|f(x) — wo| = |z — mo| <&

1
T sin —
x

] 1.3.10 =K lim xsin
x—0

< .

R, AHEERIER e, B 6 =<, WY 0 < |2| < 0 B, 5bA

rsin — — O‘ < €.
x
LA
lim zsin — = 0.
x—0 xX
Bl 1.3.11  JEW lim =1 =2,
r—1
MR 2=l AE o = 1 AbBATE X 02 o # 1, AT TEAN T
| _2‘: x—l‘.
L T

T BRI 1 RS = A5, BTN @ fSEE, B o — 1) < L, B
Lcp < 3 e BRI, LI

z—1

< 2]z —1].



1.3 FRECHLR 37

FIELA, M FAT A BN e, BUS =min (5, 1), WM o< |z -1 <o B, A
—1

2

_2‘

5 '<2|x—1|<25<€.
T —x

TERE X H IR BRI« WA AT M3 xo. WPRESR o NHZ E—ANFE
TG o, WS i B AR R

EX 1.26 % f(v) £ xo 9 AMBEA Z L. S0 RA—AFH 1 HL TR
stTFAEEW RS o, BAEEK O, RS —d<z—x9< 0B, A |fz) =1 <e, &
1R f(z) o 89 AR, TR

X

lim f(z) =1, K f(z) =1 (v — xq)

FPREL f(x) 78 mo WIATDIR A R S, R TT DAE X f(2) 78 mo BIAIRIR, H2E
TEFRTLWPBRE XHIAGENL, —6 <z —20 <0 0 < 2 — 29 < 6 BIR]. WL, 128K
B f(x) T8 xo BEAWIRHIEAN f(xo —0) F1 f(xo +0). HEE, f(xo £ 0) {7 REL
FE— 5 wg MAGWBR, 5eREL f(x) 76 zo MIBERA LR KR

EIE 1.27 &3 f(x) £ vo AR A5 LT5M42 f(o) £ xo 89 £ B RIRAR
A Ed BARSE.

TEWJE AR, XA A S8 T AHISR W pR AL f () TE o BEAIR.

WlﬁlZ‘ﬁ%HmﬁEﬂﬂﬁEa>0

ERA Y o =1 W, 50 BARMGE. BT IX a # 1. SEiiE mh:& a® = 1. NI R
THIE:

¥ oa>1, Wi a® > 1. X TAEEMIER e, Bffi

la® — 1| <e, HI 1<a®<1+c¢,

HE
In(1+¢)

Ina
Bpa]. Bl HE § = lnﬁza), Y0 <z < § B ERAERX T, B lirél+ a® = 1. [a] 3
AlUEM lim o = 1.

r—0~

M0 <a< 1B, REGEEFIE Ina < 0, HAWZELI_LIRUERT, 7RAT 153 lim a® = 1.
KT

rlna<In(l+¢) B z<

Bl 1.3.13 &

3x+1, z>1,
20 — 5, Tz <1.
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kA lim fx) A,

IR AMEFRINTE 1 B4, f(z) = 22 — 5, FTUALEWMIRA f(1—0) = —3; M7E 1
B, f(x) =3z + 1, BL, ARERON f(140) = 4, HIE, sREL f(2) 1E o BT 1 W,
FEA B FRAFAE (B AR, B AR FRANF A

1.3.4 EERBRAERNEE

®EesmMELT 2 — 00, 2 — +oo N = — 29, 2 — 378: SRR R, R
BT R A EEAPE AU NG, o8 T T e, REE v — xo (20 Z2AR) K1E
B, HAWRIE nl 201433

EIE 1.28 2% 1 — a9 B, R3L f(o) AR, 0

1° ARMRGEE—aY.

20 f(x) £ 2o WL ARG, BPALEEHR M Fo 0, 27F% 0 < |z — 20| <6 B,
f(z)] < M.

3 Fa<l<b MEz) OHE, A a< f(z) <b, FAEE—ANEK S, A TiH
R O0<|v—x0| <6 9PTA z, B a< f(x) <b.

EIE 1.29 & E v — 29 B, RdL f(a) o g(z) 2R 1 F= ! AHHFE, 0

1° %45 2o MHEE, A f(2) > g(x), W 1> 1.

20 B>, WA xg ML, oA f(x) > g(x), FHEES>0,1% 0< |v—x20| <6
o, AT f(x) > g(x).

30 MEA 1° Fo 20 493k, ke Rl zo BIMEE, A f(z) =0, W 1> 05 4R [ >0, M
FE xo® ML, A f(x) > 0.

FIE 1.30 &H x— oz B, R f(z) Fo glx) AR, W f(z) £ g(z), f(z)g9(x),
09 (% lim g(a) # 0 ) HAHR, B

1° lim (f(z) £ g(z)) = lim f(z) £ lim g(z).

2° lim f(z)g(z) = lim f(z)- lim g(x). &3, lim cf(z) = c lim f(z), £ F c %
. P s>z 220 sz T

lim f(x)

3° lim £ — =

vz 9@ Ili}TIlD 9(@)’ AP xlifglo g(x) # 0.

AL 7 BRATIE B -5 5008 A BR B %6 107 7 BRAGTIERH 58 4260, AP

EE 1.31 & f(x) £ xo WL, g(t) £ to MES RN AR, 125 t # o B,
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g(t) # xo. & lim f(z) =1, lim g(t) = zo, N

T—x0 t—to

lim f(g(t)) = 1.

t—to

R AT —DIES e, WIE lim f(o) = 1 H, —EFAE—DIER 7, #1524
0<|z—azo| <7 WA o
|f(z) =] <e.
MK lm g(t) = o, LA T FR IR 7, — D IEE S > 0, 1R
0<|t—to] <o B, 0<|g(t)—mo| <7. FILA B 0< |t —to| < B

[f(g(@) — 1] <e.

Hp
lim £(g(t)) = 1.

t—to

O

EH HURHAT, FESRMBR A A rpa] DU s , My al e fafok
e PR AL AR

S : 2242243

2 3
o 2242043 . it
i lim e = lim 5 =1

3 1
2—00 z—oo 1t +73

B 1.3.15 &% P(x) = apa™ + ap_ 12"t + -+ ayx + ag, WX FALE—A 20, B

lim P(z) = P(xo).

WA R lim @ = 2o, 1 lim 2® = af, FERUHBERATINTE, HLfE 2145

B11.3.16 K lim <%+1 . xsiﬂ)
R Yo — -1, FEEES eI A R, T IS RE B PR At
FHE. HJE, 2 o # — 18, AT LREEHES N 9 o Xk A 7 ad o Rk B 15
T — 2
2—z+1

T, 3 For e — — 10, #RA IR, PRt

. 1 3 . r—2
lim — = lim ——
-1 \z+1 a3+1 e—s-122 —x+1
o limg (2 - 2)
Climg, (22 — 2+ 1)

5l 1.3.17 & a >0, IEBH: lim a® = a®°.

T—T0
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R idy =2 — 20, WY v — 20 BFA y — 0, B e # [1.31] whis3)

lim (a® — a™) = a™ lim (a®*° — 1)
T—T0 T—To

=a™ lim(a¥ — 1) = 0.
y—0

S PR FRAT RS R SE AR

T 1.32 R f(r) £ o — g WARMR | 9 LBHMERL: S THEE—AU
ro ARFRAEI] {a,} (a, # x0), #A lim fla,) =1.

WERR AT W {an) (an # 20) B—1Vh o IWBRINESN. RN ;cli—>ngc10 f(z) =
I, B AL R A ERIER e, —EMFAE >0, 80 < |z —x0| <5 B A |f(z) -] <e.
MHF lim a, = zo, U T LR § > 0, FFE—DARE N, #1524 n > N,
0 < [an — 20| < 6, FTL%S 0 > N B, |f(an) — | < =. B

lim f(a,) =1

“FeoatE” (FAE) © BEY x — xo B, f(x) ALL L ARIR. IBA—EH/—1> 0 > 0,
FEXTFALAT—A1EEL 0, FBREARE]— s, BIME 0 < |25 — 20| < 6, VA |f(25) — 1| = e0.

B, B0, = £, XN IXFER 6, HTHE] a,,

1
O<\an—$o\<5n:E, | f(ay) — 1| = o

M n — oo B, FHEE—MAEXERMA {a,} (an # x0) Vh zo IR, M DAL
B, {f(an)}, AL LR, X 5 56000 &, MR AT, BFE xli_%lof(x) =1 O

ZEMUM, Y © — 2o B, f(z) BERPESUERIEN DG T 20 RS EA—ZL,
W f(z) —EBAER.

Bl 1.3.18 EW]: 2z — 0 B sin 2 BAKKR.

BB M an = 5.0, b = grime (0= 1,2,--). BAA lim a, = Tim b, =

2nm’

0. )2, lim f(an) =0, lim f(by) =1, LA lim f(z) AFFAE.
1.3.5 BRERREFEFFZE

TEIE 1.33  EAE 20 IR, A h(z) < f(2) < glz), MA% z — zo B, B3 h(x)
Fa g(az) AL 1 A, ARA, f(z) 4Lk | AR

HEIEIA SR A B (L7 RIERE 2.

EE 1.34 & f(z) £ (a,b) PHEAAT, W fla+0) F f(b—0) HHFE.

ERR AWK f(2x) HEEESE. T f(2) 78 (a,0) B L5 B E#S M. Tt
FIE f(b—0) = M.
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% e>0, HT M—e N2 f(x) LA, A 20 € (a,b)  fzg) > M —e. B
§=0b—xo, H fHVRIIERTHL 25 b— 6 =20 <z < b B, S0FH

M—e< f(z) < M.
I f(b—0) = M. ZRUAHED] f(a+0) FFAE. O

HIL 1.35 X f(x) £ (a,0) FPERAAR, W f(2x) £(a,b) PH—E g A LS
AR

B 2o € (a,b), REHFE (a,30) 1 (20,b) "0 FHEHE [1.34) B AT

TEIE 1.36 (Cauchy FHEN) & f(x) Fxg WEA L, N f(z) £ 2o AR
FREG R b B b R A% e >0, AE >0, 5 0< |2/ — o, |27 —x0| < B, A

f(@) = fa")] <e.

MR MR 0 W lim f(r) =1 fEH e >0, fFE 5 >0, 40 < |z — 0| < 6 I,

Fa) =1 < 3.
Y 0 < |2 — x|, |2 — xo| < & Y
(@) = f@)] < |f @) =1+ [1 = f(=")]

<S4t
2 2 7

TR - X THEESEMIEEL &, 7476 0 > 0, ffi152 0 < |2/ — x|, |2 — w0 < &
A |f(2) = fa")] < e FEB—DLE 2o IRIRAIES] {an} (an # 20), B lima,, = zy,
WO Bk 6 > 0, FAEIEEE N, {152 m,n > N B, H 0 < |am — 0|, |an — 20| < 6,
RIS

|flam) — flan)| <e.
JIRUIEA { f(a,)} W REINE Cauchy WCSHEN], Bolksl. &%

lim f(a,) =1L

n—oo

X 1, HIERREE © — o FFAOMAR. FL L SHFAEREAEMIER ¢, —JrTH
FEOTE SR AT, FEAE 6 > 0, ffi152Y 0 < |2/ — xol, |2 — o] < 8 B, A

) = fla")] < .

53—JrW, B T f(a,) =11 Tim a, = o, BAFE—A FHm, 10 < Jay, — o] <
5 VIR [ f(am) — 1| < /2, T/ 0 < |o — x| < 8 B, 5A

|[f (@) = 1] < [f(x) = flam)| + [ f(am) =]

< -+ - =c

€
2

DO | ™
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BT
lim f(x)=1I.

T—rXQ

1.3.6 HWAPEERR
AL, FRATTEE A FH pR B FR PR, 2 RS EE ) R B R SeiE B — 5 [ B

5132 1.37 X 0<z <7, W sine <z <tanz.

UERR  WNEILS B, B BRITIZRYS OD HI%E

K555 B, T b

ANAOD T < BWILAOD I < AAOB T,

i
sing < iz < ltan i
2SlH$ 2.1' 2 anx.

O
A
M5 | L2 A1, X FrA S8 «, A |sinx| < |z, Pl 1.8

HA5 HAE = 0 o

EIE 1.38  lim ¥ =1,

z—0

R HAEHEAM. B0 <2< T, BT sina > 0, B3 LG %0

T 1 sinx
1< —< , BV cosz < —— < 1.
sinx  cosz T
[ES)lig
i 2
0<1—Smx<1—cosx:2<sinz> <2$in£<az.
T 2 2

FITLA, PR A 75 9245 2

sinx

lim =1.
z—0t T
M — 00, S y=—x M y— 0, FTLL
T KA TR il G ) R T L
r—0- X y—0t -V y—0t Yy
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TREMB, 4 2 — oo W, BREC (14 5)" BURBRAFTE, mHAES] {(1+;)"}
FORR FRAHAE (TS RS B, e e B AR i)
EE 1.39  lim (1+7)" =e.

IR B TXMEER 2 > 1, A 2]

<
(1+ mlﬂ)m 3 (1%):6 ) (Héyﬂﬂ’

Al
. 1o\" 1\ 1\t
i (1+[a7]+1) = hm (1+[;p]+1) <1+[x]+1) =
1 [z]+1 1 (2] 1
lim (1 + —) = lim <1 + —) (1 + —> =e.
r——+00 [.I‘} r——+00 [aj] [x]
Wi o [T33] RN, A tm (14 )" =

M — —co b}, S y=—x M y— 4oo, AH LR, ¥ A

. 1\* ) 1\ Y , 1 Y
lim (14— = lim (1-—- = lim (14+——
T—>—00 T Yy—>+00 Yy Yy—>—+o0 Y — 1

1 \Y! 1
= lim 1+ —- 1+——— ) =e.
y—r+o0 y—l y—l

1\* 1\"”
lim (1 + —) = lim (1 + —) = e,
T—+00 xT T——00 xT

PR AR A 5 1l 1 E BRI IE . O
E B IR, A T F1—Fhi LA SE e X

1
T

XHIEN] T

lim (14 z)= =e.
z—0

s 2 (1238 A1 0 [139] OS50 o HEAR 1, 7 FLAR /U B K B i A 24 T ) D145 51
PR

5 1.3.19 {FBA lim cosz = 1 AN lim ta% =1.
z—0 z—0
UERA %O<x<%ﬁﬂ“, ES5]

0<1l—coszx<u,

LA lim cosx = 1. 1B cosz ZMHBREL, A lim cosz =1, FrlA

T—0% z—0~

lim cosz = 1.
r—0

AL, A |
tanx . sinx . 1
lim = lim .
z—0 X r—0 X z—0 COS X
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Bl E R
5] 1.3.20 R lim 1=cxz
—0 x
fi#
. 1 —cosz ) 2sin2§ 1 sin% 2
lim = lim = — lim
2—0 72 r—0 2 2 £—0 92“"
1. siny S|
= — lim = —,
2 y—0 Y 2
5 1.3.21

W xo AT ESEE WE lim sinz = sin .

MERA f B [L37] MRS | sin | < |o] AT

0 < |sinz —sinxzg| = 2 sin L0 cosgc+x0
2 2
< 2sin =0
2
< |I — ZL’0|.
HFIRR R0 E SCRTRNZE 1 BT

1.3.7 ZTFKRES5EF/IME

TEMR RIS R T ICBR KA, AR08 5 K™, A, St

EX 1.40 & f(x) £ xo MEREL. B THEELEZH—AEH M > 0, #
BAER 6, 4% 0< |z —20| <6 B, A |f(x)] > M, WAkKSf(zr) BY v — 20 HHE
BFRE. LR

lim flx) =00 & f(z) = oo (x — x).

GRS o AR zo BRI AET, o5 K f (o) PRAFIEIESUE G, AT oo
e LA AT, RIVATRLRE SC

li_)m f(x) = 400, BY li_)m f(z) = —o0.
XF T HARIE A BR e A, o nl DR s L TE95 K. TR, “Jog5 K" Ik
& (HERHA ) IRKAVEL, e 22 it #2 vhila T J055 Rz . fian
lim tanz = o0,
z—>(m/2)~

lim Inz = —o0, lim e¥ = 400,
x—07t T—~400
1

lim Inxz = +o0.
T—-+00

AR, TEF— PR R (FIanFEDE 2 — oo SRR » — 2o %), ALK
A BUAIE 0T KA, (HIE NS5 REAT, 22 | R ITEZS B 25 Pl T RE. Hlar 3 Fx

H “oo to0” FI 27 USES. STk s A AR B TR A S T e
ZeflHh, T LA XG55 /e
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EX 1.41 & f(x) £ 2o WEAZL, & lim flx) =0 WA f(r) BE 2 — 20
HEITLHNE.

i, x, 22, sinz #LI;J&E x— 0 WIS /N £, o SRR 2 2 — oo IFHY
55 /N I:Jﬁéfﬁg{fiﬁﬁﬂf, TCT5 /NG XA AR, AT A Y 2 HAE AR B i
HA AL, T — DR

ABRASTCTT /N AR (LR PEZHS ) TDAR 2 T0T5 /Nt AT BRASTE S5 /N i AR 2
oG5 /N — A B RS TS5 /e R BT IR SR 055 /e (HR PN JCT5 /N R R )
AEFAFPES, Foh <27 BURE .

fian, X4 z — 0 #f, ,

2

r, x°, sinx, rsin-—
x

HIETETS /N, R BT RAE « — 0 B, SA RS © = o R /NE; i

L = 1 IRICGT KA S (R 1, i m;n; E%Tmﬂﬁ%‘jimfmﬂﬁﬁa‘/l\
WK, TEF— R R, an R U( ) FETCTF KA, W oo ARSI Szl
B u(z) RICGME, How(z) # 0, W o #RI0Ss Kot I Jim u(z) =1, W u(z) -1

=

B x — x0 FTRITES /DE.

T

ENX 1.42 &H&RH f(x) Fo gz) 2E v — 20 HHRLFTKE, BF

lim f(z) =oco,  lim g(z) = o0

1° R AIERFHK ¢, £ lim (—) 2 f(x) Fo g(z) £ (H x— 9 BEY)

o 9@~ ©
RIMAs XK=z, 45314 c=1 8, #hein %’ff LS K2, TR
f(x) ~g(x) (z— o).

2 4R lim {8 =0 $ lim 98 = 0o, M2 f(x) BRI g(z) KHEF X E

a:—>xo ()— T—xT0 ()_

K og(x) AW f(z) NN ALTKE. TR

B 1.3.22 2?2+ 32 +5~ 2% (r — o).
fl 1.3.23 HEM: Inz = o(z) (z — +00).
IERR X o > 1, fP7E BAREL K, (15

k=1 < 2F,

WA

Inzx <kln2 < k.
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i

O<1n$<2k‘_ 2k - 2k 4
r 28 (14 1)k @_k—l‘

BT 2 — +oo B}, k — oo, BARYECH [1.33 A

. Inz
lim — =0.
r—+oo I

HEL B a>0 M 2 — 400 B}, y =2 = +oo, I

. Inx . In x¢ 1 . In
lim — = lim = — lim Y _ 0.
z—4oo z—+oo r® o y—too Yy

ST o > 0, #BA

Inz =o(z%) (z— +o0).
RIS 2 — o0 B, A o BZ/NMUTEEL, Ina ABE L oo RMICSS K&, Ll e
] o5 R “IRE”

EX 1.43 & o(x) 2 f(z) 2 v — xg HHBEALG DE.

1° de lim 58 = ¢ #0. Wik a(z) F= B(z) £ (& z— 30 B8) ARRS DT,

Tr—X0

HAlL % =1, RENZERET DT, TR

2 JeR lim 58 =0 3 lim 28 = o0), Wk a(z) AW B(z) HRHRF D E,

T—rXQ ’8( T—xT0 ( )

M [(x) AW a(z) KR# R 7 DE. TR

fian, TATCLHIE, 2 v — 0 B
. x
tanz ~ sinz ~ x, l—cosxrv?.

EE 144 K az) # Bx) % 2 = z0 HHOFNALFT D E (F a(z) ~
Blx), (z—x)), 4R

lim a(z)u(x) =1, lim vlz) _ I,
T—rXQ T—X0 (]{(J,’)

i

lim f(z)u(z) =1, lim v(@) =1,

T—X0 T—rT0 B (l‘)

Hf [ Fo ! BTARRT K.
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iEMA IILHQEO B(z)u(x) = xlgrgo % cafx)u(z) = xlirgo % : xlgrgo a(z)u(z) = L.
73— AU ATIE. 0
XAE L, R R R, AT — s NA T H— 5 SR
TG /I, RAGTRAE. T I055 K i EIEUE o g5/ Ve, FrAJESS R n] LA
FATAF MR

5 1.3.24 =K lim —3nz

z—0 VIi+z—1
g Nk sinz ~ z, FrLA
lim —— —fm o = lim(VIta 1) =2
z2=0+/14+2—1 z=0+/1+2—1 z—0

] 1.3.25 R lim tanz-sinz
x—0 z

fi#
. tanx —sinz | sinz(l — cosx)
lim ————— = lim
2—0 a3 z—0 x3cosx
‘,r2
= lim —
z—0 3 2

TR R H AR TESE /N RITE G5 At 9 R TS T A et T PN | S Y
X FH, SRR ST MR, Blnge L wiF b, A F B tana A sine W1
FISEMTeT5 /I o 2850, A1 B R 45

TE— MR A P B (R R TGS KA R TS5 /e ) 54T LR, <07 i
“o" JEPIANE TRC S A

1° WRAE zo BT, Hof L2 AR B — 8 e > 0, 875

g(z)
|f(x)] < clg()],

FoR f(x) T zo BIMHERA A&,

2° i
lim M =0,
w0 g(x)

g
f(x) = o(g(x))  (z = o).
AR, XSRS, HERRTE © — o I, DI Z I —F LR
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1. 435 SCUERH:
(1) lim a®=0, (a>1); (2) Ilgrgoﬁ—j =1;
(3) Jim 555 =2 (4) lim 2V1=0 (¢ WD),
2. R HIHRR:
(1) lim (2% =5z +2+ 1); (2) lim £ (n WIEHEED);
(3) lim 5=t 4) lim GRS,
3. EI N IR FRANEAAE
. . o a)
(1) xEToo sin x; (2) }CILI%) —.

4. BERREL f(x) TEIETCSS RACRIARER A 1 WX TRl T IETC95 RES) {a,}, F
1i_>m flan) = 1. FEHHb li_>rn f(n) =1.

5. PHE NI REE © = 0 AbAYHRFR.

(1) fz) = [z]; (2) fz) = sgnw;
27 z > 0;
cos %, x> 0;
(3) f(z) =10, z=0; (4) f(z) = {
x, r < 0.
14+2%, z<0.

6. 3K li_>m COS 5 COS 55 + * * COS 5.

7. KAk h_}m (sin%—ksini—%‘%—---—i—sin%—g‘) = 2.

8. UWEM: # Ill)ngof@) =1, glgii%f (1) =1, RZIRIER. BERIFIEW], X = — +oo
Koz — —oo BWFEMRILS . (W HAELS S, PR IRISRER 2 — co BRI N
r— 0 40 BF bk, Filn, JATHE iig(l)(l + )/ =e)

9. KT HIHKFR:

(1) il_r)% ts?rrllgxx’ <2> alsg% cosx;gos&r;
@t (£5)' @ Jim (55)
10. K IR,
. arctanx . : 2 i L.
(1) i e @) limton;
(3) lim =5 (4) lim (227 — 2 +1).
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11. $25E SLUEHA.

1) lim 1 = 1): 2) lim 1 = — 1):
( )z—l>rfoo og,r = +o0, (a>1); ( )x_lg}ro 0g, T 00, (a>1);
(3) lim tanx = +o0; (4) lim e'/* = 4o0.

x—m [2—0 z—0+4+0

12. UEAH: %K y = wsina 7€ (0, +oo) WKL HY 2 — +oo B, XA REOFAIRTCTF
K.

13. BREL y = Zcos L FEXH] (0,1) WREEAR? X2 z — 0+ 0 B, XA RECEE R
95 Kig?

14. AT e 14 eR B0 BR-AT 25 6 I 1) LA 3 S
IRy = f(x) BIERRIEN O #ah i th 2 I0RRis B IE i, tesh G 55—
2 HERIHE R T%, MFRiZEL ML C B—FRHinL.
(i) FAEHEL HSH(EET « B EHL v = v ALK C WEHELN 7T E
AR

lim f(z) =00 B¢ lim f(z)= 0.

x—x0—0 r—x0+0
(i) KFHEEE  SHOTATT o W) EL y — b WL C BT T 4
e
Igr—il—loo f(fl?) - b ﬁ IEI—noo f(l‘) - b

(iif) 4418 &% ZHIEW, HREN gy =az + b (a #0) BHEZ L NhZR C By
LT S

o= i 0= i (10) )
o

IXH A AR BB I AR FREBAFTE. ($87R: DL o — 400 A, T C HEZ L
REEARERN ¢ AN M, N W M OE L EEES, J& [MN| —ANE B
e, %k LI O MHTEL, ST Tim ((r) — (ax + b)) = 0, HILH 17
ZEAR.)

KT H 2 i 2 5 #.

(1)y:xln(e+%); (Q)y:%.

15. UEMA: 72 [F)— M RO AR A0 1055 /N A R S
(1) a(z) ~ afz) (ARE);
(2) # a(z) ~ Blz), W B(z) ~ a(z)  (IFRE);
(3) # alx) ~ B(x), Blx) ~y(x), W a(z) ~~(z) (fLibtE).
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(TR, (1) P ARTRE o) ABEME; WTE (2). (3) o, FZEEHE, Bl gcss
AN FRAE A TP A IR

16. 24 = — 0 i, WA HITS5 /M i
(1) tanz — sinx 5 23, (2) 23 + 22 5 sin?1;
(3) 1 —cosz 5 22
17. 2 2 — +oo B, B NI TCS KERIHK:
(1) n REKX P,(z) 5 m WEW P, (z) (m,n ¥R IEEEE);
(2) 2% 5 27 (o, 8 > 0);
(3) a® 5 b* (a,b > 1).
18. IS I /NIRRT R SIRRER.
(1) hm 2‘;:‘5 (m,n BIRIERE); (2) liH(l) tanaz,
(3) lim VI, (1) lim Y2=yEeoss,
(5) hi% Hs_ifl——gx;_l; (6) llII(l) ll—t:f)sxl'
£ 1 BEHREGIH
L SR NSRRI R
(Dan=1L-3. ... ol (jog 1.8, ol 1y,
(2 a,=10.1. 12 Ey
(3)Wa1>1 Ap4+1 = 2 — ,n=1,2, ;
(4) W a1 =3, apy1 = H_lan,n—l,Q,
2. W {a, } ARG, I HISET o, IEAXS—U) n A a, < a. (X B335 5
HAWREEI, SURE5E T )
3. UEH R T AR
(D) an =143+ + 5
(2) an=(143) (1+3) - (1+3).
4. AR E— DRV {an}, WA XERIEEL e, FAAEIEREL N, Y n > N
B, B |ans1 — anl| < €.
5. B {an} Wifd: FAAEFE M, X —3 n A

Ap = lag — a1 + |ag — ag| + -+ + |apy1 — an| < M.

WEM: (1) B {A} s (2) B9 {a,} WISk
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10.

11.

12.

13.

14.

15.

16.

B {an) RIS RIE: %5 an — an AR WAHTIRE o € (0,1) 4

lim (a2, — a%) = 0. FBIILEEE R AT, 0, F77E R AT {a,} i

n—oo

FXMER o € (0,1) A lim (a%yy —a2) = 0, fHi2 any1 — a TR (R: FIE

a, =nlnn.)

WHA {a,} W lim (a,01 — an) = a. TEH: lim 9 — g,
n—oo

n—oo

CAERE: 5 lim a, =a, H a, >0, W lim ¢/ajas - -a, = a.
n—oo

n—oo

CER: e, >0, H li_)m L feAE, W) li_)m Wa, WAFTE, IFH

. . an41
lim /a, = lim ntl

s no
R FIHRBR: 3
(1) Jim AL (2) l g
e nli_)ngoan = a, 2Kk ?}Ln;o‘”%%ﬂ =2
& {an} H an — a € R, X% {b,} EIEEI], ¢, = wbprasbabodtnbn SRGE: (1) {c,}

WG (2) 45 (b + b2+ 4 ba) = o0, U lim ¢, = a.

1, p>1,
WML lim (1+35)"=de,  p=1,
oo, p<l.

B f(x) HAMIEREL B lim f(2) =0, 5EY] f(2) FHHZ.

WEB (1) BREL f(2) 7F @ — xo— BPAWIR | A2 552 X THEE—1U
vo FHRBRIOFTHEINBI] {0} (an # 20), WA lim flan) =1 (2) BEL f(w) 7E
r — xo+ BPAWBR | TR B MR FTFATE—ALL 2o AR PR A B 26 el 4
0 {an} (an # x0), #A lim f(an) = 1.

W& R—MNICHEL. a,b Z%0 H oa < b SRUE: FEAEEE m, n 53 m+né € (a,b),
AP, &5
S={m-+n&|m,necZ}

1E R %5,
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75 §1.3 “1rf, JATN T KRB, AT TG s B — SR R, B2 PR AR
AZELEt. B L F, Pl sRBURELERY, JE48 4 AL s fenf, SEN LS hhiz
BEER AL, B —N iz sh AR B e i AORE RS, Bl R R AR AT e S r AR A, ) AR
AEH /N, NEIERRZ shEE 2R, Eiz s s 2Ak %/, ML ER, &
WOELEUEAR A U IR R — 2% “BeA T /9 327 phee. A s E 2 ey
L2 ISR E X, IR ATTIEIELE REU A SR o

§2.1 ELRHBHERRS

2.1.1 EEHENX
TG RBOGE S B AR E X, B LL T L. E— TR AT S R
B(E21P5E— 1 ES)

x>0

f(x) =sgn oz =10, =0

-1, <0
Y Y Yy
1 1 1
® x . x x

B 2.1

MEE LF, BAE © = 0 AZWOTRY. e “BIFE" o =0 AR R AE, M2 —0
I, PRECBAT IR (DR 7e L BR300 —1 A1 1, IEAARSE ) . DD R, 2
Tl PR E— R T 1Y, AU ST 1Y, NIRRT I — A AR

AR (E2.1 805 A E)
1, 0
f(z) = { "7
0, =0

BAR, EAE = 0 AEWITRY, IR sREUERIRTE © = 0 L1 W HRRR, {EAR ER{E 5 pRi
A TEE— R R RRELE (£(0) = 0) A
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R X A BRAE = 0 BYE X, 3 RBUE 2 = 0 BI(ESE T RREUE © = 0 B9
BRAEL, ABAETE © = 0 AbsitiEss: 1. BRRRIBREUE f(z) =1, z € (—o0, +00) (K217
e =EE ) .

FrLAFATIES R, pRECIE— 5 2o AUNSRIESE, PO HAAMA TR H— 2 e X
— il o AERIZA IR, TR BRAELV 1255 T R B — s A EL

EX 2.1 K y=f(x) £ 2o 94N (BPELE 2o 9—ANITRNE ) HEL, &

lim f(z) = f(xo)

WA y = f(x) £ xo &L, 1o 2 f(z) HESE, FMNHE fo) £E zo RELE, K
xo A f(x) B9IA B &

MR B S, BB f (o) TE— 5L wo AERIESEE, BURT f AEiX— s BT i e A
BOSBE, XAFEERY] (FE— A0 ) S, & —Fh “JmdRrEm”

MR “e — 67 RFAGE, B2 WReREEE LN — & v EZE, WRX THEE
HEWIEEL e, BAFHE—D 6> 0, i15Y |z — x| < 6 B, H |f(z) — f(zo)] < e

T3 — TSI SUBGAR BT RTIE I (R “BUEm” )RS

WEREAE xo B—DRBIENAE S, 24 AR HIE 2o 2R 5 —ME o i), WBiA
ETE o WA T —ME Av =0 — zo (FE, & A n[IERH, WAl DUEE ) . AN
HAR B — N, R yo = f(zo) ZRHME v = f(z) = f(zo + Az), HIL, R
BB T — 5 H 22 R AYHS FAH N A8

Ay =y —yo = Af(z) = f(z) = f(z0) = flzo + Az) — f(2).
DI, PRSI — 5 o L, WLAFUT T 2o RIS E Az BT 0 I, BRI E Ay
T 0, B
AlirgoAy = AlgicgoAf(yc) =0, 3 Ay—0(Az—0).

T, BB E— RS n] LA B IA D 2 B AR BRI s R AR /N, AH R ) BRI
ALAR /.

EX 2.2 Fy=f(z) EERR I = (a,b) PW¥E—EEL Wk y= f(z) ERF
I L4

XRE, AT E ST X R F S kg, B EF, XA FIESen R s 4, e —
SRV W R £

flan, eREL f(x) = |o] REERY; 5 1 FH NS Z I R g, Rk A
1.3.6 5] ALK PREL f(z) = sinx WBIELLPRER.
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2.1.2 Z(H)ELS A

&
N TP R f(2) fE— A zo BIIEZENE, RIJEHA Jim f(x) = f(xo), A% IE
f) FE— 5L zo RIPIAEAMINER BIR SE D 77 (5. AR R RSO PR A 78 SCLA K pRETGE S Y E X,
flo) fE—5 xo BESFMT f(2) TE—m xg WL HRBREAAAET HAE T f (o), BI

f(zo+0) = f(zo —0) = f(20).

EX 2.3 & f(x) £ 2o 9—MNARRAA T L. & f(ro+0) = f(xo), WA f(z) £
o BIEL: F f(ro—0) = f(xo), WA f(x) & xo £ELE.

IR fa) 18 xo ELER ISP E R f(a) 18 xo ZEIESERIINILA EEE.

F) TE— A A R F L, 48 (o) TEK TN — RS, I LT
S s, LA AR ) B AR

19 BREE— KL 2o ZeA M PRARAFAE HARSE (BT IZEX — AT IR ), (HASE T f(20),
f(xo+0) = f(zo — 0) # f(z0).
2° PREIE— M wo Ze TR IRARAEAE, (B2 AAHAE,
f(@o +0) # fzo —0).

30 BRELTE— 1 zo e AR T A — AR,
TG 1° AT (2 0021 A AN R ) | RS E X (o s
35) flxo) MM Z ST F(ad) SERTLMER f(x) 7 xo MITELERE, P I SRR

IR () A5 S WS R AT PRI 7T S0 (AERR F(x) RO
7 U R 1 5 B A58 ) VSR — M A, (FE AT f () (R B B B AR
171E ).

Bl 201 BRSCHRE (x) = S02 (x # 0) 15 = = 0 AbIELEYE,

B D lim e = 1 SRRETE o = 0 WA X LR SR & = 0
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95

FI{E A1, B

Siﬂ’ 0,
fla) = { o 77

1, r =0,
U R ST O JEEE.

5 2.1.2 Tt

18 x = 1 AEREZAE.

Moy f1+0)=4, f1-0)=
ERREUE v = 1 AR SR ) .

5 2.1.3 it

1E x = 0 AbRYIESE.
R PRHREIE v = 0 BAWBRATETE, FrLOZREL « = 0 AbANELE.
5] 2.1.4 {FEW N Dirichlet BREUEATA]— SARA 5F — 25 a] T
1, =z NAEFE,
D(z) =
0, x NICHIEL.
MR ARZA— A5 2o, FRATAT LAHCE—™ H A A B S8 3 () B8 {a,, ISk

8 g, LA DREEBB R () B9 (b, JBE] o, UL lim Dian) = 1,
M lim D(by) = 0. BUABRECAER (T — S 2 AT B ASAE L, # A5 IR

2.1.3 EZRHHIZE

AR 22 R S L, HEOR PR E— 1 o WU FRAFAETF B FRBIUZ: f (0), I,
AR SR 2L R A DU Wiz S5 5 R B 02 BB SRS

T 2.4 ik f(x) Ao gz) Ak zo ELE, WEK f(x) +g(x), f(2)g(z), L (%
g(xo) #0 B ) £z AeALik s,

EE 25 Hu=g) £RXE T EAZL, JHK y=f(u) £XHE J EAZL, B

g(I) CJ. #& u=g(x) &z € I £, y= f(u) £ uo = g(zo) &L (B f(u) £ o
léi‘éi, ug = g(l’o) ), m’]?@{‘:\l’z’%& f(g(x)) )&MJ}— X0 E 5

= =3, i xo =1 J& f(z) MBRERA, BREEN 7. (1F
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WERR X TFAEESEIEE e, N f 17 uo BLE, WAEAE—DIER 0 > 0, fif52Y
lu — uo| < n B, H
|f(u) — fluo)| <e
XF Bk g >0, XK g 7 vo HFLSE, FTUALE 6 > 0, 15 Y |2 — x| <6 B, A
l9(x) = g(zo)| = |u—uo| <7
T, Y |x — 0| < 6 B, N EHEP NG5G
|f(g(x)) = fg(zo))| = [f(u) — f(uo)| <e,
RURREL f(g(x)) 7E 2o HELE. O

PR PAIFRR A R E L

Tim (o)) = fla(ra)) = £(im g()).
BIEZECE AT, TR A PRI B B R 2 N 2 Rk s 8.

T TAPEET IS S BRI S PR A FRATTHGE XS T8 LAEEE A LRER f(o) , B
HA R R R B f(o) R O BMEI ) ——Begt. W f(x) 78 A L2
FEAS AR, W f () A S REL. (HIR, A I BRER) RO 2 A% BRI 1Y), 51 4n
{1x, -1 <2z <0,

x, O<z<l.

fz) =

SR, X TAE—A X 8] _F A2 S R A, TR AR AR TR, 1 2 5 B 5C T3 2 pR BUAT bR
B I A 1) — R

EHE 2.6 FHy=f(z) ZEXERXRR [a,b] Leg—A g, W f(x) &£ [a,b] £
H B BB TG b B FARR f(x) £ [a,b] B/ LREG () . BZXANFAR LA,
f(x) 8RR E f1 R AR R 0 SUR AR AR () R93E 4 R

WL b7, 1% 22 ek AU Bz pR B 2 i 22 i X A48 2 AR Y. o iy =
f (@) FR PR = f~ 1 (y)TEIRl—Aa AR -1 b0 B G2 AR ] .

FATRAE §2.2 BYSRJ 28 %0 BRI ™ M8 TR

TEAT AR T 1S PRI RE SCRIEEATE B, BT TH 7R 21, 4045 pRBSOrE HEE SO 2 i

(1) ZARKX & HREFERDR, BHEEE f(v) = c (¢ B2—1NFE) DL mEL

f(x) = ZXIH (—oo,00) FEESRKEL FrLAZH NS FE TS 2R « B2 0
PRACARJE RS ).
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(2) = Fdch RO = e i §1.2 g [L.3.21) nIH1, PREL sina fEIESLRREL 1M
cosz AJLABRIUE sinu Fl u = 5 — o WELRBINE G

. i
COST = SIn 7—$

MZEAR, TR LR HApb ) = £y pRAR

tanz = — (x4 2k + 1), k BEE); cotr = —— (z£km, k EER);
cos T 2 sin

sectr = (x # (Qk—{—l)l, ko ZBED; sco=— (x#km, b 2B,
cos T 2 sin

TEAS HE SN, #RJE sinx | cosz LA f(x) = 1 Gt (AN B A 20, Br LAER 2%

Xt T FrA i =Ff pREX arcsin x, arccosz, arctanz, arccotz, HiEFH AlHEAT]
TE4S H I E SUE N AR 2 S

(3) F3B 5 aF B0 MRYE §1.2 B [1.3.17 FEEEL f(z) = a” (a >0, a #
1) J2HE SN RS R R f(x) = o JZIESR%l AN

M a>10], f(z) = a® TE (—oo, +00) sk IE 1 ;

H0<a<lBf, f(z)=a"1E (o0, +00) &/ AF I ;

i B IGIE R ARFE X, pRBA AT (0, +00). MIEEHLR.6, f(r) = o® HIRFREL
[N (z) =log, = FE (0, +o0) FIRHELEN. Fill, f(z) = Ina FIELLN.

(4) FFde: SFTRRE f(2) = 2 (o £ 0), EHERRE L 2 >0 M, BT

8 = eozln:c

JIr LU BRBUE > 0 3%

WG EIREEE, FRATHE A A W) S5 R BT A H B SN IS, PR I
1 [2.4] FnEFE 2 ?*zﬂ?ﬁ

EE 2.7 MFREALZ SUIRAAEL R

SE BRI — AT S, 25 zo A ERREL f(x) 52 IRAAY— AL, W f(2) 7EX
— AR PR PRECTEIZ S B f (20).

] 2.1.5 5K lim sin(arctan(x +1)).

i WA= 0 S PR sin(arctan(z+1)) & SRABY A, Br LI BRSZ sin(arctan 1) =
N
2,

% 2.1.6 SKIF lim 20+ _ 9
x—0 €
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[y

PRI Sk

WERR KA lin%(l + )T =e &
z—

L+ 2)Y* x40,
f(x){< Fa)le, a4

e, xz =0,

N pREL f(2) 7F 2 = 0 AbEZE. T Iny £y = e HZE, TUUEGRE Inf(z) ZE 2 =0

JEES NN
lim In(l +2) =Inlim f(z) =lne= 1.

z—0 €T x—0
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S 2.1
1 f(zo—h)] =0. [A] f(z) &R

10.

CIRTERL 7= 2

(1) BERRER

WTE @ = o ALIELE?

&F

Ak, BREL f(2) 3

CWERRER f(x) FEAT xo MHEAE X, H ’llig%)[f(xo +h) —

PO IER e < 55, BREL f(x) #E [a+e,b—¢] FH#EZE GE f(z) 7 (a,b) W

BLE, M g(x) AELE, MPREL f(x) £

i

g(x) 5 f(x)g(x)

TER xo WIIELLIEUI? 27 f(2), g(x) 18 xo AHARAESE, 10125 R4 Y R)

(2) BERREL
L m(x) = min(f(2),

&2 Dirichlet PREL 45 H—AM)F. )

BELENE.

WERH: A f(z) TER zo i

. TIERA:

2, WAF e —

fl@) TE8, o = xo AESE, WIEREL | f(x)| 7E5 © = xo AbHESE.
Fx) B g(x) TE—ANXE) T L kss
glx)) TEXIE] I 1 3#5%45E.

CUEW: FETEXCRER PR f (), AbARATEESE, (HPR%KL | f(2)| AbibiE

PREL M (x) = max(f(z), g(x))

ZE (fd7n: i

46 T B R 15 DT A S L
Sz g L),
(1) f(z) = 2L, (2) f(z) = { CR
1, xz = 0;
(3) f(w) = [| cos z[]; (4) f(2) = e
#7, —o<x< -1,
(5) f(z) = ¢ =, —7<2<1,
(z—1)sin15, 1<z <+oo;
T #£2,
(6) f(z) = { 2 !
, T =2.
x? 07
I o, RS f(2) = {e TSN e w0 abies,
a+x, x>0
eli—e T 140,
CHEWT: BRI f(x) = ¢ TE A5, O AbATdE%e, HANAEdESE,
1, z=0
T AEEANSH 2, lim (L5 AP KK RIRIGE N f (o), WIS REC f(2) 1)

ANIERL o, fEAF R BT f(x) 72X ]
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11.

12.

13.

14.

15.

16.

17.

18.

(zo — 6,20 + 0) LAF. (X—EERARA L KA Jmy il A 5k )

TERH: 257 pR% f (o) 160 @ 3EZE, H f(wo) # 0, WAFLE—AIESL 0, (A5 REL f ()
FEIX (8] (2o — 0,70 +0) 15 f(wo) F5. (X—G5RFR R 2L R B R 51k ) F
— 3 FELESEANERR ~, 815 f () fEX— XA | f ()] > .

WERH: 2 wli_gclog(x) =a # g(zg) (NI zo K g(z) IR LRBIWT L), f(u) 7E u=1a kb

gz, N
lim f(g(x)) = f(lim g(z)) = f(a).

T—rxQ

(X —Z5 X FLA TR B A 7. )

Mﬁ R u(x), () TE zo IS, H u(zo) > 0, WIEREL u(x)"® WIES 2o b

W f(x) 78 R b3S, BXWTAEE o A f(22) = f(z). SKIE f(2) 2%

W f(e) £ R LS, B TEE 2,0 F fle+y) = f(z) + fly). KiE f(z) = cx,
Hr ¢ R

M — 0K, H sint ~ 2, tanz ~ = W arcsinz ~ z, arctanz ~ x;
In(l+2) ~x ik (e* — 1) ~ .
(IR EETTCT5 /N, RS R AR R 5L

SRR FR:
(1) lim Yitzta’=1, (2) lim YE2 =1,

20 sin 2x ) 20 l—cosx 1

(3) lim ( Wittanz—1)(v/1+z— 1) (4) lim & arcsin(sin x)

— )
2rsinx 20 l—cosx

(5) lim i=coscosz), (6) lim x(vVxZ+ 100 + z);

1
z—0 z T——00

(7) lim (sinvz +1—siny/z); (8) lim 4/2 — 2L,

r—+00 T—00

PR sinh oz = &= e T AR R R 1E 5% 5 XU A EE (R R
it K %50, [:ﬂ]i’JEXEXiEﬁ (— oo,+oo) S EWILL T 5. (A5 = A R PR
FfE AL

(1) sinh(—z) = —sinhz, cosh(—z) = coshz; (2) cosh?z — sinh? 2 = 1;

(3)
(5) sinh(z + y) = sinh z cosh y &+ cosh z sinh y;
(6)

sinh 2z = 2 sinh x cosh z; (4) cosh 2z = sinh? x + cosh? z;

6) cosh(z £ y) = cosh x cosh y &+ sinh x sinh y.
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§2.2 HMIX 8] k&L mE )RR

AT B AR X TR] |2 R B LA BT AT Cla, b] FomE XA
FIDXTE] [a,b] - BIESE RRELAE A

2.2.1 EATESNEEE

TESRR2.1 B8, FRATIEN] T E LR BCR X AR R PERT: BErREL f(2) 7E— 8L o
HLE, AR f(zo) # 0, AW f(xo) > 0, WIFFFE—IEEL 0, fEASAEXA] (29 — 6,20 +0)
WA f(z) > 0. XMEBFRAEZS R BEMRS M. X F LAY WERAELL o
FHORERE—ATFFIXIE] (29 — 6,20 + ) W, FEZREL f(x) BEREIIEE, HREB| 7 HE,
W HBEA f(zo) = 0. B, RECTE— fEZE, WUREAS H pRECIE 12 S BT B 2845 5 4
W PREAEIX — i . AR sRECEE — 1> P DX R] L2, TG 470 B 5 ) e 2L

EIE 2.8 (FAEH) & flx) € Cla,b], L 23 LRI EGE fa) F2 f(0) F
5B fla)f(b) <0, MK —E & e (ab), B f(E)=0.

R AR fla) <0 < f(b). ¥ X[H [a,b]H f(@) .
S WURAESR S 2 Ab f(x) BUBAE f(42) =0, /
WL € = o3 ERARIE. F0 f(40) DR f(a) . o/ =
W F(b) AR, BRI T IK /o

a-+b a-+b b
-5 5
o, WA — A f (o) EHS SR S S, LR
ZES S HUE 5, 204 SR IE. CX A XN [ar, by B AR, BAERE—
WIESFAESS 1AL f(x) BUE R, 0 BRAHE, 75 A58 — 31 K] [a,, by) (573 f(2)
T HAE U T, A5 A 0 S R 1, 1)
flay) <0< f(bn)

X—FNX] [an, by) 2 XIAIEE B, I — S € € [an, by, R

K 2.2

lim a, =&, lim b, =¢,
n—oo n—oo

ST
£(€) = Tim fla,) <0< lim f(b) = £(€).

n—oo

B £(€) = 0. O
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PR, X6F TP X [R] b2z ekl o ek X Al sl i E RS IR R, @A“%ﬁ%‘ 44
TEX ) EAZE . R, A =R IR PFIIX (]| HEL | 7E0m AL

MU F5, HIIX ] E R s ek g, HEMR « Bl () Jr@sl B ) Jref,
WARZERL o Bl B, 5 o BT AE N

EIE 2.9 (MEEH) & f(z) € Cla,b], B f(a) # f(b), W f(x) £ [a,b] LA
FINT f(a) F= f(b) Z IR 694 FAA.

EB RWGE f(a) < f(b), Hr BATF fla) B £(0) ZRMEE MG fla) <
r < f(b). HIEHIIPREL g(2) = f(x) —r, W g(z) W2 [a,b] FESLPREL i1 H

g(a) = fla) —r <0, g(b) = f(b) —r >0,

ik R SR ER AR, A € € (a,b) 11 g(€) =0, Bl f(&) = O

TEZF 1E AN (H E BRI Rk v, %KIEXTEIEHJW'EW 9 <5 ol S 9 [E1 U 6 S =
P 21 <@g, REREL f(x) TEMRBES S, W f (o) FEMRZ AT —EAZF . 5
HEE f(x) TEMRIBUEASE, —E BB f(21) M f(20) ZIAIRATEIA.

Bl 2.2.1  IEBASREL f(2) = 27 — 4o EXE] (0,3) WA—IEL.

ERR AR, f(x) 7E [0,3] gk H f(0)=1>0, f(}) =+v2-2<0, il
fz) =27 — 4z FEIXH] (0,5) WA—DEA.

Bl 2.2.2  UEMHERFRRZ I E DA — DR,

R % P(x) = apa™ +ap 12"+ a1z +ag B PDAIREIN, B n AL,
an # 0, W P(x) ~ apz™ (2 — o00) . AW a, > 0, R n BHE, Y 2 — +oo
B, P(x) — too. BUFEPINEL a < b, {115 P(a) < 0 < P(b), HEF S EHA P(x) —
H—DER.

RS Z I, SRR, Bl P(r) = 2 4 1, BLBA AR,

2.2.2 ARESEXRS/NMEERE

MR A pRI B Y i S S, AR sREFE — A o 2L, WX T — IR, Bl e = 1,
FERE—DIERL 0, (HASY o — xo| < § B, A |f(2) — f(zo)| < 1. HAJiEud, 781X [A]
(xo — 0, o+ 0)L,

|f(@)] <1+ |f(zo)l
PR R B A 0. B “— gk, 205 E MHE A B . W sR B B A AT X | ik,
SR A RN A AT B .
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EHE 210 #F f(z) € Cla,b], MEEEARE EAR. FAHEE-AFH M >0,
4% a<xz<bur, A |f(z) <M.

R (RE) RiZ f(z) TE [a,b] LICF, WX TAEE B REL n, f£97E 2, € [a,b]
15 | f(zn)| = n. R {2, 28 FES, IrLIRYE Bolzano-Weierestrass & BLHIAF1E
W3, & x,, — (K — oo0) —PUETFF. BIR, v € [a,b]. B [ BYIELLNE, 15
f(@n,) = f(x), (k — oo) (BRI =, WIEEEE, | f(zn,)| = nu, (kK = 00) , IXETEHY.
I, f(z) 1€ [a, 0] EAR. 0

EIE 2.11 (FfEEH) # f(x) € Cla,b], W f(x)4& [a,b] LAEIE] & KALF= 5z ]
18, BpBAE 2, € [a,b] o 2* € [a,b], BAFATPTH o € [a,b], B

flze) < flz) < f(27)

WERR BN f(2) TE [a,b) BIEZE, JTUATE [a,b] BAR. & M = sup{f(z) |z € [a,b]}.
1 B8 Y SO, TR B ARE n AFLE @, € [a, b] 1175

M—%<f(xn) <M.
XU {f(z,)} WS M. Y5 Bolzano-Weierestrass & BFIFETE {x,} BIULEL T 5]
Ty, — ¥ € [a,b]. THE
M= lim f(zg,) = f(27).

XFER T f 78 [0, 0] EBEEFF M. RBEAE f 7E [a, 0] EBE R O

I R B HE E B EHE—2, P X JR] b0 S R A, ANMEAR S, T H EIA B R
18 ( L8R ) Fide/ME CFERA) .

W, il S PR SR, BN eREL f(2) = 1
FE(0,1) XAFFXIE]_EATE X, HERTE (0,1) FICH MR, SR IWAT AR K
{H. LSRR A0, RO, 4N eR%L

o]

x?

1

29
FEJTIXTE] (0, 1) HhiZegk, (BAEMIIXIR] [0,1] BAES:, BIRA G, (HRAAAHAHA
f/IMH.

;B BRI e, FRATA
EIE 2.12 & f(z) € Cla,b], W f(x) $91EBZ— A K],

R i T = [a, b). AR¥EH(EDE BE, ATAT— 5 Y eRERAEL, AR T RAE f (%) FldRe/ N
{E f(x.) ZI8], BrLL

O<ax<l1

rx=0,1

fFU) C (), f(27)]
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F— T, ARG — D r € [f(zy), f(x)], WIENEE B, —EFLE— 5 20 15
r= f(xo), Bl r = f(x0) € f(I). M

[f(2s), f@®)] C f(I)
ity LRZERL, BV K] (f (2.), f(2")]. -

e, B4 e 2 (2.6 TR

EIE BIUERR B SR IXIA] [a, b) SR EA S R 785000 BE AR 2 T
BRI PRER

Fe o AR Y, PR A A L R B H e UM I —— B, PRI S pR L

AZERUERR AN T s B f(x) A&, WIAETE [a, 0] P =8 2 < 20 <
z3, 1% f(xe) NIE f(x1) M f(zg) ZIL FERXFMEOLT, B35 f(z1) 78 f(x2) A1 f(xs)
ZIA), B35 f(xg) T8 f(z1) A f(e) ZIAL AWFRRT—FEN LA, BT f(x) TE (22, 23]
SR, FrLL A EE B — A 2] € [xg, 23], (115 f(2]) = f(21). P f(z) AEX
[] b ——XoF Nl Y R, AN AT REA S R A, X 5 AR . BT LL f () ZEIXTH] [a, b]
IR Y.

VI 7™ et B L 3% 22 pRERY S pRESU 2 ™A% B ELZE 2L ).

AR y = f(z) 78 [a,b] LRSS, BT I SCREL £ MR R 12 FRf1m
B f SR, Wt R R 1 B9 SO R —ANXTE] [f(a), £()].

10 Jeilk fo1 WRMHERIG . RS n < yo, H oy = f(z1), yo = flag). T
Eorr o= ), 20 = fHy2). WHR 20 < 2, HT fo) BB ENE, A
yo = f(x2) < f(21) = p1, X5 1 <y MFE. I 21 < ao, BI f71 (1) < (1), X
1 (y) AT As ELR .

20 WAEIEM] = = f'(y) TEMEIR [f(a), F(b)] b A& SEVE. AT BUME BEH — 4
yo € (f(a), (). WA zo € (a,b), T yo = f(xo). MAELHIHIE (20 — e, 0 +¢) C (a,b)
MIIEEL . B f(x) BYRATRME T HIA

y1 = f(wo —€) <wo = [fl(zo) < flwo+e)=y2
W6 =min(yo — y1,y2 — yo)- W4 |y — yo| < & B, 5LA
y1 <Y< Yo
M fHy) BB AT 2y — ol < 6 B,
FH ) > ) =@ —e=fHyo) —¢

pd
FHy) < fHy) =20 +e=f1y) +e.
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B4 |y — ol < 0 B,
1f M y) — ()| < e

W fH () HE yo SEZE, By WATEME 1 (y) 4 (f(a), f(b) BEL BT f~H(y) R0 AL
(8 B S U FH 3 5 vk 2L AT O

2.2.3 —EUELSH

B e

WARERXIE] (0,1) ERYZEZEREL, IR — o e (0,1) ARZELE.

(R, R —ATER e, ST ARRMA 0, AEWR
HE |f(x) — f(xo)| < & FHFAERITERE & (EDZR) “ 754
BRI 20" B 0 < |2 — 20| < 0 ) IR i RER.
AT 2o = L, Bif

—~
H ]
I

1 1 1 f“
’f(x)_f(x0)|zz_x_0:;_n<5 EEE
v AT ZRET '
1 €
_n(n—i—a)<x_x0_x_ﬁ<n(n—5) 2.3
K, X7+ 900:%, A
€ €
_n(n—i—g)wﬁ
AREMARFY |2 — 20| < 6, B |f(x) — f(zo)| <e.
MTERL xf =1 — 2 &b, XFRE[F—1EK e, Bl
1 1 1 n
0 - S = [ - 2| = |5 - | <

7 (n— 1y (n— 17
e(n—1 P _l e(n—1
Tnntemn—1) P07 (1 n> San—cn—1)

P, T 2y =1- 1l

5 — e(n —1)? N
n(n+e(n—1))
WY 2 — 20| < &, WA | f(z) — f(xo)| <e.
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BAR, TR, W T R— IR e, 2 zo BEELE 0, XF 0 BYESRKBU™, MY 2
HAEIT 1, 6 BOVEREARHBSE. P LT T R B SE R U, RN & J2A—E0.

UERXT T A B 2o, FFESE—HIIERL 6, KB | —xo| < 6 IF, BUA | f(2)— f(z0)| <
e, MBI FERYESEM T “— 20 1.

EX 213 Hy=f(z) £ERE [ EHTL, sHEe) e >0, WwR AL 5 >0, 1%
RER—4% zg€ I, RE |z — x| <6, A |f(x) — flwo)| <e. WARIE f £ T L2
—HEEEN.

— DM BIE S XMEAR e > 0, FF7E 6 > 0, HE 21,00 € T N |1 — 29| < 6,
WA | f(x1) — f(x2)] <e, WFR f(x) fEIXTE] T F—30%LE

T RSP M TEESEN ¢ > 0, BFFTE—1 6 > 0, IR AE
T PR — G v, REYE o AWM E Az W2 |Ax| < 6, B R AR =
Ayl = |f(o + A) — ()] <.

5l 2.2.3  f(z) =sinz TE (—o0, +oo) L —FUGELL.
AP [ sinzy — sinzg| = 2 [sin 21572 cos TF22| < [o1 — xo|. FFLA, A4 & > 0,
§=¢, WY |z — 29| < 6 BIELA |sina — sinas| < e.

Bl 2.2.4  f(z) =1 7 (0,1) RRE—BHELEH.
R T ¢ = 3 RAFHUF 2 REROTERL o, ST B ARE n, M7 L < 6. I

r 1 o 1 m
r=mnmn? _n—i—l’J‘J

1 1
|2" — 2| = < = <9,
nn+1) n
e
1 1 1
2w Ty

B FIXRE—ANIESE e = L, BREKEE (0,1) EARTEAES 19 0.

16 ETGIT R, IR R EE KR [0, 1), 1> a > 0, WA —BUELE).
TS . 7L SR — B S 1 X IR e, BRI f(x) JE XA
X [a,0] I, WA

T 2.14 AFRARE [o,b] L& L9k SR f(v), —RA [a,b] E—5iks.

IERA (BGE) R f(z) 7E [a,b] EANE—BOEZR, MAATEREA IEEL oo MHI15XHE
B ARE n, BAFTE 20, yn € [0, 0] WL |20 — yn| < &, HE |f(z0) — fyn)| > 0. HI
Bolzano-Weierestrass &, $51 {x,} 15 {2, } W T = € [a,0]. I\ [z, —yn,| < -
H, Ayn,  WRESCTF 2. BT f &2 A klﬂﬁlo(f(m”k) — f(ynk)) = f(z)— f(z) =0. X5

| f(@n,) = [(yne)| = g0 BT IEIM. O
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10. =

11.

12.

SJRR 2.2

CIEPI PR - 27 — 1 7E [0, 1] WAZ M.
CUEBIPREL © — asinz — b (HH a, b HIEEL) 7E (0, +00) BAZEN, HEFESAARIL

a—+b.

MEWIRREL © — sin(z + 1) AL A

R f(x) AE [a,0] LiEZE, HAHEUE [a,0]. WEW] f(2) 1E [a, b] LA ABHA,

BIAT 2o € [a, 0], i f(20) =

WREL f(z),g(x) TEXE] [a,0] Li#EZE H f(a) > g(a), f(b) < g(b). XiE: 77
o € (a,b), i3 f(x0) = g(o).

R f(x) 7 [0,2a] L3ESE, H £(0) = f(2a). ERH: FEIXIE] [0,a] FAFAERAS 0,

45 f(z0) = f(z0 + a).
BIE: %5 REL f(2) TF [a,b]) LHEELE, 21,29, 2, RILX A TR S, WITE [a, b]
o —a €, T
F©) = —(Fa) + f(2) -+ fan)
B, 5 > 0,2>0,-++ ,¢, >0, Hqn+ @2+ +¢o =1, WHFE [a, 0] HA
—H &, R
F&) = arf (1) + qaf (w2) + -+ + gnf(2n).

. BERREL f(x) TEXHE] [a, +oo) Fi%EZE, H xgrfmf(x) e, WEM f(x) 7E [a, +00) |

RS

UEMIBRL f(2) = 252 fF (—oo, +00) LAR.

AL T T AR LE R D PR
(1) & 3 [0, 1], A (0, +00);

(2) & BN [0, 1), {HHCN (0,1);
(3) J& I [0, 1], fHICY [0,1] U[2,4];
(4) SN (0,1), (A (2, +00).

ZEGIBERH, ST R IERL e < 552, pREL f(x) XA [a+e,b— ] BA R, NREIRIE
f(z) TEFFIXIE] (a,b) LA (HAETE 2.1 56 2 L)

By = fx) FEIFXI] T = (a,b) LIESIHFHAM, UED] y = f(x) REBR f(T) &
Je— P IFIX ).

4
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13. WrREL f(x) TEARRIXE (a,0) b—BGEZE. KUk f(2) 7F o SGHRRFIFE b 55
LEM SRERAEAE.
14. BRREL f(z) 78 (0, +o0) L—HUGELE, {a,} EIEWSED. SKIE {f(a,)} WIS X
R f(x) BEEN, A5 ior, At
15. WREL f(x) 7E (—o0, +oo) [iEZE, {a,} WSS, KiE {f(a,)} IS
16. 5t —TE (—o0, +00) L HA FUEA—BUE LR pREL.
£ 2EEGM
07 y 'ILE” ’
1. WERH: PREL f(2) = v HHH IHER © =0 Abi%ZE.
z, x NICPREL
2. 8w, wa, g € [0,1], 38 (o) = Rl SR A7 4E 00 € [0, 1), iR
f(@o) = 5.
3. iﬂi% lzlﬁ :cT)\l + 3}'32>\2 + mig’)\?) (EﬁF‘ ai, az,as > O, H A< A < )\3) Z,:T:‘ ()\1,)\2) Ej
(A2, Ag) N&A —1F AL
4. W f(x) B— 2K, WDFEAE— T zo, (115 | f(z0)] < |f(x)| XHMEESEEL © WAL
5. %% f(x) FEXIE) [0,1] E#EZE, H £(0) = f(1). W XL EIEBE n, 16X 8]
0,1 — L] Hfg—xi & R £ =F(E+2).
6. UEH: AFAE—SE 2, TR 2° + 505 = T2,
7. 45 f(x) 1E [a, +oo) L#ELE H xgrfoof(w) 71, W f(x) 1€ [a, +oo) LECEARK
{8, & A f/IME.
8. WRREL f(x) & XAEXIA] [a,b] b, WRFMF: o < f(z) < b HMEE 2 € [a,b]), BHXT
[a, o] AR 2,y A [f(2) = f(y)| < ko —yl, XH K ZHE 0 <k < 1. kW
(1) FFAAEME—RY 2 € [a,b], {1115 f(20) = 0.
(2) fEH 21 € [a, b], I LB {2} wpyr = flan), n=1,2,---, W nh_)rrolo Ty = X
(3) 5t —ATESEh L S iR B, (TR o £y H |f(2) — fy)| < |z —y|, H
TR f(z) —x =0 Jofit.
9. JEM: MMEREIERE n, FRE 2" +2" 1+ o = LIEA—DIER 2, #E—H0EH

B {2, (n > 1) WS, FHREHRR.
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10. % a < b. f(z) 7€ [a,0] F¥ELE, HXMER o € [a,b) F77E y € (x,b) 1613 f(y) > (o).
SKiE: f(b) > f(a).



$3% BERABIHN S

MES2E T IRAT IS, M5 A s, S A e nT LA R AR 5 2 (] Y pREL
EIZ, Py v — ooy g R g 2 [ i OC R R BROR . o2 th & i b1gan &
15 31 5T R R P A BRI R, it G o IS R B B 2 ] AR AR R R 8. A
S A R BT (CWRRN TR ) . Sr SE MRS AN R 8 S S T AR ). T
AR — DO R B0 Th B 21 . R SR PR P L ) S BCK pR S R )
L’Hospital 350 LK pRELAY Taylor 5545 N 45

§3.1 S¥

3.1.1 SHHEX

HSEAE PSR A LA B A5

1° HERITlZ

BRI 4R Mg - . SR, R RS REA A
S i W L E SO R B UIZR. SR, X T — e 2ok i, sk i 72Ut A& & 1. flan
XL (K 3.1) , BAR RS T—m A BEZA 24, AU Bt A2
2. Xt TRl 3.2, HASCKURITZ T ML, WARTESS . A Kb, HENIZE “UIZ” . X T
Kl 3.3 HEYHHZL, 75 A S — DR TEREAL, 5T T — rny U1 S P 2%,

~ \ /
A AN /
A \ /
N\ 4

/ z / z N
/| SN

& 3.1 &l 3.2 K 3.3

M4, iz E X — 2R iR DIZRE? — A~ al AT Ry 2 N FIZOT iR, Bk C
B My F M, AL L (18] 3.4) , Hui M AL C WshE] Moy i, W2k L
A WIRALE” , FAMER XA RO E” ERYEZ [, & OIhZAE s Mo i)
.
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P S HZ AT R HL S o B IE Y
Jeff o RFAE. EXAIAM o BARIE o B E AT
W B I EE SN, A R SR E AT
HrAE, R E 0 < a < m. AENIEY] tana
CUSRAFAE ) PR LR RER.

W a(M) JHIZ MoM 5 o e s, anli

lim o(M) =«
M—)Mo

MR FRAE o WIZRE Mo A1 o Jhiidess.

AR Z C HpRE y = f(z) T (BE B2 KA f(x) MEIZ ), B M,
HIARARIE Mo(mo, f(x0)), 35 M BIAERRIE M (2, f(x)), FrLABEIZARRE
f(x) = f(zo)

tana(M) =
T — X

B A SRR BR A o Rl 2

lim Jlw) = flao) = lim tana(M) = tan«

T—T0 €T — IO T—T0

AR e T AR BRAFAE, 2 R DI R ) .

2° ELXIT TR A AR 8] iR

AU H AR AR G B — AL BT AT I Bl 0 PR B 5 R 22 8] 1 56 R Ol
S = S(t). FULIEM to B ¢ XBET I N, 5k 32 3 i T 249 i 2
S(t) — S(t)

t—to

AR, XA I AN RESE A R TS AE o B ¢ X BEHA] N B LR R 12 sh L. nsf
BT iR S AR R — B 2032 Sh AR R (R RE ) | UL RSP A ek ] ) ol A
FEo, anSRAR PR

v =

lim 7 = lim —S(t) — 5(to)

t—to t—to  t—tp
FEAE, WIBR AR 2] to I, Ji A iz Bl A B B i
TCie e J LT A I ZE RIBIER, 0 2 P v g DAY 24 1 38 30 IR T 52, AR IR Py %
SRR ZERTBIIL X, 20 W AT PR E— R AR AL R B B A — PR A A R
A A AR A Z T Y HER. FRATTPRE A G ok, wilAr 1o T2 E .
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EX 3.1 &K y=f(x) £ zg AR T A EL, BT 5 £ B GHIR

i (@) = f(z0)
T—T0 T — X
B, MAREH y = f(z) £ xo 58 (HBA ), AR [(z), $| & E| , A&

f(x) £ 29 TH.

AR, PREH S E LA B SORI 3 R SCIEJ2 pRECRMRAE — s U1 2R U ARER 530
B ZN R R R 0L, O — AN R A

OB WIE T, Lk SURIE, X TR f(z), YA LR « f£— 8 ﬁi‘

— AR Az (LE Az ALIEA] B, HANCHE) | W] pR BUIE A A — > 1
Ay = f(xo+ Ax) — f(xo), f(z) TER zo AR FEL, BUZEM IR L (RIZERY) E’J*&BE
) = gim, 52 = i, S

AN SR eRELE — i 1 RO AE, #ﬂﬁﬂélﬁbﬂﬁ@1§ﬁfl7 OV IR, — Rk
T RAE— A 2L — oo (Ax — 0), BIREI I GAEIZ i DI RRIE 0S5 K, a2y
LFATT y . AF&Tf]—ﬂﬁK%ﬁﬁﬁE@ﬂ]éﬁ.

L R LR —FF, W5 Ehie s B B ] S BRI eR AR — Y
FH AREEEA ER.

EX 3.2 XFIHK flo) BE vy OEREFHEZL, 40k Az >0, B

lim fzo + Az) — f(xo)
Az—0+ Ax

FHle, MAREA f(x) £ xo 98T, TR [ (20), AR flz) £ xo ETF. EMTE
Sy = f(x) £ zo AT FAE M AEFH f (x0).
AR, f(x) TE zo AT MR VEFMZE f(x) 7 oo £, AW, IFA

fi(zo) = f/(wo).

EX 3.3 R y=flz) ERWE [ #9&F—5#TF, Nk f(o) £ ETF. R
Ra I QA% 5, WA &L, f(x) REA AR 6 M T F1

Iy = f(x) FEKI T i — SRS, WA 2 © € 1, MIER
v — f(2)
SUBRET T ER—A R, R f(o) ISER, OW (), ), 2, 4 A
Bl 3.1.1 & y=c (¥, K.

= lim £¥ = lim < =0.
;T Am 7o = lim
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MBI LF, y = ¢ Je—FKFHLE, HETE—SAAE R AERYIZL (HBKF
EZ) . NYEE B, —Aia 3 58 i BE B AT (T i 202 o, DA R/ kY, H
RIS 2SR 220 2 A 2. i TR AT AU B 3 85 A A R 2 i) pR B LB y = .

Bl 3.1.2 & y=2a" xe(—o0,+o0), Hin BHAKREL Ky,

2 W TATEIE 2, I

n(n —1)

5 "2 (Az)* 4 -+ (Ax)"

Ay = (z+ Az)" — 2" = na™ Az +

[
n(n —1)
2!

L+
Bl y = 2" I REUE o = na™ !, SRREIE R (—oo, +00). RN, 24 n =1 A,
PR y =« WSRECHHEERE y = 1, Bl y = o TEE— SR RERATZ 1.

B 3.1.3  RIESXPREAIA L pRELAY T PR ER.

R I y=sinz, € (—o00,+00). MXMEE— =,

A
y = lim 2V lim |na 2" Az 4 4 (Ax)"H = na™h

Az—0 Ax Az—0

A A
Ay = sin(z + Az) —sinz = 2 cos <:c + Tx) sin 795

1 cos x HYZELEME L] K FEAR R

lim =1
x—0 X
4
+ A
. Ay . Az . sin ¢
lim —= = lim cos(xz+ — ] lim < = Ccosx
Az—0 Ax Az—0 2 Az—0 Tx

Bl (sinz) = cosx, ZEAATF (cosz) = —sinu.

Bl 3.1.4  RXPELREL y = log, z, © € (0, +o00) M FREEL, XH o >0, H a # 1.
& XFTEEMN 2 >0, A log, = Bz H

Ina’
Ay log, (1+2%) 1 In(1+2%)
Ar Ax ~ Ilna Ax
FUHIBBR (L §2.1 451 B1.6)

lim In(1 + x) _q
z—0 €T
2 X
(log, @)’ = rlna
FEAY o = e B, BIHAGEE RN
(Inz) = %, z € (0,400)
HIE T I, XS T LA e ISRy B SRR R0 R TR B
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B 3.1.5 KRB R S pR L

3, >0
o]

22, v<0

fR PRAEL f(x) HIREL y =22 (2> 0) A y = 22 (v < 0) 7E x = 0 KPFEE AL,
Mo >00, f(2) =322 Yo <0}, f(x) =2z, 4 =0 [,

_ 3
i JO+A2)—f(O0) . (A2) 0
Axz—0+ Az Az—0t+ Ax
_ 2
i JOFA) = fO) . (A2)” 0
Az—0— Az Ar—0—- Ax
LA
322, >0
fley=9 0, ==0
2z, =<0

T AT eR ) T pR B AT, T L pR T S SO L . X RN 21
IRHY.

EIE 3.4 F f(x) £ 2o TF, W f(z) £ xo L. B8R, BRHE—E 20 R
Iié'j':, E’J/ﬁ- Zo %Z:T’T%‘

UERR 2R, HFR

z=T0 X — Xg
F77E. FrLA
i (/) foo)) =t (L= ooy
= lim (@) = J(wo) lim (z — x9) = f'(29)-0=0
T—T0 €T — "'BO T—T0

BB, TE w0 WIMHE, {00 3R W > 0 1 M > 0, ff
‘f )

<M (0<|z—x<r).

r — X

B2 0 < |z — x| <r BIA
|f(x) = f(z0)| < M|z — 20,

fir T — xo, WATEHIE. O
ST B FS AR AT, B R R A T 5
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Bl 3.1.6 PREL f(x) = |z| 7 o = 0 AbIELE, HETE 2 = 0 AA[ R,
IEBA Y4 o = Onf

Ax—0
/ _ : _
f+0) = A Ay b
—Az -0
'(0) = lim = 1.
f-(0) Axl%o— Ax

FIRLL f(x) = |z| 76z = 0 AR, 1R, AEI3.S AILVE Y, REE « = 0 A — 1Rk,
RI7E = = 0 A, FrACA I,

Kl 3.5 € 3.6

B 3.1.7 BRE f(x) = 2'/3 AE x = 0 @LE, HAT S
WA 7E 2 =04k

o (AP
Avto Az Arbo (Ax)2/3

= +00.

XA U B pR B SO AEAE R 55— MBI — 0 R TS5 K7 1Y)
2. Wt f(z) = 23 MEIEAE (0,0) AbMIVIZFATT v Fh(ILIES.6).

DL 1 2 pR B T — U] 2. AR 2 28 i S R A T AT
. A NIEIF I & Weierstrass ¥ 42 tHIFA01E T — NS850 L ababig 2 | (B2
ARAEAN PTG R X LU U RH , pRERZE SN R B ] S, A BRI, R
e S AN ] E SC, FATTH T DUREIIX Fh 22 1) S0k H U P Al R g —Fi s
FRPERS, BIY B AR AR AAR /NI, e O B AR A AR IS T AT S DU 2 X A A Y
— g R ZIR, B R EOHE B AR S H R A AR AR AR AR B A 1A BRI

3.1.2 SHH/ENzE

EE 3.5 K f(o) Foge) TH, W f(2) £ g(2), f(2)g(z) A LD (5 g(x) #0
i) F T, A

17 (f(x) £ g(x)) = ['(x) £ 4'(2);
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20 (f(2)-g(2))" = ['(x)g(x) + f(2)g'(x);
30 (@ )’ _ [@)g@)—f(@)g'(x)

9(z) ) 9*(x)

R T 10, HiEm SR E AR R AIZSE R AT IERS. 5T 20, AT R AE S

ot

f(z+ Az)g(z + Az) — f(z)g(z)
= f(z + Ax)g(x + Az) — f(x)g(x + Az) + f(z)g(z + Az) — f(z)g(z)

FEARYE A S R L, 15

Axz—0 Ar
_ oy S AT)g(+ Ax) — f(w)g(x + Ax) + f(w)g(x + Ax) — f(w)g(x)
Az—0 Ar
=A% et AX; — @ 0+ An)+ Jim f) 2 AA:IZ —g(z)
= f'(x)g(x) + f(x)g'(x).

KT 3, B, B g(o) FE8 o AT S, BRIFEIR - RSk, FITE o A, 4
P g(x) # 0 BWRELE o MIIHE g(o) WARBHE. FFLY A ARG Ax JE35 /T,
g(x + Ax) # 0, KA

1\ , 1 1 1
(m) ~ A As (g@: T A g(a:))
o L 9@+ Az) —g(2)
Az—0 Az g(z)g(x + Ax)

| | g+ Ar) — g(a)
= — lim - lim
Az—0 g(z)g(x + Azx) Az—0 Az
_g'(@)
9*()

il 20 Bpf53|

B 3.1.8 ¥ f(x) WIS, W (cf(2)) = cf'(x), H ¢ BHE X452 BR.

Bl 3.1.9 3K f(x) = 2?(sinz + cosz) M FEL.
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iR

f'(z) = (#*)(sinz + cos x) + 2*(sinz + cos z)’

= 2z(sinz + cosx) + x*(cosz — sinx).

5] 3.1.10 >RpPREL tanz M cot zHIFEL.

fi#
(tan 2 sinz\’ (sinz) cosz — (cosz) sinx
anx) = =
cos x cos? x
cos? z + sin? & 9
= = sec” .
cos? x
STy
(cotz) = —csc? .
Bl 3.1.11  KpREL secx Fll cscx WIFEL
fi#
( y 1y (cosz)"  sinz
secx) = = — =
CoS T cos?r  cos?x
= tanx secx.
]G
(cscz) = —cot zcsc.

3.1.3 EaRFRKREZEN
PAETTIS R A PRE R Sk ), 3l FR R S s ik .

I 3.6 HIHKy=g(r) EXERNE T L, &8 2= fy) EXLERXE J L, B
gy J. #eR g(z) BL v el &7TF, W fly) £5 y=g(x) TF, ARLALESJHK
fog &£HE x &ATF, A

(fog)(z) = (f(g(x))) = f(g(x))g'(x).

WERA BB 20 € 1,38 yo = g(zo). XHEINTALE zo M g(zo) ABAIEHTLEX [H] (Y
S T D0, X0 T Bl s A S U0, UG AR T TE ] A A — S fey BB k. 2 X

f(y)—f(yo)
Wy = =Y F Yo,
f' (o) Y = Yo,

IR, h(y) 15 yo HELE



78 38 TR REI

TR
flg(@)) — flg(x0)) _ h(g(x))g(fc) —9(z0)

XAER R g(z) = g(xo) B, EXPIEHETO0, 24 g(x) # g(xo) B, M h(z) MIE X,
N

flg(x)) — flg(xo))  flg(x)) — flg(w 0))9(95)—9(%)7

T — Xo g(x) — g(xp) T — To
RIILHNT. 2 x — zo, RYE h(x) TE xo WIIESNE | WA
i 1 9@) = flg(wo)) _ h(g(l,))g(:v) — 9(o)

T—x0 T — X =20 T — o

= h(g(z0))g (o) = f'(9(x0))g'(x0)-

IXCFERLSE A 1 e B TER . O
FEH 36| AT DA IR Al
@ _day
dz  dydz’

B, AniR 2 J2AE s o A REL TRAEEy y, IBAR TR 2 X o R0 &, ISk
2 XA y BT G, BRI y X o BORLES TR AR R 2.

ST 22 E A Rt B 3.6 th i A3 IS MUAYR k. B0 y = f(u) X w AT,
w=g(v) X v AR, v="h(z) X z 7]}, BE—DREEEEE STERT— R E0 e X
i, WG RE y = fogoh(x) X » HATS, MiH

dy dydudv

dr  dudvdr = f’(g(h(m)))g’(h(x))h’(x).

51 3.1.12 3K sina® BIS%0

AL 2 =sinz®, PR y = o2, WREBATLUBE N 2 = siny Ml y = 2° BE 5K
B OrLL, R EER R A
(sinz®) = (siny) (#*) = cosy - 32% = 32% cos 2°.
MIXAMGF T LA H, SRE G R0 S5, 8 e 200 R B0 i MRS i 02 5

T RSEAY, ALt i, B v ) A

] 3.1.13 K z = sin(cosz?) W FHL.
i IZRBUE 2 =sinu, u=cosv, v=a2> = PREEEMBN. BTl

(sin(cos 2?)) = (sinu) (cosv)'(2*)" = —2z cosusinv = —2z cos(cos 2°) sin 2°.

Bl 3.1.14 K 2= (1—2)° WFEL
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R (1 — ) HEmECERRIT, WH] (27) = na™™t DIy Nz, Al L
SRINZPRBA PR (BSRAARZ R BRI 2 = ° My = 1 — = WS, MR E N
B

(1=2)") = (") (1 -2) = -9 = -9(1 - 2)".

Bls11s k- = (12) mss
g %R ;&TU\ﬁﬁiﬂzz—y?’ﬂ]y—li R A eREL. P
1—x 1—x)2
(1+$)2 2 6(1 + x)?
=3 .( =
Bl 3.1.16 ¥ f(x) 7E5 « RIS H f(x) # 0, WeREL In | f] 760 « 7], H
f'(x)

Gti) ’_(y) <1+x) _3y21~(1—x()—(1—|—x)(—1)
1—2) (T-22 (-2t
flz)

(In[f])" =

Rl A '
(In|z]) = i # 0.

B T f(x) 754 o ATS, FrlAEZE, BRIAEfE— D8 o WIXIA] (2 -6, z +9),
5 R f e LB’JEI@%HH? ERE:: ?" (x — 0, x +6) LBUESH, [f] = f, AP
In|f|=Inf, BRI 2=y, y=f(z )EI/JE/\ 2, Ktk

(Al = () o) = - o) = 22
M (v =6, v+ ) LEWGASEL |f| = —f, Filh In|f| = In(—f), ER&KE 2 =
Iny, y=—f(z) BEGREL, I

(In|f)" = (Iny)" - (= f'(x)) =
I EFIR, B AT a5 R
3.1.4 REHHIKSEN

FRAVALE, AR e f R R] S, HA KR f~1, W f A2 538, i HL
PRI f 1 A SO . QSR % f Al T, FARENR], HR R BUR SRt n] &, AR
BAREEER, AU T35 5 R B 457

I 3.7 Xy=f(z) BRNA T L&Esg BFRZHK !, 40R f AL 20 T
—%‘, H f/(ZEQ) 7é 0. N’J/EX/EEJE] J = f( ) é’])iuif( f ! /ﬁ—,ﬁ\ Yo = f(io) ’&JT’?‘; H

(7 (yo) [ (wo) = 1
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B3 X .
1 _
U0 W0) = 56y = 70000y
WERE TR EXT 29 DA S yo AN X 0] v s TS LA TIERR . X TFim s, Rk T4
SEWE— R BT
Mo &, R B £ () BT S, S
. 1 y) — f(wo)
Y=¥Yo Y—"%Yo

IR EBAELE. AN = f~Y(y), 20 = f (o), FTVA
Sy —fHy)  w—xo (f(x)—f(xo))_l

Y=Y - fle) = flwo) T — o
R =~ (y) WL TS y — yo B, 2 — zo, 78 EXPINS v — yo EIFE
EHEE . O
DER T

1° Z&ED, AR —AAXFERTY, 28 y=flo) RIBHK 2= f1(y) HEILA
Bl. FASTFEEE—E (v,y) R¥OWE L ARk y=f(x) WAEA, L45F3%2 L
5 HEBHAEMHE ¢ B EGH X Ao 0 E tana, Az = [N(y) 84 EE L 64}
ERALL5BEZT y ARG y EANXRAS (a+8=T)8MEW tan g, HH
I e E

2° o R f'(x0) = 0, BP AKX — % (20,%0) (yo = flxo)) #IMEFATT = 4h, HL
Aox=fTNy) MAEA, MRS B RS EGIS y EHERZLE K. A f(y)
Eyo=flro) FTF(RFHFHEALFTK) . #Hldw y = f(z) = 23, X2 —NTRKER
¥eyik R, KRB E o=y =yy. BA f(0)=0, Pk fly) £y=0R
TF.

3 —fkBt, IMERMNA 2 AF—NDIFWALTE, y A TFRLEE. IAERE
HRRFOELT, BAEFL y = f(v) WRBHA y=f'(z). EEMLF T, I
y=f(z) et R y=f1(r) B%EOry FELEXTALK v =y AR,

B 3.1.17  RJx = AR TR %L

& y=arcsing JE x =siny, |y| < T BIEEL, Ml 2 =siny 7EXE (-5, T) KN
A5, H (siny) = cosy # 0, FJ?U\T‘X]LJ#E/JI:IEH (—=1,1) N, y = arcsinz A3, H
1 1 1 1

. /
arcsimr) = " = = = .
( ) (siny)"  cosy /1 —sin?y V1—a?

[l Al 4% X

. T
V1 — 2?2

e(—-1,1).

(arccosz) = —
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MIEH KA y = arctanz, ‘BJ2 © = tany RIRRE, BOVTEXE (-5, 5) W,
(tany)’ = sec?y # 0, Frld

T S D
(tany)’  sec?y 1+4tan?y 1+ 22’

(arctanz) = |z| < +oc.

KA

(arccot z) = — |z| < +o0.

1+ 22
] 3.1.18 FEBPREL vy = o® WIFRREL XH a >0 H a# 1.
R ig yﬁ( oy = a® BXEEE 2 = log,y B EEL, MAEXIA] (0, +o00) |,
(log, y)' = yira # 0, FTLARRREL y = o AEXRLEYIXIH] (—o0, +oo) AT,

1
(log, y)

=ylna = a””lna, RS (—OO, +OO)-

(ax)/ —

T, M a=e B,
(") =e", z € (—o0, +00),

RILL e SHJR B4R R B S R B T A B 50 b ORI R e P . LA
JEFRATTRE 2, 5 R XA pRAC— B IE L T LA e DAY LKA, BN n] S pR 4
FHR f = f, 0 f(x) = Ce®, Hrh C BAEEHE. WX DMAER, UL e NIRAYHEER
B e DIRABBI S R (L e AR AYXS R ) In o B —E BUFFIR LA AT LR ).

Bl 3.1.19 K y=2% (z>0), X8 o BEZIE EN (22) = az* L.
IR Y o 2 HAE (AFh o = 0) B, AT ZARE R BB E LT T uEH.
Moo # 0B CHRWOFEER ARED) , 2% = e EREMRE vy = ¥ FIEE v =alnz

A REL PrLA
dx® de du

dr ~ du dz

MEL EFAS AT, Wik o > 0 H a ;é PREL u = u(z) FERL o AbT] S,
PRELy = a*®) &y = a* Al u = u(z) & *&E?foﬁ\—fﬁﬂg e
() = a*@/(z) Ina.

WIR o BAEEFE RE v =v(z) 7 = 47T T, H v(z) > 0, W y = v*(z) £ = &b
W, BREGR (vY) = av 1/ (2). ZEE LSS, RITE

Bl 3.1.20 ¥ w(z),v(z) AISE, H o(z) >0, WEE y = v(x)“® Al 5 HSHE
U(ﬂf)v’(w))

v(z)

u

(07 _
=% — = ax®
T

(0(2)* @) = v(2)"® (u’<x> Inv(a) +
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iR [l gy = ev@Inv@) Bpgkl ¢ = v, w = u(x)Inv(z) WES, Bid y 7 = &b
TR
y/(l') _ eu(a?) Inwv(x) (U hll))/(.l’)

— U(x)u(-fc) (UI(IE) IHU( ) (x)vl( )) .
ARE AT R A2 7F y = u® BIPHBCTEL, 15

Iny(z) = u(z) Inv(x)
Kz Pimxt o 18, A

R As AR

B 3.1.21 3K y = we® B PRELHYFAL
fR X AN S R R TR R ¢ AR v MRBOEXT ¢ 1 ToR 215
1 =2'e” 4+ za'e”

A

92
1o BB Hh 5 sk LA — 4G Bk AT Al A R AL A AT
3 BAAR (BR) 4 B BRA, BT IR A R AR
2° T WFAE p(r,y) = 0 BB EBHSIEBH REAET —AEILH A
TR, EHZRERLABENAEZRIFHT. AXRFBOASKES —HFN2.

3.1.5 EXVFHRHHIE

Z I, BAIERER T NIEAF R 2B, IEEATE:
() =0 (cHHHD);

(sinz) = cosz; (cosx) = —sinx
(tanx)" = sec? x; (cot ) = —csc? x;
(arcsinz) = 11_I2; (arccoszx) = — 11_12;
(arctanx) = 1+1x2, (arccot x)’ Hle,
() = () = 4

(ai) =a"Ina; (log, z) = ——;

(



3.1 S 83

FeAI 178 B A 5 R A 5 PRAIHR 2 A0 55 PRI AR
B~ IFs AR SR UGz 25 RBeR T (BEREI) LUK pRBOR =,
ANELRT LRI 5 4 552 pRESCTE HESE SN 2 m] 1, ity Hon] DOR HE ARG S8

3.1.6 BEHMSH

By = f(o) fEXIE] T ], BERFRE Y = f/(o) WY RE f 19— Fr 8 i
y' = f(x) VB = BYRREL, T5Ral 5, WIRRZ A R8O — B8, ek 7 (x) = (f' ().
PABEZEHE, WAL f(2) IS n — 1 Br SR B3R al S, WIS BB f(2) B9 n B
1, I
)

dan

Y@, ), Thw), & )

B

, . dn d [dn?
F @) = (F V() 8K ﬁ = (dxn_{) :

5 B BT SR AT BRI AR]85, AN T s Sl A B VR BT E] ¢ pRERCH
s = s(t), MH—H FECHHEE o(t) = /' (t), B FEOVIERE a(t) = v'(t) = s"(t). ML
fo] 1 I —Br- B VIR, — B B0k Z0m th & 2 i AR A (1L§3.5.2) .

MFEE SO, — A sREU S RO T ) B RS (UL > B 55
12 @) . X sRECK SRR, XTeREIR G Z. DL f(2) = |o| XA,
ZHREE = 0 A5, sREEIRAE A — R, AEH. FIb—AS R0 5, 3w
TE G HFRRBOGHE . sRECEAT RS A S B4, W ekt i . B, —m =, &
B P2 st by

WERPABREL w(z) 1 o(x) EBEA n BrFEL IBA BARA

(u(x) +v(@)™ = u (@) + v(2).

(B2 X T BN RARA = -S4, WA

EI 3.8 (Leibniz ARX) & u(x) F= v(x) #H n B4, 0

(uv)(”) — Z C’,’ju(”_k)v(k).
k=0

IEBR X n FHIEANE. n=1 BEHERARM, B n > 1 KA

(u0)® = 3 Ol R ),
k=0
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L
n /
(n+1) _ k, (n—k), (k)
(uv) Cru v
k=0
_ Csu(n—kﬂ)v(k) i Csu(n—k)v(k—i-l))
k=0
="ty + Z Chy =Ry (B) Z CF= Ly 1=R) (k) g (n+D)
k=1 k=1
k=1
n+1
= Z Cﬁ+1u(n+1_k)v(k).
k=0
A48 0, o BT O

BI3.1.22 B Pale) = ana™ + an 10" b oz g B 0 RETR, RKE
)8 B2
o RATA
Pl (z) = napa™ ' 4+ (n — Dap_ 12" 4+

HERE— n — 1 T, T2 T R 8 R 2 AR T —K. ke
R, HOREVE k(1 <k <n) B, HESRE—D n -k RESTIX

PR (@) =nn—1)---(n —k+ Daa"* + - + klay.
Rl k= n KBS, HEAUE—A 8K
P™ () = nla,
2SR FAREE T nik (k> n+ 1) B, HE5RAAE
PW () = 0.

It A2 285 2GR T, BORUCEBOR BT, B 2%

XFF 2, AT W] DUIE B RE— 21

MR 2o BZWRX P, (x) B9 r WER, B P, (x) 7T LIS

Po(2) = (2 — 20)" Qn—r(2),

Hrb Quor(2) 2= n—r WEHK, H Qn_r(zo) # 0. W P (x) WL

Pn($0) = Oa P/z(x(]) = 07 ) P£T_1)<x0) = 07 PT(LT)(xO) 7& 0.
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BEF AT Leibniz A 200K SRS TIER. F52 ) IR FAFFH A

i IR BEHCE MR, (I & LAET 3 AL E—A- 1] S R By & 5 1 &
B BN eREL f(x), IR

flo) =0, f'(w0) =0, «++, fU7V(w0) =0, f(xo) #0.
WFR 2o R f(z) ) r BEER.
i 3.1.23 3K f(z) = e, z € (—o0, +o0) MM FE, Hi o 2HE
B () = ae™, (e™)" = (ae") = a2, -, —MH

(eam) (n) _ et

Sl
(em)(n) — o
] 3.1.24 3K f(z) =In(1+4 ), z € (—1,+00) I n HrFeE%L.
g B8 TIE

n —1)!
M:(_l)n*(n 1)', n=12--
dam (1+2x)
51 e
"In(l +x -
_ =(=1)" -1l
G| = e

B 3.1.25 K sina Ml cosx 1 n B FeR%L, 2 € (—o0, +0).
iR HECHA9NE SN

(sinx)(”) = sin (:c + %) , (Cos:c)(”) = cos (x + %) , n=12---
Feall, 18z = 0 4,
(sinx)\™ ;=0 = sin — =
2 (_1>(n—1)/27 W n WS

(cos )™ |, = cos L — (=12, 40 n AR,
N 2 07 ﬁﬂ n ﬂﬁﬁﬁ

B 3.1.26 K (1+2)%, x € (—1,+00) B9 n B FrR%L.
B AR R EOR RN 5

(1+2)M)" =a(a—1)(a=2)--(a—n+ 1)1 +2)*", n=12--
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(14 2)*)™ L =ala=D@=2-(a-n+l), n=12

%l 3.1.27 ¥ y = arctanz, 3K y™(0).
& hy = e ATH, BRE arctan « AERERH AL H

(1+2%)y = 1.

H Leibniz 220155

(14 22)y™ +2(n — Day™ Y + (n — 1)(n — 2)y™2 = 0.
¥ 2 = 0 AT A

y™M(0) = —(n = 1)(n — 2)y"2(0).

HTF y(0) =0, y'(0) = 1. W

y*D0) = (=1)F@2R), y®P(0) =0, (k=0,1,2---).
3.1.7 SHABERTERBNSH

TEHALIRRT, %

5 LI R
r=r(t) = (@(t), y(t)), t € [a,F]

X FCHE SIS B 3, ST, B o Al y (S ¢ R B R

S AR (r) FAEH I, FUR I REAOK S o P T 55 4 2 W

|z —y| = /(21— y1)2 + (22 — y2)?

PR (L LSS A 2 M BE RS ) BDAT. e s SGESEvEns, REEAT (1) —
r(to)] < e WAEEH I | f(x) — f(wo)] < e BIAT. IXREE IHELENE SO BN 2 (t) A y(t)
SE RISV LS. T T IR () AP E U

I
ERE EAR AW PR R, B, B FRAETE S T4 S A L OB BR A 7. 1A
Sy TUAD=TW) ok gL i, I, 24 A — 0 B HARBR /(1) SRR
(z(t), y(t)) WPIEIE 7/ () = (2/(t), ¥/ (t). AR v () FoREIETRAAE ¢ B2 T A A B
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o, T () AR RS SN ) B DGR, SO R R N R, TR
2 2%, 220 R I S U, 2468, AR T B R A T
DA S0 R A R (1) L, AT — TR R B AR, X () R

TP 1 LS BOBEFOR I AL, A1RAE— T LR y = y(a), IEAM
x, y MBSt TR, ATUHES I y X o AR BARERRATE .

WSHTE
{x = z(t),
t € la,p]

y=y(),
FORMPRET S W 2/ (1) £ 0, H 2 = 2(t) FAAE FER R t = t(z) = 27 1(2) fRA
y =y(t) =y(t(x)), HIEX = KFH
dy _ dydt
dz dtdx
FIF © = 2(t) B RECR S

de dz () 1
dr  dz 2 (t)’

I
-
!
8
L
=

=7 _ t =
dz  2/(t)’

MIUT &, MRDIZR R IER D) R 2 L. ARAREOR T, 15 34k
d?y d (dy\ d [dy\ dt d [y(¢) 1
dz? ~ dx (@) T dt (E) dz — dt (a:’(t)) /()

_ Y02 (t) = y'(H)" (1)
('(t))?
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#
w

1. IS NAREE S o = 0 b2 &

+1, 20,
(1) f(x) = [sinzl: () flz) = { '
1, x < 0;
3) f(a) = a?sinl, oz #£0, @) [(2) = In(1+z), x>0,
1, x=0; x4+ 1, x < 0;
(5) f(z) = [z[e”; (6) f(x) = |2°].
2. 2K a, b BYME, 1T 5] pREAb AL 7T F:
22w <1, In(l1+z), x<0,
(1) f(z) = (2) flz) =
ax + b, x> 1 ax + b, x> 0.

3. WREL g(x) T = a LiEZE, 2 f(z) = (2 — a)g(z). WEH f'(a) = g(a).
A PREL f(x) 75 zo AbA]T, TR

5.ﬁ@ﬁf(>fx—a&‘f§ﬁﬂf()#0 WERAPREY |f(2)] 7 2 = a AT R 5
fla) =0, B2 L7

6. >R T4 pRER A 4L

1) y= 32°+9z—2. 2) y = sinx tan x + cot x;

( 5048 (2)
(3) y=x 10g3£L‘ (4> Yy=1 cosx;

:C2 nx
OFEE= +i 6)y = zrems
(MNy=(@*>+1)Bz—-1)(1—2%); @B)y=2> tanz Inx.

7. SRR A R S EL
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10.

11.

12.

13.

(1) y = 2V1— 2% (2) y = V1+ I’z

(3) y = arccos 2%1; (4) y = (sinx + cos z)3;

(5) y = (sina?)?; (6) y = \/z + o+
(7) y = sin[sin(sin x)]; (8) y = sin[cos® (arctan z:3)];
9) y= (ii—ﬁ)g; (10) y = 2v/1 + 22 sin z;
(11) y = eV (12) y = In[ln*(In’ 2)};

(13) y = 2™ + 2% + 2% (14) y = (Inx)*";

(15) y = (tan z)°t%; (16) y = 107 - (sin x)°=%;
(17) y = e (18) y = 25 72t

B f) = K P?) 5 [FE)
B f() =Tl VIF D), glo) = K P, [flo@)])

B f(x) AbabRr: sk L.

(1) y = f(z%); (2) y = f(sin®z) + f(cos®x);
(3) y = f(e” +2°); (4) y = sin[f(sin f(2))];
(5) y = f{ff(sinz + cosz)]}; (6) y = f(e™)el ™.
IRV GURS A @
(1) y = {H—// z#0, (2) y = |1 — 22| sina
0, z=0;

n i 1
"sine, 1 #0, S
0, z = 0.
(1) M n=10, f(z) fEm =0 AR
(2) =20, f(z) 7EM = =0 LT, HFREE © = 0 AES (FL L, T8
X — s A 2 A )
(3) B n =30}, flo) 7EE =040, HRRETE » =0 AbiEsE.

B n NIEEAR, BB REL f(2) = {

2 i 1
resin =, z#0

VW B f(2) { CEBCH] [~ 1,1) [ AMNAT S, {05 B %
0, x=0

A X TH] EJE A
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14. 3K 51 R B SRR
(1) y = ze™; (2) y = arctan 1;
(3) y = 227% — e22; (4) y = In(e” + V1 + e%7).
15. UEW: RIS B4 s RO A7 PRAR 10 AT S 09 25 PR S RO 8 PR
16. UEM: RS A JE 5] pR i) S 50 2 R ) pR
17. KA &=y A
(1) Py =142+ 32+ +na"};
(2) Qn=12+2%+ 3% + - +n?a" %,
(3) R, =cosl+2cos2+---+mncosn.
18. KM A1 R — B 4L
(1) y=e (2) y = 22"
22, x>0,
(3) y = (1 + 2?) arctan z; 4) y=
{:c2, z <0
19. BRREL f(x) A4 =BT, oK 7,y
(1)y:f( %); (2) y = f(e” + ).
20. B f(x) = 2™[x| (nKIEHREED), WEW] FO(0) F77E, (EF D (0) RIFTE.
21. UEH: AR xg 22T P, () W r FAR, B P, (z) ATLASMi L,
Po(z) = (2 — 20)" Qn—r(2),
Ho Qur(z) 2—1 n —r WEIIE, H Qu_r(z0) # 0. W P, (x) 525K
Pn(:L“Q) =0, P?”l('CEO) =0, -, Péril)(xo) =0, Pér)(xO) # 0.
22. KM R R = AL
(1) (x2e®)™); (2) [(22 + 1) sin z]™;
®) (sboms) (1) (sinz - cosz) ™),
23. SRMIZL y = cosa 1 v = T AERIPIZTTHE.
24. UERH: WU oy = 1 FAR—RACRYDIZR, S5 AR BRI ) = A8 A TH BN RE (H.
25. H—IEAER rem, B4 h em RIERISIE RS, UL o cm?/s BYHEE A TH0HS ) H:

NTEAK, SROK AT LT EE
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26. KA =24 18 cm, JEFEFEN 6 cm BRI T R A BAZY 10 cm BB .
IR S FFREE D 12 em IR BERESR Y 1 em/m. R BFSE R HIK
ST TR
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§3.2 sy

3.2.1 WOBEX

Wy = f(z) fEHE—m o KA E SC AR AZSE R In— A Be i Az, T pR
BUE y MNLRECAEREUR Ay = f(r + Ax) — f(z). PIPBUER Az Al Ay Z 18] H PREL
[ o A PIRSCR . Wi, X% f, B4 E—afa, EX A NI R A
X —> PREUE AR & Ay, RSP SCRAE Ar = 0 BRI TAMERR,

Ay = f(z+ Az) — f(x) = AAx + o(Ax), (M Az — 0 H)

Hh A= A(z) 5 o & CHRE Az JER) , WIFK f 18 « AT, ZRPERRIr AAz hpR%R
y = f(x) 1& = LR 5, idh

dy = AAz, B df(zr) = AAx.
X
Ay = dy + o(Ax),
WYL, dy JERBE R Ay 176 Az — 0 BFAYEZHS (55— Ar S BG
5/ )
TEER, WARREL f 7 o 3L, B Ay = AAz + o(Ax), U]
lim fla+ Av) = Jlo) _ = lim % = lim (A + o(Ax)) =A

Az—0 Ax Az—0 Ax  Az—0 Ax
W, R — S5 RZ, R f 18 o 2bnT S, N
o Dy S@Ar (4 Ar) — f(@) - f(@)A
Az—0 Ax Az—0 Az
UL Y Az — 0 BfAy — f/(2)Ax 2 Az BHETBITIGS /INE, bl Ay = A- Az +
o(Az), it A = f/(x). PIRRETE o A0 JEbor i, FATTA
FE 39 y=f(o) o THROALSLEFMNZ f(o) £ 2 TF, XiF dy =
Fx)Ax. BB — 5T S A B AR fe— 5 T

X B FHRERIH R y = f(2) TE—i5 o R — 15 o MR, T Ax
BRE] £ (2) Az, TIAES—A © RS X THRERE y = f(o) =2, W f(z)=1

= 0.

dy = dz = (2)'Az = Ax.
A AR SR AR SR, TRREL y = f(2) 7ERD @ BB XOTIE
dy = df(x) = f'(x)dz.
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AR, de 5 dy A E2MEE L, EeN1m e A4 E o MREAER y 1955, FFH
dy . df(:U) gt
dz ~ dz ).
B BRI — A A SRR LR AR B Ao R A AR B R . ATETRATIE 2 ME—A
SERC SR E ARG, MEERT LUK BB MU I R . X2 “Rr” X444
AR .

e 3.7, 1 y = f(z) WMES E—5 (2, f(2)) 1E
P14 L. HyAl, eREEI RN A AR i el A i ( RIeR& Y
BUZE ) J& Ay, T L b s B9 AR ) k28 i il 2 pRi
By = flz) 7£8 o S dy = f(2)Az. BT
Ay — dy| = o(Ax), BH |Ax] RN, RETEA o
AU B S YIRS i 22, AL A AR S
Az KUk, ZRBrIss /N HIAES « B, aTLUH
i (z, f(z)) APIEAE REI AR I h k. Xt 2T
U “DLEAUHE” AR .

& 3.7

IS iR 5 (0, 10), vo = flxo) VIR
y —yo = f'(z0)(z — 20).
3.2.2 WHAMNEBEES—HMITERXNATHE
M IR dy = f/(a)de DLREEARR)SF sRABASR S A, Al DU b 25 HhREA
RN GHl GiAaw
d(c) = 0 (chHHE);

dsinx = cos zdz; dcosr = —sin zdz;
dtan z = sec? zdx; dcot x = — csc? zdx;

S | i _ 1 .
darcsinx = ﬁdx, d arccosz = —ﬁdx,

_ 1 : = ——L dz:
darctanz = 7 zdz;  darccotx = —q7zdz;
de? = ez dlnz = 1dz;

. ' _ 1 :
da” = a” In adz; dlog, v = fyzdw;

da# = ot~ tda;

HEAh, i TR AR RN SE 2R, FATTAHERS 21 T 51 B
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EIE 3.10 RRBH u Ao oo LT, WERE cu, utv, u-v, L E xz RTH,
BA
d(cu) = cdu, £ ¥ ¢ HwHK;
d(u £ v) = du £ do;
d(uv) = vdu + udv;
d (9) = vdu—udv -y, o ),

v V2

PA_E 2 S ORE WSS AW 00 8 SCRIR S ia 3 1Y BLESS

EE 311 Ry=o@@ TXERE I L 2= fy EXE—NEE o) 1
RiE] J b R y=op@) £a LT 2= fy) £ y=pl@) LTHK WL HHK
2= flp(x)) £ v RETH, A

dz = (f op)'dz = f'(y)dy,

HF dy = @ (v)de &I y=p(z) £ v L6
IERR i ARA R & s BeR SRV EEE I, A

EHL B Ui, MER LB TR v & AR RS R R, 2 = f(y) M EA
[FAE df (y) = f/(y)dy. XFPERFCE —B RS X AR E.

5l 3.2.1 K y = e “sinbx KL, H a, b #RIEHEL
g RGP e I —B o e A, A

dy = d(e™* sinbx) = e"**d(sin bx) + (sin bx)de™**
= e “(cos bx)d(bx) + (sinbxr)e **d(—ax)
= be” “(cosbr)dx — a(sin bx)e” *“dx

=e ¥ (b cos bx — asin ba:)da:.

Bl 3.2.2 SKREEL y = In(x + Va2 + a?) WG, Hi o 2HE
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fi#

(z + Va? + a?)

x—l-\/m

:;(derM)
VT AN\ Rt

dz

d <ln(x +va?+ az)) _d

1 T
= (14—
T+ Va2 + a? ( \/I2—|—a2)
1
= dzx.

Va2 + a?

F I T ARG 2132 pR U 280 X
y

dz /22 _I_CLQ'
B 3.2.3 WO<qg<l1, RELy=y(z) WHETINHE

y—x—¢gsiny = 0.

SREFEy = y(o) BIFEL

B FRATRREM TR o BRR, BN TR o (o), 76 L5 AR

xSRIy, IR —Br o A2, 153
dy — dz — gcosydy = 0.

i
1

/
yiw) = de  1—gqcosy’
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4 3 F U R R

>]RR 3.2

Ly =a®+o, WEAE =140, 3 Az =10,1,0.1,0.01 B, AHSLAY o8 &L IO
Ay FRERIT dy, HFWEEE Ay — dy FE Az /MRS L.

2. KN F R L
() y=Mm(3-3);
(3) y = arccos ﬁ;

(5) y = 5\/arctanx2.

(7) y =e " cos(3 —x);

3. XA FHIAL, ok L K Ly

0 {x = In(1 +¢?),

y =1 — arctant;

3) {x = ( COoS ¥,

Yy = psiny;

4. SRNBIIMERAE B RS AL R TI T 7.

T = cost,
(1) fE 1= 3 4
y =sint

(2) sinx — x cos z;

(6) y = tan?(1 + 22?);

®)y=

r=1—sint,
(2)

y =1 — cost;

x = cos® ,
(4) {

y = sin® .

T = 3t27
(2) T fEt=24b
__ 3t
y_ 1+t2
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§3.3 WHoHEEE

MASTT TR A TGS, AT R I R f i SAL SRitt—20 T R B B i B A

PERT. FATEER], FHOZ KRB 25
[z + Az) — f(x)
Ax
R BROIR S, TS I 25 R FE B Ax AbBIE. 220 — 0 LR » DL o JR Y
H (M%Iﬂiﬁ?)ﬁm%&ﬂﬂﬂﬂﬂﬂﬁﬂﬁi’]@.f ), SRS —Fp R M, IS
PRETE— 88 o 1 )il R (3R B iR e st 0 (e S ) . JRATTAY H 3t 2

BT PR T E SRR I, e S pR BRI M. (R A RIS AR

DL— R T B pR BN . R f () = ¢ Re— DR, W TR — A o
AL f/(2) = 0. RZ, GEREF—DREL f TR SN SBONE, A X R AR
h— R — R BRI RN, FOVMIUT EF, R —A R e A — i)
LRAB IR, MUK AN PRE I G AR Bt iy 22K, AR B, QSR —AN i Y
B AR AN, WA PR — & k1. RS2, F5 AR R

i J &+ A2) — f2)

Az—0 Az

HEWTPREL f 2 — AL AR BRI

3.3.1 Fermat EIHEF Rolle EIE
EX 3.12 &dH f(x) £ zo WA (20 — 5,20 + ) WA ZL, 4R st 3 P agit
— 5z, HA
f(xo) = f(x), & flzo) < f(2),

LA flzo) A RE fz) 8 BFIMAM (SAAML) | 20 A f(z) 89— ALK
B (AL ) . AR RALF A AEGAR A A, H AL B A A 5 SR A AR,

TR, AHBARE S B E A, 5 R ECERiESE, i S oK.

EIE 3.13 (Fermat &)  RJH f(r) AL ELKE T 49—/ RE (BFRAR
&) wo ZLBE] B RRARAL, H R AERX — BT, ML f(zg) = 0.

TERR AT REE xo BEI M. RYEE X, FFE— (vo — 6,20+ 6) C I, {Hi1%

flzo+h)— f(zo) <0

XHE KT HME C h=Ax . REWNAE b ilE |h| <. TRER

f(zo +h) — f(x0)

- >0, ¥ h<0 B
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f(zo+h) — f(x0)
h

SR RETE oo FIS, PTRAE EAIPIER 004 b — 07 Ml h — 07,

<0, % h>0 it

Fl(zo) 20,  fli(wp) <0

B f'(20) = 0. 25 f A1 zo BCEI/IMERITEOL, nI2ERIEN]. O

y Yy

1 1 !
ro—9 To To+0

5] I

K 3.8 & 3.9

MIUT B, pREL f7E— 80 o BB (B/N) H, 405 eRECTE M AR A T 2R AE A,
A 2AEX LD ZIE KT (AT F = )

AL R (315 MR R L, EEAL, BB f E—RNEMFHRAE, kL
K—E MBS, KA EGRAE flo) =23 ze[-1,1], K, f(0)=0,122& 2 =0
ARG ARAR B BPAR Aot &i&i.&#?gﬁé’aﬁé PPy 40943 8, AR BT
BHAHE K A) MREHFE? BE, MREFHATGEH DR HE ARLET
T AR L, REJE ISP —F i B T (RATMUE AT it ).

EIE 3.14 (Rolle £H) & f(v) Epﬂileﬂ la,b] Li&E%:, EFXE (a,b) ATF,
mH f(a) = f(b), MbH €€ (a,b), 1 f'(€) =

TERR AR P X A] [a, 0] b 3% 22 pR BN — A S KA AR/ IME Y SR, SR e KA
F/MA T DA —AFE (a,b) PIFB— a8 & BUS, € YRR 4. e Bl 313
f1(€) = 0. ez, WAREIME A F/IME R EEEm A o F b LB, 1 f(a) = f(b), Bl
KRAG MR/ IMEAR RS, PRBUH BESE HE (H PR, P PR 2 PR EAE ] — AT . O

B AT HATZ B, Rolle B By 454 PHIX A] LB 2E | FFIX (R LA S | o 0 55
{H, =& E—Anl.

Sipm———

>

<) T T ———

[ 3.10 K 3.11
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3.3.2 WHHoHETER

FI 3.15 (MO PR & flo) E [o,b] #5, £ (a,b) T, WLH € € (a,b),
i

HEF, RATEFRG S FEE TR Lagrange FEEE. FE, WR f(a) = f(b), W
HEHIEA T Rolle EHE, FIE L Rolle i B H — 4 1 2.

MIU &, ) Fh {8 e B 45 SR8 R HERE A ). 4
1312 7, 25 e pRER ) 22 7
f(b) — f(a)

b—a
BREHIZ AB WRER. GRIATHEFIZ 1 3h (BER
A, MR DAERE—AE S ARY), B2 DA
T a M b ZEI— 5 &, MATEIZ R T YRR T4
LrRbE. NYHELLR, — MR HZS I, UIRTER
— I ZN BRI, S5 TR B sl B R I 3.12

EIE ROIERR  E A 7 R AL A RS TE—— Rolle & HRARYL. A
% & (K310 FIK3.12) , HZ3E Rolle @M AR ERA—NMEEmD. Kk
ITE A& — A B pR%L F(x), 15 F(x) 2 Rolle & H.

KB (a, f(a)) F1 (b, f(b)) WIS EL TR

o) = "Iy ) 4 pa),
ks b
F(x) = () — (o) = £() - 2Oy g

MAZ UL F(b) = F(a) =0, M H F(x) 7EMAIIXIA] [a,b] FI#EZE, FEIFXME] (a,b) NAS,
K F(z) 2 Rolle &M = A550F, MUFAE—8L € € (a,b), fHi15

(e = e - W10

DCRERR T8 T B TIERA. O
FER M EE B ST, ATRAEIRIXHE] [a,b] PARREMA 21, 22 ( 2y < 20) ZI[A]
HECERL. Bl—EFFAEN T o1, w0 ZIAI—8 &, 21 < £ < 2o [fi18
fl(f) _ f(x1> B f(xQ)

xT1 — T2

=0.
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SR HR

§— 1

Ty — a1

HHEAE 0 < 0 < 1, H B84 H 2Rk

6:

f(x2) = f(21) = f'(x1 + 0(z2 — 1)) (22 — 1)
o R IR S, R

flx+ Az) — f(z) = f'(z + 0Az)Az.

(BT R T ¢ BITFWIE 21, a0 210N, 3T ¢ RTEIFAANE AT
Wl B, ST f(2) = o2

f(x1) — f(x2)

xr1 — T2

JIFLA & = Bd22 B0 (1, o] B, XS T f(2) = 2® KL, f/(x) = 322, FTLA

¢ = \/x%—l—xlxg—kx%

TR Z2n0 2. RGNk, TSR EEWE 3 5 Th 2 B, 153 R H B i) — 28k
. Hp— AN EHEEE R, R AT G Frig s i )8 BN SECh Z 0 RS0 T
WAHPREL, MILA
Wit 316 WwRIHK fEA—ARE LES ASREAGE AL 2, A
flix) =0, ARaFds [ ARFA L—F R FHBHK F—FK, SHATFIHK f F g,
Jm R AT FHARF, AR A AR A E — AT
ioIEHH 'E‘CHRIZI‘ETJJ:W)‘J{ T < xIo, E {JII,ZL’Q] J:, HHKP{EXHE}E%R ﬁﬁ—/@: f /fé?%l‘

flxr) = f(z2) = f1(€)(x2 — 1)

B f/(x) THR%, BrLh f/(§) = 0, T2 f(o1) = f(x2), RNPRECAEX ] AT P 5 B EA
55, BT FAE PR AL

3 —J7 T, FATVHGE, A] ek R k. (B A O SR AL T T
TERIZER, BRI

WL 3.17 EHEH f ARR T TH, B |f(2)| < M(BpF3AR), 0

=z +x = f(§) =2¢

O

|f(22) = f(21)] < M|za — 71|

IR ERA R R B FR A  /E Lipschitz B4 &E. T EA A F-SE0 R
—E & Lipschitz #2019, &2, Lipschitz #EZR T, HEANTFEAEAMETTIS.
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Bl 3.3.1  IEW: XHEREFE ¢, HHE 2° — 3z 4+ ¢ = 0 1E [0, 1] FARRTHER A5
[ SEAR.

WERE 0 f(x) = 23 — 3z + ¢ XA ¢, TRALE [0,1] EAEPINHRERISER 21, 19
AW 0 < o1 < a9 <1 fz1) = f(x2) =0, K f(x) 7E 21, 22] L2 Rolle & B
=AM, FTLAA o1 < € < 2o 15

fl(€) =3¢ -1 =0.
B =1, 50 <oy <& <wo <1, HOPIE. XULIAA PSR SR BB BEABAE.

5 3.3.2 K 0<a<b iFH

b—a b b—a
<ln-<
b a a

R BT 0 <a < b, BUFE [a,b] L, PREC In o AR R HP (B E B A4, T DIAFAE
— 5 €€ (a,b) H15

Inb—1Ina= (lnx)'|m:£(b —a)==(b—a)

M|

{H

1< <1
b

I =
IS

B BTk pd 2%
% 3.3.3 UEHAEHZELL

, 1'r
arcsin r + arccos r = 5 lz| <1

iERA 7 f(z) = arcsinx + arccosx. W f/(z) = 0. LA

arcsinz + arccosz = ¢ (HE).

¥ o=0MA MG c=F
VE Rt A B B — S EHE) 2 T 91 Cauchy "H{EEH.
EIE 3.18 (Cauchy THEM) # f(x) #o g(z) £ [a,b] Li&ELE, £ (a,b) AT,
W B3HE— % z € (a,0), 9 (x) #0. WA (a,b) A, SHE—5 & 17
F0) - fla) €
g9(b) —gla) — g'(§)
X2 BA ¢ (x)#0, B Lagrange FALZ 3 %n, g(b) — g(a) # 0, FIA LX) A2 R A ZE
S
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R R Y g(x) = x B, Cauchy FEE B ZE Lagrange FEE B, KIILHYT
FoEla A D), O DT S A AR, 7E Lagrange HP{RE BIUIE B TG 3 A9 % B
PREL F(z) ™, ¥ = #al g(x) CATTXT R MRS a, b #05 g(a), g(b) ), BIiE4H Bl pREL
f(b) = f(a)
9(b) — g(a)
S, F(x) W2 Rolle xE BRI =ANS5MF: LEPA X B gEs:, X ARl S, H

Fx) = f(x) = fla) - l9(x) — g(a)].

F(b) — F(a) = 0.

P FAE— 1 € € (a,b), i1 F/(&) =0, HP

I ERE FR A 2518 0

3.3.3 SEFHNEMER

—MEXHT AL R R f (o), SRR T T WIS REL f'(x). Fimfigs i
PRI — N EE SRS, LA o 5 S50 A AR

T SEESE F R B AR B ) R
I 3.19 HRH f(z) ERE [z, 20+ 6] £L (ZXEZ §>0), & (x0, 0+ 0)
WTF. ZFRUE o) RGERRAL, B lim /() =1, W f(z) £ zo 284 Fi
LA, B o
fi(xo) = lim f'(z) =

3.’!—)1'0

’]TEJEU [JI(),IO + 5] ;}%75 [l’o - 5 xo] ﬂ‘%}%%ué&/ﬁ i) 57\?5/3 #&FE’Q )&aﬁ ’fylé/]égﬁ‘ ‘/L’k
WERE XT 2 € (wo, w0 + 6], HH{EE HfS

f(x) — f(l’o) _ f/<€)>
T — X

XH 29 <&<a Hao—af B, & — af, MERETEr WA SERETFERE f'(v) 7F 20
A PR O

XA B R A0 SR pRESCTE DX [H] P A b AT e, DU DX (] N B — Ak, SR8 [ (o) B
LIS, BAFE IEAW A, AN ATBEA S 2SR AL e B S SIS IR T
PRI (A5 R ) BBV A R ALY 2 R AL

I 3.20 (Darboux M) % f(x) [ b BT, MATAT f(a), f/(b) 20

AT N, — A € € [a,b], 1243 f1(¢) =
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HEBR AW f'(a) < f'(b). EREHIEBRRNIE: f/(a) <0< f'(b), B

z—a+t r—a T—b— z—b
FFATEAE 61 > 0, (1824 = € (a, a+ &) WA L9209 o @1 f(z) < f(a). [FEE, f71E
0y, T34 & € (b— 0y, b) WA LE=LO) 5 o 3 @Jﬁtm‘ x < b, LY 2 € (b— 4y, b)
BF, f(x) < f(b). ILPREL f(x) E’Jﬂﬁ/‘ W fla), f(b) AR fx) 7E [a, 0] ERR/ME.
WHEEVL f(2) 75 [a, b] PIE— 5E1¥'Jm/ VA, R4E Fermat EFLA /() = 0.
XTI, AT f/(a) < v < f/(b). % g(x) = f(a) — o, W g(z) X [a,0]
Ear% H

= f'(b) >0,

g'(a) = f'(a) =7 <0, g'(b) = f'(b) =7 >0,
FRUMFEAE— 5 € € (a,b) 1Hi15 ¢/(€) = 0, B f/(¢) = O
FE .20 #7R T BB — 4 AN E @Fﬁ, BRI IX 8] T b ] S gL e (X A
EEPINARE ¢,d € I(c < d), H'FREL f'(x) TTIRRBHIELE, 1L [c,d] C I FHASREIE
T fe) Ff(d) ZEB—YHE. BT RN —E RS2k E, I ERZE R A
LR BRE (R B3
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S 3.3
1% f(z) = (x—1)(z —2)(z = 3)(z —4), FETRE f(z) = 0 BIERPINE, IR H

10.

11.

12.

HRPITAE R X T8,

CWERREL f(x) XA [1,2] B B, B OF(1) = f(2) = 0. il F(z) = (v —

1)2f(2), WHEXTE] (1,2) NZEDA—5 € T F7(€) = 0.

IR, PR B N IR NN ST ) € € (a, ) SRR B — a5, WIAEAE

¢,d € [a,b], 75 1@ — ey (IR ZIREREL f(2) =25, €=0.)

HEI R 9IS
(1) XM a>b>0,n>18 A nb" Ha—0b) <a®—b" <na"(a—b);
(2) Hae>0M, f 5 <In(l+2) <z
(3) 4 0<a<bhl, ﬁ(a+b)1na+b<a1na+b1nb
(4)

HYPo<a<pf<d i, B L5 < tan B — tana < 252

cos2 cos? 3°
- HEB R S E SR
(1) arctan x = arcsin \/%7;
T x> —1,
(2) arctan x + arctan 1= T =
_3T’ r < —1.
CW f(x) ZEMIXE [0,1] ERRTS A, MR 2 € [0,1] F f(x) € (0,1); I H X4

A, f(x) £ 1 OUEBIE (0,1) WA HAUE—4 o, i f(2) = .

BERRBL f(x) 7E 0,1) bESE, 76 (0,1) WATS, H |f/(2)] <1, X f(0) = £(1). iEH:
$FF [0,1] ERHEER 21,20, B [ fl21) — fla2)] < 3.

A fla) WAERT S H f(2) = f(2). EB f(2) = Ce®, O TR REL
- BB BB PR f () TEHTIXTE] [a,b] b2, f%Flerﬂ (a,b) WA S, H

f(a) = f(b). UEBHTE (a,b) WAAE—/L &, #115 f/(€) >

WREL f(x) TE [a, +00) LIk, H a:grfoo f'(z) = 0. UEM:
(1) Mim [f(z+1) = fa)] = 0;
(2) lim & —q

r—+00

TEAA: 27eR 8 f(2) 7E(CEBR)IFIXIE] (a,b) WAEAE R SR8, W f(z) 76 (a,b) MW
AL WMEABRIXE (a,b) B IEST X, 259810 BT S A A 300 A AR 75 BT 7

B TR ISR 2, y, AFFI|f(2) — fly)| < Mz —y> (M 9550 8GR



3.3

o H B e PR 105

13. ¥R

14.

15.

16.

17.

18.

19.

20.

21.

fx) TEMEEL

PRIZL f(z )EIXIEJ [z0, 70 + 6] s (SCE 5 > 0), 1E T (20,20 + 9) NA[ .
lim f'(z) =1 GXHE L ATRURIEGTR), W £ () 75 w0 ARIH SHCdy 1, 1

(E—)QZ’O

fi(zo) = lim_f'(x).

LE‘)LL’O

CRFIXIE] [0, wo + 6] A [x0 — 0, 0], ARMANLEIL.)

I b — ) 2518k
(1) %k 23 78 2 = 0 AR
(2) PREL arcsinz, arccosx 1 x = 1 WAL REL 18 © = —1 AL FEL

UER: 25 PR f () AE— XA A4 n] 5, W5 pR S 7 () ANBEAT S — 2R AT A
BITE (XTI B—gikb, f(x) sEELE, siBA 2 Z2REIW. (hASGEHED, HA 2R
—ZR[E]HTAY RREL, W sgn v, ARBERA RS PR T PR AL

B f(x) =X T E#ESE, H (22) Bk TARDESN, f(o) 76 T NERRSECN
E(T), W f (o) 76 T B4 BRI ). (EE, 7EPISMY AL, f(z) ATREAAT S

BERREL f(x) TN g(x) BFEIKIA] T BiESE, H(ZZ)BR TARAD SN, f(o) Fog(x) 15
I WS f'(2) > ¢'(z); AFALE a € I, 1115 f(a) = g(a) (a ANZXEI%5E), W24
rel Hex>al, H f(x)>g(x); Yrel Hex<abl, f f(z) < g(z).

% f(x) 7 [0,+00) HIF, £(0) =0, f/(x) MHebH, WEM L2 FE (0, 400) Hi

B4,

Bz BB f(z) B9—ATEENAE A, HL f(2) 76 2o LB AT8E, f"(20) # 0. iF

. 25 F7(x0) < 0, W wo A2 f(2) B—ARKRAERL; 5 f7 (o) > 0, W 2o £ f(z) HY
—M/MER. (PR TEDA f(20) = 0.)

I 27 7 (w0) = 0, W o ATLUJE f(x) AR B/ MELAT, dn] DU

PRAH A

W f(x) 76 [0,1] BA B g, H f(0) = f(0), f(1) = f/(1). Kik: 18
e (0,1), WE f(&)=f"(&).

KT 1 pRSC ) LA X R] S AR A :
(1) y = 223 — 32% (2) y = x2/3;

(3) y = 2%~ 4) y= /=

(5)y= (ED (6) y = arctanz — 3 In(1 4 22).
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22. 3K A eREE I 45 DX )b ) de AR AR/ )M

(1) y =a* - 222 +5, [-2,2]; (2) y =sin2zx — x, [—%,%};
(3) y = arctan ;—i, [0, 1]; (4) y=xlnz, (0,+00).

23. W] R AASER
() g <a?+ (-2 <L ze01],p>1
(2) tanz > x — %, z e (0,%);

(3) 222 > L2 )< gy <@y < Ty

tan x1?

(4) In(1 4+ z) > %, x> 0;

(5) 1+ zIn(z + V1 +22) > V1 + 22, o ITESHL

(6) == > % = %cosa:, z e (0,5), H A H AL % NI S E PN :E 8

sinx

() (=1 1+ )" <4, we (1, +00).
at1

() et > () T+ (B2) T e e0,1), ac (0,0,
24. XHHE T 5 pRBCSE T 5 ) T L

(1) 23 — 62% + 9z — 10; (2) ax —Inx (FHH a > 0).
25. & a € (0,1),by =1—a,

bn
1—ebn

] {by,} FEAYEL? A& AEL, 2R TR, s, R R

b1 = —a, n=1,2---.
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§3.4 REFHIRR

AT H A RR AR ERXRIWIR. Prif “REXWR” 2465 o & TH -
{H (855 ) i, 55/ () BATET5 /) () 1 g sl H AU AR BRI T (Rt e
BHNSFTRERIARE R ) . TEMFRARE R BR AN, L Hospital ¥ENZ— R A2k
(77, ST L Hospital 320U 3ERE 2 17 H A9 Cauchy HH{EE B
3.4.1 3 BREXMIRR

BRI 2 — ao (8JC55) W, BITET5 /N Z FE AR BR R)

FI 3.21 (L'Hospital iE0) & f(z) #= g(z) £ xo METF, ¢'(x) £ 0, Hik 2

lim f(xz) = lim g(x)=0.

T—rXQ T—rxQ
4o lim 2@ =1 A2A lim L2 =1 K2 | TRAR—ABAREHK, L TAZ 0.
T—x0 9 (x) T—T0 g(m)

iERR BTl BRI, BIAFEAE— N IXE] (29 — 6, 20 + 0), FEAFXFIX I AR B — 5 (45
xo FIRERRAN ), f/(x) M ¢ (z) #RAEAE, T H. ¢'(x) # 0.
i T Jim f(z) = lim g(x) =0, I FRATAWHRIL f(xo) = glxo) = 0, IXFE, PREL
f il g 1E Zo FRIZELE,
W x BXE] (29 — 6, 20+ ) FRUEE— (2 # z0) , TELL o Fl o i 3 B X
B I, f Al g Wi/ Cauchy HEEB—VIRM:, TRAEN T o Al 2o ZE—H €,
i3
flx) _ fla) = flzo) _ ['(8)
g(x)  g(z) —g(xe)  g'(&)
IR € — ol < |z — aol, FTAY @ — 2o B, & — 2o, BIEFRAYREE, RIFE5

@ P

1 27

wome g(z) | emwo ¢ (€)

=1.

FIREERA RIS B, I B LT PR

1° M LT R UERARHER H, 2 B AR A R BR 2t o] B Ay iR B (Bl — 25 ), 45
WIFRFERONL. 55— 7 X T 2 — +o0, 1 — —oo Bl x — oo MY 3 AIAEAMIMER, 1
AU L'Hospital 30 X B LL 2 — oo B R

¥ lim f(2) =0, lim g(z) =0, MR lim L@ — ) 1im L2 =1

AR R B y = 2, W 2 — oo I, y — 0, T H.

)

im ) i / G’) — lim il (%> —im @)
T—00 g(x) y—0 g (%) y—0 %g/ (l) T—00 9/($) .
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2° e L'Hospital 30}, fntg ]9083 9 RIRES, BAH xlgrmlof( T) =
xli)ﬂxl g(x) = 0, M H hm fl(x) = hm g (z) = 0, J”'JTU\QL??;%F?—@IEFQ& PUES
Jim 7 =1 lim 7 ' REHLI, N R A 8 mAER, =

SEJE A I IR —E AT AE, P BR— AT

B 3.4.1 R lim 12 o1

1n(1+1:)
X1 9*”51%/?54( (EESR
2 1) 2 2x
im (e—), = lim —— =2
2—0 (In(1 4 z)) 220 =

LA L'Hospital 320050
) eQm -1
lim ———
z—0 ln(l + l‘)
5] 3.4.2 3K 111% gfte -2

SlIl2 x

B A O AR, (TS 1R SR

(e +e™=2) e"—e®

(sin2 x) ~ sin2z

38R IE—A~ § BUARES, I F 2R H] L HospitaliZ: ), AP

T+ e -2 .oet—e™ 7 . e¥4e”
lim —— s = lim — = lim = 1.
z—0 sin” x z—0 Sin 2% z—0 2cos 2z

3.4.2 2 BURENXRIRIR

T o BT EE A FREL, 28T I055, 2 BRI R, X7 2 BORE K
W BR, L'Hospital 30 [FAEA %L, TERHAY 23T Cauchy HEEFE, T~ mRIAIFIE
W & — xo HFRAEFERY 22 AU L'Hospital Y51, HoAlR BRAFE A OLZ SR, FATHA
YETHE.

EIE 3.22 (L'Hospital ¥EN) & f(x) A= g(2) £ xo WETH, ¢'(x) #0, &

lim g(z) = 0.

dm R
a0 g'(z)
0 A
tim L9 g,
T—T0 x)

RKE | TAR—=MATRFEHR, AL TR 0.
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X PR LR, 5 8 B L'Hospital WA HY, A B IE AT E
Tim () = oo KA. (PR TIE S ERISE—, IR EOIAFR < A

T [3.22| IERR  HIEH [ SHSEEDL, | = +oo B 1 = —oo MYTELLIARL
lim ]gc’gg =1 %ﬂ Xﬂﬂff‘? %E/J e >0, 7[,?7— 01 > 0, él x € (1‘0,.’130 +51) BT ﬁ

ZL‘*XBO

'@
l €<g’(x)

i Cauchy FEEEE, XFF [x, ] C (w0, z0 + 1), FF1E € € (v, ¢) fH5F

flx) = fle) _ f'(§)
g(z) —gle)  g(&)

<l+e.

i,
fl@) = f(o)
g9(x) —g(c)

BT Jim g(z) = oo, XFTRER) ¢, 7F1E 02 > 0, 152 2 € (20, xo+02) B, A |2
FOl « o B § = min(dy, 62), T4, M z € (0,0 + ) B, MEZER

g(z)

l—e< <l+e.

g(w &

flz) _ fla) = fle) _ fe) = flo) gle) , flo)

gx)  g(x) —glc) g(x)—glc) g(x) gz

HEH
‘@_ 2+l +¢)
FHILIER] T lim %:l [, A lim f—izl O
1343 Ba>0R lim B
B R = BRER, FTL
Inzx 1 . 1

= 0.

lim — = lim = lim
z—+oo ¢ z—+oo a1 . z—+oo v

A % RS 2, M 111%)1+ z%Inz = 0.
XAGF B TCIE o BZ2/NUIEEL, 5 © — +oo B, FErREL »@ S U AR ECHE
BRI ICS K.

Bl 3.44 Wp>0 a>1K lim Z.

T—r—+00

R ER, R i — k>0, Y 2 — +oo B, AT k G REUL RIS
Ko, MR AT By SR BCER E To o5 Kom. RIHGEEE o> . WY 2 > 1 B

T "
0< — < —
a® a®’
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Bz ] n YK L'Hospital Z:05EH

) n . nxn—l
lim — = lim =...
z—+oo g  z—+oo a®lna
n!
Paur a*(Ina)”
A
i

lim =0,

x—+o0o q¥
BB, g p B2 ARBIIER, REFE o > 1, 3 v — foo I, 1EEREL o”
SR LR R 2 S B R JC S R

3.4.3 HXARREKXORIRE
B T HITH E S 3 BURE UM 2 RE S, i A N LR R & =

0-00, co—o0, 1%, 0 oo

R PAAP AT DAAR A 8 BUa 20 B i Je =0 ] d ok ek OB B Ik, AR IR Y %
A, i Rl FiR AR EZ, #T AR L'Hospital 350 4b#E.
AT H— Lo BAR A1)k 158 R AR B 1) =

5] 3.4.5 K lim =z (1 — arctanx).

r—r—+00 2

i X 000 BURES, "By § BORE b2

. T . 5 — arctan
lim =z <— — arctan x) = lim *¥————
T—r+00 2 T—+00 xr—1
1 2
_ 1 i+2? _ r
IZ

B13.4.6 K lim (o + ).
2 XE—Too—ocoMREX. S y=a—1, MYz —10Hy— 0 JFXAILN
o AAEA. FEAL B R, PR RIB A TES5 AN A TR, W In(1 +y) ~y, y — 0,

LA

, 1 1 _y—-In(l4+y) .. y—In(l+y)
lim | — + = lim = lim *¥———2~
z=1\lnz 1—2z y—0 yln(l+y) y—0 y?

-0y 1
= lim ¥ =2,
y—0 2y 2

Bl 3.4.7 K lim (S22)27
z—0

R X 1o BRER, &
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)

111

In sin x
— X
Iny = p

B4 8 AR, FIHL Hospitali: ]l #3

In sin x

. . xcosx —sinx
lim L —=lim—-———
z—=0 T z—0 223
. —xsinx 1
=lim ——— = ——,
x—0 61‘2 §)
A
. 1
hm <Slnx> - — hm elny(x) — e_é.
x—0 x x—0
5] 3.4.8 >k lim z*.

z—0*

R X 00 AR, difl VAR AR R R ) S A

lim 2% = lim ¢®™* = exp( lim zlnz) =’ =1
x—0t x—0t z—0t

% 3.4.9 K lim 2~

T—r—+00

X o AR ER, Iy = y(x) = V/VE N Iny = “‘T;f H 191 [3.4.3] T 441

: Inz _ )
Igrfoo e =0, it LA
1 1/\/5 = 1 lny = 1 = O pu—

] 3.4.10 =K lim(1 — cosz)tn®,
z—0

R k2 0" BURES

hm(l . COSJ?)tanw — lim etanmln(l—cosx)'
z—0 z—0

In(1 —
lim tan x In(1 — cosz) = lim zIn(1 — cosz) = lim w

e z=0 r—0 %
sinx
=i — 0.
250 r2(cosx — 1)
i A
lim (1 — cos x)™% = 1.
z—0
15'] 3.4.11 5}‘{ lim xarctan;p_g‘

T—r+00

X2 oo BUIRER, H

lim xarctan =% — lim e(arctan rz—%)Inz

)
T—r—+00 r——00
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L&
. o i arctanz — 5 Inz
lim <arctanx — —> Inz = lim T .
x—+00 2 T—+00 P z
L Inz
= lim H”i lim — =0,
Tr——+00 -2 r—+o0 I
GEt
lim l_arctanm—% -1
r—+00
NP 1 1
15'] 3.4.12 :‘k ili)r%) (P - xtanx)'
2 X 0o — oo MIRER
. 1 1 . tanz — =z . tanz —=x
lim (| — — =lim — =lim ——
=0\ 22 xtanz =0 r2tanx z—0 3
. sinx —xcosx . COST —COST + xsinx
=lim ——— = lim
2—0 3 cos T 2—0 32
B 1
3
TETFE AR E XA BRAT, FHTE55 /N (R) a5, waefRifbit A, X B
BIG Rl B f(x) A h(x) X @ — xo BERYSEHICSS/IME: Tim % =1,
r—T0

flx) o flx) h(x)

lim =% = lim = . 2

w0 glz)  wow h(z)  g(x)
IR TG A S 81T L Hospital SIS SIS R, )
lim m = lim M

w0 g(z) w0 g(x)
TEBORE R 2ok i) — 282 & — 0 BT ESEM IEo5 /e B8 T T, DA H.

sinx ~tanx ~In(l4+2z) ~e* — 1~ z,

2
x
1 —cosx ~ 5 (1+2)* =1~ ax,
: ® : ?
tanx —sinx ~ o> T —sny ~ s
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SR 3.4

1. i H Cauchy H{EA A LT fERE.

2. R BEIATEM]IX ] [—1,1] | Cauchy HYEE BN REL f(x) = 22 Nl g(x) = 2° Fft4
ANIEH?

3.be>a>0,l$l§&f()f[ b] &S, 7E (a,b) WAL, SKUE: fE7E € € (a,b), fiff
5 26[f(b) = fa)] = (* — a®) f' (&)
4. W f(z) TF [a,b] LIEZE (ab > 0), TF (a,b) LAIGH. SKiE: FE7E € € (a,b), ff

af ()~ bf(a) _ ,
)2 — pe) - er©)
5. KT AR,

(1) lim YAFae= VIEFe (o HIEEEL o, 8 RSE8R);

z—0

(2) 111}% (1+mx)"€v—2(1+nx)m (m’n ﬂﬂIE%;E&),
: 2 4+z—2 . i T—arcsinx .
(3) lim 525 (4) lim ==L
(5) lim &=L (6) Tim T (o R fEREIE);
x—0 z—0
7% . (a+z)*—a” .
(7) tim <2 (8) Tim S (g > o),
1
(9) glglg(l):csml (10) 11 %,
(11) hn% (s — %) (12) hmolnxln(l —z);
T— z—1—
1/x 1/37
(13) lim (tanz)*~™; (14) lim [M] ;
z—5—0 xz—0 €

(15) lim w; (16) lim (arcsmx

3)2

21-0 cot Tz 20 (1—cosz)(e®? —1)tan2:v;
1/x 2
. In(1+4x) . (arctan ®) . =z .
<17) mginoo< x ) ) (18) }}L% V1+zsinz—y/cosz <2 e“—l) !
(19) lim n (n HIEBE, a > 1,k > 0);
(20) lim o (n RIEEEL k> 0).

6. B f(x) FEIXIE [0,a] DA ZBrELTE, f(0) =1, f(0) #0, H 0 < f(z) <2
€ (0,a). &
Tnt1 = f(xn), 1 € (0,a).

(1) SKAE {0} BBOERBEIR:  (2) 11 {na, ) AR F00L, WIsR LRI,



114 %3 AN E R

§3.5 ERERAYEIFAMEM D

AT F AR A S Kb B 5 B W5 pRAA SR LR 5, 4 e A SR A AR fEL )
R, RSO M | 450 5 DA B 220 e ™ [T (5 ) R 2 ) b 3R 55 ) L

3.5.1 HRHEMBFESRE

YRR T S BN, TR

EIE 3.23 ik f(o) AR [ kiEg £ T RAFRTH, kT T AGHE— 5 o,
H () =0 (f(x)>0), AL flz) £ T L2 () LG, woRksxt T Re5dF—
Eox, H ff(2) <0 (fl(x)<0), R4 flx) £ 1T L& (=) FREME.

IR ZIE f'(z) > 0 TEIE ( f'(z) < O BB AT ZRERT) . & 1, o & T T

%‘%ﬂﬁ,ﬁ, It H T < 9. XHE}EE/‘J%H:%:Z%, PRIEN f 1E [1’1,552] J:Jiéi, 1E (131,$2) N AT L.
SRR B TR, AR — 1 € € (21, x0), (1115

fl@e) = f(21) = f1(€)(x2 — 21).

A (&) = 0; T w9 — 21 > 0, #ERS f(22) — f(ar) = 0. NI f /2 BATEIE . 0

MIUT & (F3.13), fER f ERGRIRZ, tREmg L a—N (v, f(z)) AbPI
RPRAEIER (RIS o SERRAHL 0 <o < 5), MR Egas m
Ak bR (2, f(x)) AILRRBREZ AN (T <o < 7 ), &R TG
A, & H# 25T RSO ARL Y — 1] RS A I

Yy Yy
|
: <0 i
[f'>0 |
| T >0
x - ' L
& 3.13 K 3.14

T 3.24 Ko AR flo) £RE T Ae9—25, B f(r) £ z EL.

1° 4R f(o) £ 2o ZRAGENREA (BPRFEADS S >0, £ (20— 5,70) A,
A fl(x) >0, Mk oo 9EDENREA (BFRFEAS G >0, £ (vo,20+0) A), A
Fla) < 0, ARZ 20 H— B3 MK AA5.

2° dmR f(x) B xg RRHEANREA (FFFEAN S >0, £ (z9 — d,20) R,
A fl(x) <0, i g 9EDENREA (BFFEAN G >0, £ (zo,20+08) A), A
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fl(x) >0, AL xg A—ABZFRALAMEE.

3 dRAE vy ADWEARAFE DG EMREAN, f(0) BHESHR, AL 10 T
RS

e B [3.24) 1 — > ELHEAE R, SRR SR pR U — AN P DX B R A de/N
fE ] SER Y PRI DX TE] A AR, PR G A PR RSO A (L ORI P S st A

PSR (R pR AT T RETE P DX W] 693 s B B | fe/IMED) (1813.14)

ZU, FATAGE 1AM A 8 (—Br ) SRR ALRE S, 0T ek %L 5 B i F
DX TE)FIRRARL AR, R 3 402 T pRRS AR A — N HEAR R . (HR B0 78 pR B A B B 4R 3
A5 T, s R B T pREC . R a0 B (IER B AR~ ) B Anfel A
TONTE R AU AR AL, A S TR T B S RO 5 R S o ) P OB Rt e T2

=W 3.25 LS (MHWHWT%xWEﬂ)%#A%5f#f():Oﬁ
flx) £ 2o AZHr53, & ["(x0) <0, W g £ FBGMKAEE; & f(20) >0, W z
ST R AR MA B

Bl 3.5.1 IEH: M 0<z< T B, A 2z <sina.

R &% f(z) =222 BARTIRE (0, 5] BmEgkst. XFATE (0,5) W, A

f(z) = C(;;w(x—tanx) <0,
XIEARY 0 <z < T W, cosz >0, tanx>x(mglfﬂ-) W f(x) 75 (0, 5] H™
¢&Mﬁjh%UﬂxemgLﬁ

f@)_smx/f( ) 3

™

B 3.5.2 SR f(2) = ¢ (v € (—o0, +00)) HIEAIMIX [A] 5 AH.

B f(x) = -2z, FTLIBESN 2 = 0. 24 2 € (—o0,0) B, f'(z) > 0, B %/
v W £ B ﬁxem4ﬂgﬁf%)<om BOPE I DX TR L 7 2R
r = 0 ZRREIRAE S, BB f(0) =

Bl 3.5.3 SREREL f(x) = 2® — 32 — 92 + 5 FEIX[H] [—4,4] ERRAKE S 5/ IME.

fE WA, f(x) FEXME] (—4,4) NA[F, H

fl(x) =322 -6z —9=3(x+1)(z—3)

5, f(z) WMBESH o = —1, x5 =3. I f(=1) =10, f(3) = —22, Wi7E X 8] A5 sS4k,
f(=4) = =71, f(4) = =15, HLHBXLE(E A K/ N AT RI BB AL f () FERER 2 = —1 AbERE]
B RAA 10, TE0 S, © = —4 AREUE R/ ME —71.

51 3.5.4 x>0 0<a<l, iEH 2% —ar<1—a.
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116 53 8 U BRI

WA i f(x) = 2% —ax, x>0, W f(z) = a(z*! — 1), Frlh ek 2 A ME— 5
Hao=1LHRNO<a<, TUH0<z < 1B, f(2)>0; T x> 10, f(z) <0. i
PRETE © = 1 ARBIBEANIXE] z > 0 ERERKRME, B f(2) < f(1) =1—a XA > 0
S, BLRIT 2L,

Bl 3.5.5 l7E4E HL R —r P, EZ 5 HESMAT A A B EEE
Z A fR/N.

iR WIS BITE P, IR A P A AR R & S4B AB m9ZE . Fr
VARG A Fl B 18 BHZ 1A —).

AW EWHZ N « i, A 57 y fE (E13.15) , A6Fr A0, h), B RIAATRN
B(a,b), FrEER s Aetre Pz, 0). AR HZKR, B2

|AP| + |PB| = Va2 + k2 + \/(z — a)2 + 2 = f(x)
116 ZAN =S|

T Tr—a

ey —|— y
Va2 +h? \/(z—a)? + b2

Fla) = —— v
- VETERD)E @ —a)? 0P
TR F(x) = 0 B A

()

T a—x

V2 +h? V(e — a2+

R 21
cosa = cos 3,
Hrp o fil B 4r5JEHLE AP 1 BP 5 o #ifgidef. i, 2 P A e Limsk
Pk, HREARPR o W2 f(z) = 0, XA f7(x) > 0, BT DA EmE— It/ ME R, P2 i
/MELEL CRREE PN i oo BT E55 )
XA ELE AR 5005 35 44 1Y Fermat S i 0] R A 5 HUIEC R, RDGZAE B
RS AT AL A
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3.5.2 HRERMERME S

AT TS, A TEEAS T 1 AR R ) — B IR R A5 R, T RR A
$E b A DX 18] L SARAE R AT L IR, AAeRERIEI R, 5 de 1 ihZ B RIS RER
4.

SR, — B R R AL A E R, U598 R — . HenFERE gk LT CREE)
A7 NIRRT AR R AT 22 5. DR FRAT Tk 5 24 B ek R — i %k, BRI
PREI AR AEAAT | BB eREC(HIZR) A | 493 i il AR Af ]

MU EF, BAEEABARR Oxy W, H—2MEL L, 7EMZi i — BN, (£
B2 Be FRIWIAS, AR My, Mo M ELZB (FRZAHIZ1IC R MM, ) &
s T HIZRB EJr (7 ), WIFRIHZAE i BU2 g (IR ), X B “ BJ7” 8 “F
Ti7 RARS y BRIETT R — S e (1#13.16, K13.17) .

Nt ————
3 [-==-
V)

T ztao

& 3.16 & 3.17

RN L 2 pREL f(z) (2 € 1) AR, IHEIE N (TR ) | S0PReRER f(2) 2
JEXE T F AR (M) . TR, IR e f(x) 7EIXE]) T B2, W —f () 1
DXIH) T b M. R, AT S R g .

XTI R f(x) PLRBEFTRARN g L, AR L BRI My (2, f(21)) F
My(x2, f(x2)) (AWTBE 21 < wg) , HARIX PRI HE T 02
fz2) = fz1)

Ty — 1
ARG LR PR LR, 2 BRI L E07, R R A SR
X f(z2) — f(21)

To — 1

y=g(r) = f(z1) + (. —x1), T € [71, 7).
f(x) < f(21)

XL AR RS 21,20 AL BT 21 5 29 ZEEMTE 2 ATRR KN 2 =
ary + (1 —a)ze, a€ (0,1). ¥ EXhE « 8 2 = azy + (1 — a)ze, LIBAFEXFNT

(x —21), © € [11, 2]

f(x) = flazy + (1 — a)rs) < af(z1) + (1 — a)f(z2).

PHRAT 45 A0 R 52 .
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EX 3.26 & f(r) ARE [ Loy R, RS T PHE 2,00, AREE
a€(0,1) A
flazy + (1 —a)ze) < af(rr) + (1 — a)f(r2),
AR2ARBHARE [ LB, % EXWRFFEY “<” B, stk f(2) A D

Bl 3.5.6 >RIE, BREL f(z) = 2% 1E (—o00, +00) 2™ AL
WERE YT FAEREMIW T 21, 20 UK 2 = axy + (1 — a)xg, 0 € (0,1), H

2 2,.2

(axy + (1 — a)x2)? = 22 + 20(1 — a)x129 + (1 — )22

Fr LA

(axy + (1 — a)x2)? — (ax? + (1 — a)zd) = —a(l — @) (21 — 22)* < 0

B f(z) = 2? BIX[E] (=00, +00) LM pREL.

EIL WRBLEME 11 < 19 ABRATZNEE 0, (11 < 19 < T2) FELPREF
RWGFF L, AAALERN [11,19] EFFERL, LA ARE My(zo, f(xo)) 12
TEBEM (x1, f(21)), Ma(za, f(x2)) W9EI & MMy b, W Fi3 f(x) &0 M & 4 X 4]
(21, 20] EEHEE MMy, AT (HRA—FKALK ). T, LA”E 1) € (v1,20), 1217
My(xh, flxh)) 42F MMy F 7, RWE x) < xo, FrAEI & MM, 45T 2% M, M, %
T, X3 My A5 THE MM, 9 L. X5 &HGE L eA8T G, #l4e T 5] F#%

AR ALE RS ED R —FAK, SN TRXAFL, RELJEADA LR, B,
SHHEEFRHME, SEHERBER S 5B

TR e A TINGER.
E 3.27 FH f(r) AR T Loy R, S HAXGE AT 2,00 € I, 17 < 29,
ABAEAT x €1, vy <x <29 A
f(x) — f(z1) o f(x2) — f(z1) < f(x2) —f(ff)‘

X X
r — T To — T1 T2 — T

iEER %&H 4

o

i1 f A, AT
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B flx) T f(x) = af(x) + (1 —a)f(z) IACA LG
f(z) = fz1) < f(x2) —f(x).

X
r — T Tog — T

FIFHASE
a-+c

N

> Q
SH
+
S8
N
ISH Q)

Hrba,b, e, difi e
%gg, b>0,d>0,
JFHL
a= f(z)— f(x1), c= f(x2) — f(x)
b=x—x1, d=x9— x,
B 5¢ R ZEPE TR
Rote 25 B R SERT BT ) AN S
f(x) — f(o1) < f(x2) —f@)‘

X
r — T To9g — T

fE
f(@) <af () + (1 —a)f(ra).
He o =ary + (1 — )z, H v BUEEME SR o BAEEM H o € (0,1), I LAREL f(2)
JEM. O
58 B B2TP LRI 28 o3 A IR M I FE B SRR R 2y < o < a0, lHEK
M =25 HIZk MM, My My VA MMy BIRPREIIE FIZ AR BRIE AR UIZE, TN i xt
R 2y < 2o AERIDIZRARER (B eRE 80 I FARIE R, 1M 2203 5 R R
S I Y 2R B KBRS IR A T A B
EIE 3.28 & f(v) AR I ik
1° a1 AT N f(o) £ 1 L2 (%) bR 5 BRE L5 &%
flo) £ T A (R4 ) FiREg.
2° ZFRBAE T NN TF W f(r) £ 1T ERBLIH SEREAET AR [(2) >
0. (M BN ABEMT f(v) >0 BEEMFRIEEREHR).
UERR X HE HGERT 10, HABUE] B 45
ST ATE zy, 20 € I, 71 < 20,0 21 < < x9, NHERE B2THE— A% A
f(z) — f(z1) < flz2) — f(z1)

X
r — I T2 — I1
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KR RT3, %« — 2 19

f(z2) — f(fcl).

fl(@1) <
T2 — X1

FIHLXF o) < o' < 2o, NFERE .27 A2E A% A
f(z2) — f(71) < f(z2) — f(2)

= /
To — X1 T9 — T

?

e g fl) = flamn)
xX2)— J\T1 /
W <f (5’32)

FLL () < f(w0). 14 21, oo AT ME DA EME IR
Ao SHMEER 21 < 2 < zo, A TEEHH AFTE € € (21,2), n € (z,22), i

i

f(x) — f(x1) f(x2) — f() _

= f'(6),

r — T T2 — T
P () BN HE <o < BTEL f1(€) < f'(n) B
F@) = fe1) _ flan) = f(z)

X
r — I To — T

AR B 27, TR f () S R 0
TR BRI B SO B SR A R AN £ .

HRWE—MT f(r) =23, € (—o0, +o0), WKE3.18 Frs. K f/(z) = 62, N
MEAR B AEIXE] (—o0,0) |k, f"(z) < o, PRI PREFE (—o0, 0] U2 MTEY; MAEX[E] (0, +00)
b, f"(x) > 0, HIERREFE [0, +00) L2, WHEUL, PREL f(x) = 23 fEx = 0 YW
0 g e PR A I E@f x =0 2= Z i M o P, B R 2 R B ph e ) e

EX 329 &Ky=f(zr) BOLEE xo WRIA Lifs: R E 1o A f(z) 90, O
R A g —Aa b, MR o9 R f(r) 9—A3 5 (SRR L) . A LR JKE
1§ 8.5 (zo, f(mo)) AWK FH 5.

K 3.19 ™, aq, mg JERMER, AP x5 2P, (HARMIE A, BORTEIZ AT
B0

& 3.18 & 3.19
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:8\ [T======
Iz
=

QAT — A R, RTRATATEO. AR FE [3.28) Fse B B.23) FeAi 14

EIE 3.30 % f(x) & 2o FHL, E 10 AR (REA 20) ATF. R E
vo B EMEANKE (20— 6,20) B f'(z) PHERIE (SR, WA zo 8 ENENE
(o, 20 +6) N f(x) PAEERAM (RIG), A4 x9 & f(x) 69855,

EIE 3.31 % f(x) 2 o FHE, £ 29 A (RESL 20) AZHTF. 4o
RE g WEMEANARE (29— §,20) A f'(x) >0 (<0), MAE ¢ 89EMENX
(xo,z0+0) A f"(x) <0 (>0), ARZA 29 & f(x) HHmE. FAG f(o) £ 2 57]\75—'—]%‘
FHET, 1o AT B LBLAZ 7 (x) = 0.

XA, FATIE T R BU R T R SR — AR L. TR R —
S RO, FOR RIS BB, B S I SRR R % H S
N AR BN T eREL f(2) = o*, AMERH f7(0) = 0, (HIEHR 2 = 0 A2
PRI P A

PRSI I M X TR B L 2 4 pR B S T i — 2P0 B e sE Xt B —Br
AP PR R, H S RO L T eR B0y BT AT R L BRAE AL M DL R A
FELA BT RRATERGO 1 ek AR B A R AR AR R i, BB A
TEF-I FHY B2z ), Hiz shulsie— 2 L. XA LA Y 5 S0E sl ) B
. QR BB R T E i R AR S N TR B S R — R & = 2(t). 1E Ot BPZSFH L,
PRECEERIN BT TR C NI E R e T R s sl B R e 2 R, Wk T
SR AEGE ( WLIE3.20 ) .

R, AN R T S5 e, 24 pR B R BRI ROIE RS, RARE A B . — 8ok
U, XA T AP ER.

1° T E BRBUR RE SO, et BRI B TH) 1B

2° TE BB A HAT A TR A .

3° iff PRSI B DX T] 5 A AR A
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fS

K 3.21

4° T E K%

5° fE REETEL (% §1.2 1Y>J /)

B 3.5.7 W HREL f(z) = e F£ (—o00,+00) KA

R EICEERREUE —ME RS (BT DL R R 4 EREERIAT ) . A

fl(x) = —2me ™, f"(z) =2(22% — 1)e”

FRLAS o < O B, f(z) > 0, BREUZPRIEIEAY; 24 2 > 0 B, f/(2) < 0, PREUE HIH SN
f); Btk = 0 (f/(0) = 0 ) B AEA. T /() = 0 MR « = £%2, EITETHEN

PRI (=2, %7) 1, £ (@) < 0, BORECAER E R

FEXI] (—o0,—2) LRAE (2, +00) 1, f"(x) > 0, HCBRECHELCHIAK A Ly
[0, T, 1k B SRR I AL o = 32 HIE BB . B 6T 100 i
K, TEIE, © = — Y2 hb, BRECGRIMAEN], ERE o = X2 b, e A

UL, LT A RIS — R AR

(e ) [A[(E] 0 [GA ] F ()
f(z) + + + 0 - - -
1 (x) + 0 - - - 0 +
f(z) ™ EiT)= El] [ ONIER (4] P ol

XA lim e % =0, B o SRR AY— AT (BRIt SNsAT HAHTIT L ) .

*ETEJ:EE’J)%%TZ B, BT LATE Oxy VI EZsHl s By B (E13.21) . JfESS
BREL f(2) = e TERERIE ARG — R SR s AL, B —FhFRZ R “IE&
o3 (8 Gauss 4347 )" (TR FAIEE.
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3.5.3 THEHMZRHE

Oy P FAOHIZE L RMAC y = f(x) MOEMG. EATRR R 2R 0 BI2 | R 5
ORI 5 SR TE SIS T I L G S A, 2 2 25 i
AP IR S L E R

3,22 FF, WEIZE LK A SIS B i, DIZRA0T a2 5 T —Aff i (4
W) Ap, MAGTHIZE FM A 55 B IO AR, As, 10112 25 7 e T 1L
A Il As FZR. 5T, MFNIL KB R BT, Y02kt 20 fo i o2 25 A
B (813,23 ) ; M B IL A% 30 i BEASER, KR/ N 25 i bk (113.24)

L
B
A Ay

Ap

Ay

& 3.22 % 3.23 [ 3.24

PRI, AR A ARHBFIH Ap Al As XA 32 KFORIZBOIN AB HYF-875 H
JE. N T SRS E—r A MBI EE, bR B v E N L #60k A 5, 24 B iR
A, IR 32 BRARI W IhERAE A SRS AR, R éﬂﬁ—f i Aliglo% WS, Ok X
WBRAEE O ZRAE A ) BEE. 188 k= K(A).

BT IR Z S, #T R AU WA R e

(1) gL y = f(z), = € [a,b] FonpyriZnith 2.

EMEIE, W& b A F1 B I8R50l A(z, f(z) # Bz + Az, f(z +
Azx)) (Kl3.25) .

WRMNE S (a, f(a) EUEESN S (2, f(2) BIKKIEHR s = s(z), S (2, f(2))
WEYIZIE IS o BE R S AIC RN a(z). WX T o B9 R Az, IR Y &2
As = s(z + Ax) — s(z), LA EN Aa = a(r + Az) — a(z). AUER H UK S & A]
PEERIF S B(x + Ax, flx+ Ax)) 558 Az, f(z))Z B REILKE

As = s(z + Ax) — s(x) = /Aa? + (f(x + Az) - f(x))?
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Bt LA
o) = jim, TI0
_ g VAR AN - S aEry
Axz—0 ASL’
it it

A« = arctan f'(x + Azx) — arctan f'(z).
Ao [(2)
Arso Az 1+ f2(2)

PrAE Az, f(x)) sidk
. A« ) Ao , As
) = i = i (55/5)
f//(x>
(+ o)™
W, By — (o) BRI L 2 (o, f(x)) A
f//(l,>

(1+f’2($))3/2'

M ARIATE By = f(x) B— BRI RS R, 2050 T s BT #on thk
SRR, — R R E R L f(2) = ax + b, XH o, b EHE, BAIEAEEM
— AR, HACHRIE B AL .

AR AL T IR 2 iR, s b, B AT SR T 2 s A e (e
FEMME) | B k(z) > 0 B, f7(x) > 0, BRI IIZIR M0y, BEESE o nsm, il
SRR AT T 16025 A IR 17 1)l R A~ AT 9 T 1), St SRR T Y
). M k< 0B, ZJEM. MR R (k] 205,

2) IZHHE 2= ¢(t), y=v(t), te€ [a,B] FRMLEmM=E.

k= k(x) =
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XHEBE (@), V(1) #0 B ¢'(t), ' (t) L GXRERY L IR N IEM B2k ) | A
W' (t) # 0, FIL IR AE R T IR v = f(x),H

PO W -
PO =Gay 7@ OP
AHERS LB M A AT A — s A e
o= SO0 - 00

(¢2(t) + ¥r2(t)*?
e ¢ () + 42 (t) # 0.

5] 3.5.8 IHEILMIL y = Sax® BT,

g HWhy =ax, v =a, L

a
(1+ a222)32"

Hoa >0 0 (ML OmE), MZRMAY. Y a<0 i OFHET), MZZMNI. 1E
r =04t |k INBIERK(E, BRI L T 2 h iy e Dy

5 3.5.9 FHEMER

K =

r=acost, y=bsint, te€[0,27]

AT — S R

R [HA ¢/ (t) = —asint, ¢'(t) = —acost, ¢'(t) = beost, "(t) = —bsint, fCAL
EVAIIE S
B ab
 (a?sin®t + b2 cos21)3/2
Feoll, YMa = b= R B, FREBECERES R MR SEOT IR, R E AR — 50
HIESY)

1
k= —,

R
BRIV 25 AR B 5 2 AR L. IR, 25 AR I, [/ NS i R BB

WSRBIE p = o, FROVIIZAE—riRg B ER AR, I IR Hnl i, R R4
SRR P AL
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S]& 3.5
1. (Jensen ANER) # f(z) XA T ERMMEREL 21, 2 2 T 0 A, MIXTHE

10.

BWE o+, =1 WIER o, an, A

floqxy + -+ apzy) < apf(zy) + -+ anf(zy).

By, e, AL Ag, e Ay BREIERL BN Ao+ N, = 1AL
2t < Man + Aama + -+ A
FEAI AL = Ao = -+ = A\, = L MIEEAPEIAREX

Ty +x2+ -+ Ty

Vx1Te- Ty <
n

($7: HFIEXE] (0, 4+00) EBIPREL f(x) = —Inx FIMIHE, FFAIH Jensen A5
o)

W oab e, d R ¢ < H >0, d> 0, IEFIASER

S

a _a+c _c¢
<+<

b S b+d d

D fa) SEXTE] T R eREL IRA f(x) AR T BN ORISR,
CBEPRER f(x) fEIXIE] T EARAERT S, HER TAHRDSSRZHN, B4 f(x) > 0. W f(z)

Fe I BN, AT — f, B BIC T MR B SEPIZE L.

SRR f(x) TEIXTH] T NA B B i 27 2z 2 f(z) B— D W

f//(fto) = 0.

BRI f(x) AR wo MHBHE ZRral 2, H f"(20) = 0. & [ (wo) FFAEHANE,
W 2o 72 f(x) BIPIR.

SRR F BRI ) A A
(1) y = 22° — 32* — 36x + 25; 2)y=z+2
(3) y =% (4) y = (1+ 22",
(5) y = 2% (6) y =z +sinx.
R a0 fH, B (1,3) FMIZK y = ax® + ba® B
ez R oI 2R EE.

(1) y = 23 + 622 — 152 — 20; (2)y=

(3) y = v — 2arctan z; (4) y = ze ™.
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11.

12.

13.

14. %

Wy = f(x) FIERIIMZE N C. I8 C E—5 M(z,y) AR K k(k # 0),

LA M 5IHRRIRLE, FEIEZ gt i — IS D, ff | DM| =
R, p AR XA RFR RIS C Abry R E, HRL D ﬂﬁﬂﬂzﬁf
s M OAREERES LG, AR p FROGIIRTE R M AR AR
SR HNMLTESRE s 32, el Kt iz,

(1) zy =1 7ERL (1,1) Ab;

SR F I Z AR RE R il %

x = 3t?
(1)
y =3t —t3

XL y = Ina EWE— SRR RN IR Iz iR AR,
BHA LR KR f(x) BHE

PREL f ()

et =1 A4b;

JEE XAE (—o0, +00) LAY R

(2) y = e FE&, (0,1) &b,

xr =cost+tsint
(2)

y =sint —tcost

_pauD

1t =

INJE]

2
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§3.6 Taylor

BERREL f(x) 1E zo WIHL, 18
R(z,x0) = f(x) — (f(z0) + f'(20)(x — 20)),

|
lim R(z, 29) — lim <M — f/(xo)) —0

z—x0 T — X T—T0 r — X

HI, 78 xo WIMHE, ATUIH— 1T 2 — 29 BI—IRETK
Ti(z) = f(xo) + f'(zo)(x — x0),

ERL f(z). 2R Tix) 5 fx) £ o = zo BUARME Ty(z) = flxo) I H
R TIZk T)(xo) = f'(wg). £ o = 2o BKIL, Ti(x) 5 f(x) B9RZE (SRR
i) R(z,x0) = f(x) — Ti(z) 4 x — xo B, B 2 — zo HEHIILTT /N E.

E—20, A f AT T A ZRr 80, WX T TR PR o F o,
Bl Lagrange HEE FRAGUERH, #4155 Bl pR%EL
f(z) = Thi(z)

(x — )2 (t = zo)

g9(t) = f(t) = Ta(t) —

M g(t) i /2
g(z) = g(zo) =0, ¢'(z) =0

fif LA Lagrange FR{EEH Al FI7E 2o A1 = ZI8], FEAE— 1 &, Hi15 ¢/(&) = 0, 1E &
xo ZIA), FFE— 4 &, fdiAE ¢"(€) = 0. BD

" Y/ f($) - Tl('f) _
g (&) =1f (5)—2w—0
FRAARTR R(z, x0) BEEAR N
R(w20) = () - Ti(a) = 8 o — 2

2
S XA AR, FAT A LU R f (o) FEBEADIXE] T EA—R 2T T (2) Z 8] AR
7=

3.6.1 Taylor A3k

F AR A SR RES FHEE S i n IRE TR, T, (x) 76 © = 2o BT ZIEML f(x) , HHR
2%, BRI R, (2, 20) = f(z) — Th(x) 76 & — xo B, J& (v — zo)"MIRBTTCS5 /M. I g
E— S XERI R(z, zo) FER BN AL T



3.6 Taylor & 129

BB N, A AR Z IS TE © — xo IR RREL f(x) RYRBHITPL? 2 Piin
RA— n REWAX T, (2), 78 © — xo WHZEEL f(x) BIREBERL, G0 E 25

ap, ar, -+, a,? NILB

To(x) = ap + ar1(x — x0) + - - - + an(x — 0)",
Horh 250055, KA f(x) 18 xo BIRBIR (20 — 0,20 +0) N n Biral . WER f(z) 5
To(z) BIRZEY & — xo BRI (2 — o)™ BEFIICT/Me
f(@) = To(x) + o(x — x0)"), @ — a0,
WA

lim —f(x) —Tlz) = lim —0((x —%0)") =
T—X0 (ZU — ZL’o)k T—x0 (J,’ — J;O)k

VAREAEA K i ERIAAN., 35 k=0 A
lim (f(z) — Tn(x)) =0

T—X0

Eefliii
ag = Tn(wo) = f(z0)
2 k=1 i, FIH L'Hospital N4
H@ ZTale) _ iy (f1(0) — T(2)) = f(20) — T (x0),

IR

WAREEN kL, 1<k<n, A
T8 (wg) OV (o)
(k-1  (k—-1)"
ML 2z — x I, BREL f(2) — T () LA k—1 & BSE FO(2) - T (2), 1<
i < k—1#RICG /e, BRIl ZE2e(d H L Hospital 0] 75

0t L@ =T (O @) = T (@)

z—xo (T — xo)k T—1o k!

ap = Tn(xo) = f(z0), + ,ak—1 =

g

T3 (20)  f¥ (o)

L T

2, RATELUEH THE f(2) = Th(z) + o((z — 20)"), o — xo MEZWAHEEZUWT
2

"(x ™) (g

B LR B £(2) 15 S I SR B 2T T (2) WEREL f(x) 7E5 20 40K n
K Taylor INzk.
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EE 3.32 KK f(x) £ xo B4R (10—, 20+0) R n B-TF. W& fz) 5
CAEE 1o 89 n R Taylor $ AKX T,(r) ZIA6gEZEZ (BFRR) R,(x) = f(x) — Th(z)
Yo —ag HAE (z—a2)" BN LFDE

’ Rn(x)
im = lim
z—zo (¥ — x0)"  a—wo (T — x0)"

AW, & x—xo B, A

g (") (g
7@ = fa) + T80 gy o T e o — ),

EXARA R f(x) 5 10 L8F Peano KR Taylor 2.

Fenll, SR eREL f(x) 7E x = 0 ZBINA n Br &L, ﬁffi H 29 = 0, M Taylor
N

/'(0) F(0)

f@) = fO) + e+ I

FRZ M PREL f(x) B9 n BrHA Peano RIAY Maclaurin 23 (5@ F=0) .

z" +o(z"), x—0

3.6.2 EIER=REMGIT

peeii A—EWJRBRYE, BB T Y o — zo BeREGHES. FROTHE— 4R
RERS XS RIUAH — BRI, TAUUE S © — wo BFAIPERS. WA g 2%
F, BB f (o) 7RI RAEE n+ 1 S8 F2L0, WA

EIE 3.33 HEH f(r) AR T AR n+1HFHK, o o9 2 T PHEERE,
To(x) 2 f & zg 89 n R Taylor $RAX. WA ¢ Fo xg ZRHFLE—ANEK E T

f(z) =T,(x) + R,

YH AR R, BA T

g,
B = Gy (om0
REB f(x) TARTR
(2 ) (1 (nt1)
) = o) + Lo =y 4 Lo 4 E 00— g,

R, %4 Lagrange &3, W L@ X AN XARA LA Lagrange &R Taylor A,
R BB R E T
g(t) = f(t) = Tn(t) —
BAR, g(t) B n+ 1 Brsd, Hilie

g(z0) = g(x) =0, g®(wg) = fP(xo) — TF(9) =0, k=1,2,--- ,n

f(x) = Ta()

+1
(x — o)+ =z, tel
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RIEH I E B, fEEN T o B zo Z %L & 758 ¢/(&) = 0,454 8 H &1k
g (zo) = 0, QELEXT ¢/ (t) 18 FHIMA T8 BAHE I AFAEN T w0 B & ZIBIIYAR & f8175
g" (&) = 0. WEHE, 76 &, F zo ZIA] CYRWAE © Fl 2o Z00)) , FETE—DEL € 1§15
gD (¢) = 0. EF TV (1) = 0, FFL

=0
(ZL‘ _ 1130)”+1

g tIE) = fUIE) — (n+1)
Hp )
n+
f (5) (ZL’ . xo)”+1.
(n+1)!

W2 & AT o Al ag B9—E, BrRAal 2o oy
E=x0+0(x—x0), 0<O<1

It Lagrange 435 R,, WA,

FrE)
(n+1)!

5 b, AR 2, Taylor A:URI R, (x) AZMARIKERIRIEA. 28
5 BB g — B A

R, =

= Ft ) (@ + 0(x — o))

(n - 1)! )n—i—l_

(x — xo (x — xo

A EER, Y n =00, &
i LBV Lagrange HHEZY
K. e B 25, dnl F
J& Lagrange HELE FRAGHE) .

oy — 7, fESRA A AR, 7E
— IR zo &b CBP f/(z0) = 0)
WA B SR 7 (20) # 0, MIARYE
T S B woBIE B 6, HE BT R R _:
T mo AR R S /IME. {H Y T
f"(wo) = 0 B, zo ARAR A BATE
BT R (FIANXTF f(z) =
ot TS 2 =0 &b, BAR f7(0) =0, 4 3.26
e/ IME S MXET f(2) = 2° [BNSE AR, BARFERE « = 0 24k, M HLFRFEA
F7(0) = 0, (B2 x = 0 REMAE A ) . FIH Taylor JEITFFRATRT AL H— M 780 544
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B wg JERREL f(x) BISESHD f/(29) = 0), WE f(x) HE— AR Taylor L,

" (") (1 (n+1)
f(:):)—f(xo):f é!O) / n(' 0)($—$0)n+f<n+1()§!)

X, R SR B RS — RIS o — xo IBUCRIS TR X T
UCHRE, wo SRR, 7EIZSUBCRR  Z/ NBER T3k — T ) R U S JE I, X T Ay
U, w0 ARBAERL. BEE AW T/ AUEN] (P AYEE 11T ) |

)n+1.

(x—20)* -+ (x — o

$FF Taylor JEIF B LR T LN F 90 A T KB . B BE— 2 x Mt
T, BB f(x) ST Taylor I T, (x) ZIARIREREE n BRI/, T H
f(&) = T(x) 76 20 A n SBEHE f(x0) — Tulzo) = 0, f'(20) — Th(20) =0, - - ,
FO (20) — TS (o) = 0, FAIBREMIFTE LML n B (5 158 22T L)
S SUTEWIARECZ I n M) | Th(x) WHH (o) BEY “aies” | B UA
Mo =20, Ty(r) AZEIEFMPIZE. K3.26 2R TREL f(z) = e* 7F 2 = 0 AMHY]
SABUZ, Nh i T LS <Y i L. Hr

1 1 1
Ti(z) =14z, T(r) = 1+a+ 52% Ty(e) = L+ o+ g2” + g’

IS 3.34  ‘HHK f(v) ERE T AAAR n+1 B, 8 |fF)(2)] < M,
MARE I £, f(z) BE® Taylor 3 RAXZ B8R £ (AR ) 2

M
|f(z) = To(x)] = |Rn| < GRS

N EIRRZE T HNEMWT. 55004 n — oo B, A R, — 0, XA TE B K
B T IR 2T B i — A R R PRAIE.
it 3.35 kS f(r) AR I WA n+1 B, wRE—E 20 £BEE
R¥r r<n iy
flxo) =0, f(xg) =0, -+, fU D (2g) =0, f7(xg) #0

A2 29 & f(x) 9—Ar TRE. kA 29 2 f(o) 89 r ERENAS LT 5442
BRI g(x), 145

(z — 20)" .

f(x) = (x —20)"9(x), g(x0) #0
ERR &z 2 f(x) B r HES, FIH Taylor A3, ¥ f(2) 7 © = xo LOEFH

) (g () (g (n+1)
f(x) = fr—(!(])(x—$0)r+-“+ f n(' 0)(x—x0)”+ Llc(n—kl()g!)(x_xo)nﬂ
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Hrp

") (g (") (4 (n+1)
g(l’):f (0)++f (0)<$_Z_O)n—r+.];n:_l()§')

r! n!
W2 g(zo) = LM (x0) # 00 RZW RTHEZFIH Leibniz K FEE T HERAE. 245K I
RZE R A] H L'Hospital H:NRIERR.
20 SEX[E T N— S0, Taylor 23— MR IE MBS e . 2 =0 iR
2o=0, M =02, 0<0 <1, Ak

/ (n) (n+1)
@) = 50+ Da oo Elon y Lol

n—r+1

(x — x0)

XATE 2o = 0 19 n B Taylor BRI EA Lagrange I Maclanrin 247
T EFRATIAN TR WA PR LAY Maclanrin 233K

- 132 Pl e@x it
e’ = +x+§+~-+m+mx . (oo <z < 400)
2 n
ln(1+x):x—%+~--+(—1)"_1%+Rn(x), (x > —1)
(_1)nxn+1
R,(z) = . 0<f<1
@)= ey 0<f<Y
Sinx—x—x—3+-~-—|—(—1)m*1 - + Rom () (—o0 <z < +00)
I (2m — 1)1 A ’
—_1)m 2m+1
Rom () = ((QT)n—j—l)' cos O, (0<6<1).
2 o, a?m?
cosr=1-— ottt (—™ Gm =) + Rom-1(), (—o0 < < +00)
—_1)™ 2m
Ropm—1(z) = % cos Ox. (0<0<1)
1 1) (= 1
1+2)*=1+az+ a(a2' ):U2+~--+ afa—1) n'(a nr )33"+Rn(95),
D) (=
R,(x) = ala=1)-(a n)x"+1(1 + )L (0<0<1).

(n+1)!
P la— PRI, 4 o Z AR, (1+2)* BLA ML Newton — A
N TR eREL f () fE— . o B Taylor 2AFX, JEN_ERSR HpREE zo MASEUE
P (xo) s k= 0,1,2,---n. (EARME R S B SEUETE RS SR R AT LRI
e =, X IET X Taylor 222 EAN T SUAY T AR PR #:
E PR (Y REA S SR, AR eR% ) (o) A77E, MIEIR R 2050k, R 5 A
{LSI7520

f(x) =ap+ar(x —x0) + -+ an(z — 20)" + o((x — x0)"), = — x0
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I, T —E B phEL f /) Taylor 2. /EME]™ 5, FRATHIGE T T R 7E
zo BB SEL £ (20) = Klag. FHEX) Maclaurin 237025 H BARE] -

B 3.6.1 KL e 19 4n H Maclaurin 2.
HAY x — OFf, —2t — 0, A e BITHIEE R, Bl —o* Bt o B

@
1) @, A
- (-2 | (=2')? (=) n
=14 (ma) g g e o)), 0
IS 1]12 (_1)nx4n "
:1_1,4_'_5_3_’_...4_ ~ +o(z™), 2 =0
X FrE SR Maclaurin 2220 B HASE] T
- (—1)F(4k)!
R e T

MTE = 0 KA HALA I SBE AT, XA, B R R e I FHE

2.
5] 3.6.2 3K cos?x B 2n B Maclaurin 232X,

& FH
cos’ x = 1 + 10082917
202 ’
PR cosx W) Maclaurin 233, HEEY «» — 0 B, 22 — 0, FrlA
11 (22)? (=) 1(2x)%n2 _
20 = S S 2n—2
cos"T =5+ 5 1 T @n—2) + o((2x)*" %)

2 5 (=)™ o0 3 onoa Mnm—2
:1_§w +.“+(2n—2)' +o(z™"™%), =0

R R B R IT X, TR BRI

" _cos? x—x?

B13.6.3 Ok lim o oot
e QAR WA L'Hospital YN, )23 18 35
GO FH R Maclaurin 232X, F AT A9 41+
’ ?=(1-a"+o(a)) — (1—x2+1x4+0(x4)) —x

IR i A

2

e _cos?r — g% = 2
= —%lx4 +o(z?), x—0.
Fir LA R A FR Ay
) e~ — cos? 1 — a2 4
lim =3

z—0 x4

EE, mToRHE 2 — 0 I, J2—A4 4 Briogs /b, it 1 2 RIFR] 4 Bripal. 55—
J5 i, A BT RS R R, ANE A RASTCTS /NERYAL, ib A RO LAITCSS /N,

HE RTG53 /N
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i 3.6.4 & f(x)=

1 (
x?
1 1 1 2
ﬁq’; Hﬂ— 575 §(T+

xT

B ox, AR E

) ¥E x = 2 1Y Taylor A
1) T (1 + )~ ! i Maclaurin Az, H xT_Q A

x—2 o (x—2)"
=5 T (1) STEER i
XA ,
(=1)" (g — 2)n Oz —2)]7""
R= 2£L+2 ) 1+ 5 , (0<0<1)

1 3.6.5 5 e MM, MHEEAHIL 1077
B fE ot IR, I a = 1, 15

1 1 e
e=14+1+ '+ T i 0<6<l.

2! n! = (n+1)!
T

e e 3
mr D)l el (1)

FﬁU\, /\gﬁﬁ/—\]ﬁ n, /fé’fﬁ‘

1 -5
(n+ 1)! <10
BT, By, BRI AERIRG L, RFRE n = 9, iXH}
1 1
e—1+1+2|—|— §:2.718282

5 3.6.6 LA e JEICHIER.

MR (S iEEE) iR e BAPEL W e = %; Hrp, ¢ JBIEEE. Bn >p H
n >3, M

1 1 e?
622:1+1+_+...+_+— 0<6<1.
TREA
nlq SN + +n‘ n nle?
=nl+nl4+ —
D 21 (n+1)!

o BGEEERCTAL, OB AR —IAh, SRR TR U (e R,
EERTE

0< nle? B e? - 3 <3<1
(n+1)! n+l n+l1 4 7

g XU e ATEAT AL

i 3.6.7 HREL f(x) 1E [0, 1] XA E AT, HAMERM o, & | f/(x)] < M(M
HE—ANEH) KU £(0) = £(1) = 0. 3FEBH: £ [0,1] K _EA [f(x)] < 4
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IERR XHMEEM 2 € (0,1), B Taylor A, 1%
) o

£0) = £(x) ~ @ + L5
f"(&)

F) = f@) + @)1= 0) + 02 (1= 2R G e (@)

=, & € (0,x)

R —3 LA (1 - x), ST &, RIFATINTG

|f(x)] = @x%l—x)%—@w(l—xﬂ é%x(l—x)é
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S]# 3.6
L 5l TR (AA Peano RUIHY) Maclaurin eIF={:
(1) y= —xszﬁﬁﬂ; (2) sin? z.
2. SR PREL e 1) (B Peano ARWIY) = Maclaurin T
3. SR PREL Incosz [ (HA Peano RINHY) 7SBi Maclaurin BT
4. B f(2) B—AmHkEm, JEA f(2) = -1, f(2) =0, f"(2) =2, f"(2) = —12,
FOQ2) =24, HH f(=1), f/(0), (1)
5. SR ) REUEA Lagrange B4R Taylor A2
(1) y = tanx £ x = 0 B B Taylor &H=;
(2) y=17E 2 =—1 1 n B Taylor JEFH=.
6. KT HIHKFR: L,
(1) h{fb Cosg;;g;iz : (2) h{)% W&W’
(3) li_)m [x —22In (1 + %)] : (4) hi% —COS(S:;?;CO”.
7. WAL f(x) KA no+ 1 YA UERH: f(2) MIRECNHERE n 92000 T
MR ) (2) fH R
8. WrREL f(x) 7F [0,2] L=Fral's, BXMER 2 € [0,2], A |f(z)| <1 K& |f"(z)| < 1.
WEH: [ f'(2) < 2,2 €[0,2].
n+1’ > }Eﬂé ,
0. ¥ n HIEEH, BEES fo) =0 T e 0 0 o)
0, x RGP
e (Bn: WEH f(x) (UEE—5 2 = 0 7] 7)
H, ATRARA
f(@)=040-24+0-2°+ - +0-2" +o(z"), x—0.
HY n > 1 B, FERBERTS FP0) =02 < k < n). B, 3 R 5 PR
BAER o A n Bradl, 22 CHE M.
T, a0, .
10 HEEE fw) = 1 "7 e e £ 0 REAIER PR W ()
0, xz =0,

= 0 R BT SRR, T HARSE TF. (I B8, B HIB9NEIEY], 4
A 0B X n=12- - F fM()= e 2 Py, (1), 3 HL Py, (¢) J2 ¢ 19 3n IREIN
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4 3 F U R R

s A, 1S H0E X% L Hospital 0, 134 (it y = 1))
o @ =10 Ly 1

m — = lim 3
z—0 T y—o0 e¥ y—oo 2yeY

BRI £7(0) = 0. BRAEFTU A4S I8 5 A 9N . L'Hospital NHIER.)

R EWRE, SHEER IR n, KB f £ 2 = 0 26/ n B Taylor 25 0; #t
AR, RILEGESE T f(x). K, BRI KR — ST B PERS, 1 (TR )
SRR R B B B A L REN HAR 78 H .

=0,

11, BRI f(x) TERERL o ALRY n YRR AFAE, JF L

Fl(wo) = (o) = -+ = " V(ag) =0, i f™(xo) # 0.

(1) #5 n AAETEL, WIREL f(z) FER 2o AL TOHLAR;

(2) # n NAEEC WRREL f(x) 7R vo ABUSARAE. 2 (20) > 0 B, f(z) FEM
wo ARIBR/ME; 24 0 (20) < O W, f(x) TERL w0 ALBURICLE.
ATFI, A7 PREL f () FESE S DAFTE QD TR 0 B 8%, U] pl e P S B R
IRRAESS,. SR, BATER, L—E R f 7E 2 = 0 b BARAE/IMA, (HHIRT]
A — 000

& 3 ZJEATIE

B (@) = e+ 1) +2) - (2 +n), K F0).

. WATPRAL f(x) 7E (—o0, +00) L EHA RS T, ICRER

M’ 0,
g(fv){ o 7

a, xz=0.

(1) #5E o BYME, fF g(2) 7F (—oo, +00) L.
(2) XF (1) THIER a, IEW g(x) 1E (—o00, +o0) LA[F, H S eREGELE.

S 4 g, = 0. UER: TR a2 +aa" 4+, =0 1E (0,1) NE

n+1

R,

4. ZAREL f(x) T [a,b] LIESE, TE (a,0) WA, H f(a) = f(b) = 0, WIFELE € € (a,b),

i /(&) + f(§) =0.

U fa) RIS, RS TP 1, o, A

f ($1 + $2) < f(l‘1) + f(l‘z)
2 = 2 ’

W f () s X081 A R AL
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6. W f(z) & [0,1] LRI S k%k, £(0) = f(1) = 0. UEW]: £F7E € € (0,1), fHif]
7€) =2
7. WL f(x) TE [a,b] F3ESE H fla) = f(b) =0, f'(a)f'(b) > 0. JEW: 7E (a,b) M
FAAE—m & T f(€) = 0.
8. W f(x) 7E [0,1] EAIR, £(0) =1, f(1) = 1. 3KIE: £24E € € (0,1), fiif5
PO+ 16 =0.
9. WREL f(x) TE [a, +oo) LHralfk, HWE f(a) >0, f'(a) <0, YIKY z > a B,
"(z) <0. BIEZEXE] (a, +00) K, BREL f(z) 1HAE —1DZF0.
10. WKL f(x) 1E [a,b] LAIHE, f/(x) MMM, 25 f(a) = f(b) = A, WIXHEE
r € (a,b), A f(z) <\
11. %L S22 (1 > 0) KM, F B f(2) 7€ (a, +00) EATS, H Jim f (o) £7HE, AR
fRIE mgrn{loo f(z) FEAE. IR 25 O Rl BRAETE, WIHAE IR .
12, PR f(2) 76 2 > 0 B Fral i, H f7(z) < 0, £(0) = 0. JEB: SMEREIER 21, 1o,
A f(xr+x2) < fa1) + f(22).
13. BRREL f(x) TE xo AAFAE B 34K, K
. f(zo+h)+ f(zo —h) —2f(x0)
1m .
h—0 h?
14. WE T AR S
(1) SMEESER z, e > 1+2+ ‘%2 + %;
(2) X x>0, x—%éln(l%—x)éx—%%—%;
B) X o<z< T, :L’—%3<sinx<x—%+%,
(4) ML SEL 2, y, B 262" < e + eV
15K lim (14 2) (14 2) - (14 2).
16. 3R /n (n=1,2,---) BYFHRKIH.
17. 45 I pREL 2 cosz 7 [0, 5] BR—ANR AT RE/ MY [ 5L
18. BERREY f(x) TEMIXIE] [—1,1] EEA =PEsc 80 H f(—-1) =0, f(1) =1, f'(0) =
0. WEBH: f77E € € (—1,1), ffif5 f7(¢) = 3.
19. & a > 1, BREL f: (0,+00) — (0, +o0) I KUFAFFEME T oI5 B IEES {2, ) fi

4

¥
f(x,) < flaxy), n=1,2,---.
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20. AN RBUGHEFOUE] Holder A% % {ai}, {bi}, i = 1,2, ,n ZIEEL p,q
RAT 1IIES, B L+ 1 =1, %

> i< (iﬁ)i (ib?y.

i=1 =1 j=

(%%3 22 [E PR f(x) - xp')



F4a4E AERY

TEAE3E T, TA T4 T R B S8 (B ) LSS B Wy B SCRU LA 35 3. 191
an, EM—A s SRR SRR R s = s(2), KT n] i B E B
HIE v = o(t) MUIMEE a = a(t). —A HIRE R MEUZ: W28 C 05 s 3 1Yk
v =o(t) (BIEE o = a(t)), BERHEHZ IR s = s(). Bilan, —A A &R
MGERESE g (HR0) | BETARRIAE R — I 2 AR R MR . ey LR, X
FERIREEISE PR b R (3o AOtia B )R, BISR— SRR gL, (A5 H SRS T —
ANCAIY PR EAURASTE BT ZEA R AN E D

§4.1 AERSREERITERZE

4.1.1 EXER

EX 4.1 % f(x) AR [ L& R RH, BHE—NTHIHK F(r), RFER

w1 B
Fl(z) = f(z) & dF(z) = f(z)d,
WA F(x) A f(z) £RE) [ Eag—/ARF5.

BoEM, — I, R Fz) & f(z) (FEXE T B B—AD 5%, W F(z) fn k-
—MEEEBURIRZ (o) W—DEREG 5—J7 1, X eRE f(o) EXE T FEE
PIANBRRREL () A1 Fo(x), B2 Fi(z) — Fy(z) —&W 2 Fl(z) — Fy(z) = 0, Fili
AR L, f(o) (FEXE T 1) R eRE k] Fom

F(x)+C
PIEER, He F(x) A f(z) (FEXIE] T B A— AL, T C AT A 4.
PREL f(x) MIRRE RN f(2) B RERS, iIclE
[t
Hop =« [7 BRFRIS, f(2) FRIEFREREL, f(2)de PROMBARIRA. EE, RS [
5 R TR R Y, AN R
P, pREL f(2) PIANERS, N UIHIFR AT f(x)de AN ERSY.
RERG” X240 DL SHARRC 5 B B ok, FRATHAE §5.1 hELefg e, se#iR
REER R, X105, MTRAERF (R 1%, KRk i 2R

HH B8 LT SC, AT DALY R eRE f () AU eREN R 75 Oxy H AR

PR 554k v = F(2), (HAE o TIZRERR f(o). XFEM—SIZ, R
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flx) W—ZKFRS e, REUTE v ST A2, A I A 7S LR ZOR AT 2.
PRI, T"IMTL AR [ f(z)de TR & Fidail Bt pthZe i (dnfEl 4.1).

Kl 4.1 K 4.2
B, TR f(x) = o REEREL, SRR Ovy FHEPXFMIL y = F2), B
TER (2, F(2)) e UIL B RERE « MG RKRMmZrkg K. X thZn a4 h
y=F(z) =12+ C FoR, Hh C BEEHEEH (K 4.2).
ALangirh, BORW f(x) M5 E — 8 (20, yo) BIBIIZ. XN, AIARYEZOR, fff
THHBOE—BIERIE. LA f(x) = = A6, WERESRR—Z&0d (0,1) BIBLTIIZL, W
1=F(0) 13 C =1, FIAXFAFEMBUIMMZR y = F(2) = 322 + 1.

W, PREE R R C A
y(xo) = yo, B Ylu=zo = Yo,
IR A WA R IR 2 BRI pR SR, AR ) AL
Tl 175 ZE i
(1) FEARERY R ESCA IR PR (B U 2R AR R R B AN E R )

(2) 7E55 3 Trp, A 1B 2035 R BN TR IR I 55 R, %K/A\f’@bgﬁéﬁléﬁiﬂi
B, — WIS R I PR (B DA E RS ) AT — 2 b BEIS /R I 55 bR

(3) InRk—4> u?& fla) B IEpREL, AR 2T BARGEH f (o) BB R st ey
R RE A E R
M2 3 F°0 3.3, 5 14 AT, 75 BRAL y = sgna BABER S il— 1 pRBHY 4K
(4, PR AR pRROAY S R R, JE AN AT REA SR — 2SR W kA pRR. XA, AN
JITAT B R AT IR e . AT PREAE R —Z P — N EE B0 T4 X 8] Y 42
PR, 7E3K DX 8] _E WA T KR

KT ARG ] e 15 RE B, B S IR A S ek R, e AT 8 A E R
o3 (R PR AEAE, AIJCEZR I A5 R & fin, T RIEW] R 5 Ry

/_’c dux, /—dx /smx dz
Inz

JEARER N O RE BR B . BATPRAE T —Fh, e A LE R B B ORI E AT 69
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ANERT.
B, SRIAT SRBAERD | SRR DA B 3R ) 4 pR AR

i, AR §3.2 FRRU AR, Boh I — SR R R B A E R (O ¢
TEEHE).

Q) / 0dz = C

(ii) /xo‘dx = T+ O, (o # —1);

(iii /axdx—ma +C (a>0,a#1);
/%dlen]m\jLC’;
(v /sinmdm— —cosz + C; /Cosxdx—sinx—i-C;

/sec rdx = tanx + C /csc2xdx:—cotx—|—0;

(vi /\/117 x = arcsinx + C' = —arccosx + C”;
/1+x2 dx = arctanx + C = —arccotz + C'.
o, ATE BAE B 1 AP BT

1° W a ZHE (a #£0), W /a-f(:v)dx:a-/f(x)dx

2 /[f(x)j:g:v dx:/fa:da:i/g(:v)dx.

AR B RME N AR B, (HVIZE R R, KT AE R SF AL bR G
T eRBORAAE (Bl — A5, PRI 1° B35 U2, 3 a # 0 B, o - f B9
a T\ [ B R BAR R M H. o e f AIEPRERLIE o - f BIERREL. PR 20 BA Y

BB PE, AT R — N 2R A ASE BUME D T A BRI A E B A, B
frish

Bl 4.1.1 R [r=drtlyg,

fi#
2 _
/wdx:/<x—4+ 0 >dx
r+1 r+1

/xdx— /dx+5/
z+1

—Ex —4x+5n|z+ 1|+ C.
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(EE, L A m i — A E RS A — MEREW L, f)n 6 etk C;
KFE—m, UG AR

il 4.1.2 3K [
fi#

sin? x- cos2

1 sin?z + cos?x
/ﬁdx = — 5 de = [ sec® zdx + | csc® xda
sin“ x - cos® x sin” x - cos® x

=tanz — cotx + C.

Bl 4.1.3 K [oammde

fi#
1 1 1 1 1
— da= (= do = [ =dz — d
/x2(1+a:2) . /(az2 1+x2> v /a:2 o /1—|—:c2 .

1
= —— —arctanz + C.
x

SR, A ESAPEBORAERUPIFABA 2. D 1 A R i er KA 2 B
f b, 1 o A 28 AR N — — e RE A A

4.1.2 #RITRSE

IO S SR E BT 1 — AT, B S A sR A I ok I AR . T
M), KRB, 25 AFRRME R, DSBS EIIE S, AR 5 TR .
EFIE 4.2 & F(r) £ f(z) 9—AR&ZI(H Fl(z) = f(z)), F&E u= () T
e, W &RAA
[ He@) - ) = Flela) + C.
B flo(z)) - ¢'(z) B9—ANREBIE Fp(2)).
IERR i —Brior BN A s T, R R

TELARRERL () AR FASHE w RHTDSR AT, it H IR 45X O

TESE B, RBEfF R B A E FBRAr AT LR IKAIE S [ f (e ¢ (x)dx, BHHE G
[fp())dp(x). HAEBGY [ f(u)du 5 TR, 'J“JEE!XEIE.@kHj*E%kﬁE’ﬁW\
[fle(x)) - ¢ (x)de. E—TTEARPRN AL B B

EIE 4.3 HEH v =) ARLRGTHIHK, B ot) RIREM (K@ o A
TR R R o) B Gt) R f(p(t)e(t) B—ANRFE, B

[ e G(t) + C,
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A
/ f(2)de = Gl (x)) + C.
B G(p _1( ) & f(x) —A R

UERR AT A BREOR Tk, SR BOR Sk L E AR AF, 45

dG(e~ (x) _ dG dt
dx dt dx

H M P RO 25 2R O
8B .3 R T 55— AR 7 U AR R A ZE R [ f(o)dz, HA 5 B
. aﬂzﬂ]Tﬁi NELHIR 2 = (), GXE, o(t) i 2 e B 1.3 PRYZSK) | K

[ f(z)dz
/ £ () dglt) = / Flo(®) - (1)t

A AN E B TR AR, W R B HE R DL ¢ = ol () ¥R ¢ A E z 3
KIBT [ f(z)da. 3X— Pl oA o —ACHRE .

5] 4.1.4 3K /tanxdx.

COS T COS T

R ORI ER S = /smx / (dcosz) = —1In|cosz|+ C.

R iC ¢ = Ina, IR ERT N
Inx

[t m o) = |
—/<1+t dt = /\/Fdlﬂ) /d<1+t>

v+t v+t
= §(1+t)3/2 —2/1+t+C

2
= 5(1 +1Inz)¥? —2v1+Inz +C.

1
5 4.1.6 >k / d
J Sl Bves i
ﬁg" i& t - \/m7 IJ_\IU eiIZ + 1 — t27 ﬁﬁ exdm = 2tdt7 EI] de' = t22—t1
4%

12 | | t—1
o2 o (g _ 9] (x/w 1—1)— C.
/t 21 /(t—l t+1> S mvert v
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5l 4.1.7 ﬁ‘z/m(ix

R R RER E L ¢ > 0. BT 2 =0 > 0) LLIEBRITA RS, W
VI =13, Yz =12 do = 6t°dt, M\

dz t2dt dt
S — —6
aro Rl Eer Rl KRl Ao
= 6(t — arctant) + C.
&I, BTt = ¥z, IR ERST A 6(¢/x — arctan ¢/x) + C
5l 4.1.8 5k /\/ a? — x2dz, Hip a 2— 19480 a > 0.

BN T EBR RS AL 2 =asint, X -5 <t < F. Nt = arcsin 2, H.
dr = acostdt. BRI ERI N

2 2 in 2t
/a2<3082tdt:%/(1+0052t)dt:%<t—|—SH; )—l—C

02
= E(t—i—sintcost) +C

2

a r 1
= Earcsin— + 595\/ a? — 224+ C.
a

BaLo ok | \/ﬁdx, B o AR a > 0.
fR BRREE BN © > a B v < —a. IRATEHIE v > o WIEIE. HAHE=
AR 2 = asect (P 0 <t < 3), Al IEESR, (HAER AU AU 58 2 J7 .
L x=acht, Hif t > 0. (2% J02.1, 5518#%). M| dv = ashtdt, V22 — a® = asht,
OISR BUMES [dt = t+ C. BUTE, 55 il St 2R 5% sR AR S ek B Rk A8 s (R

x> a)

X

2
dx:ln<£+ <_> _1>+C’:1n(x+ $2—a2)—|—0’7
a

1
Hi ¢ = C —Ina, MEREFE
Mo < —altf, S z=—asect(0<t<3F); BHEL z=—acht (t>0), FLHATT
HEERN In(—2 — \/W) +C. (Euﬂ%ﬂﬁ L x = —t, WK I —FhEIE, 16 T H—
FEIE.) DRI, PR IE T 45 R ]S 01 N

a

dx—ln r+ Va2 —a? +C.

/\/ 2 _qa? | |

5 4.1.10 ﬂ%/—dx, XH o EWEL a> 0.
v a? — x? =

R RRE R SN 2] < a, H o # 0. ARREAT DU = A R0k i, X BA4 5
— AR U
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Bo<az<alf,Lz=2M¢t>1 Hde=—2%dt. HETGIWEER, 5HPICRGOA
ERTH

1
dt = ——1Inlt t2—-11+C
et = i+ VP 1+

a—+a?—x?

+C.

In

a
[FIFE, M—a <z <O, & a=29 (Hrbt < -1), BYERS EEHEE. 2Rk,
GE

T

2

1 — x?

r=—1In

| ==
wE-2 " a
AT, zﬁ%}ﬁ\ug&fxzxiuﬁi e, TSR Bl R CFE EA  SUB I

a—va

+C.

T

FIAREFL Sy (FRATTVAE, B EAEAE), AR 8 U A E Ty, T2+,
PIVETLEA.
2
Bl 4.1.11 */#;ildx.

B4 o # OWf, BB R 1 I BERIBR DL 2, 13

r“+1 B 1+ B d(x—%) 1 2 —1
/mdm/mdx/WTarctan \/_x C
T TR f(r) = 25 FERANE XU (—o0, +o0) FRISRREL F(x), HCL 1894
Al

%arctan 5”2\/5_; +C, x<0;
F(z) =< C, x = 0;

farctanf +Cy, x>0.

+Cy, Wy =C—-2Lx 02:C+L%_ t ok (%

R >+ C=C=— 52

\f 2
3.3, S 138 Gy

\fQ

Fi(0) = F/(0) = (0).
MM F e z =0 4br]S, H F'(0) = f(0). #i

\/Lg (arctan ””;g; %) +C, x<0;
/f(x)d:c =14 C, z=0;
\/Lg (arctan “"”2\/5331 + %) +C, x>0.
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AR TSR R (R T TR

/ 241 d 1/(x2+x—|—1)—l—(x2—x+1)d
zt+ 2241 2 (@2 +z+1)(a2—z+1)

1/ 1 d +1/ 1 d
=— [ ——dox+=- | ———dz
2] 22—z +1 2] 224+x+1

1 d(z—13) 1 d(z+3)

1 2¢ — 1 1 2z +1
= —— arctan + — arctan

V3 V3 V3 V3
(5 FHUE, 3k — &5 5 5 i T A 45 SRS Bk ). )

+C.

4.1.3 SDEPRROE

ANE BT H Y 3 B R R A B A3 () T2 R T 05— Fh i, B 5 s AR AN
{0l @er

(w(z)v(x))" = ' (z)v(z) + u(2)v'(z),

W
d(u(z)v(z)) = v(z)du(z) + u(x)dv(x)

FHXS . P (u(z)o(z)) B9—PIReREOIR w(z)o(x), FrRAFRATSE BA T H i 2.
I 4.4 (EEDEE) BRE u=u(r) 5 v=v(r) AELGHKF, N

/u(x) ' (z) dz = u(z) - v(z) — /v(m) ' (z) da;

/udv:uv—/vdu.

M PR R BT TR IT. o B BRI AR A AR oo B we” Hop—A
MAERY, 25— A E R,

5] 4.1.12 3K /lnxdx.
i W u(r) =Inz,dv(z) = do, WATH v(z) = z, 5

/lnxdx:xlnx—/xd(lnx):J;lnx—/dx

=xzlhe—z+C.

T It A

5] 4.1.13 3K /e‘” sinbr dz (a,b BAFEFEILE).
B CPCRARER A 1, W E R AR, 151
I= l/sinbm ~d(e™) = ﬁSimbzzc — é/e’w cos bx dz.

a a a
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PO SR S A5 N A B i | AR /N W
ey b '
/e’“ cos brdzr = — cos bx + o /e‘m sin bzdz.

DR, 3RAT 1A

axr 2
[ = —sinbz — —e* cosbr — —1.

a a? a?
BOifRs] (R, I #m—A-RE0%)

ax

= Cﬁe—m(asinbx —bcosbr)+ C.
. 1 RN
B 4.1.14 2 I, = /mdx (n=1,2,---), Hrf o BAEZTSH. UEH T
EOREEE (/NS WAV
1 T 2n —1

_ I, (n=1,2,--).
i 2na2(a:2—|—a2)”+ 2na? n(n=12.)

(L& I = Larctan £, ATEAEHORES 1,.)

a

iE AR (B w = m, v=ux, W du= —(mgfa%dx, dv = dz), 15

x
- (22 + a?)" +2n

T 2
:m+2n(1n_a ITL+1)7

2
x T
I, = —(xz o + Qn/ —(x2 PO ER dx

HH RS 25 AR
W AER IR, Bk 5ok g S0, A28 — DX AR+
%] 4.1.15 K /avex(l +e¥) 2da.
g RAVEh RS

/xex(l +e®) ady = —/QZBd (ﬁ)

-2 +2 / ;dx
ifif b2 R AR T AR SR 4G (0] [4.1.6), Fefl IR
/xem(l—i—em)_gdxzélln (\/ex—l—l—l) — 2z — 2 +C.
e’ +1
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o

LSRR AIAER
(1) /cc(a: —1)3 da;

(3) / (2 + 3%)2 da;

2
T
0) [ e

2. S — LR P IIAZER

(1) /(2x )10 g

<3)/ cos.x—sinx dz:

1+ sinz + coszx

5) /xﬂdx;

1
o e
(9) /singxdﬁ;
R AR P E R
(1) /\/ex — 2duz;

1
(3) /mdl’;
1
<5)/1+\/:c+1d$
l—-Inx
o /md"“
T +2
V2 +1
r—1

(1) [ o do
4. RTINS ER 3

1) o]

(9)

330
+1
2 dz;
@ [SH
(4) /tanzxda:;

1 2
(6)/ + cos T e

1 + cos 2z

/—SIII

(4) /arctanx dz:

1+ 22

1
0 [ e

1+1
(8)/ +Ilnzx de:

l+xzlnz

(10) /sin5$cosmdx.

HAP i o BN IERA

2) /\/x2 + a?dz;

4) /\/ﬁdx

zlnz

(®) / A+ a2 O
®) / L g

R —— O ¥
22?2 + a?
27 4 /2

(10) /x8/7_|_x1/14 dz;

1
(12) / i e

%) /maxa,x?) dz
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5. ORISR R AIAE )
(1) /a:sina:d:v;

(3) / cos In  d;

(5) /sec3xdx;

(7) / z arcsinz dz;

) [ arcsine?
6. T MIIAE R B E A S

(U/Sin”xdm (n=1,2,--);
7. R FAIRE R

(1) / : jem da;

1
) [ e
5) /\/a:Tlarctan \/m
x

dz;

(7) /xem sin x dz;
\/1 — :L’

T arctan x
11 ——dx;
( >/(1H2)3 ;

(13) / arcsin /z du;

(15) /:z:siandx;
(17)/ arctan x da:

22(1 + 22?)
(19) /ezz(l + tan x)* da;

(21) / cos x cos 2z cos 3z dx;

1
23) /\/ﬁ dz

— 2xsinx
95 e_l,z/Q Ccos T da:
( ) / 2vsinx

22 Inz dz;

(2)

22 cos bx dz;

(4)

z2e® dx;

(6)

—— — —

z(arctan )? d;

(8)
(10) /ln(x + Va2 +1)da.

2 —1
2) | ————dux;
()/ﬁ+ﬂ+1%

5) / /7= 2d:

e d
T
ver —2
1
® [ s
1+tan:c sm T
r—1
(10) \/
/ x+1 x2
(1 >/1—|—smx

(14)/m—|—smxdx;

1+ coszx

T
16 —dz
1) [
(18>/arctane dz:

(20) / (xsinxgi cos a2 O
22) /\/x—lj—\/x—l—ldx;
%u/l—mf

(26) /(1 +x)2
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=B AN T RAE R B — L AT R, [REds T AV R
BUAE R BARAFAE, HIAN 2 BB W) 55 R B R 1. ﬁﬁ‘ﬁ ?"Tﬂﬁ Ur e A —
RA B — 45 R —IB RN A ERSTENFRE. HIH—LE iR 28
ek A R A RS, HAR 2 ) 5 R AL

4.2.1 BERHHORERS
FEA BB IR — AT S REBR o 92Tt 0, Hoh

P(:L’) = apx" + an—lxn_l + - 4ag, ap #0;
Q(x) = bpa™ + bmflﬂ?mi1 +---+by, by #O0.

% on > m, B DO HAIAR, # n < m, WER PO AT,

1 Z I B BRVE 5 F, AT By X Rom Ry — D 20 — A B ARl
A i T2 R T, HESRE— 2. Pk, sKA PR A E -
ﬁ, /\ﬁ%fﬁﬁ}ﬂﬁﬁﬁﬂﬁrmixﬁ

ABEI A ERY, HEE T PR TR RS 52, X AR,
EIE 4.5 (ZUAHNADMH) ARBCERAN, T RN ZAKX Qx) THMA

Q) =bp(z —a)™ -+ (x — o)™ (2 + Brx +71)% - (22 + Bz + )™,

112 7“1—|-"'—|—7”k—|—281+"'+2812m, };ﬁ'i]‘é/] Ozi,ﬁj,"yj %]‘Siaig’:&}{(, _H_ﬁjg—ﬁl")/j <O
(]:1727 7l)

EE 4.6 X P) Q) aMNAEnfom REZFKZAX, FH n<m. & Q(x)
e 5y R BB A e M X, M AE M Ay, Biy, Cij, 547

P xXr A A r A A T
(): 1,1 +...++1T+...+ k1 +...+L’“T
Qr) (v — ) (z —a)n (z — ag) (z — ag)™
Bl,lx + 0171 - BLSII‘ + Cl,sl
(22 + S1x +7) (22 + Brz + 1)
Biax+Cpq s By gx + Cp,
(22 + Bz + ) (22 + Bz + v

S, % Q(x) BT (z — )7, W 55 B’Jiﬁﬁj\ﬁj\ﬁﬁﬁ’ﬁj@ﬁﬁiﬁz

Ay A,
_|_..._|_
r—a« (x —a)r
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7 Q(z) B AN (22 + o +)° (i 6% — 4y < 0), N P(““’) ko 2o
& R AE AR

Bix + n n Bsx + Cy
2% + B+ (22 + Bz + )"

Bfe et — A PR T A, SRR S B R RO Lk sk, e BT A i
WA, Bi, O R SRIRHETIIAY, HOBG AT 4 T 12 YRR FB, W T AT
R SO BROD R R AR, AR (LG PRI T AR AU RS I .

AT 6] Y S A PR R AT B EC S5y R 0 A7 TR B2 A, ol
HEAPHER S B RS IAIRDL, AE AR LT PR A B

: 1 .. Bx +C
Hor kS5 BAREL T 5% — 4y < 0.

AR, B (1) A EF %m%ﬂff@ (FE, k=1 K& k> 1 BREEAR). 5T
(i) PERERSN it =2+ 2, a2 =y — 2 Bl

Br+C B P Bj 1
/(x2+ﬁx+7)kdx_§/ (t2+a2)kdt+ (0_ 2 )/(t2+a2)kdt'

4 k=10, ERXAmR0E— A E R B BOE K, 5 AR IEYI R EOE S, Br
PURANAFeRE 25 k> 1 i), b s — A E N

! ! +C
(=8 @+ frrayt

BORHI A PRALG T §4.1 il A ZUN, Uy — A E B —
AP PRAL. RO, FRATTRCUE I 1A B oy R s R I (i T A 3 R A D PR )
HRIEA) 45 PR

5 4.2.1 ﬁ?/ﬁdx

B BORREE o BE R o

4+ 1=(z+1)(2* -z +1).

H s [.6] AT
I A N Bx +C
w+1 rz+1 22—x+1

Hrb, A, B, C ¥Pefs e s # LRt falEss

A@* =z + 1)+ Bz +O)(xz+1)=1.
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HAE S R R R 8, A

A+B=0,
“A+B+C =0,
A+C=1.

RS A=1 B= -1 . (K A, B, C WalRHUER. Bilan, 76 FidtESs
LPH =1, Alf5 A= 4; 0,19 C =2 itz =1, f#ih B=-1) HlfE

1 1 1 1 r—2
/x?’—l—ldaj_g/a:+1dx_§/x2—x+1dx

1 1 d(x? — 1 1 1
:—mm+u——/i£—iil+—/——————m
3 ($_2

2—x+1 2
1 1)2 1 2r — 1
:—IHM%——arctanx—%—C.

6 22—z+1 /3 V3
KA FRPRELBIAS E R 1, R )b AT Je A A B R B 0 o o =i o TR X —
i, R REGE RN Y IEA R k. AR, EGH AR A A A, SR A Y B E AR, A
QEEIEHEF%’M/E&HETW%H’J%%’% Jy—J7 1, A EelR R SR R DK P AR TR RN
ARETHE, %%ﬂ‘]?ﬁ%ﬁﬁﬂf@ﬂ’ﬂ?ﬁ’%ﬁ%, OB

5] 4.2.2 1@/ dz.

(x+1) x2+x—|—1)
A NS
1 (P 4+r+1)—(r+ Dz 1 1 1

s+ )2 +x+1)  ze+D)@2+z+1)  z z+1 2+z+1
HH S RUBISK A E R

| x ' 2 . 2:c+1+c
n — ——= arctan .
z+1| 3 V3
f4.2.3 .

i jz/ (x8+1) dz

R RN
1 (1422 (1 1 [d(2®+1)
/x(:):8—|—1)dx_/ x(z®+1) dx-/;dx—g/ 8 +1
:ln|x|—é1n(:v8+1)+0.
4.2.2 =REHFEXHRERS

H = PR B ot A BR O DU 3 S i 2R 2, BN = A R B A . =
AR B EA BLRTIEE R(sing, cos o), X B R(u,v) JER TR u,v A BREL, RIZE
P KT w,v B oI 22 7.
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=R B E R

/ R(sinz, cos x)dz,

i MY T BE R R

x
t:tan§ (—m <z <),

1 9 T t2 . 9T
— COS™ — = S1n- —
1+ t2 27 1 +4t2 2
H = sREU A5 s A
, 2t 1 —¢2
SINNLY = —— COSTY = —m—=
1+ t2’ 1+ t2’

WHtE sine Ml cosz (FEMPTA = MAAHRK) ABEEL “TTREAH” Fom A #Ea. e
o, B )
R

B 2 XF ¢ B8 T FoR BUA H. Py / R(sinz, cos x)dz L

2t 1 —1¢? 2
/R(1+t2’ 1+t2> Tret
SRYT ¢ IR E R E RS, BT FR N ¢ ) i T / Risinz, cos z)dz
W2 x BRISERREL
Bl 4.2.4 j‘z/mdx.

f& % t=tang,

dx dt

5t2 + 8t +5

5+ 4si =
+4dsmmx 21

NI}

1 at 2 5t + 4
- dr—of — 2t c
/5+4sinx v /5t2+8t+5 5 arctan =g

2 5tan§+4
= —arctan —=—
3 3

+C.
X TR R A YR
/ R(cosh z, sinh z)dz
o A] U 5 | 2 — T RE S fe

U = tamhf
2
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BRI A B R B R . 13238 0T 800 R) FRUHH pRECIAL T = A sR B — R ik
11he.

THEEA R, N ) ANEE = A LR EGS 2N A B R AL, T R AL FEEAT]
AERU W — BT, B ELAAR TR, 36 2 3 FH = A E AR Y (FTRUH R By
TESES) | AR R | (A ) ik

5] 4.2.5 K /Sin4xdx.

fE AEE R TR B B, FRATMIR AR A, 150

.4 . 9 9 1—cos2z\”
sin®zdz = [ (sin®z)°dx = —3 dz

1
=1 /(1 — 2cos 2z + cos® 2z)dx
1 1 4
:Z/(1—2c082x+$) dz
3 1 . 1 .
—gx—zlstx—i—ﬁsmélx—i—C’.
EIL L@ il#e TRt = tan 9L E L
doF: 4w 43, A EAEEE E— & P, T LAY {
(u,v), u=cosz, v=sinz, M t=tani, PFPELEK Pl
u,v
SP (&% |z| > 5 B SP #9EKE&) 5 v a3 & R
R #9 W AT. Bt, FALE A Eay—AE Plu,v) T 7 /
u
WAt R, ©
1t 2
YTire YT iye
kAT EARAE (S 5Zh) 5EAZH (Bp

v Eh ) Z R ——3t R Bt AR —oo F| oo B, X s
W5 Pu,v) MK S B dA, ER47 %l — R, BRAXHG AT, LARERFX

2 =12+ (2t)* = (* +1)?, t € (—o0, +00)

EEF, St AEH, EX% BT Pythagoras (A F M) EK a=1>—-1, b=
2, c =+ 1, BT o® +0* = 2 WERB (GRZE) FiL =2 0,
a=3, b=4, ¢c=5.

4.2.3 EHEBWERBNAER

MERTEAEE S, 38 R(u,v) TR u,v BABEE B R(u,v) EHAKT
u, v I ZIRTIE A 732
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1° R(r,vI— %) IRERS
AER
/R@vftﬁmx
AL3E R AR
v =cosu, W +/1—22=sinu, dr=—sinudu
o = R B A PSR E R, KB 0 < w < . MG EIET TR ¢ = tan % 1k

WA BRI A E Ry, BT R ERE T ¢ IRIAEeR . R, 2R R w4 ik

) SRR, W] DMER (2, V1 — 22) B eREHAN E R ) 55 R A

SR PR R oK
11—z
Vi

1—t2 2t dx
TS e VITT
AT L BB S B4 A PR R A B4
20 Rz, — 1) BFRER

TEAER >

o

/R(x, 2 —1)dz
Hh, FRATTRIHDSU A 5% s AR AR,
x =coshu, W| /22 -1 =sinhu,

ST a

At
(1+12)2

dz = sinhu

R BRI A o XU A7 BEpR A R . P OUE A7 B pR B T REAE R, e 20BN E Ry

A BLRRE AN E BT
30 R(e, Va7 T 1) MORERS
X FAER
/R(x, Va2 +1)dz

AERH = sinhu, FHAC O AT BEpR B A 2 B8 B0 R AUk

u=x+vVa2+1,

SRR A A B R AR SE T
£ R(z, ¢/22) fRERS

cr+d

XEFREAERY, o a,b,¢,d RFEL, H ad # be, AIEAEH
at™ —b

ar+b _.
t= 4] , Bz = ,
cxr+d o —ct" +a
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Wb By A, T

[r(=iE=0) - [

oA P R B AR O

dt" — b
—ct" +a’

)

dx

dt
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L SR NS B AR A E Y

1
1 - .
<)/x2+x—2dx’
3
(3)/35 +1dx;

-

T

(5) / (x+1)2(22+2+1)
Ny

SR 4.2

4
T
2 .
(2) /:1:24—1(m7
1

(4) / (22 4+ 1)(22 + x)
22
(6) / z? 1 1 dz;

(8) / % dz.

dz;

2. RIS R A B AE TRy, Horb o, b 2L

1
(1) / ‘ +sinz dz:

sinz(1 + cosx)

1
3 [ —— du
(3) /sin4:1:(3052 v

sin x cos ZL‘

1—}—8111 :v

_sinzcosw
da-
sinx + cosr

dz;

2sinx 4+ sin 2x

/sm 4xcosts
10) /

5
(2) /sm xdx;
cosT

sin? z cos

SlIl T

(4) / AR 1Y
SIN T + cosx

1—}—8111 :v

COS T

asinx + bcosx

dz, a®+ b # 0.



£5 5 HBHTESERYHRSZF

AFPTE A, WRR A E RSy, P b, BRI T R Pl 2k
B EDE AR . st s Rl h T p T AR M e my R BT R AR . FEAR T Y FRATHRE
MULE SCHEIXTA] [a, 0] b oREL f(x) WIEMGO LR b B8 (T AR A T, g7 SR &
PR BSCRR O ) A AR AT B8, FRATTH s A B, BRI W T AR S e 2R f () 1Y R R 2
F(z) (dF (z) = f(z)de)GEHZHEKR, W 5l BRRRER. EE A0
AR A € Bl ——Newton-Leibniz 23

§5.1 Fi4

5.1.1 FoHENX

B e, Foll PRI A B R S| B i S TR I e
4l 5.1——5.3 B M8 FIETG. —MokB— By = f(2), @ € [a,b] BRI EIE 8
T AT AT LA 43 B PR B s ) R A2 . PR, LB i A
B A TR FT L T

K 5.1 Kl 5.2 K 5.3

BUE — D HEMLIRR Oxy, METHERMBHIE R ELEMZL v = f(2) (f(z) > 0)
5o Bl WHZ © = a K o =0 JFHEE (ANE5.4).

& 5.4 K 5.5

EW LA, WERIRA 2 AR AR XA Y T AR — A i B SR, R4
BAER TAEUESR NI AIETE o 5 0 ZIHEA 0 — 1 DrEIE 21, 22, -+, 20y
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Hidwo=a,2,=b, B a=20 <11 <29 <+ < Tp_1 < 2 = b FNXI [a, b]HT—
a8l TR LS o PSR L, TR TR IR n A
N RET (NE5.4)

{H SR 3k 2/ MK SR T AR B MEJRE DR FRAIR, AL m] DA% i /N B9 R SR AR 0L (4
K5.5) . BTG, B I7EREA/NXIE] (25, ) PAEER—DR &, WEE—/NUEE
R f(&), TR @ — ximy, IILIAIBUE f(&) (@ — xim), BTSN

Sp = f(&1)(x1 — o) + -+ f(&n)(Tn — Tp1)

n

=) f&)Aw;.

i=1
IXTH] [a, 0] 73 H0A5BORBAR, B /N B A A B m) T, “IEpfE” S, BT—
ANE IR, IR 23 A FRAEL 328 T LASE SO s B i T AR

I TEFATE A E X

EX 5.1 &FHK f(r) EWMEXNE [a,b] LA A5

T: a=zr0<m < - <xp1<xp=">0

(:Bi, 1= 1,'-- , N ﬁﬁ:ﬁﬁ?\%‘d,‘;‘)’]’%glﬂ [(l,b] 57\%'])5&4 n /I\’J‘[z_’\gj [éBl’_l,.iBi](i = 1,'-- ,n).
Eﬁ-*‘/]\ﬁlﬂ [.171;171’1'] .]'—/E‘EX",“;\ fi, ff“?ﬂ

HTH = 1I£l?<); A.CBi, AZEZ =T; — i1

AR 4
S(T) =Y f(&)Aw;,
i=1
AR f(r) £XA [a,b] L3R T 5% T 69—/ Riemann ( RE ) F, | T|| #& A 5%
éé (‘*ﬁ” E&‘ “'}'}E:};i” .

e R EH T BAFIAEE—ANEHK e >0, BE0>0, RESE T #HL |T|| <6,
T 5, 61 € [iBi_l, l’z],Z = 1, 2, cee f:*?"liﬂx, ;?[3}%]_

|Sp(T) — 1] = <e€

i=1

A 2AR R f(r) £RE [a,b] LTAR; FARL H f(z) £ [a,b] Le9ARS, LA

[ / " fa)de.

HetdAc L |T| — 0 &, Riemann F= S, (T) #9#FRAT.
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TEREEE LS T EREN: —20EIEEME, A & € ([ni,al,i =
1,2, SRR EE.

H1 e SCFATTSE BIFE 2, pR o] UL S B R RR ), B ) o e e — 4> DX | Y3
PRMERT (X 5 R rl e 2 ) . S2br b, WRIC ¢ = g Az, W g > 0(i =
L ,n), Enjlq = 1. 4, fAE [a, 0] EAIHR, ERE RETEXE] [a,0] b n A HAYHEUE

f(&) BIIACEE an ¢i f (&) BA—FIFITERS: 7E max g — 0 BEATHRR
=1 <i<n

FUMI bR SR LT 2048 [ 5054 % Riemann (528 ) 45 14, BRI fn SR 78 A
X [A] L F) R R X — 5 SO AT AR, AR pRECFE BT A IX 6] |- Riemann BTAR, ARG
A Riemann R4y, (FHXADAHK, WK T X0 LR 5 HE RS )

e [P f(x)de B, B SHR TR S Y, WA — AR, f(x)de MRET
f(&) Ay, FRAPEFIRIRI, f(2) FENBAREL, « B ZER, o 5 b 53 0lFR
TRREHS LR

Ko, HEFNFRRFRRR AR, 22 CEERN. HI, LUk
[P f)de Bk [P F)de, 5% [0 f(u)du. TADER—T, £ [7 f(z)de 8% [° f(x)de X
FERFRIA, Hid A R AR BEHR R A ) NHRFR AR E (F) IR, XA
FPf 7 | S DR A, DR T I >4 sl fi T .

TR SR TR AR | BRIk S0 ELAR [R) R 80 4, B W 1 3 S8 EOUAE & i 8h2e 3 3,
{H 0] A G e V5 AT B MR FRATT H RS A8 R L pR 0T B BEORNGE, Y — A R
FEANIX ] B R ARE, EAESK I AH R AR S

5.1.2 FAIFARHAE

- 2RE B R BT AR, 75 BEZE Y — 157 B A o DU ) — A R BT A DX ] B R AR
XSRS — ] LR 55 ts s BT R — DN EEAR B, B A T R
PR — T .

EIE 5.2 ZH&HK f(x) £RNE [a,b) LT, W f(x) £ [a,b] AT

WERA ARHEE S, TR Riemann A1 S, (T) 34 || T|| — 0 BFAMBR A, FrLix)
e, AEHEIER S, BUEIKT (0,8 EWE 7] < 0 BB T =m0 <21 <o <
Tn—1 < Tp = b)a ’Tj‘jﬁﬁ

< A +1

> f&) A
=1

HERER P AR E—4S (6,8, ,&), & € [mi_1, 2] BT
RN %L f(2) 1€ [a, 0] LICH, W f(x) AEFASFIXIE] (21, 2] LICH. BUEF
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BOE & € [, ], BB i=1,--- n, Hi#Ak, PRE & LR, R

| ({fk ‘Alfk

Zf éz sz

i#k

+]Al+1

WAL & € [vr_1, z) B, EXWA B E—PEENE. WS f(x) 78 (o1, 2] &
TATE. O
2 H [5.2] i F T R R B0 45 52 B XA R ] B (ER e [5.2] i 0 R IE
ffii. 4N, Dirichlet PREL ( WL§2.1) ZEAE—IX[H] [a,b] AT 5, (HJE, BRI & SCEEnT )
WrE e [a,b] TRARTTRRY, 1 EE A 1758 BIERT.
AR, FRATE H L i H LA v] BRI, X T B W 5 1 — SEIE IR 7
§5.2 IS R B SR B —SE K.

EE 5.3 HMRXHE [0,b) L#EZGRK (R@TAFY), £ [a,b] E—Z R TR,

EIE 5.4 F f(r) EWRN [a,0) EAR, LAEXRE LZE S A A FRA R B E,
m f(z) % [a,b] ETA.

EE 5.5 & f(o) AMARXN [a,0] Ly RRARHK (XBET [ £ [a,b] EAR),
0 f(z) £ [a,b] LT

S B B3] 2T R RIS Th O A R 5 . RRRIM, X — e B T (GAMIE)
PR E AR 5 TFES (E5.6), W (o, 0] FRESRE f AMERIE, U
f;f(:v)dx WA T U X

Y y
+
/\ A )
N4 a b
K 5.6 K 5.7

TEH [5.4] R E B 5.3 Y —HE)ST. BRI Al R R R U 2k pR B, TR Dy i 2 pR
BOEH— R EREORIESE, MR R—A TR BIMER, B I TR T A7 S8 ] v ]
B ST AR FRA B 500 2 BT i ) TR B 7

EHE 5.5 FEFE FAREO B A TEMAR S e, FERA R T TR R
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] LI JCT5 24N . Bilin, pRik

EIL A LEEASHTAA N, TRIKEOET AARAMB LA R BH, &£
Z 4T LR BT P A IR B &6 R A R 4. 422 Dirichlet &85 & KR e
B NHERFE, FERTRE. REZ Dirichlet S 44 F B, g KRAF, Z&T
VLB A 2 R R BB S ) RE BT RR AR TR, KEAF T, XhT
Lebesgue T #. % & I K B2 XL RE TR ALy b T FZA ALK [a,b] LRI
] BT E A R B R CRREY A0 (FHILAREBME =M ).

5.1.3 FRoOHEHF
A —Le AR H A pREL, BESE I SORTTR EAT R, S TRGR 1, Al
KR LR IE S, AR .

b
Bl 5.1.1  IX[A] [a,b] LRHAEREL f(x) = c B2 / cdz = c(b— a).
TERA  DRR o {H R B AE T s R (ERR J2—AERY, BT LA

S, = Zf(&)A:vl = CZA@- =c(b—a).
i=1 i=1

BRI (|7 — 0 B, S, AHER, HBFRHA c(b—a). 24 ¢ > 0 B, FIR U7 SR K
Lo ¢ 5 b — a BHIETHRUE c(b — a), X 5HFIUTHRYE L—3K.

b
. . 1
fl 5.1.2 & a<b, ﬂEEﬁ/ mdx:§(62—a2).

TERR KON RREL f(x) = o B2E, FRUARTRR. BIJCIEREBUH KR 0 X [A] 43 0 07 2 2L B
TCBUT 2R 5 &, XA Riemann FAGHBR—E A7, 7EBLRTEE T, o T e it
AUy, BATT BN IR 053 B 7 20, BURFIR I & DAE T AL BRI Y Riemann
AL X IR XA [a, b] FHAH

a,a+h,a+2h,--- ,a+ (n—1)h,b=a+nh
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W53 n Gy, H b= 20 3B/ NX R B A i R UBUE &, WIAH R AR SRRy
Sp = (a+h)h+ (a+2h)h + -+ (a+nh)h

MY 0 — oo B, S, — $(0? — a?).

Y Y

| o

[<) Sy yy—

& 5.8 A 5.9

b 1
%l 5.1.3 & a <b, kW / z?dr = g(b3 —a®).
UERR AR eREL f(x) = o JEZE, BT LUFIEE A5 A 3 —FF, IR A AR ]
B R SR € AR I
Sp = (a+h)*h+ (a+2h)*h+ -+ (a +nh)?*h

1
= na’h +n(n+ 1)ah® + én(n +1)(2n +1)h?

:aQ(b—a)+(1+%) a(b—a)2+é(1+%) (2+%) (b—a)’.

LS A lim S, = 5(0° — a®).

ARRULE: LR y = 2%, 5 o Bl DIRWIEZ © = o Fl 2 = b BRI ERIE 1
RN 2(0° — a®) (E15.9) . XAEEREAE Archimedes (BTEKTE, ATTHT287T4E—ATT
21248 ) A E AiE.

Bl 5.1.4 3K f(x) =sinz EXIA [a,0] FAYFSY.

B H, f(z) =sina EEZREL FTU—E L FEICHETE T, US55 rh
— RIS E A IR RS/ NX R A v B &, W) Riemann F124

Sk = h[sin(a + h) + sin(a + 2h) + - - - + sin(a + nh)]

h h 2n+1
= —— | cos a+§ —cos | a+ 5 h
2sin 5
h h h
= _—— |cos|a+ S| —cos|{b+ )|
2sin 3 2 2
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SR R, Xt
2sin —[sin(a + h) + sin(a + 2h) + - - - + sin(a + nh)]

R A — I, A = A R B R AN 22 A i B2 — A5, HE b AN 2w IFREL

MR AN HBT b=a+nh. FHitk24 b — 0 B, FRXEAFSE— T
h

— — 1,
QSHI%
PrlA .
/ sinzdr = —(cosb — cosa).
[7] L n] DA 2] ,
/ coszxdr =sinb — sina.

FHEEIF, P S AT R A AN RS PRI Ay, FRATTHE JE TS R R B
Wa<b IMcififd a<c<b HBERE

il 5.1.5
x € |a,bl,x # ¢,

k] ff J(x)dx = 0.

ERA J(2) UFE— z = c AbII f el b4 A, J(x) 7 [a,b) EATRL HI, XF
X8 [a,b] EE—N0El a =00 <21 <+ <z = b BT & € (1, 2:] (1<
i <n), IR

hmﬁiﬂ@Am

ITI=0 <
SIEAATER. Rl JBUXAER) &(1 < i < n), EEATEIF A ¢, B & # (1 <@ <n), B4
PR J(x) TEXAER R B E J(&) = 0(1 < i < n), FTPL BB FRE R0, WRtE J(x)
1t a,b] BRI R 0.
5.1.4 FSTHERMER
ATUE ), BB AR R AR G S, SRR IR O IR AL B, AR B —
PE. Dt e PR E— 2D R A — S BEARME I B2 an T TR AR M — PR 4521
EFE 56 RHa<c<b wREBH [ AERXNE [qb) LTHR, W f AR [a,c] Fo
[c,b] L¥TTR. matk, & f &£ [a,c] Fo [c,b] T8, W f /& [a,b] ETR. f EZARK

18] L &g AR i B . ) b
/ f(x)de = / F(2) da + / F(a) da.
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R IR AR A 0 X () T, LAl b S T AR A AT . PEAREE I L 85,275
AT AT BN o < b WIEBEXT [0 (@) de. T AR
T, WFHBALE a = b K a > b BIEBIR TS [°f(x)de BRI X 52 LA R0
ffrfed sz 0 5.6] PR IX IR R I A 2R BRI, 2 ¢ = o B

/ab f(z)dz = /aa f(z)dx + /abf(:v)d:v.

/aaf(x)dxzo

it IS

SEA Y. ARE b < o, WE X

[f@)@:-/jf@)@

XA, By sE SO bR BRSO 1 R/NZ a3, i HX 5 A ] AR X R Y A E A
Boa, b, c, EH[B.6 PAYRTINMERROT (HEHERR o, b, ¢ BIUT) .

WL 5.7 XHH f(r) AR [a,b] LR, W f Ela,b] 9T RIE [o,b] C
la,b] EALTTAR.

DR A A B B.6], 1 S PRECAE X 8] [a, 0] TR, PN B 5.6 AE (o, V]
RiEIE Y

EE 5.8 WEHK f e g EXE [a,b] LT N

1° SEEFHK o, 8, 2K of + B9 £ [a,b] TR, H

/ab(af(x) + Bg(z)) dz = oz/abf(x) dz + ﬁ/abg@) da

2° FZHL f-g & [a,b] LT

FERR 5.8 R — D IE IR BRI, TR AT 58 . RZ AR i1
I THE BIETA TR EUE T : BTl B R 2kl 6 59K AT AR, Jf HAR
SHERLSE TR A T SRE R MRS . Rl f(x) ATAR, ATHEN of (x) ATAR,

ﬂ b b
/a of(x) dx:a/a o) du,

AR IR A RO T TR IR U 5 2 5h.

g B [5.8) H Y 1°, il REHE H AT BReR R0 — MEAHE A A B 5810
it LR RREL T (), EAFEATREAU N 0 5 dhiid, XML o, BRE o 7 [a,b] £
MH [P ad(z)de = 0. ¥ o MBI (7F [a,b] £) AR BREL f 1, FFEHmREIA
AR, R

[+ asyar= [ swar



168 95 3 B R RE B
FH AT UL, A8 AT AR R f (o) FE— sS4k (A BRAS s Ab ) BB, AR AT AR, 4,
A A A E.

M FP’“”:/\ém/EEI’hEEU%“”T F §5.2 TiEfT. BRI R A e FAISA
ﬂiﬂ.ﬁiiﬁ’ﬁ,%ﬁf F(@)g(x) de —FBERRERT [0 f(2)de 55 [ g(x) de KFR, — T,

/a f(x)g(x)dx # /abf(:v)d:v : /abg(as) dz.

EE 5.9 &RFHK f(x) o g(x) £ [a,b] TR
1° BZXFR x € la,b] A f(z) >0, M

/ flz)dz >0

20 EMFH x € la, b A flz) < g(x), W

/f d$</ (x) dx;

3 FH |f(2)| £ [a,b] LT, LK
b b
/ f()da| < / (@) da.

FEE B 5.9, 1° BB RSk, mT R B A R SO IR k. 20 BROMAR A
Byt B 10 BER 5.8 1° AR ARIEL.

(R RRE, 5 [0 f(o) do RE TR, 20 S T fiitix— é%élﬁ /\;@zzw
W: 7 [a, 0] b, 250 f(2) 89— ATRESFRY (FTARAY) B pREL g(o f g(x
5T, XAEERREE] [P f(x)de MBI B H#Eﬁ%ﬁ'ﬂé%mﬁﬁﬁ?ﬁfr
[P f(z)dz T 5

3o E— N E R, daXHEE B R TR, 3R AR MRS AR AR Y AL &

it §5.2 WHITHEZ G, MR S 4 R,
B (5.9 H Ay 20 K] [p.1.1) w] 37 BPASH R B 258, B R R R ok T A A A (.

EIE 5.10 HEHK f AR [a,0) ETR, M BE m A& f & [0,b] Ee9—A L
RB—ANTFR, B3t FTH o € [a,b], A

m < f(x) < M,
| ,
m(b— a) </ f(z)dz < M(b—a).

FHETEFRACA RS FR R EERE, B4 T IES R BN — B, 5
B R EE A — i R I AR R
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FHE 5.11 (BUMDEER) B3 f(o) MR [0, b L&, WAL € € [a,b],
£ 13

/ f(x)de = £(6)(b— a).

UERR i f FEHIIXIE] [a, 0] b3S, WIMTEAERXA XA EARKME M SE/IME m,
Tt S AT

1
b—a

m < /bf(a:)d:ch.
WRYEZELE R B B, TEIXE] [a,b] DAFAE— A &, AT f(6) tUFa5 T ATl IR oy
THIE L [? f(o) da, SR REE AR, .

DA b = A R A S R LIS, TR e A C 2 RS TRE.

FAIE SR LA T P H e B RE. 150, B Ry &, SR b nl R IX H] A9
N, Bl a < & < by HAR, @B S 2 MR AN, B, AR e B A —A>
AR IE ), X AT SR, I X, T S 5.1
55 7 U 9 L

5.1.5 MRS EAREE

BB f(x) XA [a,b] AR e B 5.6 AYHEIe T 1, XHE— XA (o), 1] C
la,b], f 7E [a', ] _EAWRTER, HARSHHCHE TR AR o A1 Y, BEUEPIAFUSRR o F1 b (YRR
B R T IO ERHE (B X F R R A R RIS OC R, FRATHE T BREUCH — A [ 1)
B I LEBCH o, 1 LR « kFoR, IR LREFEERE. T2, &iHd

o(x) = /I f)dt, a<az<hb.

BT © € [a,b], EXTumddE—ia T —MUES Z 00, FHitk o(z) & [a, 0] -
I — B pRER, PR EE ERREYFR S

T, 2 ERBG AR HiRr, A REXE (o, 2] ERERSY, Hih,
) b BRA —A~ ] {6 sh Ay L

FHE 5.12 & &4 f(2) £ [a,b] TR, O f(z) 8% ERARS o(z) LXK [a,b)
kik gk,

WEB T fAE o b) LATRL BRLL ffEKIX A A R, BIEAE MRS |F(1)] <
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M, YVt € [a, b]. & z9 € [a,b], WIXHEREM x € [a,b], B

9(z) — (o) = /tfcn—/ £ w’

:/ £t dt+/f dt—/ £t dt‘
=éﬁ<&‘

TR, AR EH B.OU, ETIX D v > 20 B 2 < xo. WL, (TH—IEH > 0,
HEBHCO = 57, W0 < |z — wo| <0 W, WA [o(2) — p(0)] < e, KHUEW T o(x) 7E

x = xo LIELL. 0J

|dt‘ < M|x — xo.

EHE 513 &XEK f(z) £ [a,b] LT, 29 € [a,b].

1° % flo) &£ 2 =29 RiEL, N flo) ELERBRS o £ 0 =129 £TH, B
¢'(x0) = f(zo)-

2° Z f(x) £RN [a,b] Li&s: W f(z) 9% LRSS E [a,b] LT, FFH

J(1) = f@), a<ae<b K dele)=d [ fE)dt = f(z)d,

a

Bp o(x) & f(o) #9—ARBE. FPARAILA EAE 256 i 4 3 — A R B

R B HIE xo AR ol b IEIE. BT f 18 xo AL, WX 4 2R
e >0, A—PIEEC S, [EFTE |t — xol <6 H oa <t <bHT,

[f(t) = flzo)| <e.

R, 0 < |z — 20| <0 TH a <2 <0, N

S

r — X 0

(,D(C(]) B (,0(1’0) . f(l’o)‘

T — X0

L EAEIEAR T ¢ (x0) = f(wo).

#r ro A a B b, P LTI UEIIVE AR B, (HREAS R ATl A4 SR e by 20 2
1° F EHEET O

XEF S REL f(x) K, BN p(r) 2 f(x) ) — D REL T f () BEE—1
JRPREL F(z), #ATARAR A F(2) = o(z) + c. XFEHA T 1 mAY 2L,

EE 5.14 & f(z) AR [a,b] LiEsE &g, N

1° f(z) $EE—AREHK F(z) (B dF(2) = f(o)de) 3T 7R T 91 X,

mmzww+c:fﬁww+c
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2° % F(x) 52 f(z) 89— RF4, 0

/ f(z)dx = F(b) — F(a).

/abf(x)dx - /ab dF = F(z)

BOHE Newton  Leibniz A3, WWHOWMARS EATIE, 5 T 21507 M i
P 5 R R P TR USSP 2 ) VR 2 L 0 R

(BB MR SORTE, B (DB BORGESE) A1 () UM EA R W o
1, TEARR T2 M 25, FRATTA B G R BN X — AR R bR 5,
I FLARK BB 20 [ f(2) da.

W HEE E, HSAT LR R £ s R, AT £ iR R,
SR AR f(2) BB, TR R S I — R F(x), MBS B A
1R I FIRBUH 2. PR I Newton—Leibniz 25U HE B4y, 6 7e ThE
T IR M — AR F (o) W 0 [.14] R, X IE R 4 2k TARR— M
fif. fotn, %4

b

a

x?:
Fz) == A flx) = a?,

WIFE [a,b) A F'(z) = f(z), MR E TRTEF15.1.3 ag o, (CERIH AT R
f15.1.1 Ff5.1.2 FAYFRSY)

H R Newton—Leibniz 2 2SR A4 B FEA E B, (B M FR A EEE, 454 5151
KA. X FELEEWAD IR, — R A7E— S S ek g (BInIRATESS 4 Frh 2423
THHY f(x) = e ), BARENTHRE RE—E7E, ER BREURBEFR BN W) S5 %L, —
SEAFTEVFZ2 R AL, BRTESS & M IXTa] AT R (HEDECA T ph gk, Rt TR P2 sR g
UM, BEJCTE I Newton—Leibniz 220, B0, /ER1615.1.1—515.1.3 fXTLE, $15.1.4
W RREL J (), TEFTUCAY X R]_EAE BOA I R g, IR AT i 4% Newton—Leibniz
NI EA5.1.4 FAF Y

H T Newton—Leibniz AUV B, FRATHRILEE T IREE R, BERF N FMET
2y AR 2.

EHE 5.15 &R f(z) £ [a,b] LTR, &3 F(z) £ [a,b) LiEZ, £ (a,b) A
i, H

F'(z) = f(x), a<x<b.
)

b
/ f(z)dx = F(b) — F(a).
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'LEHH & T: a= o<1 <+ < Tp—1 <Tp = b I%[XI‘ETJ [Cl,b] E/‘J’HE#/I\%%H Ij‘x”

n

> (F(x;) = F(xi1)) = F(b) — F(a).

i=1
AR F(a) TEEEAD/NXIE (2o, 2] Bl RSO EE B S 1F B, 7R & <
(xz 171'1) /fi/%(‘

F(x;) = F(zi1) = F'(&)Ar; = f(&)Az;.

Zf(@)Axi = F(b) — F(a).

A RAEN T E T 89— Riemann . H1T f(x) 7€ [a, 0] EAIER, 804 |T) — 0
I, S(Aié?ﬂli_? JP F(x)da, TS T BRI L. O

5.1.6 MRoORitE

W H Newton—Leibniz 2~Z ARG, T b HFER SRR R B0 s s 5 ( BDAS 2
U ) . AR E Y é:‘ﬁ’]ﬁﬁ/\iﬁiﬁ/zt——%ﬁ&m/zﬁﬂ/\iﬁ Uik IE & h i G Rk

KBNS R FOK 2B Leibniz B Y258, #id Newton—Leibniz 243, Al DA
ELHR U TP B M T S BB R Aok, Eﬂi__ﬁ Vb e MR AL, X
P77, B B th AR AR I SR S5 R, 13235 T X PR A TR, AR
S SRR,

EI 5.16 (FRormy#ooykll) &R f(o) 2R |a,b] LiES mI2H 2= p(t)
i F A

1° pola)=a % o(B)=b, BH t Ik a TF] B B, 2 = p(t) Frap g egie3r4a TR
8] [a,b];

20 RH p(t) £RF 0,8 (X [B,a]) LAELGOHKRA (). WA T @ HTN

b B8
/ f(x)de = / F(B) (1)t

EBA BB o < B mE e AT, s R AR, HLeRER f(2)
o) (t) AAHEXIR] [a,b] K& [a, 8] LATRREL B F(z) J2& f(2) (FF [a,0] L) B9
— NI PREL, WIARYE SR G R R SRR, F(p(t) 72 f(p(t)'(t) TE [a, 8] LB—
MRS B Newton Leibniz 242, A1 1A

b
/ f(z)dz = F(b) - F(a),

EN
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PLK
/j fle@]¢' (W)t = Fle(B)] — Fle(a)] = F(b) — F(a).
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de =F(0) — F(—1) = —.
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TEIRHA] H o] )45 R BSCR A0 1) pR 85 ( B sR B R0 25 58, FII A5 sRBICE R ) .
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FEMGXFERIBREN, B miF4h 1 FA TR ALET .

Xt F— RS RECR U, RN E—E AR, B B IRFUPAMEZESE, 1 H Al
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Kot aT LU R S (CBRAREN AT BEA FORRY AL ) . SR AN BEHIZVAIR R R R
I, AT GG — A8 AR R R R, BRI BE )Y 277 A B R
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G(x):/oxtf(t)dt//oxf(t)dt
PAJE A

] Newton-Leibniz 2Az0i18 R 51 FL4
[ 1
(1) / sin x dz; (2) / 2 dz, o NEE, a > 0;
0 0

2 3

1
Inz dz; 4 ———duz.
(3)/1 R ()/2 222 + 35 —2

1 dt
142+ cos?t



184

R e O s

16.

17.

18.

19.

20.

21.

22.

-1, —-1<z<0;
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T: a=xg<r1 < <Tp 1 <xp<---<x =0,

T :a=wg<a1 < <X 1 <T) <xpp < -+ < Ty =D,
VI R B f () o3 BIAE A F X ) [y, 2] R [, o) 09 B0 R 25 48 03 8 A8 X T
[wh—1, z] B BB CERIT0Y B A 2 e Ry Eaf L)
My > My, = sup{f(z) | @ € [wp—1, 23]}, My > My = sup{f(z) | z € [2}, =]}
PH It
S(T) = S(T') = Mi(wr — w—1) — My(), — wp—1) — My (zp, — 23

> My(xp — xp-1) — My(v), — 2p-1) — My(xg — x3) = 0.

S(T) = S(T") < Mg — wp—1) — m(x), — wp—1) — m(ay — )
= w(zp — 2p-1) S W[ T
&l
S(T) = S(T") = S(T) — w|T.

%HF Darboux FAHHBAMIMEER S (T) < S(T') < S(T) + w||T]|.

WER T 250 T @38 I A BRAS S s s B0 43 81, IR T R 43%)
T W58, WA 2R E5 R, R

THE 519 i T R4S T Rhw | AH-E AR E 6 e tn ), 1)
S(T) = S(T") = S(T) — |11
S(T) < S(T") < S(T) +lw|T|
S S(T) = S(T") = S(T") = 2| T].

G
|

REFBLT, EX ARG (DA SRR ) B R, ERIRHE, FRIR
W, U

TH4MF Darboux IS FRIZIE RS R. & Ty fl Ty 4H3EFMEE
30, LA 531 43 5 A AT B — 488 T, 0 T BER2 T4 fngnsy),
BTy HINARANE, FEL

T 520 TR (0,0 WEEBAE Ty F2 Ty, —ADH B8 Fho, G2
RAE B — A El 5t 49 LA, B

S(Th) < S(T) < S(T) < S(Tv)
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AT LR Hr, AR BEMELE Darboux FAIS TR ||T] — 0 B AR, K4
SRR R, 1 ELEAT SRR (B [.19]) | T A R A
BIR, 7 ELAR PR 8 B9 L S el A R B9 ZRSE, B AT T eR% f (), BN 5 BT A L
O HRRESH T # ( EFRA) | i

T:@Qﬂ,i sup S(T)

'ﬂ

PR BREL f(x) W ERRS I TS VR R (1 BRI, X FAEE WA E Ty
M Ty, A AT
S(T) < I<T<S(T)

EE 5.21 S TRAE [a,0] EEZE—AFRR2EK f(z), & ||T| — 0 8, f(x) 8
Darbour £ (F ) Ae— 2 AMIE, mBMBEHAZE(T) By

lim S(T)=1, lim S(T)=1
IT]—0 IT]—0

R FATHIEIASE — A5, 2B — SN uE RSy, RIS i A 5E 3¢,
XFTAERE S E IR &, FEAEIKIE] [a, 0] A9—23 5]

To: a=axp<x1<---<x;=0

15

1

= >
20w + 1

XPFAER T E T, HE || T < ob, ¥ T F To 1505 5 AR A B — #4385 77, X

B T JB7E T W& SR b, 22307 To 9 1 DaEE (227 1E 2R nT#E

SESAEL ). Ik, dE 519 %,

S(T) = S(T") — lw||T|| = S(To) — lw||T||
19 19
Loy > L=
XHELIER T
lim S(T) = 1
IT]|=50

2, XTHRRE f(2), Y ||T)] — 0 B, BEARIFAHEE T WAL E Riemann F
S(T) BHANMR, (HER Darboux A S(T) 5TH S(T) WIMBR S REAAER. B2
Rt

S(T) < S(T) < S(T)



190 5 3 B pRA R
WALRIATLUAEH, 24 |7 — 0 B, 5A A eR%L f(x) B9 Darboux A5 T AIAIHRR
ARSE, W) f(x) FEIXTE] ¥ Riemann 1 S, (T) B9 BR—EfAAEm B-5 Z A5,

2, SRR %L f(x) nl /Vw1W5%)—LH%N?E%%EﬁaﬁE—4E
Bo, [RS8 T WL (|7 <o i, A

g ~ g
[—5 < Zz_;f(fl)sz <I+§
X—YI & € [wimr, @i, @ =1, n WL, P43 B0 B —A/INXC ] B E () B A
H

™

f—e<l——<§avé§avgj+g<f+s
Bl Darboux A5 T AP RAESE. XHERITIA T HRLH45HR

EE 5.22 &K&RH f(x) £XA [a,b) EAF. W f(x) £ [0, b] LT RO RS L%
FMH2L ||T|| — 0 8, f(z) 8 Darbour LFe5 FFetg AR FRARSF

\)

LR

—S(T)) = lim Z%‘A%‘ =0

A w, =M, —m; & f(z) B4EDNRNE (v, 1,1, i=1,--- ,n L&k,

52 $i5.20] AR AN USRI, 50U R AT AR T S B AR, R B AR
PR Darboux EAE R R B R (RPN 2288 B AN Ry ), R RiE
IT|| — 0 B, Z wiAx; BIRFRZARAET 0 RIVR]. S 1 DT, R RA/ N Z i, 3]

Yt T T 35( F@)E—AIXA] [a,b] b BOPRIER S —Fhitik.
EHE 5.23 ARNRI f(r) EXNE [a,b] Le9IRMELT b T )5 X gk
w = sup{|f(z) — f(y)| | z,y € [a,0]}.

PP dRid 3 TR A R JR]_EAE & B £ TR B AR
TERR ARAEE X, pREE— N IXTA] [a, b) b AO4RIE A b AU B S 22

w=M-m, M=sup{f(z)|z€lab]}, m=inf{f(z) |z € [a,b]}.
IR, IHEEW 2,y € [a,b], H
[f(@) = fI <M —m=w

B w 2B {If () = fW)I | 2,y € [a, 0]} B—ALFF.

5, SHERER « (RO = < M —m) , T M & f(z) 76 [a,b] 110
R, R — A a0, MA% f(zo) > M — 5. WL, XET FHOA m, FLE—1 yo, B
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2 flyo) <m+ 5. Ktk
|/ (o) = f(wo)| = f(xo) = flyo) > M —m —e=w—e¢
B w S5 E {1f () — f(y)| | =,y € [a,b]} B EHRHL. O
PR IR R ek T 2, A BB 2l ke — BB R,
5.2.2 AIFRERHEE X EEEFAYIER

IRAEFATTRIFH R BT AR A DG4 2R R S i b — o rh 45 10 1 Rl B eR B A O B
FIPE R AAGERT. Gl BeE B AT §5.2.1 15 HP TS A n] FRPE BSR4 i BR AN
o I S 1 A

Bl 5.2.1  KTEBp.3) AUE, BIFAIIXIA] [a,b] SR (Hfig R ) —&n L

TERR DA P DX JR] b % 22 pRA— e —BOE LI, I DM E RS E IR e, —EfF
FE—IEEL 6, 45, MAEEMWAA 2,y € [a,b] W |v —y| <6 B, —&FH

X [a, ) B9— 3B T: a=a9<a1<--- <13 =b, F ||T|| <5 B}, TEE—/NXH
(i, @] b, BRE | —y| <||T|| <6, z,y € [wi_y, 2], PR & HH HOG R i 1Y)
S, A

o =sup1f(e) = FW] | 0 € frion, ) < 55—,

F)?u n n
€
ZE_;UJZAZL‘@ < —2(b — a) ;Al‘z < €.
RIeR%L f () ATER. O

Bl 5.2.2 ST B4 AYTENT, BIPA X ) 1 2 22 A A BRA BT S A 5 R —
JE AT

IERR WeREL f(z) TEMIXME] [a, 0] EAF, 8w R f(z) 7 [a,b] ERIHRTE.

B f(x) 7E [a,b] LA —DHWE ¢ € [a,b], AWK a < c < b (c TEdmAH
WG AT 2L T ) | XHERE LA SE I IERL ¢, BUERL 61 < 5 [l 6y < min{®5¢, 552} L
PRIELL ¢ AR FFIXE] (¢ — 201, ¢ + 201) TETE [a,b] BINTE. HLEF %L f(x) 7EIX[E]
[a,c — 61] N [e+ 61, b] LAMELSE, MR ol —BGESL. IR — 15— IESL 6,, 1l
T3 |z —y| < 02, 2,y € [a,c— 0] Wa,y € [e+ 01,0 B, 7| f(2) — fy)] < 55

B0 = min{dy, 02} IS T [0, 0] B9— D8I T: a=20 <21 <+ <y =b, Y4
|T|| < & BF/NXTE] (251, 2] BIEAE (¢ — 201, ¢+ 201) K, BIEHE [a, ¢ — 1] 8% [c + 61, b]
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P, R R S PR 53

i wiAx; = Z w;Ax; + Z w; Ax;
i=1

(2

HAS™ w; Ay FIRXFHBLE/NX BITEFE (¢ — 201, ¢+ 261) WEERAL S w Az R HgsK
5 @)
FIER A A%

ZwiAxi < 4w < g, szAl’Z <e
(1) (2)
PRt

i wiAxi < 2¢

i=1

XA BRZA W s 1B S, Uk 58 225 O

T B S e . 4) RS = P B0 Lebesgue & H—MUFRIE N, (HPH
AR AL Z Ak

Bl 5.2.3 T @ H5.5) AUTERA, BIPA X Ta] |- 2R R 5— i ml R

WERE AW f(x) #E[a, b) AR, X FALR B T, 3 2 SR 6 4 pR e X
[B) (i1, i) b BIYRIR SR pRECE P s A (22, BT LA

0 <ZWAJUZ = Z (M; — m;)Ax;

=1

=Z(f(xi>—f<xi 1)Az; < ||T||Z Fzicn)

= [IT[I(f(b) = f(a))-
Al

’LA (2
||T||aozw =l

Bl 5.2.4 ST EHA5.6 ATERH, RIVEL X X Ta] A vl ik o
WA & a<c<b X o, WAEESEI T a=29 < -+ < 2y = ¢ F [, b] BT
BEREI Ty c=xm < <ap =0, BrGI, A [o,b] —D0% T, H
1T} = max{||T1[], [Tz},

B (|7 — 0, || To]l — 0 B ||T)| — 0. Bk, 4 f(z) 7€ [a,b] FAIET,

n

ZwiAxi g ZwiAl'i, Z wiAa:Z- g ZwiACEZ',
=1 =1

i=m+1 =1
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AT — 0, | Toll — 0, BIATHfEH f(2) 76 [a, ¢] F (e, b] 435I FT AR

K2, Xa,b) BE—3FI T a=29 < -+ <xp =0, ¥ e 1ER53 55, 15— 4
SrE] T X T WA [a, c] WIArE Ty F1 [e, 0] 1453 Ty, Hif e

1T, 1Tl < 1770 < (1T
B |7 — 0 B, || Ty — 0, || o) — 0. fiEsp.19] s =15
> wiz; = 8(T) - S(T) = S(T') = S(T') — 2|7
= szAxl + ZwlAa:Z —2w||T|.
(1) (2)
BXCHL ST ST A FRARXI R AR Th, Ty /NXTE] Fw A, PSRAL FILA ||T) — 0, #in]

H @
AR f(z) 7E[a,b] BB AT 0

Bl 5.2.5 STFEBs.8 20 BIUERH, RIVAT R R B0 TRATSR S T FHAY.

B % f(x), g(z) &KX [a,0) b AW BRI B, PHUCHR 2 A AR AL AWk
1f(2)] < M, |g(x)| < M, z € [a,b]. ¥ [a,b] BHT—5E T: a=ag <21 < < ay =b,
3 w;i(f), wi(g), wi(fg) MeRER f,g, fg TEIXTA] [z, ;] L AYHRIE, W H

|f(2)g(@) = f(W)gW)| = [f(@)g(x) — f(y)g(x) + f(y)g(x) — f(y)g(y)]
< Mf(z) = fy)|+ Mlg(z) — g(y)l, z,y € [zi1,z]

EﬂEﬂ

Al
wi(fg) < M("Uz(f) + wi(g»? L= 17 e,
KA

Zwi(fg)Aa:i <M (Zwl(f)Axl + Zwi(g)AmZ) ,
i=1 i=1 i=1

RIVAT 58 BCUE . O
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R e O s

>J R 5.2

. 3KIX14] [0,1] | Dirichlet pRELFZEX[E] [0, 1] LB EAFTT R
CREH Darboux [ FIS T F JLAAT A RE.

. </ab|f(x)ldx

CUERH, 3 f(x) TEIXTE] [a, 0] LHESATAR H f(z) > ¢ > 0. 2KiiE: ﬁ TEX[E] [a,b] b4l

AR
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§5.3 TR HIRLF

JUT S A VFZ BRI R R (TE8 Q) (INHTZRAYIINK | RS WA A 0
55), ATLAR IR R . X LTI AR ARV B i, R IR A B S A XA =K
I HIC BA KBTI tE. BARMUE, fE—4ER 00 T X [a,b] B Q BYSTERIH 2

Q([a’ C]) + Q([C> b]) = Q([av b]), a<c<b

(Y ¢ =a I, AH Q(a) =0).

RO SREE—A i, ey B, B i CREE o i — R KR
TE X, SRAERYFEA DA IR B —— I R — — SR — — IO BR,, T B sk i)
R — DR . (B P S E RO T MBI AR e ) - S6br b, Bty
PN DR, ARt o 2D, X2 il AR TT i

TE—4EEOL T, W% IR Q S TEXE [a,b] b, REL Q(z) Fnmt Q W T
XT8] [a, 2] (a <z < b) BIERITE.

H—, TEXH [a,b] AR de B/NXH (2,2 + da], KR &
AQ = Q(z+dz)—Q(z) W—PIERUE f(x)de, Hrp f(2) ZHAREL, (115 AQ— f(z)dx
28 doe B oess /N

AQ = f(x)dx + o(dx),

BRI f(z)dz ZrR%L Q(x) BT, FATHE f(x)dz FOMEMARE Q MRUT.
50 BT IIROTHE X H] [a,b]) b “TCFR B —F43, W H Newton—Leibniz 23

[ st [ Qe = o] - a0 - ow
—0m =0
Bl Q " LAERR AL
I

OB THE BUE. BORRE Q RFERIO, AR Q(x) RSN, FFL, —
M5, SR Q) BB, BD AQ WIZRHE TSy, B —FEAT X RAER .

PRI LAIT, DR FIROTHE At 1S, 1ER L AEAE ™ i ORI
B ARF, TTHLN — B BLECERE, A T Stk BB AR . (e
o, OB — MO MR T, OBFBIGBOE, B AQ RYTERGERL, FR=M
WO I TR I 1T SAT T B L.
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5.3.1 FHEHHZERIMIK
TEHFTRR T, WA MZB AB ik
y=f@)a<z<D).
AB KJERSCERE UOh: 7 AB TGS (5.13).
A= My, My, ---, M,_1, M, = B,

W 2 5 B 4 5 A5 AB B — SN 7Y max My i M; — 0 I, $12&A K iz
FIRLBRAETE, 3FR AB RATsR K[y, I Fx—W Rt Xl AB HOKJE.

 BERSUEW], X f (o) SEZEATHON (R0 f7 AE7E HIESE, BUR, FeAT T30t AB I6H ),
AB —E R, I H AR RR N

b
5= / VIF @),
XFRN (HAARR T ) A

y

M1

& 5.11 K 5.12

BN TAE O S X — A2 % dz > 0, 76 AB FATEHA M fl MY, HoiAe
VRO = 5 o+ de. T A RS

V()2 + [f(z + dz) = f(2)]2 = V/(d2)? + [f'(2)dz + o(dx)]>.
FATH AR A oT (BRI B30r)
ds = 1+ [f'(z))*dz.

¥ ds TEXTH] [a, 0] ERVY, BIAR BRI A
BT dy = f/(z)de, SO A] RN

ds = /(dx)? + (dy)?.
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KA ds A B A LT . Wik 512 Fis, I ML EBh i =M1E
(PN =) LMNH, MN =dx, LN =dy. #

ML =+/MN?+ LN? = \/(dz)? + (dy)?,

I ML = ds. I, JUT FB, I0K Bt o = fab raahn .
VFZ IR RN R S MO RS AR BTy Rt TR 2 AR R (30
Kitaaat:
WAL AB 207N

{az = z(t)
(@<t <P,
y =y(t)

HApRE (1) N y(t) ZEIXA] [a, /3]}75‘@_&%@%%, H 2/(t),y' (t) RIRIEAZE. FAi1ib
B, U280t M o 23] g, 9 AB FRYSIMN A 255 B, W24 dt > 0 B}, A ds > 0.
T IEIK O35 BRAE A

ds = /[ ()] + [y (1))dt,
UNEES B o RTINS

B
s= [ VEOPFOr

M AB g A b R

githh, Jrft r(0) 78 [o, B] LAKELEOIBIRA. B2 0 I\ o Z28] I, M2 L A 225
B. AT 6 19280, % AB WOT RN A S E0T 1R

{x = r(0) cosf
(a<0<P),
y=r1(0)sind

WIZHHI [ (0)) + [y (0)]> = r2(8) + ' (8), BOA IR A

5= /B \/72(0) + r'2(6)dd.

PER—ABil, AR

T =acost
0<t<2m)
y = bsint

AN, Hrpa > b > 0.
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SEBR B, Hx AR, R B RARN T 0 <t < 5 IRBRRRRE, thtS) FOH B A 3K
Ko

:9:4/2 \/a251n2t+b20082tdt:4a/2 V1 —e2cos? tdt,
0
Horr e IR BB O R. QRS2 ATHTT, 2 u = cost, W iR FR 4k b — Fhoii (5 AU FR
41 CHRTRIFR 309 25 R R PR F itk )
/ \/1 —e u2
1-— u2

5.3.2 THEEHKER

FATE THEF midh 2k B EE B AR i 2 S, JF BAEE AP R T (L) fE
K EDE AT AR 3 HURE RO CIL S AR AR B B9 — 2R EDE A T AT 5K

R i Ak AT R
r=r@) (a<0<p)

S5, Foh r(0) FEXIA] [o, 8] SR, FRATTEME o
XM S WL 0 = a J 0 = 3 Fr B R i b
FERIEAR (nf&5.13).

r=r(0)

& 5.13

FEX ] [a, ] PHEE—KE N do IIIXTE] [0,60 + dF]. 7E3XA~/NXfE] L, F R 5K
r=r(0) FCEIMZR, 152 RAROT (K15.13 TP i A

dS = %ﬁ(e)de.

B 1 [P
S:/ §r2(0)d9: 5/ r2(0)dé.

FeAIE SR Ae, e i ) 2 20RT L 5828ty 2407 B 45 ) 5 P ith 2 B PR ) PP
IR,

BV AT Hi A 2%

PR, FrrsR B

r = p(t),
y = U(t)
FIRL, Hor o(t) 5 ¢ (t) BAEZHE, H o(a) = o(b), ¥(a) =(b). AN

(a <t<D)

r? = z? +y?, 6 = arctan g,
x
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H1 525 PR TR R 0, A5

g _ 40 _awy— iy
Podt a2 4y?

W 2r2d0 = L(zy, — 2jy)dt. FAA 0 (FESEETTI0) N o ZER] B, XN TSE ¢ M a 2B
2 o, WAL S

b
s=: / (P () — @ (1)(1)) dt.
ﬁMmﬁW%*ﬁ%ﬁ{xmwt(ogmﬂw)%ﬁﬂﬁ
= bsint

1 2@
5/ (acost-bcost 4+ asint - bsint)dt = ab.
0

5.3.3 HEEE{HYIEFR
KT a3 RISTARIARER, FRATTEAE Z 0 2 th 4 BB 8 X, 3% BN S8 AR &R TLA]
EOW, FFHoeE S LR AR TR,

B RS R — i SR E T 2

MW 2 = a X o = b B (WE]5.14).
i E A vla <2 <b) HEHT o 3 —e

(T TG S DB IR S () 9L 5 7
WHELR IR, DU B VL R V. : e

T HEBLUX ] [a,b] F—MEBER da 1) 514
NI [, 2 + ], 3X—/ NS _F 597 AR ATE U E | TR AR S(), Mies H
dz [N TERER. TRALABEIROEH AV = S(o)de. 3 dV M o 51 b BUY, WA

V= / bS(;v)dx.

ARAE F 3R S U AT SR S B e A AR, LA R sREL y = f () TEIXIR] [0, 0] |
BEHIFWE f(x) > 0. IROTHHRH y = f(2), HE v =a,x =b K x HF R H 7
B, 35 o SBERE— AR y e — A BBERL AR AR

10 58 o RhERE — R T B e A i 1A FR.
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XFIXIA] [a,b] FAE— o, (FEECT o FhA-F1a, AU AT AR, 5812
BR oy = f(z) MM, BIS(z) = my? = = f2(x). K, i EmEm=Fm, eiikn
(LA

V=m /abe(x)dx.

2° GE y HlER— R AR e (A O (AR,

BAEFATH B LRI (b o > 0) 48 y BlER — i ie R iR . &
B, XARRAIRER v = f(z), B = = a,x = b S o BHERAIITAREIE, HELE »
JiEt— JR 40t 1) s ) X S AR AR

TEXA] [a,b] BAER—KEEN do WIXIE] (2,2 + dz], AR (T3 —/DXTE]) @/l
NMEIESE y Bliese — A T As IR AR IR, Al R E VRS f(2), MIRERS 51N
r+de M o RER A2, B2

f@)[7m(z+de)? — wa?] = 2maf(x)dr + « f(2)(dz)>

g2 do BRBIICTT /N @ f(2)(de)?, FARITOTH 27 o f(2)de, BOIRAGATU

b
V=2m / zf(z)dz.

5.3.4 TEFEERIMIEER
25 (AR T A T AR, B E 2 o e, X R REE U B, S i —28
T A A f o] e AL

WRE y = f(o) ZEXI] [a,b) DAZESNME, HH f(z) >0 (2 € [a,b]). Fitih
BB o WG — R B T A e AR TR P

INBE MM’ %%« BleRs— & s 0y Tie e
R AF (2% E5.17). MM’ AT H
PIkB: ML (KN ds) IR, Kt
AF Al ML %8 B’ s iy 8 & 1)
AT AR U (B15.15). VAL BT i Y
[5] £5 il TR A

TEXA] [a, 0] FARBUKREE R da #Y/)8
XM [z, 2 + da], 25 IEAHN TIZ X 8] F Y

K 5.15

(LR + PIRER) - A&
=my+ (y+dy)]-ds =2myds + wdy - ds.
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2= do BOETES5 /N wdy - ds, £330 A HoT

dS =2myds = 2my\/1 4+ y* da.

T2 =R il i A
b
S:21'r/ y\/ 142 de
b
- / @)/ (F(@))2da.
B S HO

{ = <<
y(t)
ity et a(t) B y(t) 1 [ 5] 1A HESERRERS, MWAVAR
S =2 /6 y(t)\/ 2% (t) + 1y (t) dt.

o T B b i AR AR 7
r=r0) (a<0<p)

Zaih, Al 0 1EAS% W
B
S =2 / r(0) sin 04/r2(0) + r'%(0) db.

5.3.5 Z=M{ETHFNS| S

— I, B AR S AR T E B T, T R A AR A R Ay B
IR BT AN, AT LA EOT AR B,

WYRIE(AR) )1 F = F(z) BRI « MifEEZEsh (1 1 591Kz sy
] —30), APEM o SB3h3) b £3, EhE 2 TIRTER D) W (IBE F(z) & = 1Y

FEX[E] [a,b] AR —DKER de /NXE] (2,2 + dz]. ZEXAS/NXE L, H
A8 SIS E, A I BT VE R D AT AU M A AR T F(x) FrPERY S, TR 2D M o
AW = F(z)dx. ¥ dW M a B] b By, A5 T) F(2) BIERTIN

b
W:/dex

Bl 5.3.1 B4 R m B9EROE KBNS 1K, SR8 akhHRER 2l (K
AN 1 t/m?).
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#
ot

202

B W I&l5.16, 763 Bk iy 2 b AR
OxyMabr F&, LA I [ A1 2K BT A% A% 2 5] 1Y
XTFRER v S, ACEIIZh o« SRR T
BN 22+ (y—-—R?*=R(0<y<R).
SRR Ty B2 3 PN 14 7K A B T 22 b Vi
FE TR ). KA y(0 < y < R) [
y — dy Fria DL A m ga?dy - (R —y),
Hidg NE I INE#EE, 22 = 2Ry — 4. BTN
I

<

dW = w (2Ry — yz)(R — y)dy. &l 5.16
OIS DA

R
n
W = / wg(2Ry — y*)(R —y)dy = ZgR“ (N-m).
0

KFFI B RANT TA 5 U el A, BRSO r WP BR Z B 51 0

Forp my, mo SRR BB R, kA5 H . AR E — DR — A B
5101, SE AR Z 51T, — i, @& 202 m Ay (AR s oL T,
A DL oc R ok

Bl 5.3.2 A RSN, Bk m, KJEN 20 76l (i HL) HIEKL b
BN FERF S Q, I .ON o (XH o> 1), SREXFEA Q M54 F.
B DURR OO R, BRITTER HZN o i, IFER Q 7F o BliE 1) L.
PR [E] [—1, 1) HAE—KE R do B/NXE] [z, 2 + da). Bk /NBEUT UHB AR R — o 5
Hprsh o - de, MASFA Q WIHESN a — 2. MTASIIER, X—/NBOY Q E’J%ljj
A kst dac Hp

l(a x)

dFF =k -

2l(a — x)? dz,

TREX T Q W51

km (! 1 kEm
F = ——dr = ——.
2 ), (a—2)? tTa-p
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>JRR 5.3

R HIHh 2RI

(1) WZE y = 2> I\ 2 = —a 3| x = a ZRIFYK;

|z =acos’t,
(2) é‘:‘ﬁﬁéﬁ{ (0<t<2m), a>0 Wi

y = asin’®t

(3) Archimedes #R2k r = af (0 < 0 < 2m).

- TFET 1B 2T LR A) - 1 PR B TR

(1) WALk 1% = a?cos20 (0 € [-T,T)U(EF, 2], a HIEFED);

r =1t—sint,
(2) (0<t<2m) K o
y=1-—cost

Byy=e"y=e* N r=1

SR I) 2R ENIDIEN 2E

1)y =sinz (0 <z < m) 5 z WFEBAEEABLE « fhk y Miess—E,
2) y=e(0< 2 < 1) 5z MFERIEIELEE § et —

r=1—-sint . \
(3) { (0<t<2m) 5 o WA EIESE « Hiiels— .
y=1-—cost

CRIE: LR PR, BR b ERBEEOED wh? (R — ).
SR B el — L 53 A DT L

(1) 22+ y? = r? %8 o fh, HpEE r > 0;
(2)§—§+z—§:1%yiﬂﬂ,ﬁ$a>b>o;
(3)y=acoshz (0 <z <a) %z il

(4) r = a(1 + cos §) LEWHl, a > 0.

L?

R e BUERTTAOK R, SOKEAHYT (BRAVEE N 1), BREERMOK B, TifE2

PIZE N 1, R m B SRR TRl — B2k b, PIFFmiE e 1, SR PAT 2 [H]

1517
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§5.4 J XFR

Riemann & 3N SR P BRI, — 2R IXTRIAA R (75 AN BEORUE 4 701 45
ORI, 73R SEREE TF), 2R R AT A AR SO WS BR 6, TR
B R FEA I PR T 3%, % 18 Riemann B3 (R T R IR) BUPISENBR. 5| w2k e
A )RR T Riemann AR A7 I WUAH R PR S 8 SCRRT

5.4.1 ZEFXIE LK

HAEH BRI EETCTT BTG OL. BERRER f(x) 7EIXIA] [a, +00) FAE X, IR f(x)
TEARA— A BRIXE] [a, A] EAJER, T HYS A — oo B, B> faA f(x)dz = p(A) fEH A
Y R A B, U FRAT PR il BRAB 2 R ek %R f () 76 (JE55) IXIH] [a, +00) ERYTJGIT IR
Sy BHE [ f(a)da, BISE X

~+00 A
f(z)dz = lim f(z)dz = Algr;o w(A).

a A—+co [,

SRR TSRS [ f (o) do £E4E (BOEEY). 5 BRI BRATETE, MIFRILICSF B
AR (BURER).
Ui, A TE LREL f(x) FEXIE] (—o0,a] LRITRGHF R

/f oo = Tin_ [ o)
TR () ZER T (—oo0, +00) L-HIFEST BN Xy

—+o00 —+o0

f(z dx—/ f(z)dz + f(z)dx

—0o0

c——o0 [, b—+o00

Ho o E—S280 GEHI o = 0). HAJTEGE, 24 a5 2 A Je 95 B RIS SO
WATARR [T f(z)dw s (Eﬁ?itm)(jﬁﬂﬁ%‘ﬂ’ﬁn)

= lim f )dz + lim / f(x

& 5.17

MIUT 7, o5 IX 18] LR RR o it J2— AT H B3 il B 2 1) i AR
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BB, FIMEIBYY [7°° fo)de REWSL, BIRFRERI [ f(2)de; BT
P RAE A — oo RHZAAT IR (Hek — N, #5050 1 BUMBCS, 38 4 ] iR
T RIFBUIIIEL) o T, Bl IAR Newton— Leibniz A3 #0RA3 T
f() 4 [a, +00) LM—NEREL F (), WIS TR lim F(A); A7
I, HAERE F(400) 2o, TRATIMLRAT LI Ky

/QJFOO f(x)dx +°°

X[ fa)de B [T f(a)da WTIRRE AL,
BN, X TRE f(z) = 5, B o =1 BYIGH, A

A
d_CL’: 1 (Al—oz_1>

1 ¢ 11—«
PR, A a>1, W4 A — oo RHRERAFAE, BI
> dx 1

I
3
=2

o a—1

M2 o < 1B, RAFELE. XTT o =1 B, BREL f(z) = 2 BB EUEXTEUR L log =,
AR EAETE5 8 15 K L

SR, BV B R PR BR B, Uy [ F (o) de S —BORT S RIXE, A 65 208
BB FRARFR. B THB [T f(2)de REWSL EARBIEA —@ 1 RBR
. B DI 5 SRR TP A 2 HE A — S AR 0 B, LA 519655 X AR 432 7 i
B ke Jy v FURARYE AR bR 1 B MR, WAL SR [ f () da

BRI, 4 AT, 709 RS [ f(o)de i (Ba0) HEMIBIT, 1™ X4
50 F(a)de H1ZHREHEIA. 1 (Poissonfl4r ) , [t e = de RATEEFRIR A A 1)
SRR, (HEIRESR

/0+°<> e dg = g

ol P A5 SRR T I k2SR 1 Poisson BV, JF44 HH B 14

5.4.2 IMRFE4

XA FRIX ] IG5 pR S, Al 1B 2R S BOR BOC A B (B Bm) /Y
U7 2, A R B E R AR B X B 5. RIS, FHEIZ R K BB T, a2k
W BRATFAE, Wi SO JCS eRB ) BU Y, BFK N BRFR ST

AYIBEXIE] [a, 0] B A G b JE f(x) HIME—— I, BIRRER f(2) FEIXTH] [a,b)
PAES RS b BTSSR, RS f(x) 18 [a,b] EARTRL



206 %5 AN E R R

RS b ST E—A/NX ] (b — e,b), H cRATEM TR, T f(z) 15
FIAIAY XN [a,b — &) BATBL (AT [0 f(o)de HREX), THY e — 0t W, B
S fla)de FERE ERRBRECA BB, WK f(x) FEKIE [a,0] EAOBBUMELE (S01KE0),
I PR SO BB, i 7 f(x)da, BIGE X

[ 1=ty [ sy

fs—)OJr
o LIS RAEAE, WK f(x) 7E [a, 0] LAJIRAH ﬁj\xﬁ?’{ (BRHE).

KRB, AR IX R Ze v s, o S PREL f(x) HOME—— 3B, WIRE L f(2) 7E [a, D]
ERERAR R

/ f(z)dz = Eligl+ ais f(z)dx
H Al FR A AR o SR 2447
AR IXE] (a,b) BN AR f () BB, WIXHER ¢ € (a,b), MDD
[€ fa)de 5 [P f(e)de BRI, SRBKIBUY 7 f(2)de M8, FA R A B2
i, Bl X

b—n

/ f(z)dz = hm f( )dx + lim, f(z)dx
ate n—0

C

AR, U [P f(x)de WS, BB S ¢ MIEIRTEX.

USRI A5 7 A A X TR B N, AN ¢ € (a,b) J2& f (o) B9—PHR, AR AL n]
IPE R FEA SN 735910 25 P R R f () AEMST-IXTH] (a, ¢) FT (¢, b) LEI’J* U sl 7
I TRITERFEAERS, W R ETE SR X E] (a, b) B)7 SCATAR

W eREL f(2) FEXIA] (a,b) LA BN, AREF R, v LB IXE] (a, b)
TERSAE G TF. Y f(2) TERE—/ DB ARG R AR A AR, T B AT TR A2 PR TR
ANX [A]_E AR

5055 K] 07 R, ZEBR B, R T H0I— AR R sy, AT H AR
FEHRE SCHFAT. AW b 2 f(x) ME—IIRAS. AoRIBT f(x) AEX X)L —AN I pR 4
F(x), WA 2 SR T R lim F (z) BRFAE. M8 Newton—Leibniz A3

H b
/ F(z)dz = F(b—0) — F(a):
Fa hm F(z) ANEAE, W BT 3R IR o A HE

{ﬂﬁﬂ, B [ Lde BB RR B B F(z) = oot Yoo # 1, A

F(z) =logz, H a = 1. FMIKIEEZHWBIME o < 1 BIREL 75 o > 1 BPAHL
— LT, FATEAR Y AR R AR A B 0k f T IR AR 3 B LS, X2 FRATT S
JE W —ANE T 1, PRI,
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Eid fEds g AR T @ XA RS

1 1
/ M4 5 / *Inzdr (o £AFE, a>0),
o T 0

MABRBEE v =0 L RZREAZL, 2R A &K L 5 p2ng £ (0,1] Lfdk, A%
r— 07 BARAARIR (KA. B, L EFEZ X mANJBAE v =0 &E, AR
HreAE [0,1] L& Riemann TAMARAGSE. 8%, AT E A 69 R R AESH 7
Rl BT LB AR B v =0 LA, U A RH AKX — E A6 IR,
PAE P AR R B AN K (0,1] R4k

53—, Foi e TCS5 X [H] B TCF I R | SOy, R i SCRRU3 i — Rl BR
A, B, ERR RN IZ T, i SO AR B A 38 07 45 DL OR B R T R A 1R
TR SR 93T Ao S AR IR 7 v, DML T3 SCRR i B0 .
5.4.3 | Xy ITINSr FRFR

FATE ) SRR Aot W% f(x) EXH] [a,b) biEZE, X H b n] L)
J& +oo; MM o = @(t) AR [, ) b ™M SLIIBIE I AT R AL, /(1) TS HARE
H, XH 3 LU 400, IHH ola) =a K& p(B) = b (XK 1}l_r)% o(t) =b).

Hi SRR ECE B, TEXE] [a,b) BB o B A% IS HESL R R t = ¢ (2), IFH
lirrigp_l(x) = 0.

AR 20 5 to = o (wo) ZXI] (a,b) 5 («, 8) FHEE—XT EAHXT M AYEL, W
SRRt A2, 15

/ Y wyde= [ fe)e @) dt,

WK, Y tg — B xo — b, RZIRK. HIE, & [P f(a)de YEBL WY to — 5 B, (5)
AT LA, B [7 f(0(0) (6t Wesk, 3 H.

b B
/ f(x)da = / Fo(£)' (1) dt.

ey, v B Im A R, W Ze i AR s, H P A AE .

VA LR RS T (R AUR) R o A8 o > 8 BEIE (X
a = p(a),b=¢(f)).

Xt (a, 0] LR SOy, A2 BTk TS LSS T

J7 SRRy A AR EE N, SO A — AR s, T s — I i B
B, B ARSE. X R (S Risny) ) SOy, el T IER T O
LLE S
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ot ] L) U A i BV (TR OL T, 1 B st — B T
9R), WAl LUK —FIB U T RG4S 53— FIB T ARGy
fahn, XI55 K8 LR SRSy [ f(x)d, (a > 0) BETHIT

1
e=—, W do=-.
)

PRt

[ 32

b — I R SO M I — I S
e B a0 a3 Ay, R u = u(z) 5 v = v(z) TE [a,b) HEEZER] L,
XH b AT PGE +oo. MIXHER c(a < e < b), FEXIA] [a, ] L HE B335 8R 0 A=K,

H
—/ v du.

ik e — b, MBATER], L =AIs A PAARER, W2 = a iR, - HA

/acudv — u(z)o(x)

b

b
—/ vdu,
a a

/abudv = u(x)v(x)

X B u(r)v(r) ' = lin}) u(z)v(z) — ula)v(a).

ST R 38 A2, BRE T HRTTHE (B RIs) | SRSy, g
HAEBA T SRS

XFFIXIE] (a,b] FR SCRRSY, AR AT N7 43R A Ak ).

Bl 5.4.1 % o BAL—IESEEL SKiE

“+oo 1
I = d
/0 1+ a2)(1+ao) "

Wk, FRHAR.
B 4 x=tany, XH ye [0,F), MhHookE

2 1
I:/ —dy,
o 1l-+tan®y

SR SUBUY (BB [0, T) LS, HAE y — (3)~ A7), ATl
P SURL ML,
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TSR T BfE. KRR IR 52 [0,1] B [1, +o0), JREMER © = 1, 15ih

1 o 0 e
I =— dt — dt
/+OO (14+2)(1 +tv) /1 (T+2)(1 +tv)

“+oo o +oo 1
= dt = -1 +/ —dt
/0 (14+t2)(1 +tv) 0 1+ ¢2

"
= T4+ —
—|—27

=1

Bl 5.4.2  HEH: IR

NE

I = Insinzd
/0 nsimx dx
s, FER LA,

W AMIREUY, AT

0 _/o taflxdx: __/0 tagrjlxdx'
(FER, H L’'Hospital 350 A] %] xl’l}griowln sinzg = 0.) ARG R —AF SRS, B
HEIA T IRAR Y T A,

RTHE LA x=2t, T

NE

I =zlnsinzx

1:2/4 lnsin2tdt:%ln2+2/4 lnsintdt+2/4 In cost dt.
0 0 0

1 FXE G (B0 Bt R ¢ = T — g, WA (WL85.1, 115.1.10 A9FRHR)

I= %ln2—|—2/4 Insintdt + 2 ’ In siny dy
0

Jus
4

=¥;m2+ﬂ,

W I=-%In2.
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L. FWr AN SO 2
(1) ™ e da;
/0 Te T;

+ool
3) / Ll
2

X

+oo
(5) / e “sinz du;
0

1
(7)/ Inz dz;
0

1 xlnx
(9) / T

>JRR 5.4

TSR, FF R ST SRR .

+00
(2) / xsinz dx;
0

(4) /+°° arctan x d:
1 xXr

+o00 1
(6) /OO x2+2x+2d$’
1
8 —dx
)/_1\/1—x2

! 1
1 In —— dz;
(0)/0 nl_xzd:v,

—+00 1
(1) / e Az (n WIERED: (12) / (Inz)" de (n IR,
0 0
2. TR [T f(a) do RORTPE EAE SR

+oo
PV. x)dxr = lim / f(x

b—-+o0

BAR, HTTSBYY [ f(2) da Llﬁlﬁi, D2 A 8%, AH R A — g or. BF5E
THNT SRR FAE RS
(2) PV, /m 2l g

+oo0 T
1) PV. —d
(1) /_Oo T+a2° 0 1+ 22

3. BHREL f(2) 7€ (a, +o0) b3ELE, IFHLL a NI, W B [7°° f(2) do &SN

b +o00
/ f(z)dx + f(z)dx

EAT PP LR A, qu b > a SeAT—S% M EmEmAS)T R
SIS, FRATRR [ () da Wbl 5 MIFK N & 1.
+oo
i [ et SRR
(2) TF, Xﬂfepkxﬁla/ e Rl

0

4 Y a<e<b e B f(x) X [a,b] HE—EGIBS, IR [0 f(x) de %
SO Ry [C f(x)de 5 fc f(z)dz FF

1) 3K ——— du;
)<k/_‘1$2+x—2 o
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1
(2) =k /_1 273 du.

£ 5 EEE

Y

]

1. & m,n RMIFEEL, U

2w
(1) / sinmx - cosnz dz = 0;
0

(2) / sinmax - sinnz dr = / cosmx - cosnz dr = :
0 0 0, Wm#n

(RREREEE, LU ZURE BSOS T BAT FEA RO )
2. W m,n HIFEEL id X
B(m,n) = / ™1 —a)" da.
0

WEM: (1) B(m,n) = B(n,m); (2) B(m,n) = (mT;nnil)'
B(m,n) =341 Beta BREL (FFK B-pR%L) BFEF. —Mmy B(m,n), X m > —1
Fon>—1#AEXL, BRAPGAELUGHE. 5.1 6. (28, 4510 T m > 0,n >0

i, B(m,n) B—A~ L5

3. RIS
(a) ff (1+z-1) et dr;
(b) [T z|sinz|dz (n FIEEEED);
(€) B f(e) = [T (L e — e dt - i [y f(1) A K [y f(a) de

4. 3EM s < fo%tan”xdx <z (n=1,2,--+).

5. WRREL f 7E [a,0] LAIFR, H ff f(z)dz > 0, WEM: A —AXME] [, 8] C [a,b], i
AT © € [0, B], B f(z) > 0. (Fb&> 85 1Fp 48 )
(7 BREEARE, WX [0, b] BHE—RI0r a = 29 <21 < -+ < @poy < 2 = b,
FEDKIA] (251, @) BAAFAE &, T f(&) < 0. ™A —DEHEER R, o P 21k
MR, P .)

6. (1) Ut f AL IELERIIEEL, W f 25— RO 2 BRAL
(2) B f EAbAbIELE R AT eREL, W f B4 — 1 R AR 2 A pR k. (I b > 3.1,
S51580.)

7. 2RI, AR — LR R f, (84S f BB eRECHR AN S ek . (I LR
SRS, HI6RL) (HoR: YRS [, RO F(o) = 7 f(1)dt
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10.

11.

12.

13.

14.

15.

AJE IR 1R, AREIE F(r) BN,

S B Yt fa, = 0. UEM: 2T apa” + a2t 4 -+ a, £E (0,1) BHED

AT (AR 3 TAbE R 3, ix HUZOR AR i FkgiE. ol
BB hHEAS IR

L BERRAL f AE [0, w] LiEZE HAT foTr f(z)sinzdr = foTr f(x)coszdr = 0. IEFE

(0, 1T) V\]T?Eﬁﬁ,ﬁ €1 ﬂéﬂ x2, {ﬁii’fﬂa‘ (l‘l) = f(.??g) =0.
FEm:ZH f7E (0, m) N2EDHE —ANEN 2. AL, W F7E (0,21)
5 (21, m) N5, T2 fow f(x)sin(z — x1)dz # 0, LB =HF)E.)

B f(a) AbAbESE, £(0) =0, B £/(0) f71E. iC F(x) = [, f(zy)dy. W F(x) dbik
[, R F(2).

e x| <1

(1) & f(z) = { " it F(x) = [y f(t)dt. PG F(x) FEMRLE ST 2.
1, x| > 1.

(Frn: 5051 5 16 A, AETCHESKR F() fEXFR.)
(2) #& f(z) = [, cos1 dt, KiE f(0) =0.

BCRREL f AbAbiESE R

tim 1 [ [f(a 4 )~ f(@)] de = 0) ~ Fla).

h—0

(PRI ASEZ S 5. )
WKL f(z) 7E [a,b] FEZAKAEN

b
lim / f(z)sin Az dz = 0.

A—00

(#/R: BT

WEBH: Tim, oo % fox |sint|dt = %

WV lim [ sin"wde = 0. (R BEBUNPESL, 13 I B
T, (JOH 0 < &, < 1), HERAESHEE R, FURAEHER: (6.} ot — A F5)
BT T Sk TR R 7. MER R = < 1, B 280 (5
A5), AS RV GBS RBTRE Sy — W65 PR I K BERS L 53— A0t 1 — oo
HEE, BB PHWRUNT = RATH

™ ™

ul T _§ o
2 2 2
/ sin"x dx = / sin” z dx + / sin” ¢ dx
0 0 5

<2 [sin (%—5>]n+5:2008”5+5.
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AR 0 =5, I 0 <cos§ <1, H cos§ 5 n JoR, B n 0 KE, BlfE A —
i/NT 5
WA T TR §5.1 0. BB 1 ik d S 1 g (1))

16. % f(x) & [a,b] FHELEREL H f(2) >0 (3 2 € [a,b]). 10 f(z) FEX X ) F A
ST M, 1

b n
li_}m </ 1" (x) dx) =M.
17, (1) B F(z) B [1,+o0) LI . A6 REL, MAHERERS n, &

0< > 1)~ [ fla)do < s

(2) B flx) 72 [1,400) LAY, JEH R, WIXHEREIEREE n, A

0< S (k) — /1nf(w) dw < (1),

k=1

Tim ( - | nf(x)dw) —a

k=1
FETE, H 0 < a < f(D).

(5 XEF (1), BFSIA 5.8 5 il A,
k+1

f(k) < : () dz < f(k+1),

X k=1,2,--- ,n—1RKHM Al HER. KRR (2) higAgEL.
HUEW (2) PP ULRIRBRAAAE, Al uEw]

o) =50 = [ f)dn, n=12.
k=1 1
O A R T TEE Y g(n) LA 0 L)
S (RS BAN A B OO R, LGB (5 TR AY) sk
B BUMEIETE, AL T R BSS T (7E S T Y JE 55 SR
PERRHR ). B, FATIAES Tl SO Vi K n! RS E L TR Rl
SRR X 0> 1, A .

BEOb, 1 FR

"1
lnngzgélnn—l—l,
k=1

WIS L BTG, IS nn [E-. HAH,
k=1

v = lim ( —1In n)
n—oo
k=1

| =
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FA1E, XFRN Euler HEK.

18. (Cauchy BUPASEN) & f(x) 5 g(x) 18 [a, 0] - HEEZE, UEW]

</abf(x)9(x) dx>2 < /ab fA(x)dx /abQQ(x) dz,

S WAL Sy R R f M g WA —MERE, B f(x) = Ag(x) (K
z € [a,b]), XE N SE—HEL

($e7s: AEA I LRI, XSRS B BROK S T 45 —MIERH, 2 0L~ i 1 &
28 HAMHR. FbRUER T T i [ g% (x) de # 0, HNS MRS g 16l E,
SV WARAST (ST 45 4(2) ). BIEET ¢ (K= [0(f(2) + tg(e))? de,
XS EAERY.)

19. & f(z) 7€ [0,1] LAEZSNFE, WXHMEE o € [0,1], f1
i< [ el [ 17w)a
20. M 0.944 < [, 02 dy < 0.947. (¥R: BF W51 24 BHGHRIR.)
21. & f(z) FEIX[E] [0,1] B#EZenlfil, H |f/(x)] < M. iEH: XHEREIERE n,
! 1 & k
/0 s =23 5 (5)
22. B [ R — (0, +00) J&— A A%, HXMEESEL @,y W2

[f'(@) = f)] < |lv —yl.

<M
oo’

SRAE: SRS v, H
(f'(2))" < 2f ().
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TE AR T o AR B LA N 28 J5 1] DA% 1 — S S bRt 55t 44 ) R R i o0
BB FR DB T BRMERRE N AZLE o 5 ORH) KA y KR
vy Y™ BRRR ()

F(zy,yy", - y™) =0
X H e A [ AR R ) R R AR Z A E RS R, R T & AR eR B R 1Y
e A n, BRI ARG, FAEEET vy, y™ BRI, MR (n
br) EMS HE.

—AEREE y = (o) BRI TR AR, WS T REWE L% . IS E A,
B A (R YR RoR O R, BISROR RS y = y(2).

o AR BRI [ AR BHF | TRREOR ) 2 2 DA BRATUS 473 1 R AR
MHEZ A6, 76 AR RE T, A s i AR AR Z [A], 43 B 29120 B ) — S A
R R CERE), BT R Y. Bk 2 8es Oy Ak ok, st ™4 —
A (BILA) o e

4N, 4% Newton FEAEH, AR m eI sh M IE 45 T s ez (41
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TATER], HRE (2) W, " HA » BRES do B T5R—, i v WS
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XTE Ozy AARFR M, R LUJE SN IR0 () Co 3 i
Bl 6.1.2 K
(1+ 2?)ydy + /1 — y?dz = 0.

R 1 -y A0 W, pEAEES, TS O

ydy  dz
1—y2 - 1—|—$2

DR, AT R AR
V1—y? =arctanz +C (C WEEHE).
Moy = +1 FRRS IR, HORAb b PRI T R 2 i e
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H C(z) FRE ARATRE (7), thth T C(x) R FE,
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fErAE (12) PRI NI L o BROTRERI P, 15
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1
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(1) & =0 (2) & = St
- SRR AN T7 AR A DS R 7 AR A i
(1) (1+22)y =20y = (1 + 22 @)y + =1
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(2) v’y = -1, y(1) =1, y'(1) = 0.
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fift, P REATHIEC, BIENTH Wronski 1792055 T0, (B R ZIFA ML (WAT8) .
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1 2
7H. 0
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ALK T =5 yi(x) KAETCRIIE yo (). WIS E 5 (3) B FEA i 4.
WEH— 1 HEE M vy (), KR
W(z) = yi()yh(x) — ¥ (2)ya(z) = W(zg)e o ?D
KW W (zo) = 1. A F3L8
v(@)h(@) ~ @) 1 ga

yi(z) vi ()
R,
i<y2(fv)) _ L g e
dz \ y1(x) yi(z)
AT
(@) = 11(z) / y21 o Ly P(®) dtd

BAR, ya(x) 5 yi(x) B Wronski 159 20RE T, KM E ST R (B) BOFEAHAL.

B16.21 SKITE 2y’ —y =0 (AR,
B 51 g1 = L ROTRRY R, PRI RN ¢ — Ly = 0,38 pla) = —L.

/ p(t)dt = —In —.
xo

To

I yo () = Lea?. FRLL 22 B—A5 1 LM TOOCRIRHR. FORIEER y(z) = a1 + con®.
6.2.2 EHTSE

AT TSRO [B) A, ZEHCRRL R S RO R @)
b g T, A4 G 1 TG0 AL o) AR U TR () MI— AR, 1 (), ()
BRSO () BHAML, TR UOTRE @) AR

y(r) = c1y1(x) + caya(z) + yo().

PRl £ B 055U 07 A (B) A B HiT B 1, TR AY SRR BRI AR SRR OT AR (2) A9 — e
REFREITEME TR ERESE.
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By (x), yo(o) BFHUOTE @) MEAMAL BRI @) WAk

yo(x) = cr(z)y1(x) + ca(x)y2(w)

REAR, (HZ ey (@) T co(a) AP HEL, T2l AL X ExORS15

Yo(x) = (@) () + ca(@)ya (@) + i (@) (@) + ()y2().
N THREGLUE I (v) A co(z) MIRB TR, &

@)y (x) + ch(x)yz(x) = 0. (4)

By () = c1(x)y) () + o) yh(x). BREER T, 15

Yo (2) = c1(@)yi (x) + ca()yz () + ) (2)y1 () + co(@)ya (@)
B yo(), yo(x) i (z) BFBZACAATFRIRE @) 19

c1(2) (v + p()yh + q(@)y1) + ca(x) (y5 + p(x)yh + q(2)ye)
+ ey (2)yy + ch(x)ys = f(x).

BT g1, AR () H0RE, M AT
A (@)y1 () + cy(x)yh(z) = f(x). (5)

HA y1(x), yo(z) B Wronski 178X W (x) # 0, Bexr (@) F1 () nlfiis

o @) f@) o (@) f(@)
ci(x) = —W, Colx) = W)
o Tyt f@) “nf()
Y2 2
c(x) =— /xo W dt, co(z) = /mo W dt.

TRBEANEASF IO @) ’— R

“y()y2(z) — 2 (t)yi (2)
yo(l’) _/x W(t)

X EIRATH B BRI — A, s i o0, & L2, ROk —dA R
FURITFE PRER ¢4 (), co(z) HIVAT.

f(t)dt. (6)

0

6.2.3 ZHERBFREERSTIE
M ETTTHE T, HEAG 250005 R R BEAS R A, Ji 0 B0 2 1l nl A 21

FER T RE B EAR, SR B SRR ST R BT g ME— 35t B B TR AL AN e 355 IR
TIREMEEA R R, BAR L e T — M7k, (HRTR R e — M, 4 et
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3 93— A R A AR L. D, AT i R BT Rr O RR, The
AR SR AL B )RR X b5 n] 5 A

y' +py +qy =0, (7)
At p, g RIS BT @) AT y(x) = o (A BRI M, WA
)\28)\1: + /\pe)\x + qe/\m =0.

S]]
N ph+¢=0. (8)

AT AR (7) FAFIE T RE. b, HE N BARIE A — AR, s i B i 225K
LI (@) — 1 y(x) = . WIFHE T BRAR BB RME, 53 LAUF =FEIE e

1° ZHEtE R (B) AR DARIBISEAR Ay, do, W g1 (2) = M%) yo(z) = e2® BT fE
(RIfie, BA1H Wronski 47803 W (z) = (Mg — Ap)ePe= 07 £ o) RS REARL . T2
(1) 38 it Ay

Az

y(2) = c1eM” + 2™ (c1, o EHEL).

20 FHFEAFE ) A —XER M = a+18, Ao = a —i8, W] eMr®, er2 IR EFR,
AR . O 7322 Bf#, th Euler A0
eM® = (cos fz + isin fz)e™®, 2% = (cos fx — isin fx)e®

AR5 R A g R 2 A T R

e)qm + e)\gx e . e)\lm o e)\gm
——, e*sinfr = -
2 21

B (@GP B T FLER AT, DR B () SC R A, T
F 3

e cos fr =

y(z) = (c1 cos B + cosin f)e™” (c1, ot EL).

30 PSR (§) H— NI N, W gy (2) = & SR (@) R SRS A = —
= B ABIAE yo(2) = v’ W (7) B, TS N GVETX. TR (7 H’JL%’%?@

y(x) = 1™ + coze (c1, co T EN).

Bl 6.2.2 KT " — 3y + 2y = 0.
B RHIE T RRE N2 =30+ 2 = 0. EAMANEMR A =2, A = 1. BFIFTRIE S
y(z) = 1% + 26 (c1, colE T HL).

Bl 6.2.3 SRRy +y +y=0.
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R FFAE TR N2+ A+ 1= 0. BA—XER A = —1 + 2, hp = 1 — i Al
sk R y(2) = e 2” <01 oS %gx + ¢g sin \/7595> :

AL L oA, SRR PR R REGF IR iR (7)) ARl Ak HoRy
METTRE (8) SRARIAIRE. T A PR A R 38 5 AR AE 5 R 1) PR 00 A P o & 1 D
IR AR, (HEA R S AT B —RER.

IR TFIES D = L, BAERE R E X MBIk S Dy = 20k,
Dy =Ly . Dhy = Ly bR (7) B

(D*+pD +q)y =0
2500 N PV REAE T R i i R IE 0 X AT Ay # Ao)
MAapd+qg=A=X )\ = \a).
W77 A R e X
(D* +pD +q)y = (D = M)(D = Aa)y =0,
X FEERIETHEE N A DAy = A\Dy, [RIBEEE]
e (D = Ny = D(e” ).

Foris
§ = ceM?,
A I
e TG — e NT(D _ \y)y = D(e0y) = cli)e
Horis
e Ty = ce)(\)l\l_)\;\); +d,

XA B i RECGTIRENERU TR (1) Ao
Y = c1eM? 4 9™ (cp, e W HD).

VERE, S R T B LA AT SRR, AR Ry 1y, R
AR . BRI AR, T AR e, 2858 2] 45 BT,
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SRRAE IR TR, J00 = Ao = A, BURITREN (D — )2y =
0= (D~ N2y =e (D~ N{(D— Ny}
= D{e™(D — \)y} = D{D(e *y)}
_ Dz(e_’\xy),

PR BN E SR e My = 1o + ¢, FTLAR T R ) ff

y=e (e 4 c)

EIL R TNF AR T REEM Yy H ARG R FT F R B n T 2K
l U\Qi WK 5 75 F2
v +ay™ Y+ a1y +ay =0

R Ao S L S AE Ty A2
N+ NP ta, A +a, =0
B AR, AHM, TARFIT,E, FBB N B RALER T, 8 Ryt T8, K
fRE— BT e r AR A TR k.
ST T XA SF R A2

Yy +py +qy = f(z)

TR FRFTA o +py +qy =0 3TN Bo kL Bd g, FieBs6.2.2 TAB8 7
| QO R R B & A E | ARG

6.2.4 IRINFEHIHE*

YERARZE SR, FRATTT ISR 3l 2 A0 R i [n] .
1° EiEiRsI A=

2,
dr?
Hwy = /£ FoRTiERSIA EA PR, « FoRsirE 1L, m FoR R R BT
TR R RRIE TR A + wd = 0 AN = driwg. PRI T 2 55 pRA FEAS i
20K coswot, sinwot, BAFEHN

"‘WO.I'_O

x(t) = ¢1 cos wot + c2 sinwpt.

4

€1 . €2
/2 2
A=\[cq+q, cosp = ———, sing = —
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WPRBh TR ] LR R AIE

z(t) = Acos(wot + ¢)

XH A, o 3 RIFRIRIEFIARGL, ENTRMIRSIPIETICER (IEW ¢, ¢ EHPIE
P —HE ) RSN T = 20 £ SRS IRIFICR.

2° BREHRBh /7 12
d%x
de?
XH g = HHERE v BUEL. FRTTRAFEIT R A2 4 26X +wi = 0.
1. 0 < B < wo, WEATRRIE FFRAAR B — X HHEEHN = — 8 +iw, HPw = /w2 — 32\
T BELJE HiR 30 7 1% A 38 i 2

dx
+ 28+ war =0,

z(t) = e P ¢y coswt + ey sinwt).

S5EEIRSIEIE I, AR g o] LR Bk
z(t) = A(t) cos(wt + ¢)

SRR A(t) — Ae™* SEHPECRIR. TN w — \/oF — .
2. = wo, BORMHTERR I FRUR” . I RHIE ) B FEARA = — 6 < 0% BiLIE 4R
7 R T
z(t) = e Pey + eot);

3. B > wo, XFMEIEFR R I BHJE”. SRR T RRAUAR N, Aot A S5 19 7 545 B E IR
B R A0 A

At Aot

x(t) = c1e™" + coe

PRA LIRS
3° ZEHRNFAER BB TR MR 028 IR
d?z
a2
XH F(t) = acoswt FRA“ZIATI7, w AZIE IR, il R — 0w 2806
FERKMETTRE, 10 1, X R FF IR T R IEAR N coswot, sinwot. HRAEE6.2.2 “H
BT i A2, AT DA 238 YRS T R i — M, RS 207 R A A
SR, SRAFEARE B 5 6 AT LB @A R X BLIRATTOT §6.2.2 AL EBITHA
ELHEZA A2 30 4R B B R 0 B 2 3238 T SRR w, TR IAZ 38 PR 3 N2 LA A 4014
wo HITETEIREN5 LASZI8 T30 w R3S, R A N HE

+w0x = acoswt

x(t) = ¢1 coswpt + co sinwpt + C cos wt + D sin wt,
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XHL O, D fR55E. X2 8RN T R R RHE I 1% M

zo(t) = C coswt + D sin wt.
PRATTRERS
—w?C+wiC =a, —w?*D+wiD =0,

flf

A2 30 e sl R ) i A

, a
x(t) = ¢1 coswot + o sinwot + o508 wt.
0

WRZ FEAIE: 2(0) = 2/(0) = 0, WIXT R 1Ky

x(t) = ﬁ(cos wt — cos wot).
TEE R E 3230 PR TR EA R w — wo I
. at .
x(t) = T(t) = G sin wot

SO A T A6, LRI SRR I K



o

TR TR 239

>]RR 6.2

CAERATTRE S, BT — R gy, R E TR .
(1) ¥+ 2y +y =0, y1 =%
(2) 9" sin?

(3) (1—a?)y” — 22y +2y=0, y; = .

- SEHIER R P ANFFROT R R — D AR, SRJ5 KI5 R AR fig
(1) 22y" — 22y +2y = 0, x # 0;

(2) 2" —(1+2)y +y=0, x #0.

r =2y, y1 = cotuz;

BRI U+ 2Dy + 22y — 622 — 2 = 0 B— DR o = 22, ECRIZOTRRE )
R y(—=1) =0, v/ (—1) = 0 BY%FE.

RN E BB RO FE ) .

(1) ¥ =2y —y =0;

(2) ¥" +2y + 2y = 0;

(3) v +y' — 6y =0.

SR I E REAEST IR T R — AR

(1) ¥" +y = 2sing;

(2) ¥ — 6y + 9y = (z + 1)e**

B RREHL, v, 2%, - o™ TESERE FERMETCE, BB 1, cos? v, sin? o FESEHN 2k
PEAR .

CUEPATEIXE] T FARAATZ A A DG A PREL y1 (), ya(x), ETHY Wronski 1751 5—
FETH N,

RS pRESAE X ] (0,2) LRI, (2 B0 Wronski 174 H1fE A%

(x—1)2, 0<x<1, 0, 0<z<1,
yi(z) = ya(z) =
0, l<z<2 (z—1)% 1<x<2

SRR A T RE R IE

(1) 2" + 32" + 32" + 2 = 0;
(2) 2" = 22" + 2’ — 22 =0
(3) 2™ — 82" + 18z = 0;
(4) 2™ 422" + 2 =0.
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X F—ANJCG5 AT 3 0 pREL, 7EH Taylor JEFFrh, WARRIE T0, W R & AT LIE BL
ST Z AR BT R RS B S5 . G A SR R A R, —J2 RETR L R KRR
FHSTES5 224~ HA R R (USR] F 0 = R 850 YOS IN. —JEadid Joo5 240 s B &
INAE A AL i AT H UL A7) 45 pR O PR, TE AN FRAT Tl 2ok BR3-H4) i A 6] PR e —
FE. AR XL B /i, FAT AR E “J055 20 REE I BRI S N, &
ITE 2 TS5 2SRRI 25 .

§7.1 HIZRE

7.1.1 EABEESHR
B ICIT AL, SR TTF LN a,n =1,2,3,- - WREAME— R _E sk

oo
Zan:a1+a2+...+an+...’

n=1

Horp g, WZBRSET. SR ATABR RIS S HasRk BRI — FOR BTG5, i
n=1

SRR AR W — T — ELR B 0 T, J6FR S, = > ap = ar + - + an WA
-1 k=1

k
Bl n BB A0 slmAK oy EB oA - HIEERILBT

l+q+@++q"+-,
a+(a+d)+ (a+2d)+ (a+3d)+---,
I—1+1—1+4 4 (=) g

B GRFRN IUAT ELR FE, AMEACEL, B IR n T M

1—q"
Sn:1 ; |Q|7£1
—dq

B TR 22, SR (1 — ) (4 [q| < 1), 5K o0 (24 |q| > 1). B
BOR R FE AR (S5 5080), EIIRT n DA

n(n —1)
2

(A S RGO R Z2 1) faFRIRT0GF . W50 = A8,

0, n=2k
Sp =
1, n=2k+1.

Sp =na+ d
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R T T B s R AR 2
M, TN VL AIIH TS5 TR AT IIE X TAFI H A — A B 7 85 AT B
SEEERITESS, B SE IR n RS, SR VLS 5 SR I 22
T 70 SFRE S an, R 0 A A S, FARKT) {S,) KT
S, B lim S, =S, W ﬁ:é&%@iﬁi, S HRAGBH A, FFiT

n—oo

(0.0}

Zan:S.

n=1

4ok {S,} EAMIE, W ARIZRE A K HH .
HT LT DL TG 5 B SR R 8 BB A A I 8 {S,,} Sl
Rz, WRA DB (RYiHE R {S,)), MEXR—LL ay, = S, — Spoy (n >
1), a1 = S1 MIBIAHEL, FEIHT n TR FIHE S,
MR RGBS LA SEIN KR, T HEIBRALT R R0, 2R
1117, R 22 H03 A BR ISR b LA TE 55 Ok e . 9l an— -1 A IESEEK o BhAT AR
H— N TETF HAEL
a1 a9 as
a=aw+ gttt Tt
Hrr, ag BT, an (n > 1) BT 0 F19 ZEIGREEL WY o, A
BIRTAAE ®E a, W LEFEARE, BIEE—A ARE b, 18 apr = an (n > 1),
W) AR R — s T AE i 08 20, SRR Ot 2 a AR, B2 FR A S T RRAE R /N
B T IERRANIE A NSO A, HAk O U — A TE T L
T—J5 M, AR —AREL, #T AR HAT o ARG A, i
WHEI S, B BE A B AT
T 7.2 (CauchyWSfEN]) 224 f an WELH) T b B b A SRS 09 E AL
C BEEEH N S 0> N B REX
|ang1 + Qg + -+ angp| < €

STAEAT EEH p R L.

EE 7.3 BRI D a, K, N lima, = 0.

L, T 5 R e B, 200K 0090 KA (8 T
0). FRLLEIURET 0 102 SOR A A B4 [, BT S nsind %8 B
limnsin ! = 14 0. i, BT 0 I RREAESO s ek, A — T 0 foe
B IR (A0 Tim In 20 = 0, fHZ08E 32 In 2L 1, #4R1 S, = In(n + 1) — oo, F
LSRR "~
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o0

FET7.4 Z > a,F > b, #ME, N Y aan, (o Z—ANFE)F Y (anby)
n=1 n=1 n=1 n=1
ACEL, A

iaan = aian, i(an +b,) = ian + ibn.
n=1 n=1 n=1 n=1 n=1

TIE TS EAK S an P, HEAEFTA I 6 AR o S A 8 S
n=1

DL b BREIE I AT DL AR e AR 3, Horbo BT 5] wT LA e BT .2 458,
FHATTE.
7.1.2  IETREHIW ST R EFFE

R T RN T D SCRCE, FRATTE e e B — 2B AT B A 2, R 2 T
an = 0 B, FREFCH IETREL. X T IE G —> B3t 2 B ER s Fl {S, )} =2
PAYEBENN): Syt = Sp + @yt = Sn, BB FR USSR A5

=18 7.6 ﬁi?miiﬁﬁﬁjﬁgﬁﬁﬁﬁﬁ%%

1o TN B T s B 83 AR

20 IERBH A RS, KBTS, } 0 AR

3° EREKImREH, — A BE|ERLT.

4° FF T ALE EIRBEL, AL E AR AN G 13 B 09 BRI, AR

FNA R TEBI. S o/ UL S an ZeRbIEHCRAGT 775 5 12
S BRI N " "~

Sy=di+dy+---+d,

VEREH of, ASEHTIOI, TSR IORGA R R, 2o TS AL T n AN I, BT
DL —EAETE m, 075 aly, dla, - d'y ESESERIHT m BUH B, FFLL ' < S HTJEE
RS, R 5 5L, gt B B GOS0 5 AL A B, LA, T ELIC S AR 2
B SR B

R, BMTATLME S ap B S o Zoit BT ISR SRR ATk
b LRz, "~ =

VR R SR e AT LR A, SR, X T R5 R, B IS
4° B T TR T L B R RSP 1, FL I T e M6 50, Rl o 35— fe
BOF RIS

Bl 7.1.1  EW] iﬁ e 8
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UERR X — N IEGEL, Frl AAGE ERgER s AAA AL F5L b, JATA

1 1 1 1 1
Sn=l4ldgt b <24 gttt o
1 1
—2+(1-= — =
i I )
:3——<3

PR, BRI SY). Je TRREEIE A RS2 e
IAEFRATIEI G B 2% T— 25 A IEIRGEL, anfarshl e e sy, IR Ta
THE 7.7 (WAL & S an Ao S by REMSEALRE, o RAEATF4H
n=1 n=1
an < bp, ARA

oo

$e zb HAE 3 an B

Zanﬁjﬁi ] Zb B

n=1

R ROVl BEIﬁB’ﬂET BUB ARSI, SOl DUBRGE ayn, < by METARY n
ST, T

Z Zbk
k=1
SN S b, WCBH, A zbk 5 [ i zak WA, B z o, i
n=1
O IR S ap B WCEERAMR S ap TH, BT S by B0, L S by &l O
n=1 k=1 k=1 n=1

Bl 702 TESIRRIZ S L R
n=1

WER Mz > 00, A
z > In(l+ ),

1 1
—>ln(1+—),
n n

B S In (14 L) S, FFLL T ECAR Ak T R A e
n=1

HOHETRER n, £

% 7.1.3 znﬁkhp%ﬂﬁ‘ﬁm&%
fi# %pgwtlﬁ

S
IS
N

MUERLTSOL T, p B L.
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R
¥

M op > 10 A p =14 a(a > 0). HiEHEEF S

1 1 a Q

(12 no (n—g)orl~ npr

Hbro<6<1, BT

o0

1 1
;(m—m )=t
WO FEBCHI AT, XY p > 1 B, p ZUElies.
Bl 7.1.4 WS e K.
n=2

WEBR Y 0> 2 B, B

Inn <n,
e
1 1
Inn ~ n’
T LA UYL

ORI 1k J2 2R GBI R/, AR DI U0R U AT 0h 2 J B 8 30T B K
/I TER BRSO A T AT T, Sl U TR R B E TENTZ R RN,
R, FATTAT LA i FE BRIk A FRIE X

it 7.8 (HEHIEMBIIER) £ 3 a, F by REFALHK, lim & = A
n=1 n=1 n—oo on
n

1° Z0<A<+4o0, M S a, 5 > b, RSH;

n=1 n=1

2 A=0, MG 3 by K, S ap Ak

n=1 n=1

3 % A= 4oo, MG S by ZHH, S ap LK.

n=1 n=1
XSS U XWFRA TS /INE ap, by (n — o), W a, Al b, #4T 0 A
JE L), DUIRE I A SRR ST AnSR—AN Ee s — T 0 PR Bk, T AR I
ST, PRt RISl B A T, 18 B N R
ER XA —FENL, B e = 42, MAEAE N, Y n > N B

a A
A .
T
HIFEY
A 3A
gbn < ap < Tbn

JIr LA g3 0 A AN S5 M T HE BRI, s 245 2R.
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FIRE, 3 lim g2 = A =0 W, 7€ N, (£ n > N B4

an
0< — <1,
b

n

A

ap < bp,

M4 lim 9 = A = foo B, 7776 N, {4 n > N WA

n—oo

e
ap > by,
T VR I, BRI e B AT 52 e .
Hede e B TRAT, T DA 5 — TR BRI G (IR LITER S ) 7L
n=1
58 WA S

| Sk & __n+t3 8.
5 7.1.5 SRiE n; 21 (71 2) sk

iERR
n+3 N 1
V2 +1)m3+2)  nd2
K
— 1
PSSP, ] 0 B
Bl 716 SKIE Y sin LEH
n=1
IERR
o1 1
sin — ~ —
n n

KRGS R, PR L
T 7.9 (Cauchy HIRIE) & 3 a, 2 EAAL.
1° FMERARE a, <q<l, %2&;&4@&;
2° BARF SA n, 4k a, > 1, WERBEH;

3° & lim Ya, =q, WH g< 1B, BEMKS & ¢g>1 0, BRELK Sqg=1
n—oo
BF, 38 ik ) B R BOK ST T R HK
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SER RO A n 64 o/an < q < 1, WEEEA a, < ¢ ih > ¢ Bl
n=1
SV I AR, AL S ay RO
n=1

WA I EA 0 b yam > 1, 8 {an) RERBER, BBl S a, K.
n=1

X BRIE R, REGE R fE7E— IR e, M T30 K n, A a, <
qg+e <183 a, >q—e>1 BEA AIT5EMIEY].

JUART R Je — TR — 200 1) bS5 T [T 8 B8 (1), JUT Ry sScise et
LA RN . X T —MOERBON 7, AR X AR BT, H 2t AT DAAR 4 9 5k
ARSI 2 L, He S

EIE 7.10 (D’Alembert F53%) & i an, A& EIMBZL.

n=1

1o EMIEFAA "t L g < 1, MARHOREL;
20 BMEIMALA L > 1 M BECR K

3° EAERZ LA R
. An+1
lim = q,
n—oo an

ME qg<1Bf, BEOMS, MmB qg>1 0, BEEK % qg=1 8, TREHH.
IERA AW AR n A 2 < g < 1, B0A

Qan

UKL AE A PR, T2

ai
a, < —q".
q

T SR TS g7 WO BT S a sk
n=1 n=1

AR 2 > 1 W a1 > ap, B ar < ag <00 <y <o BT 0, AN
SHTER, PGB 0

Bl 7.7 SRIE S L (1+ 1) &
n=1

EB lim /& (142" = & > 1 BERE R

Bl 7.8 WiE S nl(2)" (x> 0) ESIE
n=1
DY
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WY v > e BRPEURTR, M 0 <o <e BTHEUINSL. X v = MIEIEHEE T, HEE A
I3

RAOETCTT Z BN, 8058 F BUEA BRI FRIE L, AR s —Fh A R AT
WIRIE, HORmRAMEE RN Z T KA | M “EEeRmM” . BEWE Z A Al
FEPERY. TR FRA T erhe—FhiRk &

I 7.11 (Cauchy FRIFHFIHNE) 4R f(x) £ [1,+00) LA Z LR R B E PR
Y EE, ALY f(n) BRY [T f(x) de Rk
n=1

ERR H f(x) BYBRPRPERTRN, M k<o <k + 1WA
fk+1) < f(z) < f(k),

T
k+1
flk+1) < : (z)dx < f(k).

W EIRAFEARN k=1,2,---  n A0, AR, XHMEM n e N A

n+1 n+1 n
S s [ e <Y sb)
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