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F—F W&EMRA

AELG PSSR ARG EABEHEAD, HRMOEEEREN L
YERrTRE A A RATBE — L@ AR S.

ROV e BOL R AR, 7 %R ISTTHAFIBHEFRER, ik
7 4B RISTEFSI BT REA MR BERE. F M., 8 m 17T n SIEHEENES,
B M, R n MEFERNES, XBEFH M BRER (matrix). C* BREE n A
B ERSIMBRES, RPEREE » NMEBSEBRFIHNENES. RITEEE
C" iR BEERSE B UER LIE T TBEERE A BART. 1768 LAY
mRHFEESICEEERD. BT, RITETHEMNS] EBERE B RRAE
M, B A —17E—5 R XE .

B’ A= (aij) € M n, ai; BRI A WTTE, A ATRR A WEEE, F ARR A
PG E, Bl A" = (A)T € M, m, A FBRiE A WEANTEBSLIERIERE. N
EERR, ZBHHTEEIA 0 FoR, EEMIZEN ETXXH] 0 f& X.

§1.1 45FRIERER

BAe M, & A*A=AA* W A FRRERLEE. & A* = A, W A FRA Hermite
4. A= —A N AFRRER Hermite 268, RATEEF T FRBANIERE, BIXTA
TLRERN 1 WX AER, KRBT U ETICEHR. & A*A=1, W AFCHEE
M. HEEGRERELE A~ = A* H5E[E A. B4R, Hermite /%, )X Hermite
R, B AR IEMAERE; 5C Hermite B FEBLRSEXIRAERE, SCH MR ASLIERS
. F diag(dy, - ,dn) BAMATEN dv,- -, d. BXTAERE. — N THEL2ER
AEME SR SRR T i 1 3.



"2 F—E mEmA

EIE 1.1 (B9 SNENEERBAMT-ATALERSE P Ac M, E
P, NBELEBESE U c M, %2

A=Udiag(\1, -, Aa)U™. (L.1)

(L1) 85 Ap,--- 0, BRRE A 9454048

HATHTE §1.5 8 Schur B =FMALEFRIEI X~ EHE.
FH (,> ia cr J:E"J*‘ﬁ;ﬁl"]%x % T = (1:1,"‘ ,xn)T,y = (y1>"' ’yn)T € (Cn7 mu

(z,y) = Z)lmjﬂj =y'z.
]:
Ae M, WhFEZLER &

(Az,z) >0, XHEM z € C™ (1.2)
Ae M, RAEZ M, &
(Az,z) >0, XPFEf] 0+#zeC™ (1.3)

E%ﬁl@ﬁ%ﬂﬁ%%ﬁ%fﬁﬁ?
Xt Ae M, Ml z,yecCr RITBEUMTHRLEFX

3
4Az,y) = 3 *{A(z + iFy), z +iky),
k=0

(o, A) = 3 ¥+ iy A+ i),
=0

B = 1. XFMRAEERNEEBERN: R A € M, WEMEM z € C,
(Az,z) HLEL, W A K Hermite 55F5. #55), E XX F (1.2) BB EEEHEL
& Hermite 5/F. 3ZFR E, HEEERERETE L EERIER K Hermite 5/, T
EEE MR ITA SEEER A IEA Hermite ZERE. # A € M, HIEE, MXHESM]
B € My, B*AB #IEE; % A € M, IEE, WXHEMAHRE B € Mo, B*AB IERE.

TR AERERERETR T A4, M Jordan ARHETEFTAL, # A €
M, ¥ n MEHEENHEER A ATX AL

A= (ai;) € M, RALZ A4S, # ay = 0 XA i > 5 BOL, BIXAEX AL
THBITTEEZ 0.

A= (a;;) € M, RATFTZA%EMK, 3 ay; = 0 M i < j BOL, BIXRRI AL
EHHTRER 0.

A = (ai;) € M,, A Hessenberg 4EM, 7 a;; =0 XATAE i >+ 1 BOL.

RATHIERE A = (ai5) BA LR q IR a;; =0 SFWHRE j—i > q WA
TH% 4,5 oL, HGERE A BAETHR p, R a; =0 X TFHRE i—j>p WA
TFF 4,5 BOoL. BN, F=A%ERER EHIE 0, Hessenberg iFEA FH R 1. 48



§1.1 4SFRIEREH

B A= (ay) € M, FRVFRIEME, IR A BEEWRE g <n -2 RERBATHR

p<n—2

—MERFRAHRERE, MR ERAREZHTTR. TR, BEEERE—1

HEBR LS.

A= (aij) € My, KK 0-1 42, FHEANTTR a;; € {0,1}. B—1TE—FIEMRL

F—1 18 0-1 HREFR N E 4.

A = (ai;) € My, XA Toeplitz 4B M, ZHFTEEL

@_n41, " ,0-1,00,01," "

yGn—1

#75 a;; = a;—;. HIL—/ Toeplitz SR RA N T IEX MR

ao a1 az
a_1 ag a

a—_2 a_1 ag

A—n+1 G—n+2 B—n+3 " *

c A
.. an_

.. an_

A = (ai;) € M, B Hankel 48, ZHHIEH a,

Htt—~ Hankel SERERA I TFIE AR

a; ao as ---
az as ay -

aa a4 as [

Ap Qn41 AQp42 °

Ean

al a2a3...
an a1a2...

A=| @p-10an0a1 -

a2 a3a4...

anp,
An+1

an+2

a2n—1

an

an—-1

an-2

ai

ao

1
2
3

48
o agn—1 ] aij = aigjoa.

(1.4)

RAEREFR N EIR4ERE, Ho A S —ATHGE, W AT B E AT —1THTR
FBEFR B — ML BMEDR. ¢ 1.4) PHERR Circ(ar,az,a3,-+ - ,a,). P =
Circ(0,1,0,---,0) FRAA AR, TR P BIMEHRER. RIE

n—1

f1=ij£:ak+1fw.

k=0

(1.5)



4 F—E m&EMDI

P FHELTEA An -1, HIE TN 29,5 = 0,1, ,n—1,z =e=%i= V-1
it z; = \/LE(l,zj,sz,-o- , 2 UNT W 2o, 20, -, Tae1 A P I—GARHEIE R FHE
& i U = (20,21, ,ZTn-1), W U NBEERE, B

P = Udiag(1,2,22,--- , 2" ) U*. (1.6)
ic
n—1
f@t)= Z ak+1t".
k=0
(L.5) #1 (1.6) %4
A= Udla'g(f(]')’ f(z)7 f(Z2), ) f(zn_l))U*' (17)
(1.7) R TATAT AR — B 0 B RE Bl B B PR 3R AE R B X R 1.

§1.2 $FEE MK

EHE 1.2 &R EA) AT AcM, WA kB EFX2Hh 0 A GHIES R
XA
fa(t) =t" — By (A" + B (A)t" 2 + - + (—1)"En(A).

EXAEERY: FHMEEESHR THERRITR, &N, I ERE M TS
R RTRX—FLNERGRIELENEHE 5.2.

§1.3 iR EIE

EIE 1.3 ‘i”t f(t) )%’l‘i%ﬁ?’ﬁi‘, ‘i;: Ace Mn %%E{ﬁj@ /\11 a/\n y‘hj

FIFH A B Jordan FRUEIE, XAE R R BRE).

§1.4 S5

B F=CHR,VEF - HRESE. AFSVHER . — B
h-11:V - REBETFTE=&MERKN Vv Leg—AEd

(1) (EEH) lz| = 0,vz eV, 3H |z|=0HHNY z =0
(2) (IEFKME)  |loz| = |ol|z||, Va € F,VzeV;
3) EARER) Iz +yll <zl +llyll, Vz,yeV.



§1.4 X -5-

B, B p> 1, WF o= (21, ,2a)" € C* EX laflp = (Z |z )V, |- 1l

& C" Er—NEE, M 1, e ?Eﬁlz‘ic%&&*ﬁﬁ ﬁlﬂ‘:_ﬁlfﬂ M EHIBR
EIEEFRNEMEH Frobenius J&4¢:

1/2
|AllF = (trA*A)Y/? = (Z 'aijlz) , A= (ay) € Mmpn,
i3

XH tr BRI
i& A= (aij) (S Mm,n, A m*ﬁ'ﬁ"?@&%)\(%

14l = mx Z|an|
A B3 Fe e B E SN
Al = féﬂaé‘n; |aij].

— AR A€ My, FTABEVERM C B C™ WRHEBST: 20— Az. B || o B
C™ LHIVEEL || - llp B C" EEITEEL X A € Mp,n, EX

Al = max 1A2la_ o
O#zecn x| zeCm ||z||g=1
BESWAE || - || AL, FRAE |- (o 7Y - (g FF0ETE8 hEERE SCATA,
ETFEEEH R ||| — |yl < ||z — yll, FrATESR ELE RS Weierstrass & IR
BE AL EESERERT IR B KME, AT IR EIR/ME. ETE (1.8) PRATH
B max, MASE sup.
M, EHTEEL | - || FRARKR TR, &

[AB| < [|A[l[|Bll, VA,B € M.

55 M, ERERETFORER KR,

R EETEEA TG Mo LRI TIOR8 764, FEHE | - oo
Lt
0 el
RIS, E B R A GFEE, U Bl < Al X—BLRITUSHLAEL
HIEBR. 5 S A R MR TR R TR R B
.

ERORTFERITREGION R 2R, W UFFIRAE & - |
BRI V_EHTESR. AP ()5, C VKGR « WRER lim |l2;—] = 0.

Azl a- (1.8)

[[Alloo =

= max{||Az|2 | [|z]l = 1,z € C"}.
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AR BES PSR, Fx FRER R, T a—Muiia s —m
BOARKEITE. B—J7m, T e BRI IA FRYEm B 25 A _E BT A T %
Wiy, BRITERI W7 51 OSSR R R T 2 4t R B S8

EIE 14 RV REARENHAREQEER, | |o P || lp £V LEEL 1
BEEHR cFod HR

clzlls < llzlla < dlzlls, VYzeV.

B S={zeV]||zlp=1} BNMEE. H Weierstrass EH, LEHEL K
B f(z) = ||zlo £ S ERTLABREIR/ME ¢ FBKME d. HEHEEHER ¢ >0,d >
0vz € V,z #0,H z/|zlg € S. T

T
< TR S da
S|\ Telsll.
B
cllzllp < [1z]la < dllz]|p-
$F ¢ =0, XFMAERXA B BSL. XFIERA T EM1% vz € V 1AL O
§1.5 iEMES AR

EHE 1.5 (Schur B=f{t) EANEFMEHBEAMTEANAL=ALESE

ER A€ My, WS n BRI Y n =1 RIS LMBOL. RiRER
Xt n—1 BYAERERSL, TSR n YA AL B A B—MFIEME A F— AR B R
ﬁEr‘ﬂE‘ Xy, )I% T }T‘}Eﬁi cn m—/l\*/i?ﬁﬁﬁg Z1,T2," " ,Tn, é\ Ul = (1;17 e 71;1’1)’

W v, BREERE, B
carr _[A OV
Ul AUl — <0 A1> 3

HA A e M,_,. HPNERE, FEEES U, ¢ M,_, 18 U; AU, =A%
4 U = U, diag(1,U;) € M,,, W U XH%ER:, B

LVAUzz(A vyl )
0 UzAU;
N =M O

B, U e F=MAEREGX ARSI BREE. MEHEE
AL, BATAT LUK (B 45 SRR A IPUF O B = AR AR . 3
P E =AM RG] IR T = AR, HIREERIA.



§1.5 EKESE T

EIE 1.1 BER REEH 15, FHEAENS U AMIL=A%E% T HE A =
UTU*. )\ A*A = AA* 18 T*T = TT*. BRWE T*T 1 TT* W5 i ~XHATE,
i=1,2,---,n, " T 0% i THRIEGATELSTNZE. B, T EXA%ERK. O

WAE My, m>n MPEEEE A*A NIFEEMNIEREFRRNY A BF
FAl, & m < n, WREIEEHE AA* FEHEERIERTHRRA A BF34E. BITX
4 m > n flm < n WRERERN T8 RIHEAREH B EFHEE. MAEERIT
5 diag(sy, - ,sp) MAFRRKITER, HATEFIEFT UM ETFXES.

EE 1.6 (ARESM) K AcM,, WAEEBEMR Uec M, #PEEK V c
M, %1%

UAV = diag(s1, - ,8p),

TE s > 28,20, p=min(m,n).

iERR A || - || T B AR R ek A R i TR

BMzeChyecCritk |z| = |yl =1 & Az = s1y,8 = ||A]. XK =z
y REENR. HZA=00s =0,z My TBUEEMAAMME. F A £ 0NEF
reC|z| =1 R ||Az| = ||A||, Bt y = Az/| A|| BAA].

BU, Vi 618 Uz ='(y,U1) € My, Vo = (z,V1) € My, B Uy, Vo HEHERE. W

* [ &5 w*
vidva = ( 0 B ) ’
HH B € M1 oo IREEEHHMER, A

s1= [T AVa|| > li(s1,w")| = (s1 + w*w)'/2,

S1 0
Us; AV, = ,

¥L AT B A, FEEBERE Us € M,,_, FIBEER Vi € M,_,, 18

XEH w=0 TE

U;B% = diag(sz, C))

He s, = ||B|| < 51,C € Myp—gn2. & Uy = diag(1,Us), Vs = diag(1,V3), W U, F
V, R EAER:, H
U Uy AVL,Vy = diag(s1, s2,C).

TEEN C EEL B, BRMT %, REARNTUUEDE A £R—$HE

B RAR—BEERGE A LR AR, BxtAnRIER. XENERNEERY
FRUE R AR, XRSERL T IER. m]
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Bt 1.7 (BOME) KR Ae M, NBEFERER PQFBLEME UV B
A=PU=VQ.

R ERMEREHE, FEEEER W, Z HE
A=WDZ, D =diag(s1, --,8n), 812 28,20,
TR
A=WDW* WZ=WZ- -Z*DZ.
S P=WDW*U=W2Z,V=WZ,Q=2*DZ BIf]. O

Hit 1.8 (BBHOME) R A€ Mpn, Ak rank A=r. WA F € Mp,,,G €
M,, #%® A=FQG.

iR maErRES e, FENER UV #1%

A=UD0V,
0 0

ﬁq: D:diag(31,~~ 781')1 S1 >"'>Sr>0.

EIE 1.9 (QRHME) K Ac M, WEEABEM Qe M, P L=/A%% Re
M, %% A=QR. % A RF4EH N Q fo RAMTUBME LIS it Q HFER

B,
iER  HLMEREPH) Gram-Schmidt TFAALTTE. O

)G:(Jﬁm)vwﬂ. 0

§1.6 H{EEHE
A ||zl #R z € C* MBRIRTESL, B/ A € M, M8 EE SRS
W(A) = {z*Az | ||z|| = 1,z € C"}.

BEBEAANERZ —ET W(A) 28 A W% W(A) £2EFHE EHEFH
EE. W(A) ENEE {zeC | |z|| = 1} FEELMS = — z* Az THR, YREE
£ (BIARA, 75 C ). MR E.

%8 1.10 (Toeplitz-Hausdorff) *1E4T A € M,,, W(A) & 4.

iEFA  (P.R. Halmos) REIFHST C FEBMWEL L, W(A) N L REEE. #
CE%FT R B LWHERN as+bt+c =0, HF a,b,c € R ARE, (s,t) AR
MIABAR. B i = V=1, BIR A WERILOME A =G+ iH KPP G = (A+4)/2



§1.6 HEEE 9

M H = (A- A*)/(2i) #BZ Hermite ifE. it S = {z € C" | ||z| = 1}, FT&
W(A) = {(z*Gz,z*Hz) | z € S}. T

(z*Gz,z*Hz) € L & z*(aG + bH + cl)z = 0.
BT =aG+bH+cl, E={z €S |z*Tz =0}. B
¢:C" - R?% ¢(z) = (z*Gz,z* Hz).

R W(A)NL = ¢(E). BA ¢ RESLRE, MEEEEESEBS T RREEER, K
TREIER E REE M AT LA SE sl

RATHIER F RERKIEEN. W z,y € B4 o,y KUK, BR |zl =yl = 1,
RIFFFE 0 e R 18 y = ez XB e B ARMEHIE. B

0 z(a) & E PNz 8]y —5%B THEHRE z My KELX ER e RHRE
eBy*Tz € iR.

i zo = ez, W y*Tzo ciR. LHEEIE: E FHEEM = B 2o B—5RE&, FTLARATR
BiEH E HEEM 1o B y MEREDT]. B X

ula)=(1-a)zo+ay, 0<a<l,

1o My BUTRBIET u(e) # 0. BER z0,y € E, LH Re(y*Tz0) =0, T A
Hermite 55[%, HATH

u(a)*Tu(a) = (1 — @)?ziTzo + 2(1 — @)aRe(y* Tzo) + y*Ty = 0.

EitA 2(a) = u(a)/|u(@)]], W 2(a), 0 < a < 12 E T 2o Bl y —2kB%. O

WA, A A € M, WRHEME, 1T o(4) = {A1,--, A}, il Co R
£4 0 WA, ERIPECEREHEMAER, & U e M, HEERE, U
W(A) = W(U*AU), THEMZERZDRH.

EIE 1.11 & A AHENLEMR, B W(A) = Coo(A).

B’ Ae M, w(A) =max{|z| | z € W(A)} = max{|z*Az| : ||z|| = 1,z € C"} FKH
A WBAEF 2. FHIERABERE w() B M, EH—EE
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§1.7 BTN AR 5ERE
BHIWMARECH 1 WERBETR

p(2) = 2" +an_12"'+- +a1z+ao

FRIAK A 4 B RE SR
—Qp—1 —Qp-2 *** —a1 —ag
1 0 0 0
cp)=| 0 1 0 0 |. (1.9)
0 0 1 0

AHEER: p(2) & Cp) WRHMEZTR, p(z) HE C(p) HR/NETK.

§1.8 Wi

EHE 112 RAE My, WAEE—WHER X € My HEATEAFA:

(1) AXA = A, (2) XAX = X,
(3) (AX)* = AX, (4) (XA)* =XA.

ER R A WATRESEN

D 0
A=U Vv,
0 0

Hep U,V NEERE, D BRXMATRENERRXATHE. &

-1
x=v(P7 %,
0 0
W X € My, MH X WEXNANFE. FTHEHIEHAE—E. |’ XY € M, #BHLE
XA, W
X = XAX = A*X*X = AY*A*X*X = YAA*X*X
= YAXAX = YAX = YAYAX = YY*A*AX
= YY*A*X*A* = YY*A* = YAY =Y. o

WEL FEEP AN TR X FR8 A B Moore-Penrose #, iC
fE At

W REX AN R — B ERE AR A B L, Bln, R 1) B
X BRR A BM—A {1} WRE 1) 1 1) B X KR A B{1,4)-#,; F%. KT
Moore-Penrose J S, HALM™ Li—BARHE—H, B—TES.



§1.9 HINBEMEA S11 -

§1.9 #HIMNEEA

A BRAPEPANGIT U AR NEABTE T SR R R BB, XS RRR
e, BRI AETUER .

EIE 1.13 (Cayley-Hamilton) & f(t) & A€ M, ¥9HES AKX, M f(A) =0.

iERA  (Rosoff [96]) JefBi% A BAIXTMAMAER, A WFHEER A, 00, W
f@) = Hl(t — ), BAFERT SRR T @78 A = T-'diag(\1, -, )T, BRE
j=
f(A) =T f(diag(M, -, Aa))T
=T~ 'diag(f (M), f(A)T
=0.
BRI A ALAERETE M, PRAEN, ST A € M,, FETT X ALEREF
P {4}, W lim A; = A A2 X € My BIRFIEZTIAN fx(8). B A HFAE 2 T
RS R, jlif{.lo fa, () = fat). M LEEIERNSE, B

F(4) = Jim fa,(4) =0, 0

EE 114 K AE€ Mpn,BE M, W AB #o BA t3E RH/EME (LI EH)
R,

iR & m # n B, X AR B RINESEENBITMEIIE A M B A&
RENHTE. REIE m = n OFE. LRE A 73, it AB 1 BA MLl
A"Y(AB)A = BA, AT ENTRFHEEARRF.

E N REERETE M, FHE, X T A € M, FEATBEEFII{A; )2, %
] Jim 4; = A TR Jim, A;B = AB. i o() iCFHEENES. TFEIIFHEERE
!Eﬂﬁﬁfi@ﬁ %IJJ?HLEBLIEW* A

o(AB) = Jli’r{.lo 0(A;B) = Jl_l_)rg° o(BA;) = o(BA). O

P R MO SRR R (] R g — B 7 [33).

§1.10 SEHPMHKE

ETHEBERHEASEZHA (10, 13, 15, 18, 28, 29, 43, 47, 58, 59, 75, 78, 87, 104,
118, 124]. ABHFRFEBLE F [15, 28, 43, 58, 59, 78, 87, 118].

XTFHEMEH EEIEF Linear Algebra and Its Applications, STAM Journal on
Matrix Analysis and Applications, Linear and Multilinear Algebra, Operators and
Matrices.
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$—F mEMR

]

CBoar, an WESH ERER (i ) KR
. (Oldenburger [89)) & A € My, p(A) FR A BiER, B A WIHMEEMENERKRE. iEH

hm AF =0 BEY p(4) < 1.

. ﬁ'ﬁﬁﬁfﬁx w() & Mn EH—ANEH

4. IEBIBUEHR w(-) FEREE | - (o WRIMTXRER:

EIIAIIC,o < w(4) < [|Allo, A€ Mn.

. (Gelfand) B A € My, 9] p(A) = lim ||4*|¥*.

. ® A€ Mnn, BE Mpm. IEH (A; 0) il (O ;A) ML, NS ERE 1.14 1

0 B

F— M EH.

CBA € Maj =1, mm > n, B 3 A; EHR BT, EW: FE S C
j=1

{1,2,--- ,m} WR |S|<n B Y A; EFR.

JES

8. IEBIEAE TR E AU TR A TR SRS R

10.

11.

12.

13.

14.

EBIXHMERRIZ TR A, p(A) < w(A) < [|A]lco-
A= (aij) € Mn FRAPH2T A B4, IR
lass| > Y layl, i=1,---,n.

J#i
VEBA: AR AR R AT Y.
(Gersgorin [E#&EHE) A o(A) 'R A = (ai;) € Mo BFHEENES. iC

D;={z€C:|z—aiu| < Z|a¢j|}, i=1,---,n.
T

HERA .

o(4)c D,

i=1

FHMBEXBREL D; FE k NEHEA n— k DPAHEE, WX b MNERKIFERTFEE A
B k NMFEHE.

(Sherman-Morrison-Woodbury AR) % A € M,, Ali#i, B,C € M, {#18 I+ C*A™'B
nl, Heb T RENIRE. iEBR A+ BC* WiH

(A+BC*) '=A"'—A'BI+C*AT'B)TIC*ATL

(Li-Poon [76]) iE8: HANEFEEATAE R 4 MEEREENEEL S, BIFE A B
W, MIFFFESEIERHERE Qs FISEH riy i = 1,2,3,4 78

A=7r1Q1+712Q2 + 73Q3 + 14Q4.

((117]) IRBE £ : M, — M, RN BRI M, F RSN ERFTREH, WK f
E—TERAT. EHNBERETRISFEENEEARRE? RGBT



FE HETSESEER

KERME SEGERENC A WEMEEEREN T, ENRERFSPHE
BETH PN ARERI_EARERE X, BRI E REREERERHFE.

§2.1 HBRHENRERER

W A = (aij) € Mpmn, B € M,;. Al B HJ5RERICNHE A® B, & XA THEHEIS
B
a11B algB e alnB
ale ang cee aan
A®B= , _ . € Mps,nt-

am1B amaB -+ amn B

K EBFANFRA Kronecker #2. N AIME 2 BARAY.

(i) (@A) ® B=A® (aB) = a(A® B),%f a € C,A € Mmn, B € M.

(ii) (A® B)T = AT ® BT, XA € My n, B € M .

(iii) (A® B)* = A*® B*, X} A€ My, B € My ;.

(iv) A®B) @ C=A®(B®C), Xt A€ My n,B€ Ms;,C € My,

(v) A® (B+C)=(A®B)+ (A®C), X A€ My n,B,C € M.

(vi) (A+B)®C=(A®C)+(B®C), X} A,B € My n,C € My,.

(vi) A B=0 HH{X A=05 B=0.

(viii) % A € My,,B e M,. & A, B ¥, Ul A® B X}#R.

(ix) B A € My, B€ M,,. # A, B 24 Hermite 58f%, W] A ® B & Hermite %[
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S5|¥ 21 & A€My, BeM,;,CcMuy, DeM,,. R
(A® B)(C ® D) = (AC) ® (BD).

EB B A = (ain),C = (cns), W A® B = (ainB), C® D = (en;D). HFRIHH
FERERFEHN, (A® B)(C ® D) # (i,7) i

Xn:aithth = (Xn: aihchj) BD.
h=1

h=1
MXIER AC B (i,7) (I BEMITET BD, B (AC) ® (BD) B (i,5) B O

HATERA 0(G) 18 G € M, BIFFEE M\, , 0 IR 0(G) = (A1, , An)-
H sv(G) i G A RE 51, , sn BIES: sv(G) = {s1, - ,sn}

ER 2.2 K A€My, Bec M,

(i) % A,BTi#, W AQBALTi#, H (A®B)"1=A"1@B L

(i) & A, B AEMAEME N AQ B LA EHIEHE.

(ili) & A,B AB4EH, I AQ B LA BLEM.

(iv) F A€ o(A), z R EWBIERE, p € o(B),y R EHFHESE, T

M E€T(A®B), 1@y R BHHKIERE.
(v) #F o(A) = {M, -, Am}, 0(B) = {p1, -+, pn}, M
U(A®B)={/\1/J’] |7':17 amaj= 1’ sn}

(vi) det(A ® B) = (detA)™(detB)™.
(vii) & sv(A) = {51, ,8m},sv(B) = {t1, - ,ta}, W

sv(A® B) ={sitj |i=1,--- ,m,j=1,--- ,n}.
(viii) rank(A ® B) = (rankA)(rankB).

WS () (A@B)(A'®@B-1) = (AA") @ (BB))=I®I=I
(ii)
(A® B)(A® B)* = (A® B)(A* ® B*) = (AA*) ® (BB*)
= (A*A) ® (B*B) = (A* ® B*)(A® B)
= (A® B)*(A® B).
(iii)
(A® B)(A® B)* = (A® B)(A* ® B*) = (AA*) ® (BB*)
=I®I=1
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(iv) Az = Az, By = py,z #0, y #0 =

t®y#0H (A® B)(z®y) = (Az) ® (By) = (Az) ® (1y)
= Au(z ®Y).

(v) 3 Jordan ¥RMEFEER, Schur B = ffb 8, fE7EATSRE S 1 T (18 5148 =
RMT-'BT = G R E=MHERE, RF G BIMATTELIIN AL, - A M opg, -+ s
H

(S®T) Y (A®B)(S®T)=(S"!AS)® (T"'BT)=R®G..

AR A® B HRITF E=/AEM ReG, i Re G HXATEE
/\il"j, i‘:l""vm>j=1)"'7n'

(vi) A\ (v) SEBPARR, BTSN E FRIEEZ R
(vii) & A = USV # B = WI'Q AARELM#E, U, V,W,Q NBEER, © =
djag(sl’ oy 8m), I = dia'g(tl, e ’tn)' IJIJJ

A®B=(USV)® (WIQ) = (UW)(EeT)(VeQ).

Bh Uew M VeQ HEEN Sl IMAEHEMATER st;,i =
loooym,j=1,--- ,n. BNA sv(A®B) = {sitj |i=1,--- ,m,j=1,--- ,n}.
(viii) M (vii) SLEPR R, FABE FIETH REM ML O

W f(z,y) = 3 eyt B—PHEWK, TREMT (v) #EH, BRITA
U(ZaStAs ®Bt) = {f(’\tnu']) | t=1,---,mj=1,--- 7"’}' (21)
¥ A = (aij), B = (bij) € M, W A F B K Hadamard BRESCHENTRMIT

i*ﬁ%, FHiClE Ao B:
AoB= (a,;jb,;j) € Mm,n-

5|3 2.3 ® ABeM, M AcBR ARB 4T 1,n+2,2n+3,--- ,n? 47T
Fo5) 6 £ -F4E M.

iERR iR e 2 R B9« MrERER, Bl e B i MIEN 1 HRSER
0.4
E=(e1®e€1, ,en®en).
B A= (a;;), B=(b;;), W
aijbi; = (e] Ae;) ® (€] Be;) = (e: ® ;)T (A ® B)(e; ® ¢;)
=] [ET(A® B)Ele;.
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AW AoB=ET(A® B)E. O

EIE 24 (Schur) & A BeM, # AB¥EX N AoB ¥EX. ¥ AB
EZ W AoB EZE.

iERR  fB& A, B ¥IFE, W] A® B & Hermite %FE, JFHBEH 2.2(v)
AQ®B¥IFE. H5I# 2.3, Ao B R A® B MI— 1 ETFHR, Frlh Ao B $IEE.
B AW AT R IR, O

B A, BATH vecA FAIE A HEFIRIKERREBH M E:
i& A= (a1’a27' o 7an) € Mm,na I)—!IJ

ai

az
vecA =

an
vec IEHA AT HER:
S| 2.5 (i) & AE Mpn,BE My, C € My,
vec(ABC) = (CT ® A)vecB.
(il) BE—NARBT m,n 8 mn BrE&E P(m,n) £47
vecXT = P(m,n)vecX, ST X € My n M. (2.2)

iR () MTFEEG A G, R GHE . '’ C=(cy), N

k
(ABC), = ABC, = A(Y_ cipBi)
i=1

= (c1pA, c2pA, - -+, cxpA)vecB

= [(Cp)T ® AvecB.
Atk

(Cl)T ®A

vec(ABC) = : vecB = (CT ® A)vecB.
C)T®A

(i) B Eij € M 2 (i,5) MLERITER 1 HABTER 0 KR X

P(m,n) = ii Ei; ® EJ. (2.3)

i=1 j=1
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B% X7 = 3% 35 ETXET,

i=1j5=1

3

vec(XT) = 3° 3 vec(ELXE];
Jj=1

-
Il
iR

Il
NgE
M:

(E ® EEX ;)vecX

—

1

J

I
Al
VS

n)vecX.
B P(m,n)T = P(n,m), H P(m,n) 7 0-1 5[ XMEB X € M B

vecX = vec(XT)T = P(n,m)vec(X7)
= P(n,m)P(m,n)vecX.

BRLA P(n,m)P(m,n) = Ipn, P(n,m) = P(m,n)T = P(m,n)" . XEKH P(m,n) AE
BIERE. m

A vecX — vec(XT) £ C™ B Cmn BLRIEBET, AR — I EA
FEHA, WRE A 2.2 R P(m,n) BME—/Y.

FHE 2.6 & P(m,s) F P(n,t) © (2.3) £X, 0
B® A= P(m,s)T(A® B)P(n,t) (2.4)
SHEAT A€ My, BE M, ﬁx:u % AeM,, Be M, &,
B® A= P(n,t)T(A® B)P(n,t). (2.5)
iR X XeM,,idY = AXBT, H5|3# 2.5 1%
vecY = vec(AXBT) = (B ® A)vecX, (2.6)
vecYT = vec(BXTAT) = (A® B)vecX7T,
P(m, s)vecY = (A ® B)P(n,t)vecX,
vecY = P(m, s)T(A® B)P(n,t)vecX. (2.7)

B (2.6) F (2.7) SMER X BOL, HRBXPANXFRIGE (2.4). (2.5) 2&(2.4)
HIRFB. .

(2.5) BiH, X4 A F1 B BRI, BR A 5 A® B B
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§2.2 KM EKHTE

W A € Mpn,Bi € Mygi = 1,---,k, C € My, A5, HEXTFRMERE
X € My, , BT

A1 XB; +A3XBy + -+ Ay XBy =C. (2.8)
Xt (2.8) BHIAME vec BH, RITEBIXMNMEM TSN TAMETRE
(BT ® A1 + Bf ® Ay + - -- + Bf ® Ay)vecX = vecC.

THEHE (2.8) B—ME. & A€ My, B€ M,,C € Mpn 885, RTRME
B X € M, W2

AX-XB=C (2.9)
FRH Sylvester 7 #2. XMNHHRF] LI M T fR4H
(In® A— BT ® I,,)vecX = vecC. (2.10)

EIR 2.7 SEMFAE (29) AE—BLHRY Af BIERAMNEEIEM

EB B o(d) = (M, ) 0(B) = {un, o n}. MGHHERL(2.10) R
BOE R B FFIE (R

U(In®A_BT®Im)>={’\’i_iu’j|i=1s”'7m, J=17an} g

EIE 2.8 (Roth [97]) F42 (2.9) AM S HALS
(A 0) i (A C) (2.11)
0 B 0 B
ABIA.

iERA (Flanders-Wimmer [45)) FHFHBAM X, U

N [ R ]

Radsk, ¥ (2.11) FHIBANERMLL. € XFNEUER fi 0 Mmin — Mma,

i=1,2,
A O A 0
fl(G)=<0 B)G—G<O B),

£2(G) = (’(‘)‘ Z>G—G(’3 g)
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AU, dim ker f; = dimker f,. BEETEH

s {(F €@ 'AP:PA,AQ:QB,
! R S)|BR=RA BS=SB |’

o [(F O ‘AP+CR=PA,AQ+CS=QB,
*“\r s/| Br=Ra4 BS=SB |

HNTIUEBTTE (2.9) B, BATRZ U ker f, PH—EM
P Q
0 -I

V ={(R,S) | BR = RA, BS = SB}.

BIFERE, BT AQ - C =QB.id

]‘Z;E:- Mn,m+n B‘J—/I\?ZE”I‘ETJ %)‘( gi: ker fi - ‘/,'L =1,2,

(5 )

kerg; = kergs = {({: g) IAP=PA,AQ=QB}.

HATPHIER Img; = Img,. B4R Img, =V, B N# BR = RA,BS = SB |

0 0 0 0
<R S) ekerfl, g1 ((R S)) = (R,S)

fFLA Img, C Tmg,. 1B R 45 EH

U

dim ker g; + dim Img; = dimker f;, ¢=1,2.
A, dimImg; = dimImg,. FM Img, C Img; 8 Imgy = Img;. 4%,
(0,-1I) € V =1Img; = Img,.

AL, 777E

(; g)ékerfz T2 gz((Z §)>=(R,S)=(0,—I),

Bp <Ig ?I> € ker f.
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EH 2.9 (Bhatia-Davis-McIntosh [21]) & A4, B, C € M,. =R AL EHK
r 147

o(B)C{zeC:l|z|<r}, o(A)C{ze€C:|z|>r},
MXF X 958 AX - XB=C R

X =) A*'CB* (2.12)
k=0

iERA (Bhatia [15]) REEIEAX MBS, REESTIETE 2 TR
B r < r < ro 1R

o(B)C{z€eC:lzl<m}, o(A)N{zeC:lz|<m}=2.

W o(A 1) C{zeC:|z| <ry'}. A |- || BB BIE Gelfand KIEER
AR BE—FEIE 5), FEEER N [H5% k> N &

1Bl <rf, NAT*<rg®
Hitk, XF k> N,
[A~*=1CB¥| < (r1/m2)*||ATIC.
FTEA (2.12) HEIZRBUBEL. O

M, EEIEE | - | RN BREL, & |UAV| = |A| MMEEM A € M, IR
HIBESERE U,V € M, BSL. BB || - || &R R

|ABC| < || Al |IClloolIBll, VA, B,C € Mp,
TLENES & 11.

£ 2.10 (Bhatia-Davis-McIntosh [21]) & A, B,C € M,, A, B AE#H
5o, wRALETH o K r d 12T

o(B)C{ze€C:|z—a|<r}, o(A)C{2€C:|z—a|>r+d},
W2t FAETEREEHK |||, 78 AX - XB=C 4 X #HR
all x| < lICl.
iERR  Ei¥ A, B B A — oI, B — of, BATATLURE o = 0. DIFEHR
2.9 MFBHAAREFR (2.12). ERBIX FIEMMER, LR TFIENEE, RITA

oo}
I1X1 < D IIATH I IBIE Il
k=0

oo}
<ICI Y +d)tr*

k=0

=lCl/d. 0
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—ANEITE ATRHREAZ N, R A 8 MHEAERSRARIESR.

EIHE 2.11 (Lyapunov) & Ac M, EMAE, Pc M, E£Z. MF#E
AX +XA* =P (2.13)

AoR—M X FEHIAMELERS.

iERl  EEIIHE (2.13) £ Sylvester HH2 (2.9) HIFHKIEE. BN A ERE,
o(A)No(—A*) = o. RIEEH 2.7, HE (2.13) HEHE—ME X. £ (2.13) A B
B8 AX* + X*A* = P. XU X LR B —AMF. BERME—ER X=X, B
X J& Hermite 5[, HIEHH X EE, BITEFEILH X BFHEEERRIES

RINGEHFE—-NEEERE Y € M, 18 AY + YA* FEE. BENR

T AT = J, Hp J B A 8 Jordan 3R, ER—PMER ¢ 15 ¢ /MF A B
BMHEERZE, 4 D = diag(l,¢, €2, -, 1). MKERE

D~'JD + (D"'JD)* (2.14)

LTXIR EAATTE AR A . AEAEHE E—EJE 11) xR
EE. ¥ J=TTAT A (2.14) FiE G = TD, M (2.14) 8K G 1AG +(G1AG)*.
FART#RE G XX MERER RZESIEHS Y = GG HATHBRIEEERE AY +Y A*.
BRY EE. id

AY +YA* = Q.

& IR
X(t) =tX +(1-t)Y, telo,1].

Xt FEA ¢, X (t) #E Hermite 5EREEMHAFEMEALE. X (0) = Y HIFHEEHEE
EH. BX X(1) = X BOE-MHEERRIEMN. BR X(t) FRMEEESE AR
F t, FHE to € (0, 1) 118 X (to) B—MHEMENZ, Bl X (to) A5 AT AX (to) #F
R (BR AX(to) HISLEB

Re[AX (to)] = [AX (to) + (AX (t0))*]/2
= [toP + (1 — £0)Q]/2
R—NIEERERE, Fit AX (t) RIEFREEGNTIET R FE. Bl X = X(1) 8

FHE(EER R IEHK. a
(2.13) HFHIEERE T FEFR A Lyapunov 7 #2.
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§2.3 Frobenius-Konig EIE

AT MR LN R TATP SXALXRMHESHR. HENRASERRE
ABATAROEFERTRE TR 0. LFr ERATR T LN ERFRTR S ARE,
—RKIENaLE, A—RKENEAE.

B A€ My, BIME A —TH—FIFRN—F K. A BRFAILHIETTT
HIBRMEFR R A B9, iTME 7(4). —MERIESTHRARE A HREFTHLE
HT AWFAEELR —MERNESERER A IRXTMEEN A H—1T&
% B A MARMBDREIRA A BILA, iTME 6(A). A HTIBMABE A SBE

min{m,n}.
EE 2.12 (Kénig) MNEEH A€ Myn,d(A) =7(A).
iERR X A BIRE m +n FEBERGE:. B m =15 n=15, &ML

THER m > 2,n > 2 FEBREEN FERE < m +n WIERFIER. HEXBR
A 6(A) > 7(A). BIFERIE 6(A) < 7(A).

AW NEERARBEE, WREAEH A WFFITUAESHE A HETET.
RAV PEFF L ‘

1B (1): A A RKHES. Bt 6(4) = min{m,n}. & A = (ai;),ars # 0. iCX
A WE r FTHE s FUGHTIREMN A € Myp_1,1, W 6(4) = 6(A) - 1. B,
5(A") < §6(A)—1 =min{m—1,n—1}. HiK, BRI §(A’) < 6(A)—2 = min{m—2,n—2},
MK A" R 6(A") KRB RN ERIEME r THE s TIEEE A B— DR
BE, X5 ABRERBBETE. AERNRIE, r(4) =64") =06(A) -1, BLETE
ars BAE 6(A) < T(A).

B (2): A B—KRHEERE. Wit A BN BHZE p T ¢ FIHM, p+q=
5(A),p < m,q < n. BERATHFIARSBUETBME . B A BRATFZIER p 175
Hok p AT EAEHR q FUAK ¢ 51, A ZBRLT

e )

Ht B € Mpnq,C € Mp_pq. BAE 6(B) = p, §(C) = q, BRREF IR
BAREE5&M p+q=6(4), p < mq < nFJE X B C ARAMNEE, &
7(B) = p, 7(C) = q. HY 7(A) = 7(B) + 7(C) = p+ q = §(A). a

STFEBE m < n, A Smn M {1,2,---,m} Bl {1,2,--- ,n} BRGHE
a5 R]A= (aij) € My n,m < . #Hoe Sm,n | A10(1)>320(2)) " " * s Amo(m) FRA A #
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— %7 X A&, FIFRAX AL, A A XE R
perA= Z Haia(i).

0ESm,n t=1

—A 1T s FIBHEFERRA— r x s $94EFE.

EIE 2.13 (Frobenius-Kénig) & A € My n,m < n, W A 89553 A &4
EVAAH-AEAFSARE AF—- AN rxsIETF4HEM r+s=n+1

iR fBiX A WEEMNAKREL A -ANTRR, WHEHE 2.12 8 §(4) =
T(A) <m -1 FHit A ATUBE m — 1 £ H, MR m -1 FERITRIEE A K
—NBFERE, T2 =m+n—-(m-1)=n+1

gk, & A B~ rxs WEFERE, r+s=n+1, W AL +n—(n+1) =
m -1 &LEE, FI r(4) = 6(4) < m— 1. A4 IEETALKBELEH -4
Zt. O
BN TCEB R TR BRI f K. BREH 2.13 7] ISR N

EIE 2.14 (Frobenius-Konig) %X A€ My, HIERIERE, m < n. U perA =
0LHRE AR—Arxs WEFERE r+s=n+l.

EH 2.13 AT A THRER.

B 2.15 (Konig) & A€ Mpnm<n M AEEFALMESSH k
ARAEFLAMRE AR NrxsIETFESR r+s=n+k.

{ERA (Aharoni [1]) k=1 WEEMREERH 2.13. BAER k> 2, W J B mx
(k—1) WTELN 1 HERE. 4 B=A,J). MIBEmx(n+k-1) K. BRX AW
BEMNARBELER tANBTE, N B HELANARTELSE IR LE B
WEH 213, BA— N rxs NBFEEE, r+s=n+k-1)+1=n+k XNEF
R HATRETE A .

Rk, H ABF—Nrxs WEFEM, r+s=n+k=(n+k-1)+1 REE
¥ 2.13, B BAMARKELEA —-ANBLER, XL A HERNALRBESE
Ak ANERE. LhRE, BN A BELATALREE ¢t Mg, t <k—1, WXF
SHALLEH m—t MERTRE J PESEBE t MTESEREN B H—FA
ERITHIXT L. 0

§2.4 E5EK

WAEMnpnl<ir< - <ig<m1<ji < <je <n BATH Afiy,--- 45|
Ju,oe o ge) 8 A BELTF dy,-e i ATR g1, 5 FIBITRARE s x ¢t BFER.
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A AGy, - yis | g1, 5e) BN A BRIZE 4y, i FTHD 51, 50 BUEFTREIN

(m—s)x (n—t) BFHERE. F Alir, - ,is | 1, -+, J¢) I Alir, -+ ,is | 1, ,n] H

X% g1, 5 SV FBEIN s x (n—t) BIFHERE. A AGy, - 65 | 1,0, 0 1B

AL, m | g1y, 0 BRIFE 6y, i TTRFEEIR (m —s) x t BFHERE.
MFEBE k< n, EXIERES

T(k,n) ={(1, - ,ik) |1 <8 < - <t <n}.

HT W, BATRIXS M XE AR, &3 A MEE. KITENES
FERETT LAZEAHE . H T(k,n) FETTREFIITHIIN 01,00, ), Bl
'(2,4) WICEHFIN (1,2), (1,3), (1,4),(2,3),(2,4),(3,4). ¥ F A e M,,1<k<n, A
Mk BEA4EM, iTE Cu(4), B—1 (3) BERE, Cu(4) B9 (i,5) M ERTEE X
H det Alai | ;],1 < 14,5 < (3)-

FINXTF A € Ms,

det A[1,3]1,2] detA[1,3]1,3] detA[1,3]2,3] .
det A[2,3]1,2] detA[2,3]1,3] detA[2,3]2,3)
Sl 26 RXAcM, REZA%EHE N Cu(Ad) LR ELZALER, FH Ci(A)
A LERMN A ST ATE PR k MERRFTIFEFTA FA.
ﬁEHH X:J-ﬂ: (;:) 2 1 >j 2 1) i& a; = (ila"' ,1:3_1,1:3,"' )ik)yaj = (7:17"' ais—la
Gar o 2 dk)yis > Js M Al | ) B— px ¢ WBTFHER, p+g=k+1:

det A[1,2]1,2] detA[1,2]1,3] detA[l1,2]2,3]
C2(4) =

(A[ai | aj])[s’s‘l‘]-)"' >k ‘ L2, ,S] =0.
H Frobenius-Kénig M, Cx(A)(i,) = det Alo; | ;] = 0, FTEA Ck(A) I E=F%E
BE. MF 1<ig (:) , Aloy | o) B EZFRMERE, STATTER aiy i, Gir,ier B,

k
Cr(A)(i,4) = det Afos | os] = [ ] aie e 0
t=1
KM ATIEN, # A BT =A%, N C(A) BT =M%EMR. WM& A X
FIAERE, W Cr(A) HEXAERE. EAEHATEHNER. RITH o4) TR AK
FIEHEENES, sv(A) Bn A MITEARENES. X r <k BHAE (}) =0.

EH 2.16 & ABeM,1<k<n ¥

(i) (Ck(A))T = Ck(AT), (Ck(A))* = Ci(A*).

(ii) Ck(AB) = Ci(A)Ck(B).

(ili) 2 A Ti#, W Cp(A) &Ti#, B (Cr(A))™ = Cr(A™Y).
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(iv) & o(4) = {A1, -, A}, W a(Cr(A)) = i hiy - dg [ 1< <ip <00 <
e < TL}

(v) #& sv(A) = {51, ,8n}, W sv(Cr(A)) = {85,858, | 1 <1 <d2a<--- <
ik < n}.

(vi) 3 rank(A) =7, B rank(Ci(A)) = (3)-

(vii) det Ci(A) = (det 4)(:71).

(viii)# A RIEH, Hermite, B, FEZ, £, sHHRER, 0 Cr(A) LA

iEBR (i) B4R,

(ii) 1 Binet-Cauchy 23, &

[Ck(AB)](7'7.7) det(AB [az I Ol_,]
= ) detAlo; | B)det B8 | a;] = [Ck(A)Ck(B)](i,)-
BeT(k,n)
(iii) Cx(A)Cr(A™Y) = Cx(AA™Y) = Ck(In) = I(my:
(iv) #R4E Jordan ARUEIE L Schur B3, FF7EF WHERE G 18 A =G 'RG, H
R 3 E =R SEATTRE A, A () A Gi) 49

Ck(4) = Ck(G™)CL(R)CK(G) = [Ch(G)| " Cr(R)Cw(G).

EEE}HE 26 Ck(R) jgi:. ﬁﬁlﬂg ﬁﬁﬁ?ﬁ?% )\zl)\zg o zk,l < 7'1 < 12 < e <
ik <n. TR

O'(Ck(A)) o(Cx(R)) = {)‘ll/\n' - A | 1<i1<i2<...<ik<n}.
(v) B (i) # (D) 4%
[Ck(A)]*Ci(A) = Cx(A™ A).

¥ (iv) TR (v).
(vi) XA&AWEAH (v) B8], BABSETEZTRENE
(vii) B (iv) 53.
(viii) Hi_ERBE RIS H). g

EREIMEEZ SRR

3 &

1. FFEHMN A€ Mn,BE My, AQB =17
2. HHEM 2.4 B —HEH.
3. % A, Be M, AFE, BXIFEHXMATEERIES, W Ao B IERE.
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FTF KERRS5ESER

i A =diag(A1, -+, Ax) € My, HH A; € M, B 0(A:))No(4;) =0,i#j.%& BE M,
H AB = BA, Wl B = diag(B1,--- , Bx) € My, 2 B; € M,,,.
B AEMpy,BEM,,CEMnpn # o(A)No(B) =2, U

(A C)ﬁ<A 0)*%1.
0 B 0 B

(Embry [34]) BATHBMERE X, Y AIBBIHEREACH, Bl XY =YX. R A, Be M,
WE oc(A)No(B)=2. MR Ce M, C5 A+BAIXHIHLC 5 ABAIZH, M C 5
Al B #uI3 .

. (Marcus-Ree [83]) —MERFTRER IR RMEMNY, HFEMNBITLRZNET 1, HENES)]

TRZAMUET 1. ] A = (ai;) I n OWEEYUIERE. WFFFE 1,2, ,n — 1 HF o 15

XN i=1,-- 0,
1

m, n=2k,
Qig(s) Z 1
-(—-k-+—1)-2- , n=2k+1.

B k< m < n. BHINERE A € Mn,, HEENAKREEH £ MFTR?
iem= (:)  BREBBS Ci() : M — Mm REGIT? RHHG?



£ =% Hermite EEFEMRLEXE

Hermite A FER X FRAEFEE R ERE BRI, ENTRRF AR RIFRPER.

B B2 A BB R R HBFEF S HT7, FIA0 Hermite FERERIXT AT
BERFLERS. WEELHRESAEN AN TR, SIIEERIT T

Hadamard X TR IE @M TR X AR ERNA ELFHFEME.
F H, 7% n B Hermite ZEMEMIES, X& R HE— A aE2SHE.

§3.1 Hermite EFRSIEE

X F A€ Hy, BATEEWR T FREERREFHES N A(4) > A (A) >
An(A).

EIE 3.1 (HB/MRKEHE, Courant-Fischer) & A€ H,,1<k<n

M(A) = max min z*Az = min max z* Az,
SCC™  z€S sccr z€s
dim S=k ||z||=1 dim S=n—k+1 ||z||=1

BEZSACHTEN, ||| RERKTEL
iERR i A (4) A A, j=1,---,n. B dim S = k,u1, - ,un %XT}J‘:F‘ A1,
An Eg A B@ﬁﬁﬁﬁfﬁﬂ’ﬂ*%ﬁfﬁ]ﬁ, icT= spa,n{uk, . )un}' )\[J
dimS +dimT =n+1.

Fr A
dim(SNOT) = dimS-l— dimT — dim(S + T)
>n+1—n=1.

)
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ER—ELFR 2z € SNT. &

n n
z=Y &u; Y &P =1
j=k

ik
nj
n n
¥ Az = Z €120 < Z €12 M = A

it

min z*Az < M.
€S
llzll=1

FA—HH, B So = span{u1, - ,ux}, A

min *Az = Ag.

€Sy
llzll=1
XHIERA T
Ax = max min *Az.
CC™ zeS
dim S=k ||z||=1
BB — R A B - A RATTS RIS %R, 0

AT EH 3.1 PRISE—PNEXFRA DR XA T, BB ZAFXIR KA
DARF.ERE 31 WA ERRHREERE

A1(A) = max z* Az, A(A) = min z*Az.
it it

EIE 3.2 (Cauchy #REE) K AcH, HHEMEZ N\ >---2N\.BR A
H—AmBETHESE BAORKEER g1 > 2> pm. W

Aj 2 85 2 Mjgn-m, J=1,2,---,m.
ERR  EREWE, X A EEBAER, Rk
(2 9)
HR/IMRRIFHE, FFEETFEE S CCr dimS =5 HE

. *

. = min z*Bz.
Hi €S
lzl}=1
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fFzrzeC™idz=

/_\

0) eCr. 4 S={%|zeS8}, M z*Bzx=7"A%. BNTE

inZ*Az < max min y*Ay = A\;.
S TCC™ yeT
dim T'=j |lyl|=1

BIFXASIT - A, -B, B2

B =

alg

~Xi(A) = Anoira(—4) , 1<i<n,
~X(B) = Am—j+1(-B), 1<j<m,
Mi=j4+n-m A
~Xjtn—m(A) = =X;(B), ie., p;j=X(B)> X jtn-m(A) = Njtn-m. O

EE 3.3 (Weyl) & ABeH, MsgT1<j<n

B8 {Ar(A) + Xs(B)} < Nj(A+B) < o mln {)\ (A) + Xs(B)}.
R RARMERBRIEALE —IAER. R r+s=j+n FETZEM
R, SCC"# R dimR=7,dimS =s,

A(A) = min z*Az, ),(B)= min z*Bz.
et =i

5p)
dim(R(NS) =dim R+ dim S — dim(R + S)

>r+s—n=yj
FAETZE Ty C RNS WA dim Ty = 5. TR

Aj(A+B)= max min z*(A+ B)z
TCC™ z€T
dim T=j ||¢c|| 1
> min (z* Az + z*Bz)
z€To
lzll=1
> min z*Az + min z*Bzx
z€Tp z€Tp
llzll=1 llzll=1
> min z*Az + min z*Bzx
Tz€ER z€S
[lzll=1 Ilzll=1
= A (A) + As(B).

PAE—NAERTF Mji1(—A4 - B) BB TEARERX. O

T AR — 1 Hermite FEREAE P —1~ Hermite % PR FHE [E2E 1L ARG
I, XRERR A EH.
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it 3.4 (Weyl) ik A, B e Hy, 1
max |A;(4) = A (B)| < 4~ Blleo.
iERR  HER 3.3,
Ai(A) =Xj(B+A—-B)< \(B)+ M\ (A-B).
Bt
Ai(A) = Xi(B) S M(A - B) < |A - Bl|oo-
T#H A5 B WG, A
Ai(B) = A;(A4) < [|A = Blloo-

Ni]

125 (4) = A3(B)| < [[A = Blloo- 0

StF A,B € H,, BRIVHICS A<SBH B> AF%E B- AXEE. BR “<”
Me>” EXT H, FBIWMRF, GFRN Lowner 4. ¥¥5, B > 0 #/~ B ¥
ERE. . o
THHZEREEH 3.3 NEEHL (A= B+ (A - B)), AT WAR/IMERFER
EFH. ‘

#iL 3.5 (Weyl BiAM/RE) R A, BecH, % A>B, N
AJ(A)z’\](B% j=1,~~,n.

Ap 20> Apy1 202 A0 10

Ay =Urdiag(A1, -, 2p,0,---,0)T,
A_ = U*diag(0,--- ,0,~Aps1, -, —An)U.
M AL >0,A_>0H A=A, — A_. XFRH A B Jordan % #%.
EHE 3.6 KAcH, A9 A=P-Q, X+ P>0,Q>0. 1
Aj(A) SX(P), A(A-) <X4(Q), 1<j<n
iERR
A=A, -A_=P-Q, P=A+Q> A

FrLA
Ai(P) 2 Ai(4), Vi
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B (A) > e > Me(A) 20> Aey1 (4) > - > An(A).
/\j(A)=)‘j(A+)v j=1,"',k; )\i(A+)=0, i=k+1,---,n.
Fr
’\J(P) 2 ’\j(A+)> vj.
HQ=P-A>-A%
Ai(Q) = Ai(—4), Vi
B2
N(=A)=X(A2), j=1,---,n—k XN(A-)=0, i=n—k+1,---,n
Fr A
2 (Q) = N(AZ), Vi O

THEREFAMERFREIRERS 2.

5|3 3.7 (Ky Fan) & A€ H,,1<k<n 1

Z)\j (A4) = Jax trU™* AU,
" =1k

> Anjra(4) = yin, trU” AU,

j=1
Ad U e Mup, I & k BrdAs ek,

iE U e M, R UU = I, WEEEREV € M, F8 W =(U,V)
HEEME. R UAU &5 A ERLEER wrAW WETFHER, B Cauchy 4
FREHT W*AW. O

EI 3.8 (Ky Fan) & A, Bc H,,1<k<n
k k
STN(A+B) <D N(A) + ) A(B).
j=1 Jj=1 j=t

k=n B®iaa%E.
iFRR  F5I3 3.7. O
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§3.2 ABXA

ATIESHREE, EAENZHEL TR R~ PRREERETHE, HE
HENIFERARRN HE RS R E, XMENTUNETXESE S, A5
IR

BV 2 = (21,22, ,z0) ER* DB EFHHTFN ) 229 > 2 20

E)‘( i& = ($1a$27"' azn)ay = (yl,y%"' ’yn) € R™ %“

k k
Yoz <Y v, k=12 ,n
i=1 =1

WUFR 2 4y BIAE, 1BH 7 <0y B 7 <0y HH Sz = 3 v, WFR z 4k y S8,
i=1 =1
LNz <.
B0, A a; > 0,3 a; =1, 0l
=1

1 1
(_’... ’ﬁ) .<(a1,... ’an)< (1,0,... ’0)

n

TERNAHRBO— 48 RRZIE. 540 TTRERIERSERERRRY
RS —ANERFENREATEZMEESHTEZMHET 1, WHIREM
%8 % ue R BHENIRER 1, W 0 WEM A WETTEZHESIITEY
FFLET 1 INEETERRN Au = u, vTA = oT. HEBERITSLZFER RS
BEHLAE R TR BLE R AENAERE. TR EET MM EEERSME.

FEIE 3.9 (Hardy-Littlewood-Pélya) % z,y € R™ Ml z <y % BRE A&
AL A 1843 ¢ = Ay.

ERR  RIFFAESBEDIERE AR « = Ay, BRI TEA z < y. Bz = (71, 22,
z2)T,y = (y1,¥2,+ , yn)T € R™, A = (a;;). EREBRIERE P,Q #15 Pz Ml Qy B%
BEEMNKB/MEFIR. BATE Pz = (PAQT)Qy il PAQT Wil XUFENERE. H It
ARz > S0,y 2 >yn MFEEM 1<k<n, B

sz > e

=1 j=1

Lt = iaij,m'JOStjél, Yt =k BATAH
i=1 j=1

JyJ Z Yj

(t “ D —w)+ Y b - )
j=k+1
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M k=n b6, FEAMAESERTES, BRGNSt =1, XBIEAT z <y.

BOAK, B z < y. WATEAFESBEVER A #18 2 = Ay. X n A%
ZAMEE. 0 = 1 BERFEET. RiESEiex R P RERS, ES
Bz = (21,22, ,20)T, ¥ = (y1,92,,9)T € R™ WHE. AR, RiX
T1 22T 2 2 Yn Bz <y My, <21 S yr FE KR gk <31 <y
ENAFE 0SS LR 21 =ty + (1 — t)yk. i

o' = (22, 2a)T,

Y= W2 k=1, (1= Y1 + Wk, Yht1s > Yn) T = Why o ¥m) T
BATREAE 2 <y BR > Smazm 2z 2z, HF2<m<k-1,

m m
Yoz <Yy
j=2 j=2

MF Ek<m<n,
m
2 Tj = Z Tj— T < Z:ly] 1

T

= _Elyj —tyr — (1 —t)yx
i::l m

=y y+l(1-t)y+tul + > y;
_7=2 j=k+1
m

= Y
j=2

T m = n 0, EERSRRNSR, BH <y FUL, o <y HIEIAER, 7
£ n— 1 BroBEYLERE B 78 o' = By X n BYERE G = (9:5) H 911 = gk =
t, gk =gk = 1—t,9i = 1, # 1k, 1 <4 < n, FTAHAME g; =0. M G RHIBEVUIE
M. 4 A= diag(1,B)G, M A ANWEEYIER, HWE = = Ay. o
EIE 3.10 (Schur) % Hermite 46M A ISt AL EH dy, - ,d,, FIEEH
Al) T ,)"n' m']
(dh"' )dn) < (Aly"‘ )An)‘ (31)
ERR & A=U*diag\\1, -, AU A A BIESME, U = (uy) HEERE. N

n
di = Z’\jlujilza 1 S ZS n.

/?\ S = (|ui,~|2)nxn, m'J S ﬁﬂl‘ﬁﬂlfﬁlﬁ, E
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H Hardy-Littlewood-Pélya EH, (dy,- - ,dn) < (A1, -, An)- d
THEAERRHA: EH (3.10) FSAEH L.

7EIE 3.11 (Horn [56]) # 2n MEH di,Ni,i=1, - ,n#HL (3.1), WAE—
AN n BrEAAREREA dy, - dy A AT Ay, Ay HAFAEE

iERA  (Chan-Li [30]) Rt
di2dy 2 2dn, M Z2X2 2

4 D =diag(\1, -, M), AREIERFE—NERE Q #18 QT DQ KX T
BH dy,--  dn. BATN n FEGE.

n=10, BEHAREIERRN. En=20FF, =2 W d=0,%
W LML B Ay > Az, &

= s ([ )

Vda =2 VA —d2
W Q NERMEKH QTdiag(M, \2)Q WIXTITEN dy, ds.

BRLSIEXF R F BT, BASIE R FHEE, n > 3. BHA A >
di > Ao, FFFE J, 2 < j <, R Ny > di > N BEIEBIR n =2 BIWEZIEHT
(di, M1+ —di) < (A1, \), FETE 2 BYIESRHERE Q: (#18 QT diag(M, A;)Q:1 HIXTITT
R di, )+ )\ —di. 2 Qo = diag(Qy, In_2), W Q, NIEAKERE, {18

T 1. d1 aT
adiag(A1, Aj, A2, oo, Ajo1, Ajan, 0, An)Q2 = ,
a D1

H a e R Dy = diag(h + Aj — di, dg, -, Ajm1, Ajany o5 An). RATEIE
(dg, -+ ,dn) < (M +Aj —diy A2, Aj—1, A1, 5 An).

FEEBER G <A< < o SA, B2<k< -1 H

k k

Yodi<(k—1)di <D N

=2 =2

% j<k<nbf,

k k
Ydi=> di—d
=2 iil

<Y hi—d

=1

=M +A—d) A+ F A F At A
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4 k=n b, FEAMAFTRER. XFIEA T LRNEXRR. HIEARE, FFE
n—1 BIEIER Qs #1183 QI D1Qs WXATER do, -+ ,dn. & Q = Qadiag(1,Q3),
W Q FIEZAEME, 1153 QTdiag(A1, Aj, Az, -+, Ajm1, Ajr1, - -+ 5 An)Q HIXTAITCE R dy,

o d, 0

SEF 3.10 FUEHE 3.11 AEKXRE: (3.1) AP MHERRRE M Hermite
SRR F TR ER 2T X R,

TERMNFIRMOENELER. % K 2 R PH—NE Hze K RIR
KW—/#8E Ry ze K 0<t<l, c=ty+(1—-t)z Mz =y=2 K KWTH
WS BEAIEHE ex(K). BATAH Co(S) ic&ES S C R MLE, BI S hnEMMA
AHES. RAMEBEEMTUNTENESEE N, ERIERAR (11), p.52).

EHE 3.12 (Krein-Milman) #% KCR!Z—AEDE N K AREEL K =
Co(ex(K)).

n BIXEENUERERSE S Q. BRRE—EDE. H I, it n BrERERNES.
BB RR R R A A A DR .

EIE 3.13 (Birkhoff) ex(Q,) = I, HAMMAIEMARR T RIEM 0 B4

iR R Pell, #P=tA+(1-t)B,0<t<1,A,BeQ, MHAN A, B3I
i, A, B WBTBHIELAE —ANERE, FAXEETERLTH P LR 1 HREK
fIE. {5 A,B € Q,, FTUh A, B HREHIEME, H A=B=P. Hiit P c ex(Q,). X
HEBA T 10, C ex(Qn). :

T HEIEB S SBEYE A R B BUERE R . AT IETCR MRS
#H GeQ, M GEVE n METLE. & GREFE n METE, W G RMEBFER.

RAIVEIEABSNNFEVAEERE DA —ZXN AL LN SN TRBEZIETR
FRAESAL). B G € U, & G EFLE, GidWoL. Bk GE 1 r 17 s 51
0 FF. EAVE, THFEUATHET, Rk

-3 )

XE 0e M, B 05 FX C MBITREZIME D WEFITRZIMER 1, T
G WLIITEZ N n, FiLh r + s < n. H Frobenius-Kénig E¥ (EH 2.13), G A
— R IEX ALk,

BEE R k — 1 NMETRAONEEYIERER R BRERNNA S, JFHT
GeQ, B kNERTE. BUE G W—KRIEXAL, & o BRXEXAL EHR/NETT
EHEGEN, Ma<1. % Q£ 14HE G PRENENAL EMEBIERHS

T =(G-aQ)/(1-a)
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W T e, B THIETHNMEC k-1, HAMRE, T —RUEEHFERSNAS, N
M G ABENEYIERERNES, AR G=(1-a)T +aQ.

B W e Q\IL, WEER , MELRERE P iﬁEW=§;tia, 0<t; <
i =1, mz:t—lm 2/\F_(ztp)/(1—t1), W F e, W=

t1PL+ (1 —t)F, P, # W. ﬁ)fu W ¢ ex(Qn). ;z:;;mzwa T ex(Q,) C I,. FHREIE
O, Cex(,), AL ex(Q,) = O

WaryecR BIK y Bz WER, & y BHHORE - WARKWEH, IFER
BSERE P {#18 y = Pz. % Hardy-Littlewood-Pélya EF 5 Birkhoff EHAEE M
B TEASR.

EIE 3.14 (Rado [94]) &K zr,yecRh .z <y HHANE o & y 9 EHRGLAESL

y WEBA o A, WFHREN o, B n! Ay HERBTEY? T EELREE
XAV,

EHE 3.15 ([119]) Kz, yeR.z<y HFHMREz RESZ n Ay ERND
3: R

" .

FEH 3.15 PN n BRE/NTRER), XATEZETHANE: e1+- - +en <
nei, XH e; & R" W% i MrfERME.

PEA B IRE R ZIE, it St — N EEFRITRERR SR RALE, TR
ERETLRZIMEEIITRZ AR 1. T R L RATA LR
BEATLAE B A o

SI3E 3.16 —AMMAEMG T FTHEREKRMMLESE. RiZk, K A2 n B
BORMAAERE, 4 R = diag(ry,--- ,7n),C = diag(cy, - ,cn). FFP 7 £ AE i 17
AFEZA ¢, R ANE i 5\ LFEZF N

A I-R
I-c AT
AN EHULE

— A HEERARH S EREFMRENETELZRA N EFLR, §IEL
RE—MERTER, MARLAETTR (IRA HIE) 2521 H51# 3.16 MEH 3.13
S ZREI T HAER.

EE 3.17 AT, itn HMAMMEEGES (BRARAGE), A PP, it n
B3 B4R ES N ex(T,) = PP, EHEARKMALESERZ S BIRES
LRI R
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BINERA M,.(S) iEEBTES S B m 1T n FIEERNES, M.(S) =
My o(S). 3F A= (a;), B = (bij) € Mmn(R). RATAHIES A <c B TR aij < by
ME 1<i<m1<j<n oL, FiF e BRUTENFR. MNFEE, FAIEE
S, RAVEERE THR e, BIRXT 2,y € R 2 < y Fn z WEBNDEHRARDT y WE
AXTRL R, EERBIRATT LU — IR0 B AE P AR 0 BUR 1 MR —1E
¥AERE. THEAELTTANER 3.17 B 5153

it 3.18 — AR FH AR SURMALL S BALS BE—ANREALESE B %
X A< B.

LR ={zeR"|z= (21, ,2n),2; 20,1 < i< n}.

EE 319 (i) &Zz,yeR Mz <,y HEREALEKMILER A 2757
z = Ay.

()R z,yeR*. Mz <,y FENEHFAEuecR" EF z<u Hu=<y.

ERR (i) &% 2,y € R, H z = Ay, A DURFEL. ¥R 3.18 FE7E XUBENLAE BF
BWiR A<.B. TRz=Ay<By<y BRFE z <, 9.

Rtk z,y € RL, B z <, y, BATEAEAFLESURBENLAERE A W2 = = Ay.
Fr=0HA=08T; %z <y, S8 3.9 FEFE—NH B LEHSEEYIERE A.

BB, & r 2 o WR/NEAR, igs = §_: vi - ; z. HifE
B, s > 0. IER—IEEE m ?ﬁ;@ r>s/m. W ecR™ WTEEN 1. WG

I B T
%e 0

W 2" <y FRFTE n+m PHXEEYIER G R 2/ =Gy. & AR G ELAK
n BrFRE, M A SURBEDL, H z = Ay.

(i) &z <uH u<y BRE o <wy. IR, B ¢ <wy. TR ¢ (578
z+te Fl y+te ABERIER, X E e € R® WTEER 1. BIMIRE z+te <u y+te.
B (i), FEEESURBENLAERE A 78 z + te = A(y + te). IEHEL 3.18, FFAERENLAE S
B2 A<, B. B4, z +te < B(y + te) = By + te, it z < By. Bl u = By.
< U Uu<y. ad

TEHARASTEIEEEH, XEBELERK f(t), 9¢t) EXERTEE =
(zlv e 71:11) *ﬂ Y= (yh e )yn) B‘Jﬁiﬂgzl‘ﬂjt

EIE 3.20 & f(t) AL, B

z <y B (f(z1),, f(@n)) < (F1),- -5 fym))-
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R Wz <y WEEDBEER A= (ay) R z = Ay. TR

n
mi=2a,~jyj, 1<i<n.
j=1

A i,
f(zi) Szaijf(yj), 1<ign.
XARERTTUE R
f(z1) Fn)
Co <4l |
f(zn) f(yn)
BT 3.19(i) B(f(21), -, F(@n)) <w (F1), -, F(yn))- O

FI 3.21 X g(t) R DL IK 1)
T <y BE (g(x1), - ,9(xn)) <w (9(¥1), -, 9(¥n))-

iR Wz <u . ﬁﬁﬂ 319(i) FEMERE v R z < v, u<y. Wu=(ug, -,
un). B g B3

(9(z1), -+, 9(zn)) < (g(ur), -+, 9(un)). (3.2)
MHN g FCeR%, NAERE 320 T u<y B

(9(w); -+ 9(un)) <w (9(v1), -~ »9(yn))- (3.3)
(3.2) 71 (3.3) AEFKAH

(9(@1), -+, 9(zn)) <w (9(¥1), -+, 9(yn))- O

TS SR ERE B 7 R RN AR AR IR R — B T

EIE 3.22 RFIEXEMRANTALEAD > >d, BEEA N> 2
An, 1

ﬁdizﬁ)\,-, k=1,2,--- ,n. (3.4)
i=k i=k
WM RO EA IR AR AT DUH — 3 E AR R, B30 lim (1T +

A) = A, Xt cE IS EEAR R X THEMEELEN, RIMNRIAFTEX A EEWEE
EBAZS . WS4 d; FEA N BRER, i=1,--- ,n.
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HEH 3.10,
(dl,"' ,d'n) < (Alv"' 7An)-

f(t) = —logt & (0,00) LHMBRE. MAEH 3.20 F f(t) MERLEXRHR
53] (3.4). O
(3.4) WA k=1 715X

[1di > detA. (3.5)

i=1
(3.5) #XA Hadamard R ¥ .
XMF z= (21,72, ,20) ERE My = (y1,92, - ,vn) ER}, &

k k
Hz[i]sny[i]v k=12,---,n,
i=1 i=1

mu*/{]-\' z m Y ﬁﬂ&’ﬂf‘ﬂ, iﬁ'ﬂf T <wlog Y- % T <wlog Y H

H T; = H Yi,
i =1 i=1
WUFK = B y srHtEAR, IEHF 2 <10g .
THEAMZSRG: SXBERTHMEE.
EH 3.23 &Kaz,yeR:, N

T <wlog ¥ Bz <w Y-

ﬁEHH ﬁﬁﬁllﬂaﬁéﬁ%’ﬁEBﬂ T = (.’151,«'132, e ,:l:n) %u y= (y17y27 o ,y’n) %ﬁﬁé
ﬂ%ﬂfﬁﬂg'fﬁ% }A T <wlog Y '?%

(logz1,- - ,logzn) <w (logyi,--- ,logyn).

DR 3.21 TN EE g(t) = ¢ M ERMWBREXRB c <0y, O
IR R EA S5 KR (85, 3).

§3.3 X TFHEEEBFENAEFNX

EFEEEEMENARERBE, (TLBFE (15, 58, 118, 18]. A TIRIFIEA k.

W f(t) R XAEERXA Q FALEESE RS, Hermite EFE H HAFEHEEG S

F Q. % H = Udiag(\y, -+, \)U* A H BESHR, Hrb U RBESERE. U H 34
& FE A

f(H) = Udiag(f(M), -+, f(a))U™. . (3.6)
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XANE X RAIER, B f(H) MBT H BFRERIER. XA UALI TP
i

B, (3.6) SEWHNESMAZE B & f(t) = ant’ W fH) = ZCJ ;

HERBATTLUK Q BUR—/NARA X4, Welerstrass ﬁﬁﬁﬂﬁﬁﬁl‘ﬂlﬂ [Zl'ﬂ_t
AN EE S R BT AT AR — 3 B TR — BB

FI I FRBAIE. 56 C RAREGER & |Clleo < 1, B&EM#s C*C < I
W p(A) B A BIEER, W p(A) < ||Allo. X TFEBEHNKE A, B, AB Fl BA HIFHE
{EHRE], i p(AB) = p(BA).

ETE 3.24 (Lowner-Heinz) # A>B>0,0<r<1, M
A"> B (3.7)
iERR SN, RFEXT A EERIENSR. Bk A EE. &
A={rel0,1]|rf (3.7) L.}

BR0,1en, B ARALE THEHIEH A BOE, Wil A =[0,1), XEFIEHAT E
B s ten W

—-8/2Bs A=8/2 ¢ —t/2 gt A-t/2 ¢
A B*A <I, A B*A <,

i,
IB24=52|| o <1, ||BY2A7"?|o <1
TR
A= (HD/ABe+0/2 A=(s48)/4]| = p(A=(s+/4 Bls+0)/2 A=(s+8)/4)
= p(A=3/2B(s+D)/2 4—/2)
< ”A—s/ZB(s+t)/2A—t/2”°o
— ”(Bs/zA—s/Z)*(Bt/zA—t/z)”oo
< |[B/2 A5/ B2 AT o
<L
FHI, A-(e+)/4B(s+t)/2 g=(s+8)/4 [ T BG+D/2 < AG+H)/2 Bl (s+1)/2 € A. X
AT A Bk g

SEFE 3.24 X FAEM r > 1 FRAXH-((118], Thm 1.2). Fi0

4
a2 ) o[ 0 ye_pe- 3
11 0 0 3 2

FH A>B>0» A% > B2,
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W f(t) B XAELXE Q FREEELERR. i) RARAETFLAY, &
A< BZi f(A) < f(B)

X FEERAIFEER T Q BMET Hermite B A, B L. EH 3.24 RIH: 4
0<r< 1B, f(t) =t & [0,00) LEIE FHIEEE.

BATEBA {z:}7, 18 (21,22, ,2n). WIRFEFE A WSHEE LT TE, FAM
BE M(A) 2 M(4) - IC A BIHEE.

EIE 3.25 (Wang-Gong [109])) &K ABAnMFEZER 0<s<t. W
{N/° (4B} <10 I/ (A'BY)}- (3.8)

iR RATGIEH—AE: & E Al F 2RIPEESERER M (EF) <1,
MFOLr<1, B M(ETF) < 1. ESY, Ak E >0

M(EF)<1=M\(E:FE3)<1= EiFE: <I
> F<KE '3 F <E "= EiFEi<I

= M(ESFTER) <1= M (E'F) <L

XERNAR T EH 3.24.
FEMSSERINTRSR: & 6, H ARIEEEEEH o< r<1, W

M(GTHT) < X(GH). (3.9)

HESEUARGT G > 0,H > 0. B M(GH) =, M u#0, H \(EE)=1.F
B ME) E)) <1, B M (GTHT) < u? = X(GH). XREH T (3.9).
YR BE, (3.9) B

AVS(GoH®) < AVHGEH?) (3.10)

SHET 0 < s < t BOL.
BAZEEGERE. 1< k< n, & (310) B4 G = Ck(A),H = Ck(B) Bt
23

1/s 1/t

k k
[]'[ M(A°B%)| < [H Ai(AtBY)

1=1 =1
TMHY k=n B (3.11) BAEX: PAESET det(AB). XFIEHT (3.8). O
#it 3.26 (Lieb-Thirring AER) £ A, B ARMFEZLER, m A EEHK,

(3.11)

Y
tr(AB)™ < trA™B™. (3.12)
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iRl e 3.25 1%
{A"(AB)} <i0g {Nj(A™B™)}. (3.13)
EASS BB ARSI (EH 3.23), (3.13) A
{A7(AB)} <w {A;(A™B™)}.
i AT (AB) = X;[(AB)™)], FFLA
{N[(AB)™]} <w {A5(A™B™)}-
¥HIA (3.12) BLOL. O

RERX (3.12) FBREIEFEWE, EARRAEIIEHEUTEZEXER.
SHSEGEREFCENEERD, ERERRMTRERNESERE. TES
H—AMF (B 3.29).
(A B) S0
B* C

S| 3.27 F A>0 N
% HALH Schur 4 C — B*A~'B>0. 2 C >0, 1]

A B
>0

% ALY Schur #F A — BC~1B* > 0.
iERR AFEHEAFLR

I -A'B\' (A B\(1 -a7B\ (4 0

0 I B~ c/\o I ~\o c-B*A"'B)’

1 o\ [(a B I 0o\ _(A-Bc'B* 0 a
-c'B* 1) \B* C)\-Cc'B* 1) 0 c)’

A—AFI 7 PR IR E B UER T E Y5 2.

5|1 3.28
(A B)zo (314)
B* C

LHRE A>0,C>0, FLAERGERE W 145 B = AV/2WCH/2.
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( I X) -
xX* I
WMEAY X BEEERM.
£ A>0,C>0 H B=AYV2WCY?, W RE4EEM, N

a4 BY_(ar o\ (1 w\(ar o)_,
B c¢] \o o) \w I o ¢cvz2)” T

FERIZ (3.14) MOL. SEEIE A > 0,C > 0 BEE. S

I A-12BC-1/2 A2 o \ [A B\ (a2 o o
(A—1/2Bc—1/2)* I - 0 Cc-1/2 B*C 0 C-1l/2 =z ¥

FR&, W =A"12BC-1/?2 BIE4%%, H B = AY2WCY/2,

—®iEE, B
-1
A+m™T B >0
B* C+m™I

XSHEMIERM m Bor. B EESIEMEIE, e m FFEERSERE W, #15
B=(A+m™*)2W,,(C +m™11)'/2 (3.15)

W Wi € My, . BN M, , RARYAEZSN), EEHABAIR {z € M, | ||lz)leo <
1} BERE. Bk (Wi, A MURSEFFI (Wa, 32, im W, = W. B8
W RIEZER. £ (3.15) B4 k — 00 18 B = AV2W(CY/2, O

EA1H °§=1Aj FN AjoAyo---0 Ay,
EHE3.29 KA eM, EX, X;e My, EE i=1,--- k. M

iR ZA

Oi'c:l(X:Ai_lXi) 2 (°§=1Xi)*(°§=1Ai)_1(°§=1Xi), (3.16)

k k * ok -1,k
S OXIATX > ( X,-) (Z Ai) (Z X,') . (3.17)
i=1 1 i=1 i=1

WA H513# 3.27,

Ai Xi .
((Xi)* X;Ai_lxi)>o’ i=1,--- k.

REFH Schur FefHEHE

k k
oi=14i 01 Xii
AV (3.18)
(Oz=1X’L) Oz:l(Xz Az Xl)



- 44 - ‘ $E=% Hermite EEEMEBXER

BMAB—A A5 3.27 F (3.18) 3152 (3.16).
A& (3.17) AT HBIERA. O

ARERX (3.17) IEATF [52]. A% (3.16) MSrHIEBATF [110] A0 [114).
HEEEIFPAIM X, =Ti=1,- kM A =1i=1,---  k RIEBATE
FIHEL.

WL 3.30 KA eM, BEE, X, €EMym EE, i=1,-,k W
of 1471 > (ok A7, (3.19)
of1 (X7 X) > (ofs X)* (ofr Xa),

k k -1
ZA;1>k2(Z i) ,

=1 =1
k k */k
kY XIXi > (in) (ZX,-).
i=1 =1 i=1

7E(3.19) FIE A1 = A, M k=24, =A7", 8 Ao A7' > (Ao A71)™ . Sttt
X FIEER A, B

AocA 1> 1 (3.20)
(3.20) & M. Fiedler HJZEZ HAER.

3 &

1. i Ac M, iE#I#E AA* = A* U] A" = A.
2. ® A€ Mo, Be M, & A W—MFHERE. MNEMKITRHERE

sj(B) < s;(A), j=1,--- ,min{r,t}.

Cz(A X)
X* B

3 Hermite M, C € Mn, A € My. % A, B,C KFIEESFIHR o1 2 -+ 2 ak, B1 2
e 2 ﬁn—k,’)’l =2 Tn- mﬂﬁﬂzﬁﬂ 7:+j— 1<n E‘JEEH‘J i,j,

3. (Aronszajn) &

Yitj—1 + Y < o + B5.

4. % z,y,u € R™ HOBERZFBBE. IEH
i) Hz=<y W (z,u) < (y,u).
(i) & z <wy HueRY, W (z,u) < (y,u).
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5. A Weierstrass 8, B Hermite SERERIERECZE (3.6) SHREMIESHIE.
6. % A,B € M,, A RIEE5R, B £ Hermite 4E[F. 1|

10.
11.

12.

13.

14.

15.

A+ BIEEYHMNY \;(A'B)> -1, j=1,---,n

.RAEM, EE, 1<k<n

k
[12(4) = max detUAU,
U*U=Ij

=1

k
[[2n-ia(4) = yIin, detU”AU.

=1

HP U e M.
EASMNFECEMAAEE-MWEEEYHR, BE A > 0, WHEEE—K B > 0 HE
B% = A.
- AR sinrm [ s"7t
t'=T/O s+tds 0<r<1)
UERE 3 3.24.
B A, B RRPEEZERE, 0< s < 1 B [|A°B°|loo < ||AB|%.

(Ky Fan) XfF A € My, it ReA = (A + A*)/2. iEH§
ReA(A4) < A(ReA),

Hh MA) FR A W EHEERK TR, Red(4) FRR A KIFEENTHFEME.

(Webster (111)) # A = (ai;) A k NMETEMN n BONEEYIER. 38, FE 1,2, ,n
—AHES o 575

n

1
i1 Gio(i)

(Cayley Z#:) it i = v/—1. & A N Hermite %5/, W

< k.

#(A) = (A —il)(A+iD)7!

BT
Al Hadamard A% (3.5) IEH FEMASR (A Hadamard A%ERX): # A =
(a1, ,an) € My, W

|detA| < [T llasll,

He || - || TR B AR RTES.

([121)) & Snla,b) BRFERLERTFAENKEME [a,b] B n HEXNHREFKES. WT
j=1,n HE max {\;(A) | A € Snla,b]} F min{)\;(A)| A € Snla,b]}, ARIHIMEIR
KAEF B/ MBI EERE.



FNE FREMEAELH

T REME AN EEERERS TR REHENEZRRE. HEARER
MRERITEE. WITREEIKITERHET R BARE, T EXTKITERKT FEM
B RS VR ) RS 4 0 P LE S X 5 R M S i — e T AT BT S AL T B Y

§4.1 FHR{E

A€ M, W3 FERE XN A* A FIFEEMIEREFIR. T A = (A" A)Y2, R
AR, A R RERRZ |A| FFFEE. BROTERZMA s1(4) > s52(4) 2 - > sn(A)
FR Ae M, BHEREIFIC s(A) = (s1(A4), -, sn(A). BRERERARAR: *t
FEE Ae M, BRAEEBEM U,V € M, s(UAV) = s(A). Bk, FEAEMHTFE
METHIFEERE. F:5, X TR EEER, T REMFEER—FEH.

A ||lz|| ®R z € C* WIBRIKTEE. WX TF Hermite 5EFFHIRHEMER) Courant-
Fischer EFRFRAT L 2115 %)

541 HAeM, WFTk=1,-,n,

sk(A) = max min |Az| = min max || Az||.
QCC™  zeN Qccr z
dim 2=k ||z|[=1 dim Q=n—k+1 ||z||=1

WX ERATE R, EEE | Al FTERKRFRME s1(4).
Sl 42 FHAecM, WtFk=1,---,n,

sk(A) = min{||A — G|l | rankG < k — 1,G € M,}.



§4.1 FRE - 47 -

UERR 5[ 41,

sk(A) = Jin  max | Az|.
dim Q=n—k+1 ||z||=1
B rankG < k — 1, W] dimker(G) > n — k + 1. fEB—AFZ[0] Qo C ker(G) W
B dimQy=n-k+1. F&

sk(A4) < ”inel?{gl |Az|| = l%?gg (4 =Gzl < |A— Glloo-
z||= z||=1

B—HHE, | A= Udiag(s1(A), - ,s.(A)V I A WAFERE. 2
Go = Udiag(s1, "+ , Sk-1,0,--- ,0)V.

M| rankGo < k — 1, H sx(A) = || A — Gol|oo. IXFLIER T451L. O
EIE 4.3 (Ky Fan) & A, Be M,,1<4,j<n,i+j—-1<n, T

si+j—1(A+ B) < si(A) +4(B), (41)
) <

si+j-1(AB) < si(A)s;(B). (4.2)

iERR  NIASIEE 4.2, FFE G,H € M, 2

rankG < i — 1, rankH < j—1,
si(A) = |[A=Glleo, sj(B) =B~ Hllco-

W] rank(G+ H) < (i +j — 1) — 1. FrlA

sitj-1(A+ B) < |[A+ B~ (G + H)llw
[A=Gllo + 1B — Hlloo

<
<
= si(A) + s;(B).

rank[AH + G(B — H)| < rank(AH) + rank[G(B — H))

Hit
$:+j-1(AB) < | AB — [AH + G(B — H)] |l

=I(A-G)(B - H)llo
<A~ GllollB — Hlloo
= si(A)s;(B). .
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(4.1) F1 (4.2) 53502 || A+ Blloo < [ Alloo + [|Blloo 1 | ABlloo < [|Allool| Blloo &I
.

it 4.4 % A Be M,, B rankB < k. 1)
si(A) 2 siyn(A+B), i=1,---,n—k.
iERR &4 rankB < k 8 sp41(B) = 0. H(4.1),
si+k(A+ B) < 8:(A) + sx11(B) = s:(A). O
EE 45 K BRAcM, 9—Arxt TR N
s5i(A) 2 si(B) = sivan—r—t(A),
EFPE-AREFXF i AR 1< i < min{rt}, FAREXNP i 9ELEAR

1<i<r+t—n.

iERR PAZBATASIERA S A S1E, A B AT A HZE LA

Az(B c>’ MWA,A=<BB+DD *)‘
D F * *

F Cauchy 4B EE A Weyl B EH,
s3(A) = Ai(A*4) > \(B*B + D" D) > X\(B*B) = s}(B).
BFEE| rank(D*D) < n—r, AR 4.4 F1 Cauchy SR, F

$2(B) = Ai(B*B) 2 Aiyn—r(B*B + D*D)
2 A'i+'n—'r+'n.—t(14"(14)
= 8% ion_r—t(A)- =

EIZ 4.6 (Horn [55]) & A,Be€ M,, 1
8(AB) <10g {8:(A4)si(B)}iz1-
iEBl  FHESERE. X 1<k<n,

1 5(AB) = ,[Ci(AB)] = [|Ck(AB) oo

- — IC(A)Ch(B) oo
< 1C A ol C (B oo
= S;.[Ck(A)]skl [Ck(B)]
= [T 54(4) [T 5:(B)

i=1 i=1
k

= ];[ si(A)s;(B).

i=1
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ﬁsi(AB) = |det(AB)| = | det(A)|| det(B)| = ﬁsi(A)si(B). a
= i=1

Fx FoRIEfsmE, S BERFHIE (EHE 3.23), EH 4.6 HHT
T R4 5.

it 4.7 K ABeM, N
8(AB) < {s:(A)si(B)}i=:-

THEEE | BA AR LIS A RAE A R LN Hermite S8R AFRFAE(E K H]RE.
S| 4.8 R Ac M, IFFER 51, ,8,, W

p(A) = (j :1)*)

ySny —Sn, ", —S81.

iERA & U*AV = diag(sy, - ,s,) NARESME, U,V NEERE. 4
1 [V V
°=7 (U -—U) '

Q*¢(A)Q =dia‘g(317"' ySny, —S81," :_Sn)- g

BAR, B o : M, — My, BRI o(A + B) = p(A) + ¢(B).
T 49 EABeM, N

él]%'fiﬁi 81,

W Q NEERE, B

s(A+ B) <u s(4) + s(B).
R W’ 1<k<n NASIHE 48 AIEH 38, F

> (44 B) = £ Ml(4+ Bl = X Mlo(4) + o(B)
< 5 MloA) + 3 MlolB)
si(A) + Z si(B)

[5i(A4) + 5:(B)].

I
Ma-ll

i
N

I
I M?r‘

EIE 4.10 (Weyl) & Ac M, 944E4EA A, 2. T

{IXil} =1 <i0g 8(4). (4.3)
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ERR REBE M| > 2] = - = M p() ERIEEE NARSERE, Xt
1<k<n, B

iljl Al = P(C(4)) < 1Cr(A) o
— 51[Ch(A)

k
= il;ll si(A).

n n

[T Xl = | det Al = T si(A). XBLEH T (4.3). O

i=1 =1

S 411 X Aec M, HBAEMEHR A, A T
{IAl}izr <w s(A).

# 5 .
ltrA] < si(A).
=1

THEME RV EE 4.10 AR arBi L aor.
EHE 4.12 (Horn [57]) £REH N, M\, PR FEH s, 50 F
{IAl}io1 <0 {si}ic-
WAL n BZIEER A, Ay AR B 51, , 5, AT A

EF 4.10 FiEH 4.12 SRR REXMNBINBRR 4.3) B—BE TERRIEE
iz REH R ETEER.
THERIEH—- N —ERENTREAER (EH 4.17), AHFE—E5|H,

3|3 4.13 (Léwner) (GERAL [15)) & f(t) & [0,00) Ley H-F 2R %, 1
B [0,00) L&§—ANERE p25F

sy =a+or+ [ Sdute), (4.0
EF o RANMEH B20.
FRMFEEEER AF
f(A)=al +BA+ /oo(sA)(sI + A~ du(s).
0

WA SRR E R HETT R IT B, B G(s) = (95(8))nxn, W

[ @i = ([ (s)du(s>)m.
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5|8 4.14 (Audenaert [8]) & A,B € M, ¥iEX, f(t) £ [0,00) LHOFETF
$RRK, N

1/2 1/2
an) +818)> (32) iy + 1o (457) (45)
iERR ¥R 3.30,
(A+ D'+ B+t >4(I+ A+ B~ (4.6)
ic
Co=AFA+ D'+ B¥B+I)7!, M=(A+B)/2.
(4.6) ATH M,
Co>2(I+ M)
i,

Co + MY2CoMY? > 2(1 + M)~ + 2MY/*(I + M)™*M*/? = 2I. (4.7)
HEE Cp + Crpr = A + BE, 155 Co + €1 = 21 (4.7) AIBR
MY2(21 — Cy)MY? > C. (4.8)
HH C, +C, =2M, (4.8) EWTF Cp > MV2C, M2 B
AA+ D'+ B3(B+I)7' > %(A +B)Y2[A(A+ 1)+ B(B+I)")(A+ B)Y/2.

XHFIER s, B EHEPAERP 5% A B Hill s—1A,s7'B, RIGFHHEFAR
Ll %, 15

sA2(A+sI) " +sB*(B+sI)™' > ~(A+B)Y?*[sA(A+sI)~* +sB(B+sI)"!|(A+B)Y/2.

(4.9)

N =

HHX (A+B)?<2(A2+B?), % aeR,f20, 8
A(al + BA) + B(al + 6B) > %(A + B)'?[2al + B(A+ B)|(A + B)"/2.  (4.10)

HH f 7 [0,00) EEFHA, CERSTRERX@A4), X (4.9) FHART u(s) K
FRAYFER(4.10) FIIRERIT (4.5). O

RMLFH Weyl BiAMWREER o(XY) = o(YX), 513 4.14 41 T EHEL.

#i 4.15 (Audenaert [8]) X A,B € M, ¥EXE, f(t) & [0,00) LEIEF
$iERk, 0

Ai(Af(4) + Bf(B)) %M(A +B)(f(A) + f(B))], j=1,,n.
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5|3 4.15 (Tao [106]) % M,N,K € M,,. &
7 (M K) S0,
K* N

Ai(Z) 2 28(K), j=1,---,n.

%

iR EQ=(O K)ﬂﬂ
K* 0

< 28 D6 )5 )
FRLL Z > 2Q. i Weyl BRMEREE 5|3 4.8, 18
Ai(Z) 2 2X4(Q) =2s5(K), j=1,---,n. ]
EIE 4.17 (Audenaert [8]) & A,Be M, ¥iEZ, 0<t<1. 1)
s;(A'B*t + A''BY) < s;(A+B), j=1,-,n (4.11)

iERl  Lowner-Heinz ANER (EH 3.24) R H0o<r <1, W f(z) =2 2
[0,00) BRI TERPERL. MAEL 4158

1
A(ATH 4+ BT > 0 ((A+ B)(AT + BT))

1 (a2
b (£ e

Al/2
= %,\j [(Bl /2> (A" + B") (A1/2, 31/2)} : (4.13)

(4.12)

MG 415 F (4.12) 18

/\j(Ar+1 + B'r+1) > sj[Ar/Z(A + B)Br/2]
= s;(AMT/2BT/2 4 AT/2BT/2), (4.14)

BEARER (4.14) o5 A B #HAEL AYC+H) BU/0+D) gRIBH] (4.11) METF ¢t =
A+m/2)/1+7) BB BROSr<1,3/4<t <1 ¥t BAL 1 —¢ (4.11) RAE,
BLL (4.11) MF 0 <t < 1/4 1 3/4 <t < 1 #BAL. RIRIRERIITIEM (4.13) FFiR
WATATRAER (4.11) X ¢ = (1/2+7)/(1 +r) BOL, HAT ¢ WELTEERERKRTHEE
1/4 < t < 3/4. XBRFEH T HERA. o
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FIFAERERIRR AR, A& (4.11) B9 t = 1/2 BIETERTAB AR
#if 4.18 (Bhatia-Kittaneh [23]) & A,B€ M,. 1)

28_1(AB*) < Sj(A*A+B‘B), ji=1--,n

FEHE 4.17 B7E [116] PREM—ER, W E [106) IEHAT t =1/4 Mt =3/4
HETE. ‘

§4.2 XTFR¥LE REL

StF 2= (21, ,20) €C™ B J2| = (|z1], -+, |zm]). BT 2= (21, ,Zn)yy =
(W1, ,yn) ER™, <y ‘AR i < yiri=1,--+,n.
C* EE—NEBFR T8, 2

lzlll = llzll, VzeC™;

|| - || B3Ry, &

r,y € C* |z| <yl = |zl < Iyl
SITE 4.19 C" LA RERLANH S B ECREN.

iER  BABKREREN. Rk, & || || REXNK. BIERENEREEN T
= (T, ,Zn), Y= W1, »Ys) €EC", Bz, =ty 0< t; < L,i=1,---,n M
Izl < llyll. FEUEBARR T HA te SMERE ¢ BET 1 B, iCa=1,0= 15, N
a+b=1l,a—-b=1t.

(w1, s Y10 tUks Ykt1s - 5 Un)ll = llar, -+ yyn) +0(y1, - -+ Y1,
—Yk, Yk+1," > Yn) |
<all(yu, -yl +0ll (Y, k-1,
—Yky Ykt 1y > Yn) |l
=1, s yn)ll-

BEWRNL X — R ETE B T LR B — R TE . O
MF z= (1, ,2n) ER" Ml 0 € Sy, I8 26 = (T6(1), "+ » Ta(n))-
— S @ R™ - Ry FROVSHRME R, #
(i) @ B— XTI,
(ii) ®(zo) = ®(z),Vz € R",Vo € S,,.
B, R L8 L, B 02 1) :

n 1/p
lzllp = (Z Izil”)
i=1
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F1 Fan k-TE5

k
& (z) =max{2|x,~j|: 1< << gn}
i=1
EREXTFRAE RS, X8 2 = (21, -, zp).
RAES |3 4.19, XFFRAUEE R IR

EE 420 K z,yeR?, Haz<,y & 0 AMTHRAEIE, N &(z) < B(y).

iERR  HEH 3.19Gi), 7 v e R* 8 © < u, H v < y. 183 Rado EH (F
3 3.14), v 2 y WERMOAS. T2

u= Y toYy, 0t <1, D tr=1
oES, o

FIRTES © AUIAN . BiATHE
3(z) < B(u)
= Q( Z tcryo)

o€ESR

< Y te®(yo)
oES,

= Y t:2(y)

oc€S,

§4.3 BEATHBH
M, FRTEE |- || BB REY, &
|UAV|| = ||A]

SHEEH A e M, FUEBENTEEM U,V € M, B5L. BRIEES |- |l A Frobenius
WEH - || r BRBEAZEH.

REFREMFEE, SMEATREHEEFENTFEN— R BEH
FIRRETE? T ERATKS % E.

B R? |={(z1, - ,Tn) | 71 = - > zn > 0,2; € R}. ¥ y € R™ M BEHGERK
IRFFEHEA yyay = - 2y, By L= (Y- > Yin))-

R* ER—AXHRMBEERBEEAE R | EHREM—FE, FHit, &8 XE
R? | EE—AREAEEIEIR A R L AXTFRALBE RS, WIEFHRME—/Y. XF ¢ -
R? |- R, EX ¢:R* >R, X

#(z) = ¢(|z| |), Vz eR™
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W ¢ B ¢ BIER: XTF z e R?% |, $(:c) = ¢(z).
BITERH A € M, WTFREZEEFHIIR s1 > - 2 sp HiC s(4) =

(317' o ,Sn).

7EIE 4.21 (von Neumann) #%Z R? | LS E&RH ¢, TX M, LR

1Allg = ¢(s(4)).
B |- lg REREEHK S DALY ¢ ZATHRME R

iR XtF z = (21, - ,z,) € C* [ diag(z) iCXAKEFE diag(z1,- -, Tn).

BE | - s REAEGEH. ¢ WIEEHE, EFKE, 2544, U 4@,) =
#(z),Vz € R"Yo € S, FRBRW. HTIEH ¢ BRUHAEEHRINAFTER
i ¢ WEZARER.

$z+y) =z +yl L)
= ||diag(z + y)lls
= ||diag(z) + diag(y)|l4
< || diag(z)llg + [|diag(y)lls
=¢(|z| 1) + oyl 1)
= ¢(z) + p(y)-

Ritk, Bi% ¢ RMHIMEERR. VA, B € M, HEH 49 4 s(A+ B) <u
s(A) +s(B). DA 4.20 F

A+ Bllg = ¢(s(A + B))
< ¢(s(4) +s(B))
< ¢(s(4)) + ¢(s(B))
= [l All¢ + [ Bllg-

|- lls BARWE R EARERA AT R, UL | - ||, REAEEH o
B ¢:R™ |- R, BT ¢ RAFRIERECYEY ¢ WEUTHR:

(i) IEEM: ¢(z) > 0,¢(z) =0 z=0.
(i) IEFFRYE: ¢(yz) =v¢(z), v 2 0.
(iii) ZAAREK: o(z +y) < o(2) + 8(y).
(iv) RTHLEERA: z,y eRY |,z < y = ¢(z) < 6(y).

ER 421 —NEREESE: IR &R - R, BXFRMERE, M |Als =
®(s(A) EX M, ER—ANBEARTHEL. LRIV AXMESKBRLREAREE
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B i®&p>1, R LWL, TEBFTTRA M, ERITEE

n 1/p
4l = | s5(4)
j=1
FRA Schatten p-ie . ¥ 1<k < n,
k
Al = s5(A)
j=1

FRA Fan k-E4. HF, || Iy = || - loo BIEEEL || |y = || - |0 FRAZE LS. FEF,
I-llz=1-lF
BEY=M, v m)mZ 27 20,71 >0 EX

IAlly =Y v5si(4), A€ My
j=1

XRE—NEARZEEL.

BWV=C'ZR", | |2V EH—TEE ||| BT |- ||P EXN

)P = max{|(z,y)| : lyll = 1,y € V}.

5|32 4.22 (XFBRIE)([58], Thm 5.5.14) & ||- | £ C* & R* E#i—A5%
20 (-1P)P =11

M, FBIFEEL || - || =F Frobenius RF (A, B) = trAB* B & E XA

| A||P = max{|trAB*|: ||B|| = 1, B € M,}.

EED vec: M, — C"* B—/"F#, B (A, B) = (vecA,vecB), B LIRXETF &
EEEIXHEEE RS BIEMETERRHERERE: (|- |P)P = || ||. RIE\EHELS 4.11 1
W47 BATER: & ||| & M, ERBEREEL, N

lA|| = max {Zsj(A)sj(B) IBIP=1,Be¢ Mn} . (4.15)
j=1

S — MEREEHAHEEECEREAZEER. A AXEREEEMN (4.15)
#1152

B3 4.23 & || A M, EHBEREEHK ZT = {s(X): | X|P=1,X € M,}.
W 2 FAEST A€ M,
| All = max {||A]ly: v €T}. (4.16)
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T 4.24 (Fan SEEE) # ABeM, &
Al < IBllwy, k=1,---,n,

nl
Al < |IBll
SAEATE R R EHOR .
iER A (4.16) FIEK

n—1

IAlly = > = v+ All Gy + Vall All ),
i=1

ﬁq:l')’:(')’la"'a')’n)a 71?277120, 7l>0- O

Fan AR AT ASEHBURA: || Al < || Bl MR EAZEEHRL 24 B
s(A) <y s(B).

S| 425 EXTeM, NtFk=1,--,n
Tl ky = min{|| X |1 + k|Y]|oo : T = X + ¥, X,Y € M,}.
iERl A T=X+Y, 1

1T ey < I XNy + 1Y Ny < N X M1+ E)Y [| oo

F—JH, ® T =Udiag(s1,- - ,sn)V AEFEIME UV HEERF, 51> >
sn ? 0, mlvl
X = Udiag(s; — Sk, 82 — Sk, ** , Sk — Sk, 0,-+-,0)V,
Y= Udiag(sk, ctt 9 SkySk+1, ,Sn)V
WRET=X+Y M
1Tl wy = 1 XM1 + &Y || oo- O
5|38 4.26 1% A,Be M,. N
|diag(s(4) — s(B))l < |4~ Bl1. (4.17)
iFRA & G, H € M,, 5 Hermite %6/, I TIIERA
D> IN(G) = X(H) < |G- Hs. (4.18)
j=1

F G — H 8 Jordan 7M&RAN1E |G- H|1 =tr(G - H)4 +tr(G— H)_.
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2 C=G+(G-H)-=H+(G-H);, W C>G,C > H. H Weyl iR
H, X (0) 2 X(G), M(C) 2 Ni(H),j=1,---,m. TR

[A(G) = X (H)| < A;(2C) — Xj(G) — A;(H).

T
Zu H)| < tr(2C - G- H) = |G - H|h.
7 (4.18) EF'/%
o-(1 ) #-( %)
HAFGIE 4.8 HBRT (4.17). o

TEHE-NXFHFRERIWLER.
EIE 4.27 (Mirsky [88]) & A,Be M,.

| diag(s(4) — s(B))|| < |4 — B]| (4.19)

SHALATE R R TEHOR L.

iERR M Fan XECFHE, RFEEIEN (4.19) X3 F Fan k-FEHHL, k=1,
FEF 4.3 RH (4.19) X FIEHEH || - [|oo BOL (EAFR (4.1) W j = 1), ﬁﬁ%lﬂ
4.26 BEBA (4.19) XFBAEE || - ||, oL, FTEAAX MR EIE MG 4.25 KiE
B (4.19) XFF Fank-TEEURL.

FEB—MHR 1< k<n BWEEK k. FE X,Y € M, 515

A-B=X+Y, ||A-Blw =IIXIl1+E[Y]c-
MEEK
diag(s(A) — s(B)) = diag(s(X + B) — s(B)) + diag(s(4) — s(X + B))
ik, BITA

|diag(s(4) — s(B))ll(x) < l|diag(s(X + B) — s(B))lI1 + kl|diag(s(4) — s(X + B))lloo
|| X+B-B|1+k|A-—X - Blw
= | X1 + kY loo
= [|A = Bl|(x)- a

%}F Hermite 8 G € M,, BITEEIL MG) = (M(G), -, \(G)), H
M(G) = - 2 M(G)) £ G BN KBI/NES B RHIE(E.
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EH 4.28 (Lidskii [81]) & G, H € M,, ) Hermite 4EM, 1)
A(G) — A(H) < A(G — H).

iERR  SHFARfREIEREMER P, s(P) = A(P). Mirsky AT A #15 5L
s(A4) — 8(B)| <uw (A — B).

BEBUSEH o, b TR
G+al > H+bI >0,

HS A=G+al,B=H+bl 1%
{IM(G) = Mj(H) +a — b} <w {A;(G — H) +a—b}.
XA R TS BARIEE
{M(G) = Ai(H) + a — b} <w {|;(G) — A;(H) +a - b]}

GrESEE
{\(G) — Xj(H) + a—b} <y {X(G— H)+a—b}.

FFEA AMG) — M(H) < MG — H). &G trG - trH = tr(G — H) SABREIER
ZER. a

BRI — B ARV FBIE LR RNRER.
5|38 4.29 (Toeplitz) X A€ M,. X
w(4) < || 4]l < 2w(A).
A B-AAERBR, AREEE_AFEK 2
A = (A+A%)/2,A; = (A— A%)/2.
M A, F1 A, BEFMERE A= A, + A, BN IEAEREAISEHETRMEERZ,

[Allo = |41 + Az2llco < [|A1l}oo + [ A2loo
= w(A1) +w(4,)
< w(4) +w(4")
= 2w(A). O

5| 4.30 (Marcus-Sandy [84]) & A€ M,. M

w(A) < [|A]l1 < nw(A).
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iER F—NARERBR RFETFE_NMAERX. ) A=UP IRSE U
KHEHERE, P RIFE. TR U'A =P ] U* = VDV* RiE®, v HBEER,
D= diag(dh c ad’n.)7 1d‘L| = 172 = 1: . ?flﬁ]i&@]

DV*AV =V*PV.
-i'a V= (vly e 7'Un);vi € (Cn, '}w V; %i'fﬁmﬁﬂ

|A]l1 = trP = trtV*PV
=trDV*AV

= | f; div} Av;|

< zn‘: 1|d,~vg‘Avi|

3 ot

< mu(4). 5
R Ei; 2 (5,5) TTRR 1 HATTEERR 0 89 n HrER.
I 4.31 (Johnson-Li [67]) & ||| & M, L¥H—NBRERE, T

n/2

23 Eai1,, % n A,
G _ =1
(n—1)/2
2 Y Egi12i+Enn, % n A
=1
W 5 FAAT A € M,

[ E11llw(4) < Al < [|Gllw(A). (4.20)
iERR X4 A =0 B, (4.20) BIOL. Bk A #£ 0,4 A = A/w(A). 5|3 4.29,
1< s1(A) < 2; 513 4.30, Y s:(A4) < n. T H n HEBET, s(G) FF n/24 2 F
=1
n/2 A 0; ¥ n AFEET, s(G) FF (n—-1)/21 2,141, (n—1)/2 14 0. FFLA
$(E11) <w 8(A") <w s(G).
Hi Fan CACFE, (4.20) Xt TR BEAZETEEORLL. O

(4.20) FEIFANRERERIEHE): B NAERE A = Bu BEAFK; 82
MRERTE A =G BRER

#if 4.32 (Johnson-Li [67]) & p>1,1<k<n A€M, N

w(4) < [|Allp < aw(4),
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w(4) < |4l < Bw(A),

rF
o { (2p—1n)l/p, % n AEE,
@Y (n—-1)+1)Y?, % n AHHK,
_J 2k, % k<n/2,
b= {n, % k>n/2
PR BRI 431, HE |Gll, 7 (|G- =

§4.4 EEANEFILS R

A =1 BMEE T e M, HTUME—ER T =A+iB, H9 A, B
>4 Hermite 50 [%: . )
AszT , B=T;z’T '

XFRNIERE T S FILo M. AR B 3R T B EHRMESR. RITEERR T
HIZARMEM A, B FIFHEEZBIARER. iC T BWEFREN s1 > - > sn, A, B HIFF

EES A o; T 6; FH ERIAMKENESIE:

lax| = > |om|, [B1] =+ = |Bal-
RMNFTETHEHTHE.
S|3® 4.33 1% G, H € M,, 4 Hermite 46/, Q)
{X(G) + M—jr1(H)} < MG+ H) < XG) + X(H).

XAB B RS —MEBE R R Lidskii EH (B 4.28) AR, E_ 1 XEK
& Fan HEH 3.8.

7EIH 4.34 (Ando-Bhatia [4]) T@E&IHAKX R R L
{loj +iBn—j41I*} < {53}, (4.21)
{(s3 +s2_41)/2} < {lay + 65} (4.22)
iERR  7ES|H 4.33 F4 G = A2, H = B2 &f11%
{loj +iBn—j41]} < (A% + B?) < {|a; +if;*}. (4.23)

A? + B = (T*T+TT")/2,
M(T*T) = X (TT*) = s2.
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HKHBIH# 4.33, % G=T"T/2, H=TT*/2, 1%
{(s2+s2_;11)/2} < \(A% + B?) < {s3}. (4.24)
e (4.23) F1 (4.24) BERFBBIT (4.21) A (4.22). O
THEBAIRESILAET Schatten p-TEEHARZER.
ETE 4.35 (Bhatia-Kittaneh [24]) # 2 <p< oo, X
22271 Al + I BIR) < T3 < 2 */P(IAll7 + I1BIIZ); (4.25)
F1<p<2, M
2221l AI2 + | BIR) > IITIE > 2" */(|All7 + IIBIl7)- (4.26)

B % p>2 B, f(t) =t/ R [0,00) LEMEE, K 1<p <2/ g(t) =
—tP/2 J& [0,00) LA RE. B FERE 3.20, (4.22) 18

{2—?/2(3j + 3n—j+1)p/2} ~<w {Iaj + i,@j|p}7 D22,
(=225 4 2 PI%) <y {—los + B}, 1<p<2
e, ®IMNA

n
D (242 )PP < 2P/22|a, +iBP, p>=2, (4.27)
Jj=1 Jj=1
n
Z(s§ +82 i P22 22N Ja; +iilP, 1<p<2. (4.28)
j=1 j=1

R 3 FEE AER LH o, b, BREL t - (a® + b%)Y/* TE (0,00) EiBH,
s+sn H_1\(3 +s2_ z+1)/) p =2,
X 1< p<2BFXPMARERRE. Bk, M (4.27) #1 (4.28) 15

n n
Do <Y oy i, P22 (4.29)
— =
n n
285?22?/2_12'(1]‘ +i6;/P, 1<p<2. (4.30)

Ba M AXFIEREEFS {z;}, {v;} B Minkowski AEH

1/r 1/r 1/r
o) <) (50) " o
’ 1/r ’ 1/r ’ 1/r
(Z(%‘ + yj)’) > (Z x;) + (Z yg) , 0<rgl1
j i i
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FA%ER (4.29) A (4.30) RATIRIBEAI T (4.25) F (4.26) PHBKARER. (4.25) A

(4.26) PLEEHMIAERAT AR T EMLBRR (4.21) HEFHE.

MR ER (4.24) RATTLMEE T E A
ETE 4.36 (Bhatia-Kittaneh [24]) % 2<p< oo, B

(A% + B%)'2||, < [T, < 2/27/7|| (A% + B35
Z1<p<2, W
(A% + B%)'2|, > | T, > 2'/27/7||(A% + B2,

ET® 4.37 (Queiro-Duarte [92]) T&&7H X RF XKL

n
|det T| < ] e + #Ba-g41l-
j=1

a

iEFA (Ando-Bhatia [4]) A M, FHATHEMEEFEEN, RIATTLURE T 2
AR, BABA s; > 0FH (4.21) BIEXTFEA 4, |0 +iBa—jr1] > 0. B (0, 0)

E MR f(t) = —Flogt FHRMXR (4.21) BR5ERL TIER.

a

R LA T SEER AR AR AR A 2 IEE AR TR LA B R L IE R B 3

FITE [25), [26] PR,

3] &
1. (Fan-Hoffman [41)). #¥ A € M, it Red = (A+ A47)/2. W]
Aj(Red) < s5(4), j=1,---,n.
2. (Thompson [108)). & A, B € M, MAFEBEM U,V € M, HE
|A+ B| < UJA|U™ +V|B|V".
3. G € My, RA—N#k k 0 FELER,
51G) = =sk(G) =1, 8k41(G)=-+-=s54(G) =0.

JEHAXT X € M,

k
> si(X) = max{|tr(XG)| : GRAE k WAMEHERE, G € Ma}.

=1

BAXNRENIERAEH 4.9.
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FOE FREMEFEEHY

4.

10.

11.

12.

13.

14.

& A= (ai;) € Mn, W
(la'lllv |0,22|, R Iannl) <w S(A)

. WA BeM,,N

3i(AB) < || Allos;(B), 85(AB) < [|Bllosi(4), 7=1,---,n.

([115) & A, B € M, ¥IERE, W

Sj(A—B)Ssj ((g4 g))» j=L--,n

. ([120]) ] Ao € M, IERE, Ai € Mo ¥IERE,i=1,-- ,k, 1

k j -2
try (Z A,») Aj <trAg*t.
j=1 \i=0

B p,q NIESH, WE L+1 =1, ® o,y € R, WK R ERAEFRTHABER o 4

e(z oy) < lp(@)] P lply")]",

Hrb o? Fon = BN BE p KT FBREE.

B R Mn ERERAEVEE W |- || RATSR G B

||diag(1,0,---,0)[ > 1.
# A,B € M, 3H AB ) Hermite %[, WSHEATERZETEH
IAB|| < [[Re(BA)]|.
My FRITEEL || - || BRAR AR, &
IABC|| < [|Allo|ICllc|IBll, VA, B,C € My.

ERR: || || MFRHEAY |- || REAEE.
Bp,q WESH, WRE L+ 1 =1, Wit A B e M, MEALEHAE

IABI| < [[|AP1/2 1| B
(Bhatia-Davis [20]) % A, B, X € M,, W
* 1 * *
lAXB*|| < l|A"AX + XB"B|

XHEAT AT RRAL.
B A, B € My, W3 Man EEEFIBERZEHH

A+B o | _|l{a o
0 A+BJ]|| " ||l\o B

1
2

S (ra+1Bt o\
0 0
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15.

16.

17.

(Fan-Hoffman [41]) & A, H € M,,, ¥+ H 24 Hermite 5[, M|
|A—ReAl| < ||A - H]|

SHEFTEAZEEHURAL.
(Fan-Hoffman [41]) B A € Mn, A = UP JWRMR, U WBEERK, P HEEEHK. &
W € M, RFEERE, W
lA-Ul<lA-W|<[A+U|
XA B A AR TR
(Ando-Zhan [5])) ¥ A, B € M, ¥IERE, | - || B— " EAZEEH. W

I(A+B) | <A"+B7|| (0<r<1),

I(A+B)7| 2 |A"+ B[] (1<r <o)



EHE EREHI

B f:Q— A RBR—DUE, XT f RIshRER: SATHBIEN A R B
if, f(A) M f(B) BZHHEZRK? WIIRBEAMORIRT TREEOR, d i BI7ER Lo
BeeREH. WR O BRiERARINES, RITASZIERRS. fim, #id 3.4 B
KT Hermite FERFFHMEERI N SEHE, MEH 4.27 BRT—BREGHRT AERNL
HER. RTHEMRIOFAEER (17 F 104, XEROWIDFRERE —ER
/NEIHRBY, TR — AR

§5.1 #FEfE

ARG T ILHEE THREERELL: (1) A, B A—BHER; (2)
A, B RIENUERE; (3) A RIEMERE, B H—BAERF; (4) A 29 Hermite HifF, B AR
Hermite %6 [%.

B o(A) = {1, -, A} Flo(B) = {u1, -, un} B A B € M, KFFHEMER
£45, A B MR RE T ESE S E XN

d(o(4),0(B)) = minmax |}; - Hr (i)l

Hor s, FR 1,2, ,n BTEBHMNES.

S 5.1 ([22])) E T REFBLENR a,b A EH—FHELEWE, A, M
AEFEEGE WNT LAE—5 NHR

[IIx=xil=2""%"b—al™ (5.1)

i=1
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R B L RE o, b WEK, S BER o,b WEB:
S={z€eClz=a+t(b—a),0<t<1}.

X FEHEEEE—8R 2, B 28 2 £ L LB, WX V2w, )2 —w| > |2 — w'|. Xt
FAERE i, BN, =a+ti(b—a), t; R, i=1,---,n. L LB—5H  #AIUE
Bz=a+tlb—a),teR. F&

[Tlz=x=][It-t)6—-a)=1p—al* ]It - til- (5.2)
=1 i=1 =1

Chebyshev BI—/NZHEER ([95], p.31) Pi: IR p BMNRECH n BHRECH 1 ML

Tz, W

> 1—217,.
Jmax, Ip(t)| > 2

FREL, A (5.2) BATVHLEAFLE 2 € S 15

n

H |z = Xi| = 272" )b — a|™. (5.3)
=1
PR T RS o F1 b SR, FENCTIHE N =2 XEI M- X| > |2 - ),
i=1,---,n, N (5.3) BRITHBRI(.1). O

ETE 5.2 (Bhatia-Elsner-Krause [22]) /A ||| A ®4EMK#%EH, R A Be
M,. |
d(o(4),0(B)) < 4(I|All + | BI) /™| A - B||*/™. (5.4)
iERR i
Q={zeC| FEL0<t<1, i z€0((1-t)A+tB)}.

B’ QR QWES—EES T, Wb FRER 90) A @ &6 A KRTE-NEES
Y &H B WAFEER/MBUEE. BT, A TIEEE, BRATAFEW: 1R 0,0 € @,
N |a — b| AT (5.4) PABRIEL

ARG (Al < IBIl. B Ary -+, A 5 A BIFHEIE. #8513 5.1, 7711E ) € O {78

|det(AT — A) =[] 1A= Xif = 2'72"|b—a|™ (5.5)

i=1

#XYeM, IR pcoy), BNWS
|det(ul — X)| < | X =Y (IX + Iy )"~ (5.6)

Flej=(0,--,0,1,0,---,07 iC R™ % j MrERNE. & U*YU H Y # Schur
B L=/, U RBEER, #18 (UYU)(1,1) = p. TR, U*YU)es = pe,. @
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¥ X MY SR8 U XU fl UYU (XAREEIENGERE (5.6)), RITAGE
Yer = pe;. BUERITEA | - | BRHEHKKLEE. FEF

(I = X)ei]| = (Y — X)ea|| < | X =Y,

(e = Xesll < |ul + 1 XN < IXN+1YY, §=2,--,n

R A} Hadamard A% (BB=F, 3@ 14),

|det(ul — X)| < [T (eI = X)eill < 1X = YIUX |+ Y™

XEIERT (5.6).
EGE T X =AY =_0-t)A+tB,p=) XBEH t € [0,1] 15 X €
o((1 —t)A+tB), 1152
|det(A — 4)| < |l A - BJ|(|l4]| + 1 BI)"* (5.7)

XERMAZT A <|B|| WEGE. # (5.5) 1 (5.7) LEERBE

2n-1

la—bl <27 [A- BIIY™(|lAl + | B|)* /"
< 4llA- BIIM™(Al + |1B]) "
XERZERL TR, O
B 5.2 & FHEEREMNELRN X—FHLWERSR, N 64) BRA
¥ B — AR, 0(B) — o(A). XAEHEEIIE P AR Phillips H83C [91) &
Bt RIS BRI TEMR R M 4R, W [22).
BRI B IE U B R AR (B 30,

EIE 5.3 (Hoffman-Wielandt[54]) REMIEMR A B € M, H4EEH 5] A4
Al,"‘ ,)\n ﬁﬂ ul,"‘ 1/"’17,‘ m'j’ﬁ'/ﬁ- T € Sn 4{4‘3’

n 1/2
(E X — urmIz) <A~ Blp- (5.8)
=1

iR BRI

A=UD,U*, B=VD,V*,

He U, v B, D, = diag(\1,- -+, ), D2 = diag(u1, -, pn). FIFH Frobenius
M BEATEHRINTAE

A= Bllr = |UDU*V = U*VD)V*| r
= [D1W —WDs|F,
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ﬁq:' W=U"V= (wij) yﬂ@fﬁ'ﬁ; iB
G=(N-ul?), Z=(wyl?) € My,
HHHA e e R TRASERLN 1 WFIE. W
1A= Bl% = Y Ih — sl fwig
i,j=1

= eT (G [¢] Z) €.
BN Z JXUBEHAERE, B Birkhoff EHE (EH 3.13), Z REHIEBMOAE:
Z= it,ﬂ, ti20, » ti=1, P HEHSEE
i=1 B
>4
el (GoPy)e= I<I}inn| el (GoP)e,
HHIE P, XRF 7€ Sp, M

|A—Bl%=e"(Go2)e
n!
=) tieT (GoP)e
i=1

n!
> ZtieT (GoPy)e

=1

=el (GoP:)e

= E |/\z - /"T(i)|2 .
=1
XEIERA T (5.8). O

THEEE A E#M, B —BHHE.
5|3 5.4 ([105]) & A= (ai;) € M, EH. 1)

n—1 n n-1 n

E Z (G — )lais|? = Z Z (i — 3)lais|*. (5.9)

i=1 j=i+1 j=1i=j+1
iERR (Krause, . [105] FFEGULEH) ¥ A pBh

A, B
A = k k y Ak E Mk.
Cr Dy
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M AA* = A*A 18
AAL + ByBl = AtAp + CiCr, k=1,2,--- ,n—1.
BhBUES
IBell% = ICkll%, k=1,2,---,n—1.

X B AR NS

n—1 n—1

STUIBE =D ICkI%

k=1 k=1
XNMEREMT (5.9). O

T X € My, it/M# X = L(X) + D(X) +U(X), B LX) W™ T=f%E
M, D(X) RxHasERE, UX) I L =A%k

5|38 5.5 (Sun [105]) & A€ M, EH.
IUA)Fr < Vn-1ILA)r, [|LA)|F < vVn-1|UA)]F.
iERR % A= (ai;). MATI®E 54, F

WA= 3 lasP <3 3 G- lail?

i=1 j=i+1 i=1 j=i+1
n—-1 n
=2 > -l
j=1i=j+1
n—1 n
<Sm-1)Y Y lagl* = (n = DILA)E-
j=11i=j+1
B AARERAT A TE R . O

TEIHE 5.6 (Sun [105]) X A,Be M,, A EH, Afe BHRKAEEZ A A\, -,
A B2 gy, . MABE TS, 87

n 1/2
(Z X - ur(i>|2) <vn|A-B|r. (5.10)
i=1

Bl & U*BU = M +T X B # Schur B F =&, U NEHEME, M =
diag(p1, -+ ,pn), T =& E=F. @K A f1 B 4 3#m U*AU M1 U*BU, AR
B=M+T.it E=A-B, N

A-M=E+T, T=U(A)-U(E), L(A)=L(E). (5.11)
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Bk A M RHIEFAERE, B Hoffman-Wielandt EH (EH 5.3), &7 7 € S, 15

n 1/2
2
(Z A = poro| ) <A~ Mir=|E+T|r. (5.12)
=1

FA (5.11) M58 5.5, F

IE+T|%=E+U(4) - UB)|%
= |L(E) + D(E) + U(4)|%
= |L(B)% + IDE)E + IUA)IF
<IL@B)|E + IDE)IF + (n = DILA)E
= |L(B)|% + IDE)|F + (n - DIL(E)IIF

< n Bl
BXAMAERE (5.12) LE5ERABAT (5.10). O
B+

0 1 0

-0 0 -0

A=1:: o, B=f:ionoe

000 ---1 000 ---1

100 -0 000 ---0

FH: RERX (5.10) FHEE vn REFH, BIARBEFE/NT.
EH 1XF < VAl X lloo MHEM X € M, BL, NEH 5.6 AR T HEL.

#Eit 5.7 (Sun [105]) % A,Be M,, A E#. )
d(c(A),0(B)) < n||A - Blleo.

B HAN1%EE—A Hermite M B — 1K Hermite SFFEMEE. £ G e M,
BURAEME ) BRI R/NEERE: M| > - 2 || (ARSI RHEME MBUF AT LUE B9
%) FiE Eig(G) = diag(\1, - , ). RATE FHBZER.

EHE 5.8 & He M, % Hermite 4, S € M, # K Hermite £, 1
|Eig(H) — Eig(S)|| < V2IlH - S| (5.13)
AL B R R TEHOR L.
2 BT HREF
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RATER (5.13) PRIEE V2 RETH.

SHF z = (z;) € C* I8 |z| = (21, -, |za]). NXEBEEATKREIEE i = V=1
HH S AR Hermite /% HALY iS  Hermite %[, xEH 5.8 FEM TWTFRTF
BRI R.

EE 59 R T=A+iB€ M,, A B # Hermite M. X o; fo 3; 254 A
#o B HAEME, R || > 2 |om| R |G| = > (Bal, B

| diag(es + 81, -+ , an +iBn) || < V2]|T| (5.14)
s FAETE R E R L.
iR B —A> Hermite ERF I A AR B ARAE(E AN,
s(diag(as +3B1, - , an +iBn)) = |s(A4) + is(B)|.

B Fan XECRHE (B 4.24), ATEIEH (5.14) X FHAE Fan k-,
k=1,2,-- ,n. BAIFGER (5.14) X FBIEH || - || () FIETEEL | - ||y BOL. SBNE
AER (4.30) Z p=1 WIETEERM (5.14) XTBIEHALL. N

T +T* T-T*
A=—%— B=—7%—
BATE loal = 1Ay < ITlwys1B1] = I1Bllay < TNz, ATl + iB1| < V2| Tl )-
FrRLA (5.14) XHEFERURAL.

HAERE—-MHR1I<k<n Bk B A HFEX,Y e M, R T =X+Y
PAR

ITl ey = 11Xy + ElIY Nl 0y (5.15)

B’X=C+iDMY=E+iF £ X MY WEEIJL2#E, B C,D,E,F A Hermite
MM TR T=C+E+i(D+F). BAERILERE—K, KITAE

A=C+E, B=D+F. (5.16)
M (5.14) ELIER T WA EIE RIS
VY 0y > By (Is(B) +is(F)), (5.18)

XE &) RN Fan k-TE5 K (5.15), (5.17) F1 (5.18) BEkME

V2|Tllky > @) (I5(C) +is(D)]) + k@) (Is(E) + is(F)),

k
> 3" 15;(C) + is;(D)| + klsi (E) + isy (F)|.

i=1
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5] .
V2||T|ly) = D Is;(C) +is;(D)| + kls1(E) + is1(F)]. (5.19)
j=1
ER 4.27 XTERBHBERR: MTFERE W, Z € M,
max|s; (W) - 5;(2)] < s1(W ~ 2).
FTlL, X F 1< 5 < n,
s;(C + E) < 5;(C) + 51(E), s;(D+F) < 8;(D) + s1(F). (5.20)
A (5.20) 1 (5.16) FATRITE,
k
2 15(C) +is;(D)] + kls1(E) + s (F)]
k
=Y {Is;(C) +is;(D)| + Is1(E) + is1(F)|}
j=1
k
> D" 1[55(0) + s1(B)] + ls;(D) + s1(F]|
k
> " |s;(C+E) +is;(D+F)|
i=1
= ®)(|s(4) +is(B))-
FriA
k
Z |s_.,~(C) + isj(D)I + klsl(E) + isl(F)| > O (|s(A) + zs(B)|) (5.21)
j=1
¥ (5.19) 5 (5.21) FERIFE]
V2Tl > @y (Is(4) +is(B))), k=1,2,---,n
XERSERL T . O

SEF 5.9 & Ando 1 Bhatia FIREAE [4], BFE [113] FHIEH. ZEBHENTE

KEH 5.8 & Bhatia I3 ([17), p.119) B HFEAE.

§5.2 iR

BANEME A e M, BEWRSHR A =UP, b U BEER, P XIEE. HIE
ERF P BHE—: P = |A] = (4*A)V2. & A A, WEETF U hEm—K:



S T4 - SHE EKRDH

U = AJAI7Y. AFRITHEEN A = UP BRSNS, 5— BB #
A=QV,V BREER, Q FIERE, REMM. WrTLiESHIE A HEMEE L
BEE—MER. H 5;(4) R A e M, 5 j REFRE.

EF 5.10 (Li [79]) K A, BeM, T, eNBRIsM~Z A=UP, B=VQ,
EF UV ABESE PQ ¥EZL. N

2

IU-V| < m”fl - Bj (5.22)

SHAEAT B R T e RO .
R &' B—AEAL. 4

Y=P-U'VQ, Z=Q-V*UP.

)
Y| =IUP-U"vQ)|=|A-Bl, (5.23)
1zl = Z| =|V(Q - V*UP)|| = ||A- B, (5.24)
PUI-UV)—(I-UV)(-Q)=Y + Z". (5.25)

Bk P Q MEHEMEAFIE A f1 B A RME, P F —Q HIISHEER
dist(o(P),o(—Q)) = sn(A) + sn(B).
NAEHR 2.10 TERT I - U*V K Sylvester HE (5.25) 1%

=TV < Y + 27

1
A T on(B)
_ WYl

< m (5.26)

BIEFA U -V = lUT-U*V)| = |I-U"V|, (5.23), (5.24), EATBM (5.26) 1%
3 (5.22). O

T ERATRBFAR S 1EE B F s,
5|18 5.11 (Kittaneh [70]) &% A,B € M, AEHLEMH, N

|lAl - 1Bl||z < |A - Bl|F. (5.27)
iR &

A =Udiag(M1, -+ ,A)U*, B =Vdiag(pi, - ,pn)V*
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RS, U,V RHTasERE. W ¥
|A| = Udiag(|M1l,-- -, [Aal)U*,  |B| = Vdiag(|pal, -+, |unl) V*.
W= (wy)=UV, I

1141 = |Bll| . = |U [diag (Il -+, M)W — Wdiag(lpal, -+, lual) [V*| o
= ||diag(IA], -, [Aal)W — Wdiag(lual,- - » lunl) || o
N 1/2
= { 3 - Iujll2-lw¢j|2}
i,j=1
. 1/2
) { D=l |wz‘f|2}
1,j=1
" 1/2
= { > - Nj)wijlz}
i,j=1
= ||A- BlF. O

ER 5.12 (Kittaneh [71]) % A, B € M,, 1l
[[14] = 1BI|I% + [|14*] = 1B*|||% < 2114 - B3 (5.28)
W BRER (5.27) I A, B SRR

0 A 0 B
A* 0) \B* 0
BMAFE (5.28). T E, XEM Hermite FEFF. O

MAER (5.28) BAVISHI T HHIHER.
#if 5.13 (Araki-Yamagami [6]) & A, B € M,, 1

[[14] = |B|| < V2|4 - Bl|r- (5.29)
THERFIFESR: (5.29) PREE V2 REEFE/NT. B

A=10,B:1€,
0 0 0 0

1 1 €
Al=4, |Bl=— .
=418 m<e a)
% ¢ — 0B, [||A| - |Bl||/IA~ Bllr — V2.

Ty
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§5.3 EREHIHEKES O

AFTBLE Bhatia B3 [16]. 2 A = (ai) € M, 1<k<n-1. AW k&L
X ALREIEITTEFY] Q1k+1,02,k+25° " »On—kn BRTRR j—i=k HITE aij; A K56
k R T ALKRIETEFT aki1,1, k4220 »ann-k BIER i —j = k FITE a;;. A
B EXT AL YREIETTRFI a11,a22, -+ ,ann. F Do(A) RRE A BEXMAL
Tt A BAEXT TR 0 FriSHAERE, Dp(A) FnRE A B58 k & ExtMALkm
A B HABTTRBR 0 FrREIAER, D_k(A) FnRE A KI5 k R T X ALK A
MIFEAbTT R 0 FrigaysERE.

it i=v—1,w=e" U = diag(l,w,w?,--- ,w" ), W U HNEEEHFEE

n—1
Do(A) = % 3 Ui Au, (5.30)
j=0

M, FE—ATEE ||| RIEBERES, INE VAV = || A SHET A e M,
FULTBEER V € M, BaL. BR, B EAEEEEEBE AR, BIEHEEZ w()
REEAER, BEARERER.

DT HELHMRA SR ||| & M, EH—BEAEEE. AFKER (5.30)
e

n—1
IDo(A) < = 3 107 AT = 4.

=0
(5.30) RBEFEXARAARETT ARG B L. TXAL. X TEH 6, 18 Uy =
diag(e®, e?, ... ei?). M| Uy NELEREH U AU; B (1, s) ReITTE R e, BT
LRI ]
Di(A4) = — / 0y AU 6. (5.31)

o
Y k=0mXAHT Do(A) B —AFER. M (5.31) BAEE
De(A) < [I4ll, 1-n<k<n-—1
FIA (5.31) &AA
D(A) + D_(A) = % /_ :(2 cos kO)Us AU 6.

Bt .
1Dx(4) + D_x(A)] < o= / 12 cos k60| A

RBXARIRATEE

1Dk(4) + D_w(A)] < Al (532)
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B T3(A) = D_1(A) + Do(A) + D1(4), A =X AE 4. AR HERRISE
I T5(A)|| < %/_ﬂ |1 + 2 cos8|d6|| Al

it BUH S
Ty (A)] < (; M) 4], (5:39)

E—, B RAPRE R

Tors1(A) = Z Dj(A), 1<k<n-1
j=-k

FKolab, RIS
1 T2k+1(A)N < Ll All- (5.34)
H Ly & Lebesgue HE:

k
[
= — I 61' |d0.
2w J_ . i
BEH L <logk+logm+ 2(1+ ), 7 H Li = Zlogk + O(1).

BE A : My — My, A(B) 8 B W L=AFAIAZEME B BEXHLLLTHIT
?ﬁﬁ&OﬁfFBth%ﬁA=(g ij.ma

Tok41(A) = (A?B) A(()B)*) .

EEE B WEBANFRERE A WHFMMETHIFK, FIA (5.34) IR Fan SCHUR
H, M TESEAREE | - | RIS
IAB)I < Ll BY-

BARNTEUEH (5.32) F (5.33) PR FEET FIEEEEINLRLE, BIEFHX
BINAERHE R B E AR AL, AP BARER/NT .
B A=J,,nHr& 158/, i2 B = D1(A)+D_1(A). W B BIFFAEER 2 cos|(jm)/

(n+1). T£
1Bl _ ks
Al ﬁ; 2 cos +1‘- (5.35)
' f(8) = |2cosf|. FIK
1 n+1 -
nrl 2 cos T 1\
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FRE 71 f(6) ZEIXIA] [0, 7] LAY— Riemann F1 (% [0,7] n+1%2). ¥n - o0
i, SXAFILA K (5.35) HE AR T Rl — MR R

1 4
/ |2 cosf|df = - |200$0|d0 =—
m

-7

XA EETE (5.33) HEYH BT Tl ECR T AR

3] &

1. A € M, RNEXBHEHIE A £ Hermite FFEERES: A" = A = A° iF#: #
A,B € M, HIEXERHMAERE, M [|A - Bllo < 1.

2. fl ImA FR A € M, WEZME: ImA = {Az |z € C"}. B A, B € M, HIEXBHIER,
W ||A - Blloo < 1. JE# dimImA = dim ImB.

3. (Bhatia-Davis [19]) ¥ A, B € M, NEERE, N
d(o(A),0(B)) < ||A — Bl|co-

4. (G.M. Krause) 4

T
4+ 530 —1+2\/—7, 5 1
Alzl’ Az—_— 13 , Aa_ y g

B4 A =diag(A\1, A2, M), U =1—2wT, B=-U*AU. W U ABE5RE, A, B HIEHME
M. BAE

28 27

d(o(A),0(B)) =1/ T30 4= Bl==4/13-

T, MTRX—MIEMEE A, B,

d(o(A),0(B)) > |A = Bllo-

5. (Friedland [46]) 45 A € Mn, )i € C,i = 1,--- ,n. iEH: FEXMAERE D € M, #15
0(A+ D) = {1, Az, , An}, FFEWR ERFMAHX AR D RARREA.



e SERE B R BRI S T, BN, AR ZERI IR IE RAE %
R EHSYR, % BILRHROIERER. EREFN— I RAZLETEN
HISrERSHEHRZEMRR (ERRERENHF).

AKEZN, MTF A= (ai;),B = (bij) € Mmn(R), iL5 A> BHHE B AWE
BRaj>bj XMi=1,--- mji=1--- n &L EI A>0FRr A RBFEAERE
A>0FR ARELEY, BN TRAREILENERE. XEICSHE n =1 WHE
FRELEBHHMAE. T, 41 6EMEQETREENNENESIERETE
FEHRER R E L. C M TRBNERS M E, MEBERERR AR, 12
|A] = (Jai;|) € M. RT = {z |z = (21, ,2a)T €R™,z; 20, i=1,---,n}. }TF
ze R, AMERA 218 - WS i MR

§6.1 Perron-Frobenius it

1907 4£ O. Perron AP T IE5ERERRE R — B4 B A AR, G. Frobenius 7E
1908—1912 4F[EPK Perron MZERMET BIAT AR BEMHEE, HHBE T HrHE
— 45, Perron-Frobenius Bt ZFIEH, RATX B Wielandt [112] B3R
HE.

BAMERE X MY SRR E A, BEFE— 1 EERE PHE PTXP=Y.
W Ae M, ARRIRTHN, F A BHEMUT— B

(e 7)
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HIZERE, Kb B #1 D AT7RE. & A ARTAM, MR A RT4. BR, Aec M,
ALASEASHLE 1, n W—AHF] iy, in FEH 1 < s < m— 1 678
A[i17' o ,’1:3 | i8+17' o )ln] =0. &%SL, 4£1‘ﬂ 1 mﬁ%ﬁ%mﬂ%%

S 61 RARNHARTYFALESE, n22,yeR Ly AEV—A0F
A 0.0 (I+Ay BEFFTHAKAT y 9 EHFHIK

iER &y PR EANESE, 1<k <n—1. &P REHRERES = Py
Ik £ MABAEMERSEN 0. BN A > 0,0+ Ay =y + Ay HELEHA
B n— k. BIEREXMEETF n—k WAE g =0 = (Ay)i = 0. B (Py): =
0 = (PAy); =0, TR (PAPTz); =0,i=k+1,--- ,n. & B = PAPT = (b;;). W24
k+1<i<nhf,

(Bz); = ib,,zj = ibijxj =0.
j=1 j=1

BY1<i<kmt, z; >0 Bl b, =0,k+1<4i<n1<j<k, Aifi AR,
FE. B (I + A)y RSB < n— k. BIENESEHM > k. 0

MF3 6.1 RALZER T EILEE.

Sl 62 HARnHATHERER, yeRE\{0}. U (I+A)" 1y >0.

5| 6.3 #n>2 W onHER4Ed ARTHEEME T+A)" >0

iERR  F5IH 6.2, BB (I + A)" ey, XHe; £ R % j MrEERE. O

513 6.4 —ANARTHERENEAKEAERZESE.

iER & A RATAHER, Az = Az, > 0,2 # 0. B8R A > 0. RITE

I+A)z=>01+Nz.

B (I + A)z Fl z HHENRWESE. Hi5/# 6.1,z > 0. o
BATH AG, 5) ICERE A K (6,5) MBERITTE.

51 6.5 #n>2nBiREE ARTHEBRSEHTEN (4,5),1<4,5 <
n, BALEREY k2F A5G,5) > 0.

iRl Rk A RAW4). Bi513# 6.3, [+ A 1>0.iE B= (I + A" 1A BR
B>0.1%
B=A"+cn 1 A"+ + A + 1A

XFFAE 1< 4,5 < n,

B(i,7) = A™(5,5) + cno1 A" 15, 5) + - - + caA%(3,5) + c1 A5, §) > 0.



§6.1 Perron-Frobenius it - 81-

HIWAFEIERE k #18 A%, 5) > 0.
Bk A W4y, WIFFAEBIRIER P #15

PTAP = B 0 ,
C D

k
PTA*P = (PTAP)* = (B 0 ) .
- x DF¥

He B o m BTk, BATE

AR F 1<i<mm+1<j<n, AERE k, (PTA*P)(i,5) =0. O

B AR— n BrAEfRER. A B Collatz-Wielandt BB% fa : RT\{0} - Ry &
XH s

sate) = mig

5366 E‘AcM,ERARTH. 1

(i) fa(tz) = fa(z),Vt > 0.

(ii) fa(z) =max{p| Az — pz > 0,p € R}.

(iif) % z € R7\{0}, 3T y = (I + A)" "'z, A fa(y) > fa(z).

iERR (i) #0 (i) BAR.

(iii) BATHE Az — fa(z)z > 0. EXIARERNBEHLETL (I + A1, FHAA
A5 (I+A)" ! FEABAER, 5

AT+ A" 'z — fa(z)T+A)" 'z >0.
Bp
Ay — fa(z)y > 0.

B (i) BB fa@) > fa(o). O

BEHIEH: fa REFEE, Lok, fa EFFEARBE A HBKRITH.

g Q, = {a: €R? | glz = 1} .5 6.6(1) HHH, RITRFEE Q, LHIR fa.
B Q. BANEE E f4 THELE Q, BIHFE ERESE, B,

221
A=1221], =z()=(1,0,6)/(14+¢), €>0.

021

M fa(e(e)) = 1. 4B
Fa@(0)) =2 # 1= lim fa(a(e)).
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I 6.7 HAcM, ERARTH. M fa £ R2\{0} LTRAIRE| R KA.
iER  ic
F=I+A)" ' Q={yly=IT+A)" 'z,z€Q}.

T R2AMNEE Hh5E 62T PHMEHRRERNE. XBR fAa&ET J:iﬁnﬁ, 5]
Weierstrass JEHE, fa ZEHEMNE * e T BE] f4 T EREKE. 8 20 =40/ ;y? €

Q. Vz € Q,, 18y = (I + A" 1z. FIFHFIH 6.6 (iii) M (i) 15
fa(@) < faly) < fa@®) = fa(2%).

XFRIEA T fa 7 20 SBBIEE Q, LHEKE.
vz € RT\{0}, FIF5I® 6.6()) A

fa(z) = fa (Z/Zzi> < fa(z°).
i=1
AL fa #E 20 BREVEFE R \{0} ERIBAME. a
p(A) = max {|\] i =1, ,n}.

BN Ae M, —EEE. ) FIFE T M4EEFRN A BT ES; A E
Hh A REE ST AR ERRN A R ER. R ) BREESY 1, WK A
2 A B— 4.

EHE 6.8 (Perron-Frobenius) % A Z—A n BRTHERER, n > 2, 0
THEELELRIL.

(i) p(A) > 0, B p(A) & A #§—/F4F4E4E.

(i) A A=A BT p(A) 9 EHIEGE.

(i) A #9FAE R A IEG ZAT B FHAEME p(A).

iERR @53 6.7, FF1E 20 e RT\{0} W2
fa(z®) > fa(z), Vz € R}\{0}.
B r=fa@®). Bu=(1,1,---,1)T. BH A= (a;) BEFT,

n
> = mi ii > 0.
r 2 fa(u) milnjz—;az, >

THERIEY r B A B—MHEE. BITE

Az’ —r2® > 0. (6.1)
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fRi% Az —rz0 £ 0. 5|3 6.2,
(I+A4)" 1 (Az° —rz°) >0,
Bp
Ay® —r° >0, (6.2)
HA o0 = (I+A4)" 2% > 0. AN (6.2) BAHMASER, FEER « #15
Ay — (r+e)y° > 0.

BB 6.6 (i), fa@W®) 27 +e>r, X5 r=fa(=?) BEKHWFE. FFLL (6.1) B%
X, T r B A B—MHEE, 2 BT r WIEARMERR. B53 64,20 2
ERE.

W& A BRI —ANFEME, ¢ X RIAFFERR: Az = Az, U

[Al|z] < Alz].

FR N < falz]) <. XRH r = p(A).
BUTESRIES p(A) RERAFEE. RATFIEH p(A) FMILTELR 1. 1%

Ay=p(A)y, 0#yeCm

1]
Alyl = p(A)lyl- (6.3)

FEAIERSEREY (6.3) %R, B |y >0. TR, A BT p(4) HIFERER
ERSR. Wy M 2 BYMMUTF p(4) WEHEME, M |y| > 0,]2] > 0,21y —y1z BT
p(A) KAFEZS[E]. B 21y — yiz BE—NGEHR 0, BIIATTRER p(A) HIFHER
& T 21y —v12 =0, y Al 2 RVEMSE. SXBEIERA T p(A) BJLMATEECE 1.

HTIEH p(A) = r REFELTR AN = det(M — A) BIHIR, AFEIESH
A'(r) #0. 3 X = (zi5) WEANTTRER A ] HeR%, N

%(det X) = ‘Z (=1)**7 det(X (4 | j))%mﬁ. (6.4)

1,j=1

F adj(Z) iCHEM Z BILERESERE. RITAE

A'(X) = det[(A — A)(i | i)] = trfadj(AI — A)].

=1

ig B(r) = adj(rI — A), Wl A'(r) = trB(r),

(rI — A)B(r) = det(rI — A)I =0. (6.5)
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HA r BJUTESBE 1, rank(r] — A) =n—1, T& B(r) #0. % b & B(r) BHTE
—AERF. B (6.5) 18 (1T — A)b =0, AT b B A BWXRT r FHFHERE. H A
BT r WIERERE, BRA » BJUTESRRE 1, Lk b RIS ERHE M
BR—EEAE, b >0 b < 0. XIEHAT B(r) WE—INEARES, B4R
EME, ZARAME. ZERFEE (B(r)T = adj(r] — AT),r = p(A) = p(AT). LEK
FWRAT [B(r)]" KFRE B(r) MB—TREARFT, BEARENTHE, B4
RAMTHE. BT
B(r)>0 ¥ B(r)<0.

MM A'(r) = trB(r) # 0. XERIEBA T p(A) RHAFEME.

BRAELZEAT () M (ii). BFERIE (iii). ¥y > 0 & AT MM T p(A) KHFE
Mg, i 2 2 A BHEE— 1 ERFERE:

Az = pz.

W pyTz = yTAz = p(A)yTz. AR 4Tz > 0, RAVEBE] 1 = p(A). O

SEXE 6.8 (iii) T LABMHBGREL: 7 A WETERHMEET, RA p(A) BIERFHE
g (h51 6.4, A MIEARHMEMBELHF ERRIERE). 2H 6.8 KIEHRHL T
THELER.

EHE 6.9 RARZRANnHARTHERLESE n>2 N
p(A) = max {fa(z) | £ € R?\{0}} .
2 1 € RI\{0}, faz) = p(A), M z>0 B z AME T p(A) B—ABiEhE.
IRz, BATAT BRI T R F—RIAEAIERERLER.
EE6.10 K AR-ANEAFTH, M p(A) 2 A HHIEME, FE A A —Axt
BT p(A) 893k i AER .

RS % A BBYECN n. @ n = 1 BIEBESUESI. TER 22 B J
FORTLEEN 1 19 n BHERE.

STFIEBE k, iC A = A+ +J, XRNEERE. HEHE 6.8, p(Ar) 2 A HIFF
FEME, 3EE Ay 2 Qn = {z ERINO}| 5o = 1} A —— AT p(Ac) K
fEr o )

Az = p(Ax)z*. (6.6)
B AEBFS {z*} FH, B Bolzano-Weierstrass EH, {z*} H— T FFI
{zF}: il_iglomk" =z. BRzcQ,. M (6.6) 715

Ap,z¥ = p(Ay, ). (6.7)
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EEE Ax, — A, p(Ax,) — p(A), TE (6.7) 4 i — oo 1BE| Az = p(A)z. O
B A BRNERITRE, BRI p(A) FRHA A §) Perron 4R, MR T p(4) BI—3E
FAFEFMBFRA A 89— Perron ©&.
A ri M c; 53508 A = (ai;) € M, BB i MTFEEE j A5

n n
T, = E Qig, Cj = E Qkj.
k=1 k=1

%F Perron M L TFRAMITAREBLER, THEREAK—1
EIE 6.11 XRAR-ANnMIERLERE T

1r<m£1 i < p(A4) < < jpax 7, (6.8)
1mlg ¢ < p(A4) < max Ci. (6.9)

ZARTY, N (68) PA—NRFXRAFXE LMY A G AITRIEHF, @
(6.9) PH—AREXBRAFXE BILE A KA F A0S

ER | A = (ai), = & AT 9—A Perron [ &. BHA p(AT) = p(A), N
ATz = p(A)z 18

A)mt Zakzzky i=1 yt T

BxX EE X IEREE p(A) gl T = z T |

k=1
S ria
p(4) = S—. (6.10)
> Tk
k=1
M (6.10) &A11183] (6.8). # A RAT4, WA = > 0. WATIRYE (6.10) &1 (6.8) FAH—
MEERYBNE r = = re. 7 (6.8) T4 A i AT ROTHBR TR TFHIF
AIAERLE5E. O
#iL 6.12 KRAAnHERESR zcR” AEGE, N
min (Aa): < p(A) € max Lém—)’-
1<i<n I; 1isn I;
ERR W= (z1, - ,z.)7. ICXAERE D = diag(z1,- -+ ,z0). MAEH 6.11
T4 D-LAD HFIFH p(D~1AD) = p(A). a

IR 6.12 BRATLZIE 2 T RS R,
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it 6.13 RAHnHEGsESE ZEEEH cdPEQGE TR HL
cx < Az < dz,
< p(A) <d

THERPEABRLHRBRABR, MEER.

EIE 6.14 (Wielandt [112]) & A, Be M,,n>2,AERARTHH |B| < A
N F B AEATHAEM X A

Al < p(4). (6.11)
(6.11) RAF X H HALY
B=¢€"DAD™!, (6.12)
HF p(A)e =\, D A3t A BLM.
iR &
Bz = \z. (6.13)

Heo#zeC W |B|z| > |\|z|. 18 A >|B|, FFLA

Alz| > |Bl|z| > [Allz]- (6.14)
H5IH# 6.6(ii) MEHE 6.9 78

IAl < fa(lz]) < p(A). (6.15)

XA T (6.11). % (6.12) BLH p(A)e® = A, B (6.11) BNER. Rk, Bk
(6.11) BRHE, WAELE 0 #18 X = p(A)e®. BBA (6.15) B fa(z]) = p(A). H
EH 6.9, |z| >0 H |z| & A — Perron [A]&. HI, (6.14) B K

Alz| = |B||z| = |Al|x]. (6.16)
FRLL (A— |B|)|z| = 0,18 A— |B| > 0,|z| > 0, #1152
A=|B| (6.17)

4 D = diag(z1/|z1], z2/|T2|, - - -, Zn/|2Zn|), G = e~ ®D"1BD. W) D AXTABEERE. M
(6.13) 18
BD|z| = AD|z| = p(A)e® D|z|.

M Glz| = p(A)|z|. FEH (6.16) 73

Glz| = Alzl. (6.18)
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(6.17) # (6.18) &K A H Glz| = |B|z|, BB G HENXE |G| = |B|, BrLA

(1G] - G)|z| = 0. (6.19)

HFEE an,- - om B 3 gl = 30 a5 M oy = Jaglj = 1, k. B, (6.19) &
HG=|G =|Bl=A4, })k]ﬁ:ﬁlB = ewjl;hD‘l. O
AR R R R T 6,14 B8 FEATER.
Hit 6.15 & A, Be M,, A% H|B| <A M p(B)<p(A).
it 6.16 X A Bec M, ARTH, 0<B<AB#A M p(B) < p(A).

iR n=1MEEER. TR > 2 BER6.15, p(B) < p(A). BN p(B) =
p(A), Mt EFE 6.14 1 B=|B| = A, X5 B# A F/&. Filh p(B) < p(A). O

WG RERE AN—NTERE. & G+A WK GR AN—TATERE.

#EiL 6.17 (Frobenius) R GAFRFH AH—ANZTLERE, T p(G) < p(A).
EARTHE G A AH—NETERE N p(G) < p(A).

ER WG =Ala,a= (i1, ,ik). 1<i1 < - <ixg<n,n N AWK £ B
R Blo] = G HHEXNFFHEZIMITERN 0 1 n Bi%ERE, M 0< B< A
ML 6.15 18 p(G) = p(B) < p(A). & G & A WETHERFEH A A4, W B # A.
HER 6.16 1% p(G) = p(B) < p(A). a

W A RARATAMIER TRE. A BEE TSR p(A) FMFHEER MBS A 1
EARIER F AWEREREET 1, WK A ARRER; H A BESEARFERHEKR
F 1, WFR A NERRLER

EIE 6.18 (Frobenius) RATHIERHH AWGIERRIEEA £, - A, , A
% AWBBETHERE p(A) HHEAEE T X, 0 R p(A) WERAEN t K
.

ER B =p(A), BN =re,j=1,-- t. EEH6.14FL B=A, A=),
M (6.11) B A, FrLd

A=€%D,AD;!, j=1,--,t (6.20)

J

A A5 %A BHhr 2 A KBRIEE, 1 % r = \; R % A FBSF
TE{E, TR A B9BRASIE(E. M (6.20) 18

A =€ Dj(e" DyAD;')D; ' = e'%*%)(D;Dy) A(D; Dy) "
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FREL A 5 et A R, T ret®+00) 2 A M—MHEE TR, 0% £
e, o el FE—A, XRY, ¢t DRRBEL e, - e KT RS/, B
BN ¢ WERAIAR. a

EH 6.19 (Frobenius) 3ERBRIEHA t AR THER T EAREAR
o2m/t B RE, An ek dbikon/t A EM AEERE.

iER 23 6.18 MIEBI B, HEART AR TR A WIEARFRE N e, WA 5
e/t A R, BTLL A BOIEZENERS on/t BAZE. 5—FTH, €H 618 KU, B A M
WEERERREMILL 2n/t E/NRIERAEE, EEET p(A) B ¢ MHEEMBRBES
ELRET. 0

TEE 6.20 (Frobenius) RARTHIERFH A 65EARIBHEA ¢, &
A"+ a A™ 4+ a2 4 - g\
A ANKFRESERX, XA Fn>ni>ne> - >ng, BN a; #0,5=1,--- k. T
t=gecd(n —ni,n1 —ng, -+ ,Ng—1 — Nk)-

WM R m BAERE W AR e27/mA RRHE S TR FIR
FO) = A"+ a1 A™ +a\™ + - + ap A",

g()\) ="+ alzn—m A™M a.kz"‘"k)\"k,

Hep 2z = e?m/m. TR, A M e2/mA Wi o f(A) =g(\) & 2" =1,5 =
L., kem|n—n;j=1,- k BHEH6.19, t B A /™A KiEHEFEKR
REH m. BT,

t=gecd(n —ni,n —ng,- -+ ,n—ng) =ged(n —ny,n; —ng, -+ ,Nkg—1 —ng). O

#iL 6.21 RAFEARTY. £ AWEAHE W A KA.

iR A MRHEZTRIE A + a7t + - ar # 0. BT A WEEAREFE4
=ged(n - (n—1),---)=1 O

— AT IR, (BRI REEARTTR. — M EERRF T
REMGESH LI T K EEX A FE.

5|38 6.22 (Eschenbach-Li [37]) & n >2 & n HEEHR A HE A2 0,
0 A% T

iRl R A2 AHY), 4 B = —A2 M| B EHGATY. HEH 6.8 (Perron-
Frobenius), p(B) 72 B f— N IERBHEE. FEIE, —p(B) & A2 M— N HAHEE. A
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AH—EHEE A R X2 = —p(B) < 0. B4R, N BEEE. B A BIER, HAEL
VR AE (A RN HH B, BFLL X i A BAHEME. T X = —p(B). 1XBE —p(B) 1EH
A2 K HERARBEREDN 2, XS ERBFHEETFE. O

5|32 6.23 (DeMarr-Steger [32]) EH LEEGFHFREARAE.

ERR AR o VLM 0 =1 RS, THEEE > 2 B A2 BE
ARouE, WH5IH 6.22, A2 W4, i A2 EEEL n-110TEK, FE. |

I 6.24 (Eschenbach-Li [37])) —AnBFE4EMGFFESSA -1 4
fitE, LA ERT AL F).

iERR  ARIESIH 6.23, RITRFEXMEN n AHE—1n BEER A, HVPHA
n? —1PMATE. n=1KBEEFEN n=2 ]

A=<0 2 >;
~1 -1/2

A ur e R* B BLHN 1 HFIME, FH J, iR 2N 1 8 k HIERE. n > 3 B, B

0 ul, n
A= | ~up_2 0 Un—2 )
-1 -—ug_, —(n—-1)/n

iy
—(2n—-2) —nul_, -1
A= ( —Un-z —2Jp—2 —(n+2L)un_y ) :
o -l fn-2)- (5
HEPfa=mn-2)+(n-1)/n>0. O
§6.2 EHESHE

BV BRIMEMES, E C V2, WEEX D = (V,.E) KA—1ARE. V
MITERNT L, E FRTEFRIN. BR—FIMRBFAANTRARNGAEFXT. 8
a = (a,b) B—%&IK, MK o F1b A o MR E, o KN o BEE, bFRY o KK
B B (a,0) BIRERAIR. V TS TUERRANERRA D M4 BTN o NERH
AZEFRN o B k¥, UTUR o HESHIRREFRA o B RE

AEE D HEBAERN—HIN

(a0,a1), (a1,02), -, (Gm-1,am)
FRR—A @184 (directed walk). XK A2 M LI

g — a1 — Ay — = Q1 — Gm. (6.21)
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—FABEBREMEMNFERAXZBRAKE. i EEXFEEHRKA m. T
R a0 M am SATEABFRERE (6.21) B3 EFLE, a1, am—1 FRARIFTE,
WRMASRESHNARNRERINA G2 BTHSMASHRSINETEEE
THFESAEA MR A— 8 (cycle). KENE (F) BHERNS (F) B.

B HSIE A M F A MR EFR A @iE (directed trail). FTA K TS A
R BB FIREFRAA f1% (directed path).

WD=(V,EYHM D=V, E)HREANE. FV' CV,EECE, MWK D ED
WFE BWCV.WESHTE DW) U W NTERESHHEEHE E PHAEHRS
MASHBET W B

AIME D = (V,E) AT o Ml b FRARREREY, MEF KN a B0 By
AMER, WA KM b B o« WAERBRE S1TEAARMNE CREER. B
HEEXRFRBRETEZBIN—IEFMRER, BMETEE vV S BEAHZHFE:

V=ViuWhhu..-UW.

XEFEEFHFE DVi), - ,D(Vi) R D WRE#L £ F D AEHA 1R
HS X, WFR D Rzitidey. BR, D BBREBEMNYHIUCEXYF D MAEEFANT
A i, BAEMN i Bl § B RRE.

W’ A = (ai;) B n R, AWAERE D(A) = (V,E) @XIF:V ={1,2,--- ,n},
(i,5) € E % B a;; # 0. RiK, bE— n WEHE D = (V,E), BRATAL
EXL—Nn B 0-1 5 A= (aij) : & (i,5) € E, EX ai; = 1; % (i,5) ¢ B, X
ai; =0. B8R D(A) = D. ATRA D WARIRLEE.

WA= (a;;) B n IERIERE, & I—DIEBE, W A5(s,t) > 0 BHALY D(A)
FE—%ZM s Bl t. KN k BBERBEZE XA RER

Ak(S, t) = Z Qgiy Aiyig * " " Qiy_yt

1<i1, ik —1<N
i
EA—MEFERETARE 0 TEAR, 518 6.5 AT EIHTE AT HEFL:

ST 6.25 HM AFRTHLEHAMRLECHAGE D(A) Rkl

B’V BNERES, E REFEEEN {o,b} WEFTEMEARNES, HF
a,be V,a#b W (V,E) AN RELGE, HKNE. V PRTRENTEL, E
TR L. EREAES A [ B RS RUME L. & {o,b) B—5K
B, WFR o F0 b ReAreey, HH o 1 b HFRFARE. TR o MESESN o KPR
8

EKYTHEE, —MWATREEN 0 MNFRERNZTIETLHETLUR—E
kiR, Rk, —MMERAREIERER — X ATTR 2N 0 BIXFR 0-1 FERE.
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§6.3 AR5 IEX/FIER

BRITXBERAAHBEANSER. EE, ARSEAFEEE SBEATAHER
FERE.

ETE 6.26 (Frobenius) & ARMBESH 269 AFHE W A KRS HAX
LAEEENERS m G A™ HELER.

iERS (Marcus-Minc [82]) fBR#Z A™ > 0, W] A RAT4y. EAINR A A[4y, W) A
BT —AEmM
B 0
CD

B™ 0
*x D™
BIGERE, XBE A™ RRIEAERE. % A BIERFRIEECH &, digeg e, A™ K3k
AREHEBWET k. {H A™ > 0, BEL 6.21, A™ A7, Bl k=1, FlL A K5

Rk, 1 A A, BELEE A/p(A), R p(A) = 1. BiTH G o H ##nsr
WX AR diag(G, H).

HISERE, T A™ BRI TR

ST'1AS=1¢B
A A #) Jordan FRUETE, MIIRATE AT i
() p(B) < 1, Bk Jim B? =0.

(i) S HE—FIR A BIXTR T Perron R 1 FEHMEHR, AMEREZTSRE.
(i) S~! WIEHE—FTRE AT MK T Perron 48 1 HAFENE, R ERAEZHE.

B
lim AP = lim [S(1® B)S™!JP
p—oo

p—o0
= pgxxgo S(1@ BP)S~!
=S(1e0)S!
—AERER. H
[S(1 ®©0)S1(5,5) = S(i,1)S (L, 5) # 0,
Brid plin;o AP > 0.
Hit, M FRIKEEBBE m B A™ > 0. O
EHE 6.27 (Wielandt [112]) & A 2—A n BrARLER, B AC-D*+1 50,
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iEFA (Sedlacek [100) BN A AJEH, A RF 4, BHAME D(A) EEE. F5,
D(A) BE. ZBDA) PRERENE. AHRC: 152 - >m—14& D(4)
R ANKERENE, IRAREXHEE, ATUAX A (BB XX FD(A) WBRZE
BEEHHRS. TR A™G,i)>0,i=1,---,m.

XML i, FE—KU i FHERKEAET n — m WA MRRIXTUR
1,2,--- ,m PR HELE, HEE C i, RITETLUEXFAR MBERK
AR n—m. TE, 77# ke {1,2,--- ,m} FEFE—FL i HHESU £ LR
KEHRN n—m BEMHZRE w.

A™ WARE. BELE A™ WA RE DA™). EXAES, FATS j, A%
MR k R KERED n— 1 MBIk j WEER. BN k- k 2 D(A™) P
R, EEVEREFRRAXNARITUER KM k£ Bl j KB n -1 WAME
. MR s - t & D(A™) FH—%&IK, W7E D(A) HE—FM s Bl t KER m §
AEERE. B, 7 D(A) PRE—FMN £ B j BKER m(n - 1) WAFRBRR w,.

e wi Fowo BERER, RAVBEI—5K D(A) FHMN i B j BKRER

n—m+mn—1)=m(n-2)+n

MARERE. FATE « 15 BEEKN, AmC-2+ 5 0. BKITEE m <n—1. BN
m=n, B A BH A(1,2),A(2,3), -, A(n — 1,n), A(n, 1), X n MERTE, X5
ARFEFE. ik m(n-2)+n< (n—1)(n—-2)+n=(n—1)2+1. &5, FEE
F—M e B, HA LB p 18 B > 0, ST FAEfAIEE ¢ > p HHE B > 0.
M A™=Dtn 5 0 BATEEF] A-D*+1 5, O

XTFAFEERE A, W2 AP > 0 BBR/DNERE p RV A s, & 6.27 X9,
n WA JEAERETE BRI (n — 1)2 + 1. XD ERERTLABIN. &

0100
0010
A=t
000 -1
1100

A RN n BVEAGEINER (n,2) CLEM 0 B8R 1 TR, A e eR™IEH « T EN
1 HADER 0 Wi, N

Aei =e,, Aes=e1+e,, Aes=e2, ---, Aep=en_1.
4 B = A"l K5 RIE,

Be; =e;, Bey=ez+e3, Bes=e3+es, ---, Be,=e,+es.
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FTBL, Br1 = AV £ (1,1) (LBH— 0 TR, i AB™ ! = A-D*+1 5 0,
SRR n, 3R 1A (n— 1)2 + 1 ZEMNEMEEERREEDS n BABEER
BIHS. n DA EUERER A TTRREIS BE 252 2, T [125) LIRIREMS%
k.
BREWASLEE [102) B T XRRAEAR REFTA T RRAOTE 3K, b0 IR — /N ER
Bk REA n BRABERAIEECY AYS 1 < k < 2n—2 3EE & RERME
[ns 2n — 2] EFB‘J%&

TEIE 6.28 (Frobenius) RARTHERAFH A KRB A k>2 0 A
BERAM T2 T H X451

0 Az 0 -+ 0
0 0 Ay O
. : ) (6.22)
0 0 0 - A1k
Ay 0 0 - 0
EPHARLGRERRFTE.

iERA (Wielandt [112]) 12 r = p(A) & A #J Perron 1R. HRIEEH 6.18 HIIEH,
FHE—XAEERE D #15

A=e?"/kpDADL. (6.23)

B D = diag(dy, - ,dn). ¥ D 85 d7'D, DAD~! RA5. FrARATAT MBI dy = 1.
RERNA (6.23) Bi1A

A= ei21r/kD(ei27r/kDAD-—1)D—l
— ei2(21r/k)D2AD—2

= DFADk,
XE D™= (D)™ FR, A= D *AD* & » & A — Perron [{ &, N
rz = Az = D"¥AD¥2.

Bt A(D*2) = rD¥z. AI I, Dz & A XN TF r F—MHERER. BR r BFET
ZSIAR 1 48/, BT DF2 R 2 M—EEE. XER 2 >0 B D* BISBE— 35T
0 1, 1182 D* = . A0 D KX ATEER v WHRAAR. BITH o, B; &
IR FSERE diag(By, -+ , Bs), In;, 38 n; BVEALAERE. SEEUEHAER P 75

PTDP — @;=leimj21r/klnj ,
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Hep
O=mi<ma<---<myg<k-1 (6.24)
#& PTDP W53t PTAP Sy
Ay Agg -+ Ags
T A2 Ago -+ Ag,
P AP = . . . k]
Asl As2 o Ass

Heop Ay, 2 np x ng B, HEER PTAP = &27/*(PTDP)(PTAP)(PTD-1P) Wi
HIPE 1S

_ i(l4+mp—mg)2r/k
Apg=¢€ P Apq,

H Xt FE—XF (p,q) B4
Apg =0, (6.25)
A
mg—mp=1 (modk). (6.26)
EX A RATYy, X FEA p AR q (15 Ay # 0, AT (6.26) BLL; Xt T4
A q BEREA p 18 Ay # 0, T (6.26) BLIL.
# p=1RARX (6.26) BN
mg=1 (modk). (6.27)

EZIRBFM (6.24),6.27) RE my =1 X—/M#E. B THAR ¢ # 2,41, =0. 5
Fp=2(6.26) BN

mg—mz=1 (modk) Bl mg=2 (modk).
ENMFARRAE ms = 2 X— M. ghge ERER, RAVBE mp = p, B 4y =
0,Vq#p+1,p= 1a2"°' ,3—1.
BE%E p=s WEE. WA (6.25) 1 (6.26) RH: XN ¢ HA Ay =0E

4 mg—my =1 (mod k) B} my = s (mod k). BRAVE Aa # 0, B RHA A, #EZE
MERE. FTLA,

0=m;=s (modk). (6.28)

B om,=s—1K(6.24) F1<s<k FHIM (6.28) RAVBE] s = k. A (6.24) FrAiT
23

mg#s (modk), Vq#lLl.
Hi A,q =0,Vg # 1. O

SR (6.22) FROMIEAIFEERE A B Frobenius 474, B8 .
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§6.4 JLAAFTRAVIAE S FEBE

BN FBLmEfElE. 2miEfEFEMERERET Gantmacher 1 Krein
1937 4RSI R TAE, BTEIXSAE FE H BAE I 2 G,

—MMERE A FRAAEE 5 4, IR A KT FATSIREIER; A R4 ®EM,
R A WA FATRIRERERN. RITAARFENHEE, 3 BRI LABREARH
HR. ELTEMISAREL (2], (48], [69].

—AemIERERE A RNEER GG, RFE—NEBE m #1185 A™ 22E
IERY. SRR AR M A [

T 6.29 —/MNRGIEMG AR RZ I RANF S ELE.

R '’ A A 2 YIRGAERE A BFFEME, A > Xe| = - 2> [Aa]. IR
EH 2.16(iv), RAMEME C.(A) WFHEMERN

AigAig = N\ 1< <<+ <ip <1

™

HAEAE—PIEBE m #18 A™ REWEEEMR, C.(4A™) = [C.(A)™ FHIEFERE, M
M C,(A) NAFMERE. Frlh

p[C‘r(A)]:AlAz--.Ar>O, 7‘:1’2’...’".

XEEHES AL, A EREZH. MTF 2<r<n-1, C.(A) IAFEMXNFEL
A
P[CT(A)] =AA2 Ao 1 A > A1A2 T A'r—l)\'l’-I-l-

Iﬁlﬂ: A’I‘ >A'I'+1y7‘:2,"' ,n_1~ﬁ.‘ﬂia%ﬂﬂg )\1 >A2 ﬁ?’%@]
)\1>)\2>~~->/\n. O

EE 6.30 —ANA®EE fi 5 8BTS AEAEAR R 3 i F 4

iERA  [2] FH Theorem 2.7 ¥ n MMRHWIEEMEHNERSTE n HraEIERE
BREEPERAEN, MEA - 2mEERER A FEFI2EIEEMR A, HE
limj o0 Aj = A. FEFIETE 6.29 LA RAHIEME RAE MF IO FESE B L. O

SEIEREREE —AT0F RO 50, BT LA — S0 £ 48 B ) 31
R, W [39]. Bil4n IR F A AT IE B F RS (R S AR B FIFIHER [40) (7 (2]
B —AMIERR).

M 6.31 (Gantmacher-Krein) —An W4 &ERERE A= (a;;) ZHD
MHEEAE ARTHEMFA

a;i+1 >0, a;i41,>0, i=12,---,n-1
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THENE M-5EME. B M B+ Minkowski. XM MEREH Ostrowski 7F 1937—
1938 FEFF IR H. M-ERERTB LR E Ostrowski, Fan, Fiedler F1 Ptak 437 #
B, MAERFHARIEFRER, BENSEREBTIMEX.

—AEITHE A FRAR—M-4EM, IR A TTUB R

A=cl - B,

H B B—AERFEEH ¢ > p(B).
3|38 6.32 M-EMMEITHEER M-EHE
iERR  H#ER 6.17. 0

— AN A RAR— Z-%%, IR A WA ENATEREH/NTFRET 0.
BR MERR Z-5EKE. 84 Z-EE ABTUER A=c - BHER, Hb c 2
IR, B MAERE. EBRER o B A AT EPRKE, Bc2ao, B=c-A
BpH].

I 6.33 X AR Z-4EMK. UWTFHEHFH
() A & M-%EH,

(il) A A HAEIE 09 T 3RARDE 57

(iii) A W9PTA A AEAEAREE 57 .

(iv) A 9P A £F XA A

iERR  IEHEBRRE () = (i) = (i) = () = (iv) = ().

(i)=(ii). W\ & M58/ A = cI - B ®—MHIEME, B> 0,c > p(B). A c— A
7= B B—FHIE(E,
c2p(B) 2 |c— A 2 c—ReA

FTLA Red > 0.

(ii)=(ii)). BAR.

(iii)=(@1). B A = (aij)nxn, 2 a = max{a; |1<i<n},B=al— A W B >
0,A=al - B. A} a—p(B) & A W—EREE, a — p(B) 2 0, B a > p(B). B
L AR M-5ERE:.

()=(@v). & G & A BWIEE—IEFHER, 53 6.32, G &2 M. LEE
IE (1)=(iii), BT G MIFTAE SCAHMEERIER. XBEH G AL, G WAESERHME(E AL
HEEXTHI. T det G FF G WHBFHEEZIR. T detG > 0.

(iv)=(@1). & A= (@i5)nxn, % a=max{a; | 1<i<n},B=al - A n B>
0,A=al - B. & A WMHBEEFRHET 0, W A WTEFEER%ET 0, Hit
p(A) =0, i ai; B—BEFX, FIAEA ai =0, ATl a =0. TR B = —A. it
a=0=p(B). AT AR M-5 /K. THEHER A WA EFEER, SFEEPE—



§6.4 JLAERFAVIESIIER .97

AEFRNE. A Ei(4) it A BIFEENE « MIEMHRLZIR, E(A) FF AH
A i MEFRZH. BBA, Ei(4) > 0,1 <i<n, BEPF A i FXPMAEXR
FERER). ST TERIER p,

det[(p + a)I — B] = det[pI + (aI — B)]

= det[pl + 4]
— 3 PR E(A)
k=0
>0,
Hep Eo(A) = 1. IR FERER p,p+a ATRER B BFHEE. T a > p(B),
M A 2 M-5ERE. O

T 6.34 & AR Z4EM WTHEHFM
(i) A R T M-JEF.

(i) A 7T#, B A1 >0.

(iii) A £ @& z > 0,44F Az > 0.

(iv) A #9 B ANEAEAE 0 2 3RAR - IE 4L

(v) A W PTA o AR AR B4

(vi) A HATAR 2 FXAKTE.

(vii) A BPTEIRA £ F XAKXTE.

iER  EEBRERE (1) = (i) = (i) = (iv) = (v) = (1) = (vi) = (vii) = (i).
(i)=(ii). ® A=cI-B,B > 0,c> p(B). B} AT#H p(B) & B —MHE
f, c RE%T p(B). TR p(B/o) <1, lim (B)" =0,

-1 [e o] m
Al =¢"1 (I - E) =c! Z (E) >0
c = \c

(il)=(iii). F e iICBEN 1 HFIE, S z=Ae MH AT 20K A&
EZTH z>0H Az =e> 0.

(iii)=(iv). B Z-E0E ABATUER A=sI-BRER, K s>0,B>0.X
ARELER s BB KT A WTEXTATENT. BAF R « > 0 88 Az > 0.
F& sz > Bz. % y & BT —4 Perron &, N

sy"z > y"Bz = p(BT)y"z = p(B)y z.

18 yTz >0, FTlh s > p(B). & A & A WEB—MRHEE, U s - ) 2 B — 1M
fE{H, AT
s> p(B) 2 |s— A =2 s—Rel\

XA H Red > 0.
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(iv)=(v). BR.

(v)=(i). SEH 6.33 KHEBA P/ (iii)=(1) T

()=>(vi). 5EH 6.33 MIEBIFHY (1)=(iv) M.

(vi)=(vii). BAR.

(vii)=>(ii). XHERERINE n FEIRGEE. n =1 B, A = (an1),a11 > 0. E5ERAL.
BIRGWRT n— 1 BYE Z5ERE RO, BTERGE n By Z-5E/F A WP E BT

Z. i
A, A_ 0
A=< - z) G=
Yy a —yTA‘ 1
GA = (I"—l Agilz),
0 w

Hf w=a-yTA;' 2 =det(GA) = det A%, det A > 0. 4

F= I, 1 —w—lA,,-l_l"E ‘
0 w!

RIBMHBEE FGA=1, Fill A ' =FG. AN 2 <0, y<0,w >0 FHHEN
B AL, >0 RITBEB G>0,F>0, fill A~1 =FG > 0. a

EHE 635 RARNMNNH Z-4H. ZHEERNT zcREF Az >0, 1 A
A M-$EM.

iER N AR ZHEM, ATTUER A=c - B, ¥ ¢ AL, B HIERRKE.
At Az > 0 BH ez > Bz. i#EIL 6.13 18 ¢ > p(B). FTLA A B M-JEFE. O

EHE 6.36 n MARTHHF M-EEUKRF T n— 1

iERl A TTLAERL A=cl - B, H ¢ ALY, B HIERME, c> p(B). BR A
#F5R, ¢ B B W— S, BTk p(B) < ¢ < p(B). TR ¢ = p(B). A RAJAiEH

B RU#). H1 Perron-Frobenius EH, ¢ = p(B) & B WHAERHE. Bt A HBE
n—1. a

Ty

3 &

BRSO AT 3 B AR 7

& A BRAMEGOTEEBFEE—EBR p 15 AP > 0, WA LM q > p, A7 > 0.
B A B—AER I AT A 8 A R A —METEE.

B ARANATAER T, 0<t <1, W

pltA+ (1—t)AT] > p(A).

Wb
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(Levinger, 1970) % A BMAATAHER B RE, W R%K
£(t) = pltA+ (1 — t)A”]

7E [0,1/2] k#3¥, 7 [1/2,1] Li#RE.

. B A BAEERAFEDTRE, W

Jim [p(4) 7 A]* = 27,

Hrep o My 551R A #1 AT # Perron R, R 7y = 1.

7. B A RV EGRTER, WFEERK p 18 A7 = 0. W A BRAMUT - E=A%ER.
8. ¥ A RANAAIAER M-, WEEERR « WE Az =0.
9. (Hopf, W [98]) ¥ n MIIEAERE A = (ai;) BFHMEERBERRBVMESIR p(4) > M| 2 -+~ 2

10.
11.

12.
13.

14.

15.

|An], FiE
a=max{ai; |1<4%j<n}, B=minfa;|1<4j<n}.
1]
[Az] <2=8
p(A) " a+p

([42], [122]) FEARIEECH k B n BIRAT L5365 RE R A IETT R B30T RE LR L 550
(Gasca-Pena [49]) —4> n BT 2%EM A R2EIERELEIEENEN 1<k <0,

det A[1,2,--- ,k] > 0,
detAla|1,2,--- ,k] 20, detA[l,2,---,k|a]>20, Va€Qkn.

B A BA n BIRGERE, W A™! RATHEAER.

(Sinkhorn [103]) & A B—AFRIEER, WAEXATENEBRWFXHERE D, A
D {§1#8 D1AD, HDFENUIERE. KT XANEROAREREH BT TR [9] RHSE UK.
(Shao [101]) IR TEE A BA (6.22) MIBRIFH A BAFITHREATS. iEH: A AT
Y BIEARIRECH k4 B

A12Az3 - - Ag_1,kAr1

AR,
(Hu-Li-Zhan [61]) BR k B9 n BYXRR 0-1 ZEREF 1 BN407T RERBRLERYR?



FEtE FSER

FEEAWEABERE IRBLERNTENFTES (+,—,0) RABER—RH
B, Fln, —4~ 6 ML A S IR E

(0+
-0
sen()= |
0
0

0
+
0
0
0

o o o 4+ o +
o o | o o o

+ o
o + © o o

MEAIWE A RTEFHEERARIH. FSERERERET P.A. Samuelson (W
DURGHZERZIBE) 78 1947 F BRI (LB Eat ) [99], e HHa i« Af]
TE AN TR WS RS R EEL T RHM SR BRI S5
EEBANMNTHERER BT HERE. ARATORMREEENAFSER, BAT
HETFEBHORAFEFTR: 2 = a+1ib, z = re?®. —FEZEREHEE TR BT MEL
MRS, A—MEZEREZTENIER. AERTERE-TRMNARTEENTS
B, BEXTHSEAEAREWIME, BR - EEFFZAERARR. XTF
B BPIA A B SR (291,51,

HERXLEHE (HHRFSTEX) METEREES {+ -0} WERE XF—1
SCHERE B, F sgn(B) #RILERE B WMIXTR TR MRS AT SRR, sen(B) R
H B HASHEX. & AR mxn BFSHEER, A BESTEXLESCY

Q(A) = {B € M n(R) | sgn(B) = A}.
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Tii— SR B 45 B X EE XN Q(E) = Q(senE). B P RATSIERHH—1

B, RITR—AMFSHR A B8 P, & Q(4) PHENMERAE R P 75 A 4

# P, % Q(A) A MEREEAER P, RFE EER% TSR,
B A = (ay) B> n SR IERESE SR, N

Y = Qiyip Gigig * - Qigiy

BT TR — BRI (AR RBE—R) FRAKEH k6928, IRX
BTHR 4y, - -, i EAER. B FRAME BB BT AR

Y=7172 0 Tm

FRA—A A48, XE m > 2, FEEMBEA v My WTFHRERIER, 1<i<j<
m. v BIREEXH 71,7, - ,vm BEKEZM. RREMESBEAEKRNE. KER L
MBI k8. KEMEE FH) WERRS () B. fFS5EXERERN— B
HE (R) B, REESEBE (FE) 1 - 5 LHEEN—EROYE (7)B, R
EEEBH @) MutR. B A B— 1 EXNE A WHBEN TR E
FREBRERTF P M—I0, BT REBE S MR W FHR i1, -, i A, /E
HEBHE (iriz---ix) OISR (1)L FTLERRE v BKER L, WESHE

= B R RN sgn(y) = (—1)E . 4 TR TR

B SHRTIIRBIAX DT BIVARS r(y) BB —NELEENE + b
HITTRARTRPTSBIE. A BWIEFTITTR—MEAFRAR

Qiyip Qigig ** Aigigyy

WRARKER b 8—5K%, MR TR &1, ik LR
n KRS HEREME A = (ai;) WA RE D(A) KL {1, ,n} ATRE, (s,t) B—
IR Y BAY a. #0. BAR A WRRERL D(A) B, A KEEXTRL D(A) KB
—AETEERA =B, MREHTURET USRS Vi f Vs, 3
HERER &I (s,t) TR s € Vi,t € Vo BH s € Vo, t € Vi. HRFSIRIEM
A WA EE D(A) A, Wk A B=ek. BR, — P ZHEEERMANT

Ean

0 A4

Az 0
MR, XBERANFHREETE. FHE N, “MERTEARE, A=
TR B A R x

Sl 7.1 RBAEEHNAGE DR _FELAERY D HENBAZISE.
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HER B GLRVE B R E R AR

RadkBBE D A RMEE. NI « BITUR j RSB B SO < B 5 89
BAEBAREE. HATESCM i Bl « WEERRE. BUE D WIEE—1 TR o B D K
TREN V. EX

X={zeV|MNa¥ z WERNEL],

Y={yeV|MaZly WERHZH).

M X,y 2 (e X),XNY =2 BV =XUY. ®p,q£ X PEEHHANTS, &K
ITHERA (p,q) A2 D BIIK. &

a—---—p %ﬂ a— - —q

SHIRM a B p FIM o Bl ¢ WEBEMNE. D PHELARRHKEREMEE, W
H—%AERATUNMERERNE. & q— - — a2 g B o 5K WX
ZBHKERBE AABWHARR e - - 5 ¢— - — o BREITE &
Bf o> - - p WEERNBE, RITHE (0,9 A2 D WK, BAENHZRZE
a— - -—op—oqg—--—a ﬁgﬁgﬁﬁ-&

EUHIRATAT LIERRAZ p,q € Y, W (p,q) A2 D WK BT D 22HE. O

518 7.1 PRREERGEARREREL. G, RA A D MTUEE V = {1,2,3),
MMES E=1{(1,2),(21),(2,3),1,3)}, WD RE—-1TE1-2-1, 2MEHE, A
D RREHA.

§7.1 HSIEFRER

B A RFESEXTHRER—NLHE. A RRIHESEFFN, & Q(A) THE
LA AR AT R, RIATH).

ZEIE 7.2 (Samuelson [99], Lancaster [74], Bassett, Maybee and Quirk
12]) X ARHFHXFHE BecQA). W AFFTEFFLEERE B 9475 Xty
WRERFXFESH—RER, St LA ERRAGHT AR,

iER THEPNAEGEREAS. TEHRE A FSETR, W detB #
0, B TR BEHARXPELE —TIEE. & B = (bij)nxn H bijboj, -+ bnj, #
0,71, yjn B 1,-- ,n B—PEBEH. B X = (Tij)nxn Thj, = LE=1,2,-- ,n, X,
MHMTERETHENER ¢, W Y. = BoX. € Q(A), Y1 = B, detY. & ¢
RIESEREL. HBAXTT Ve > 0, detY, 1 det B = detY; WIFFSHFE, EH AT
HMEEHFERD ¢ f detY. = 0. B—HMH, X ¢ BA/DE, detY. BFFSH
sign(ji, j2, * + »Jn)b1j1 624+ - bnj, BIFFSHAMFE. TR e T4/,

sign(det B) = sign (det Y.) = sign [sign(j1, ji2, " »Jn)b1j1b2j5 * * * bnjn) -
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XHEH T B BTFIRBEFRFENEZTNFSHS det B HIFFSHR. ]

BH— NS ERER A HEETHRERLS, DEE A HEITSHE—F
HIFFS 28, XEHAKRE A BEEMASESR. ik, £ THRNERPRIERE
A BXTATTRER - SRR,

EI 7.3 (Bassett-Maybee-Quirk [12]) RAFTEXFH A ¢33 AT A
-5 MNAFSTEFFLSERE A BN LBARL .

ERR % A= (aij)nxn, B A FSEFRIFR v = 01,8045+ Gii, = A K
—AMERE. {EB B = (b;) € Q(A). RiEEH 7.2, B WTHIXWBEFXPHE—1
EZTF SR (-1)°, BRI AT —TF SR (-1)" & v
FE ¢ -5 B/ {de s dnek) = {12, 0P\ {in iz, ik} B B #1751
KEF A H—IR

(_1)k_1bi1i2bi2ia by bjlﬁ bjzjz T bjn—kjn—k
MRS RIS R
O e e L

FTEA g 38K, AT ~ 5.
Bagk, Bk A KERBEHZAK, B B HERPLEHBERN. B 817
AP E— T EFTRAE A

S (Li—1)
(=1)= (Y2 Ym), (7.1)

Xy B B RKER | WEAE, S L = n BREA 4 £RA, (7.1) PX—T
=1
A=

M3

(ti—1)
1

(=1)¢

X B WATHIRRIF R P BTN SEMFE. JGRER, B MM AITTRET
XTRLEIAR—TAET 0, JEEH 7.2, A FSIEAR O

THEBERUEY: —MISETREALEEAREFTLE.

EIE 7.4 (Gibson [50], Thomassen [107]) & n>3. —A n BHFEFHF
BXEEAEY (n—-1)(n-2)/2 MELE.

WA SR R E— R EEA BB, I (73], [53].

(=)™ = (=1)"
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§7.2 HHEE

A7 H Eschenbach F1 Johnson K3 [36]. W A BAFSEAFBEESELH
M, WA EBHERE P #5

Ay 0 - 0
PAPT — Ay Ay -+ 0
Ay Agg - Ay

Hep Ay BRTMAFE, i =1,---,t. XB, BREEAIFSERIEMEHETRE ChiE
WHEMRE, HEM Vae {+,-,0}, 1-a=a-1=a,0-a=a-0=0, a+0 =
0+a =a. Aj1,Ax, -, Auw RN A BIRTH S, A NELHE, N A MFIEE
o(A) = O o(Aw). FTLL FEIHERHEMEIER, RAITABEHOER O TLA5 L,
BaliEU, AT MBUE E R R AR AT 4.

BATH—NFFESEXTE A= (o) B— RS, F AWE 1) A RES
STERE, B a,, # 0 MEAY a, #0; 2) D(A) #83%3E; 3) D(A) P AEKNKERE
i 2. WATAT A TG 1 B R HR H A xR AERE. —NJC R A4 238 0 1 B AR o — At
—A n PrER—HR Y MY EREENIFEERTE n—1 Rl Bt A BWAF
BHRERE A HEXFIE A WEHE G(A) B2—HH.

P g kSR A J T IR o R E . 3B n VR IT A SR TIE A = (a,,)
B kB . BEER ¢, FL—EHERE B, (e) = (bije)) € Q(A) :

1, #ay Ey L,

|bij(e)| =136€ %‘ aij ;FE ¥ _t, Qij #0, (7.2)
0, % Q5 = 0.
3'8
B,(0) = lim B, (e). (7.3)

M B,(0) RAEXRF v HIGEAN +1, HAbu AR 0. B,(0) B & MHE 0 FHEER
18 -1 89 k WR, BMEIR k MRER. % + RHRKEE, W B,(0) A k MR
AFESEARIE(E. BROMAFIEELR AR TR SRS, X € > 0 L4/, B, (e) HF &
AMNESTHIRIEE. # v RIEAEE, U B,(0) AIAHEME 1 M —1. BASLIEMATE
SEARE(E L HORT B, X € > 0 FEA/INET, B, (e) HAEBATEE 1 A1 —1 WRESE
FHIEME.

RIE 7.5 —AFIRAFE A SLAAHEERLETREIRE A S
ARTHH LA T EEANLM



§7.2 $5MEE - 105 -

(i) R=3REERE.
(ii) PTA M B AR 5 8.
(iii) R A5 IEFF49.

iR RIHE A RAT4, A BIECH n. B3 A BEEHEFH=EAKME. T
B B € Q(A), Fl Ex(B) it B WA k B EFRZM. RAITGIERAY £ HEFHET
Ex(B) = 0, ¥4 k AEHE Ex(B) > 0, n AEE, E.(B) > 0, \Tii B H4FEL TR
XA
f(z) = 2™ + E2(B)x" 2 4+ Eg(B)z"™* +--- + E,(B).

SHEATEE z, f(x) > 0. Ht B BB SLEEE.

F Bla] it B HWIH#EIE o I8N ETHEM, it o = p. BN B RZH4EM:, B
HAMEE. WY p HAEET, Blo] BRI ALEEHE 0 TR, XHE det Blo] =0,
B E,(B) = 0. X4 p R{E%HE, BRi% E,(B) # 0, M a, |a| = p, {18 det Blo] #
0. Blo] F#E4HIAE 0 STTRABMXT FA LA N FEBEMRR. & v 2 Blo] FH
— p By SHEEEMERAE, W sgn(y)r(y) > 0. & v FAEFHMEM R
B, sgn(y) = —1, WATHA sgn(y)w(y) > 0. LA det Bla] > 0, ATl E,(B) > 0.

M (i) FRB det B = E,(B) # 0. \RERT— R EIEMERRITBE n HEE
H E,.(B)>0.

BOd kB A BERATARHMEEIESE, RITREHIR A SRIB=EAFMZ—,
#A B € Q(A) HAZHHMEE. BIX A ABE (1), 5 7.1, A A NEFHRE R
v. W (7.3) 8 B,(0) A—THREREME 1 3K —1. X € > 0 /P, (7.2) BT
SE LK) B, (e) WA —NEEIE 1 BC —1 ASCHREME. B A AR (i), W A B —
MNERITTHE 4. 5 + B35 E, EHREIE B, (¢) AXETE. % + VEBE, Bh £
1EH), B,(e) AWM BIEE 1 A -1 MSSRHMEE. BRI A AR (i), WAFEE
B € Q(A), B A HH), N\l B & LFHEMHE 0. O

Xt FAFSHEAERE Bk fuif” BXHBA: A SRR P (R P MEE)
LHAY A RER P NEH 7.5 RATBB T RAHERL.

it 7.6 HIBXFTH AAHFEREELIRE A ARTHLXHR
TaRENFHFHES —A

() A-—ANHFHLHE.

(i) A—ANEWISH LB,

(iii) RAMFFT 7.

TE 7.7 HERAFE A SRIAREMEYEHE LRE A GEARTY
SAAMBESRAFLEATE 2 BAZEMN,

iER At A AFY. Rix A WREESHEPERRME, AXEEHR, XtFEM
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B € Q(A), FEWHHEX AR D #18 D-1BD IXWIERE, EM B KHRHE
EHENLE.

Rk, B A iR EEFREMF, RITEIERFE B € Q(A), HAIELH
FHEME. 5 A B—DRAE R 2-B 4, W e > 0 /N, (7.2) 8 B,y () HB
AR V=1l —v/—1 BHESTAFIEE. 2 A B—DNKERN 1> 3 BIfRAE 4, W1
HEEE, By(€) B | — 1 NMEZHHEE; 24 | HEE + HIER, B,(o) B 1 -2 73
STHREAE; 24 | MBE y NE B, () A | NESEHMEE. BEHE A RRAANR
9, BIFFZE o, # 0 fBR o, = 0, AN D(A) 3BEE, H KM 5 Bl ¢ BB X5
5K 6, 5) GEFMR—TKERAN 3 MEHRE. EEOIEH, £XFEE, 77
B € Q(A) EAAEHE(E. O

MEE 7.7 BATEREIT EHHEL.

Wit 7.8 HIHXFTM AAHFFEETHHAEMALTARYE A A—AAHHE
2BREA—ANKEZVAIHMER.

EE 79 HEERXFTH AZRKMAGKEEALEERS AR S
(i) A 9 EFEANMTALERZ 0,
(i) A BEARTY 5 XA THX, BEAN2-BAHZ A,

iERR  R{lEd 7.7 BOIEHA. O

EHE 710 HIHEXFTHE A ZRAAGHEEHRRARZERK S HMRE AKX
AR EE.

ERR Rk A R4, A B n i, Rk A BE IR B, RLEH 75
FIUERA, AT LAIERR: SHMEM B € Q(A), X « AHFEET Ei(B) <0, 34 i HEHH
E;(B) 20, B MfFEZTX 2

f(z) =2™ — Ey(B)z™ ! + E3(B)z" 2 +--- + (-1)"E,(B).

Al WXHEATIESES 2, f(x) > 0. Hit B BA IESCHHEE.
FOERMBE A BIEKTIEE ~, % ¢ > 0 B5/DE, B, (e) B—1LHRMEE
ik 1. O

MEH 7.10 BRAVEEI T EMHEL.

it 711 HIEXFTH A AF—AEGEHEEAS ERE A A—AEH
£

§7.3 HSREEERX
—NEHEE AR RS E S (FAEY) IR A WA FEENSHER R
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GEEIER). 2 5580 MM T 2 A 252 v S B R e R R 0 7 AR A AR Y
B ERE.

—NMFEER T A TRNBA 5L (F5 F428), IR QA) e
EEREREN CERER).

EH 7.12 (Quirk-Ruppert [93]) & A = (a;;) AR THF TR K. 0
ARSFBELANRE A BRTEHEZALH:

(i) A 9 FA AT 3EE.

(i) A HFARE 2-B (eRAWE) HE ARG,

(iii) A AR FHX.

R B A B SERERN. REA a; =+, BB = (bi;) € Q(A), b =1,
B WHAIE 0 TEHNLEIHMESETIER e WX e > 0 T4/, B H—MFEME A
FEAFEIT 1, i Red > 0, X5 B $RBEFE. A (1) BOL. IR A H AL
2-F8 v RIEH), WY e > 0 F4V/INEE, (7.2) FFEY B, () B —MHEMFESREIE 1, A
T EFRIE, FE. B (i) BOL. IR A B—-NKER 1 > 3 MfERE 4, I
(7.3) FH B,(0) BIFIESTRN f(z) = 2" (2t £ 1), KB «+” SEIRT v £
REKIER. FTLLY | > 3 B, B,(0) B8 LFAEMFHEE, NTTH e > 0 FEH/D
B, B, (e) BEFNIEMFHEE, FE. XIEHT A HEMTREMKER < 2. &%
aij # 0, Bl D(A) BR (4,5). A D(A) BEE, A—FN Bl i PRl PE
K (5,5) BRERBRIEHB—REE. Fh EECIEH A B8R RB K ER
<2,P WKERBER 1, B (5,7) & D(A) B—&I, Fild aj; #0, XIEAAT A B4
AXFRE, XEH A REEEK, UREIE A HENMTREMKESR <2, U A
R—MFF S

RidRMBEE A WRIB=1%E. T8 B € QA), FEELXAEMR F #15
E~'BE = D + S, ¥ D AXATE <0 WA, S B— P ROFRER. % A
2 B WAER—MFEE, » BXRMFFHERE: Bz =Xz. & y=E'z, Ul

My =y*Dy +y*Sy.

B y*y > 0,y*Dy < 0,Rey*Sy = 0. TATEE] Rel < 0. XIEBAT B FfaE. Frld
A RFFSEREEA O

W [64] ZIE TR SRERR (WA 29] PED), REBERMRFHERE
AR RFER R —L.

§7.4 FEFSERX

B A RIMFSHERER, iIC5 A> 0878 A WENTTEBRE + 50, A>0FK
N ARBANTERE 5 ASOER ARNEBINTERE -0, A<ORF AN
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BACEHER — W FEEKE B, B>0, B>0, B<O0, B<039FERETEN
K B RHIESFAERE, EAERE, JEIEAEM, FAER.

WA RMFEHMA T, A B # B, IMBFLE—DELAEEM B € Q(A)
R B~ > 0; ATRHREE R, MRAFE—NL R BeQA) HE B! >
0. AT AR\ ERFFSHEK, RIBTA 7T 13 A IR 40 B 33 KB R A S =X

PERE A, B FROPE S FMN 0, MBHFAEBIER P,Q 118 PAQ = B. Tl
ARARIRSToe, IR A BHREH TN

B 0
C D
HRERE, b B Ml D k= (IR 1) k. B, —4 n BrAERE A 350

SrEEAE A B—MTEEGFIIBZAA n WEFERE. ARNZERTo8, IR
ARERI AT ). BATEFE T ERISI 2, ERTUA Frobenius-Konig EHHIER.

5|13 7.13 HEM A TARTH, WAEEEHRYKE P &7 PA M ALETAR
HE

—A4~0-1 HRE ¢ Frob B4R, TR ¢ WA ME D(C) m— B R ATRER—
SPST FTRR AR, R, BRATWE X, BMBEZ W RE. BA— AT AER
A 1) B R SRGE R, TE—NREENE M ES, SRMEERENE L, RN
A T HERT .

SI3 7.14 R ARARTHERSS, WAEBSES C,- - ,Cn £4F
Y CieQ(A).
i=1

X FRSERRERE S, -5 Rk S Ty + TTRER -, - TTRER +, 07T
EAZFRAER; 5+ Frk S iy — JTTRIR 0 FFRFF + JLEM 0 TTRAZLET
BAERE. H e raBEL2R 1 KFEE.

— R EREE T, RN SR FINR. BT, S IE SR —ER
el ;o

EIE 7.15 (Fiedler-Grone [44]) & S Z—AMn MEERTHHHTHRXLE
M, BT 5] &4
S11 S12
Sa1 S22

(i) S i EH.
(i) S REBRFN T B
W4, P 51920, <O HAXBAANERE S H-ARETH.
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+
0 S
(50)
RTH.

(iv) AEFEIEHE AcQ(S) %R Ade=ATe=0.
(v) BEEHESE AcQ(S) %R Ae= ATe=0 H H rankA=n—1.

ERR ()=(ii). BIZ S HWE () [ERHE (i). F77E Ac Q(S) REHME PW

15
PTAWT — A1 A2\ 7
A1 A ) s,

t k

(iii) 4B M

Hrp
A1220, Ay <0, A71>0. (7.4)

({328

By1 B2/ k.
r s
BHEAE: PTAWT B RATFISRFIERARE s, BIBSCZ B,
Fl By %

WA-1P — (Bn BIZ) t

A11Bi2 + A12B22 =0,
H B2 i3
B31A11 + Ba2A21 =0,
RIE R ARBAS
Bj1A12B22 — B2 A21B12 = 0. (7.5)
¥ (7.4) F(75) BERERNED A, =0 H Ay = 0. BXE A BREARTHH

FIE.
0 s\'
2=( 5 o)

(ii)=>(iit). RBEAERE
E«[% m\u Zﬁ—/l\?fﬁﬁ Z[ll, 7ip |j17"' >jq] =07 1 <P< 2”—1,{7:1,"' )ip}n
{jl)"' ajq} =‘®7{i1)"' )ip}U{jli"' ,jq} ={1’27 72n} %ﬁﬂ\gﬁﬁ S E‘J?i:#
B S W3, RATATLUBERAT i1, - - ,ip B Z B3k n FTHRIRSE £k 1TH Z BIRJE 1

17, k+1=p FfESH
S— Si1 Si2 ’
S21 S22
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HAo S & k x K. At

+
0 0 S Si2

0 0 Sa1 S
-SL -SL 0 o0
8T, —STL 0 0
FR S5 =0,(=SL)t =0, Bl Sa1 < 0,512 > 0.S12 Fl Sy RATRERIANMER Nz, B
Sos BOXOME nxn B, ANii p=k+Il=0E 2n, X5 1<p<2n—-1FF X
TEBA T 444 (i) ANARL.

0o S "
7 =
(50)

(iid)=(iv). B REERE
AEJ4y, 538 7.14, HFEBER C1, - ,Cn 18
Z C:€Q(2)
=1
¥ CHES Z —Buars

o Ca , i=1,--,m.
Cio O

HEERFREX, C; W r ITA—1 1 BHMY G W58 r SIRBEFE—1 1
A,

(Ca—Ch)e=0, (CH-Ci)e=0.
A A= zcﬂ—zcg,ﬁ!u Ae = ATe = 0. BN zc € Q(2) #H z K mMLT
Xﬁ’ﬁuﬁ (s t) %ﬂ (t s) W—Xt TP ELE —/\jb 0,C; HEXHE, i=1,--- ,m. B
WK z: C; € Q(Z) BAEE] A e Q(S). FTlh, AR (iv).

(1v)=>(v) B A€ Q(S), Ae= ATe=0. f7|H# 7.13, RR—BHRATALIR 5
AT A BT REARAE. & B A A KX ATTRAER 0 MHATRRRE
AP, |B| 2¥ B ML RBUERHENSMERE. W |B| Aary). H5|#
7.4, FIEBER Cy, -, Cr 18

> ¢ € QBI).
i=1

EE, BA B X ATRIRE, B4 C WXATRUHERT. &t n HEIERE C
HIAFIE D(C) HIBR i1 — i — -+ — ik — i1, £X n BIXTAERE AC) = (dy)
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Hds=1,Fi=int=1,-- k EFFHMEE d; =0. 12

n M BFEXT T RIEIER
Me=MTe=0.

HEAEEH 6.35, M B M5/, HAEER ¢, HE8%F ve € [0,¢)
A+eM e Q(S).

BATE
(A+eM)e= (A+eM)Te=0, Ve

It rank(A + eM) < n— 1. BN M BARATARETFH n Br MJERE, HEAE
FEPE 6.36, rankM = n— 1. XHE M H—1 n—1 PEIEFFTHERE M. & A4, £ A
BIXTRL T My FrAb i BRFEERE. HAELHE n— 11 ¢ BEH det(A; +eM;) =0,
TFTE €0 € [0,€] 18 det(A; + eoMy) # 0. MM rank(A + M) =n — 1.

(v)=(@1). B A c Q(S),Ae = ATe =0, rankA =n—1. HrankA =n—-1 &
Ae =0 HI A WPEMESERE adjA MB—FIER e M—DEHUE, BN A(adjA) =0. [F
BEHb, B rankA = n — 1 & ATe =0 % adjA ME—FTHRE 7 M—PEEAE. FTU
FE—EH o

adjA = aJ #0,

J REANTEBET 1 WER. HAVEESR A WiTHES A 05, RATTLMRR
AW (L) BEMTEANR. B Eu g (1,1) LERTERN 1| R ERTREA
0 B n Biro7ke. W

det(A + €E11) = ea.

AR e # 0,
(A + €E11)_1 = iad](A + €E11).

XFFE/MIES ¢, BATH (A+eEu)™" >0 B A+ eEn € Q(4) = Q(S). XiEH
T 5 BBIEH. O

FEIEHFH (iv)=(v) BT [14). €2 7.15 £ [66] FRIFEL RO
WAERFF AL (65 PHAE T . SHTF—NEEAASFSEXGE 5,5
MY EAY S HIE. FhATI 4 HETE B E Sk,
RFRASEREEA S RBRKAE, Fiin, SRR ERSE T TX
fafe?



2112 - EtE HFEHEAK

§7.5 Jordan tRAFAIAESZIE

AR B 27, KRB OLERZ—R Jordan FETE E . %8B
BNEFE A LT — Jordan HFE

J(A) = dia‘g(']nl (’\1)7 e Jng (’\k))a

Hr
M 1000
00X\ 1 -0 0
00 X - 00
In(Xi) = . . .
000 - X 1
000 - 0 X/

B— n; B8 Jordan B, i = 1,--- k. XA~ Jordan FpHEIE J(A) TEARITEXT A
Jordan HREYIFFETRME—R. RATEA J(4) TR A WA — Jordan FRHEE.
Jordan ARMETEFEM A B T AR, SLhr b, BAMEREMLISBOS Ei1a — 1 3EHE
9 Jordan #RETE. I S(A) iE5 A MIIKETE REMES.

BATHIER: M TEBEER A, 78 S(A) F, J(A) EABREZ M AT
E, FHERIMTEHE S(A) FHABREIX LN RE.

EATRITERA o(A) B A MIETAMENIET TR, THEX
AR TF DR AP B A9 5 | LR R AT 4007 1) A 227

SI3 7.16 ([27) K n,k AEEKI<CEk<n R n Br4EH A B R ¢(A4) <
n—k, NAELEEBRESE P E17

PTAP = diag(A;, As, -+ , Ak),

-P:“:P Aj i7“7.F$'7.7=]-::k

ER #7 A= (i) BATAH AREX—TE G, ERTEERV ={1,2,-- ,n},
TS o Al j ZIEE KNS HNY i £ HH 0 # 0 RE aj; #£0. BXNE G
A op &, W p < ¢(A) < n—k BRIEREMIFH G WHMEN e1,e, -
A G FmRPLV ATEEM {e1,e2, - e} HAMAE, i =0,1,---,p. W Go A,
Gp =G, G; BN Gi_1 BN e, MAEARN, i = 1,2, ,p. TR G WEHESZE
Gi1 WEBRXEXZD—, BA—FZABLEERNERS . BH Go B n A
CERE) BEBDH, G, EPE n—p>n—(n—k) =k NEEDK C1,Cs, -+ ,Cryp.
W’ C, BEENZ Cj, § > k BIFFE. M A WM TF Ci,---,Ce—1,C), MEFHERE
Aq,--, Ag, Ax, U R B EMSE. : O
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BITEFETEHER.
S 7.17  ([27) &
4 (@ zT
~\o B
A=A nHEsERE L BHRHER n—1 %R J(A) RA—A Jordan 3, U] J(B)
RAF —A Jordan 3.

iEB  J(A) MME— Jordan A J,.(a). BIRG IR AROL, 4 J(B) B
/WA Jordan . FHEIEFRIERE W #18 W-1BW = diag(Bi, B2), 2% B, M
By B, R, s, 1<r,s<n—-2, r+s=n—1.12 E = diag(1,W), &

1118
a yl v3
E'AE=|0B, 0 |=8H, (7.6)

00 B
He (T, 0F) =2™W B y1 € C, yy € C°. BN H MITF A, JH) = Jula). B I
FnBALERE, KBTI ETCEH. M (7.6) 1%

(0 yI(By —al)™ % yI(By - aI)"—2)

(H-—al)™'=]0 (B;—al)"? 0

0 0 (By — al)m1

XR—ANFE, AR (J.(a) —al)* 1 # 0 LUK H LT J.(a) B (H—al)* 1t £0.
MA—ME, (7.7) GAMEERTER:. BLE, BA B, 1 B, MIHEEESFT o,
H B, #1 B, W ELH n -2,

(Bi —al)"2=0, (By—al)"?2=0.
FrA J(B) RA—A Jordan $t. 0

—NEFERAERERE, WREWETHENERBRE - ETTE AT,
T n MATERENES. B4, M e T, ¥YEUSAAEB SRR P MiEF R AE
M DWRE M = PD, ¥E{USHFEERSRER @ MIEARMAKEM EWE M = EQ.
B, T, RFREER B RIOTBAKIERE S(4) F, J(4) BEBKRKIEX
MBI

ETE 7.18 (Brualdi-Pei-Zhan [27]) & A AL 5, Be S(A). 0
$(B) > ¢(J(4)). (7:8)
(7.8) POFFTRILYE AREAE—NERIESE M 1217

M~'BM = J(A). (7.9)

(7.7)
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iR % AR B RIECH n HE J(4) A k4 Jordan 2, Bl ¢(J(A4)) =n—k.
RAA I, 12 n BrEBIEREMES. B 6(B) <n—k, Bl ¢(B) <n—(k+1). BEE
2<k+1<n HF[HE 7.16, HBE—1 Pc 1L, {418 PTBP = diag(Bi, -+ , Brs1), H
A B; BRI, KEWE J(B) EOH k+ 11 Jordan B XE—FE,
% B S(4) RH J(B) A J(A) FAFEY Jordan ¥, 455, =189 Jordan B4
B k. Brld, BRiZEEIR, BATA ¢(B) > n—k.

THERNEERES B EE:

$(B) = ¢(J(4))- (7.10)

M (7.9) BARAWER (7.10). Rk, BiE B WE (7.10). BATHIERFE
M R (7.9). BRATEHRIEHE J(4) RE—A Jordan RMETEEIE L, HAT
J(A) = Ju(a), ¢(J(A)) =n—1. BAIX n AR, n =1 BHFEFEN, RITIER
n > 2. BREWXT FE n—1 8 Jordan #RUETE R —> Jordan BREGHERERLT .
HH ¢(B) = ¢(J(4)) = n—1, BEIREHEMAMNENETTE. TR FE

PeIl, 18
T

PTBp=|(%7 |, (7.11)
0 B

Hipz e C*!, B I BN n— 1. BN JB) RAE— Jordan 3, z # 0. 4
n =28,z RE- FER) & WRE n > 3 B 2 AALE-TEZHE, B
24 $(B1) < n—3, BN ¢(B) = n—1 H5IH 7.16, FE— Q € II,_; #F
QTB1Q = diag(C1, C2). Hik J(B;) ZAFE B Jordan 3. RIFEFIH 7.17 X&A
ATHERY, Bk (7.11) HRISERER Jordan FRHEIE R —A Jordan 3R. BTLA, z 188FH
—NEZRHE. BTE ¢(B1) = n— 2 FHEBESIH 7.17, J(B1) RE—1 Jordan .
BRI, FE— My €T,y 18 M Bi1M; = J,_1(a). & M = diag(1, My),
M (7.11) RATEZ

1T _fe v" )\ _
M;'PTBPM, = (0 Jn_l(a)) H, (7.12)
Hep o7 = oM, RFE—ERSR. BN H MMUT B, J(H) = Ja.(0). B
Jn—1(0)"1 = 0. BEkE (7.12) BATA

0 yTJn_l(O)n—Z
0 0 '

0% (H—al)" ! = (

FR 0 # yTJ1(0)" 2 X y WEBE—-NDRIETE, BR J,-1(0)"2 HHE—IE
BRUER 1, EME (,n-1). Bk y = (51,0,---,07, 11 # 0. ES M =
PMydiag(y1, In_1), M (7.12) BA118 M'BM = J.(a). XIEHATY J(4) RE—
A Jordan HRAFEEERRST.
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THERIZ J(A) B k4 Jordan R, k > 2:
J(A) = diag(Jn, (@1), - » Jng (ak))-
W ¢(B) = p(J(A)) = n— k. B5IE 7.16, FE— Q: € II,, 17
QT BQ: = diag(B1, -+ , By),

Hbm4 B; R BN B HUT A, J(QTBQ,) M J(A) BMFA Jordan B
Jni(ai), i = 1,--- k. BB J(B;) RAE— Jordan R, 1 < i < k, FHFEA N
1,---,k BB v #18 J(B,u) = Jni(ai), 1 <i < k. & H; = By, RITES:
—1 Q2 €1l, 15

Q3 QT BQ1Q, = diag(Hy,- - - , H). (7.13)

EA H; BIHEUR n; 3 H J(H;) RAE—A Jordan &, 5|3 7.16 #ih
$(H) 2ni—1, i=1,--- k.
®AITA . .
n—k=Y ¢(H)>2Y (ni—-1)=n—*k

BT ¢(H;) =ni—1 = ¢(J(Hi)l)_ lz =1, ,:ﬁjﬁﬁ EZUER T B Jordan R &
H—A Jordan RAVEREMEE T Hi, RATHEW: FAE— M; e T, 845

M'HM; = Jp,(a;), i=1,---,k. (7.14)
A M = Q:Qydiag(My,- -, My), Wl M € T,. t (7.13) F1 (7.14) ®ATH

M~ BM = diag(Jn, (a1), -+ » Jni (ax)) = J(A).

XBESER T UERA. O

EHE 7.18 FH: MRENHBEBAL, J(A) & S(A) PEMAMNETITENA
POABIBERHME—NE TR, XAHT Jordan ARERH—NH A ZIE.

3 &

1. (Maybee [86]) ¥ A B—MHFESHER. iEH: (1) & A WEANMEH 2-BEEEM, NXFE
i B € Q(A), AW SRLXT AR D #15 D 'AD IXIFRER; (i) & A WEIXA
FTEN 0 B A WE— 2-BEEAK, XTI B € Q(A), FEMMMIMAERE D
548 D~1AD R RTHRIERE.

2. ERAEI3E 7.13.
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3. — N n B SHERTE A VR EEEAX, MRS INE—M n REZBTRER Q(A) F
FAEERFEETR. PRETEER, TUE [51) HAMHEXEICER.

4. EHMFSERXNTBEERFAAFEESERHERIR? XA EEATERA BRI EE,
J. [80).

5 TEEBT {0,x} WERKRAIERXER. & A RBERERE, A Qr(4) EXXBETE F
WEAREN A WEMNES, BIE B € Qr(A), B = (bij), A= (ai), W bi; =0 %H
Y ai; = 0. B F WTTEARLTF 34 W Qr(A) FREMEREFRYHTY A B
EMTF— I AXRIERH L =/MER.

6. BPIBEA: FAIENILTE A, A WBILTENMEKT A K Jordan IREENTTERN
N



ENE HEHEHEA

RATE G FERCE A A SUR N . B R EA Z SRR RO
AR

§8.1 Eit

FOHER Ui MRE—BHAPEMAFE AR RS E, B2H
—MARBTARRE. “BHFAE—-N" REEERE 11
EXAGRAE (TmE) SHES T SR T miE .

EIE 8.1 (Erdés-Rényi-Sés [35]) #RAE G THEMTHARE TR EAHE
WH—NERGARE, A4 G AH—ANTRES LKA TR SARARE.

iE G ZF 34T, BN G RA—ATA N E BV L ALL. AT
HRIEHRAN TR o,y EAFENENHEBAR. A N(z) i85 « BERTURH
E£4. EXBE f: N(@@) - N(y), ¥F 2 € N), f(z) BXHK z 5 y EFEHLEE.
f2) #z, BR ¢ 5y RPE. BAR 7 HXG, XRIEAT = My BWELHER.

BRBEENE RN, BA—NDURRERCR k> 1, RAEIER A TUR R
BERCER A k. Bt Q BREBCH k MTURIES, T REHAN k WTAKES. BRI T
ARZEE, MBFE—BREE, Q PRENTURES T PRSI TRESE. MR Q
B RALE, MABAIMRRE G WA HMTRAEEE, XS5EEFE. i Q
T HARBERE, HEERFE, Q PERINTAE T FAERANLRKLE, X
H5EBKBRBOPFE. B, T AZHE, G WA TR REEEERR &, Bl G & k-IENK).

BAEIER] G MTRAE RN no = k(k— 1)+ 1. BRATARM I ERE G HKER 2
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B RHC ¢. — T BB ¢ = (’;) B HENTFEITUL o, A (’;) sk

2
k=12 4% n=1,3, XHMHBEEHERSB. FTEMBIE k> 3.
W AR G WAPEEERE, H JiCtEeN 1 8 n BrERE, W trA = 0. hEHEK
ZM R G B k-IEN L8

R 2 MFELL v RhiEs, Bt t=n- (Z) . H (") =n- (';) Bn=kk-1)+1.

A?2 = (k—-1)I+J. (8.1)

A J R EERn(QBE)MOMn—1F), A2 WFEER k- 1+n=k 1 F) M
k—1(n-1E) HiZBSTEE A WBEERQE) M VE-1. ] AF r MM
EHEET VE-1, 8 s MHEESTF —vEk— 1. WH A B E 2 % T2 8055

k+rvk—-1-svk—1=0.

Bl r#s H
VETTi=F_

s§—T

AW VE—1=h 2EEE NTREH (Vm AEEH = vm HEL). N
h(s—r)=k=h%+1

M a2+ TRMER M +1)-hr2=1XREE =1 KMkt =2 X5&

W k23 FE. XHIENA T RS EWEBABSLEER. ]

XANERA BRI A (62], /FHEELE [35].
WRKHEBEANNE R RE—F, RARER, EfTH—EF LTI
=RIBAR.

§8.2 #it

AHATELA Li F Lutzer BB3C [77), R T REMFIT. ROIHAEEEEIE (38,
68] .

—ANEHRRREH, RERENRECVAEENETZHANR. B8R,
F o BB, NAEER—H—NETRECY 1 KATAFTERBEZIX p()
K o HR. o BIRECE XK p(z) FIREL REBOEHH— N EAFLETHHEHE.

EIE 8.2 ARHMHELSM R —AEK.

FEEH EIS HAAE A P, X E B R AT RREERIER K. BER
TR RE 4 H— 1~ BA A O P 2 P U TIE B
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EHE 8.2 WK TATRFTEIEHIRE o, 8 HRBEHE 8 # 0, W atp, ob,a/8
ERRARBEL. B’ p(z) M g(z) 4FRE m K n WHETRECH 1 WEHERHEZHX
#45 p(a) = 0,9(B) = 0, = A #1 B 5352 p(z) F q(z) BHKEEEERE. W o #01 8 535
£ A M B WSS EE. ik BRAHR, a+ 8,0 -8, of R AL +I,®B,A®
I, — In ® B, A® B FIFFE(E, NTA AR = MERFMFMEZTRMR. BX=
NMEFRABER, EMEZHAREAERHETX. B o/f=a -7, &K
TIRFTEIEHR -1 BABH

B q(z) = 2" 4+ bpo12™ L + - + b1z + bo. A b # 0. BT FHEAE LK
B k L& q(z)/z5. 4 f(x) = boz™ + biz™ ' + - + by_rz + 1. ELEEAFER I
f(B~*)=o. U

M BT RIEBIEA 1S 2] T L.

B 83 Ko f RAKSAA m foon HREME B # 0, WAKK
atpB, af,a/f 9 REMRAEE mn.

—AEEFRAR K, MRERENETIREN 1 HBABSHLNR. &
B 8.2 WYIERALA T T E BRAGTER.

EHE 8.4 AREBEHAHELSMR—AIR.

35 [63] #9585 257 TUE« RAVAE V2 + v3 RAFHL, BERWMMTREI— BI85
AEABEZHRK F R f(V2+V3) =0 HREATLHBA.” FIH L REIE
B, RAVBEGRBIXE—N £ V2 R g(x) =2 -2 R, VB R h(z) =22 -3 1Y
R, g(z) T h(z) BLKHEAERES IR

00 2

0 3
A=|1 0 0], B= .
10

010
MR A® I + Is ® B FIFFELX
f(z) = 2® — 9z* — 423 + 272 — 362 — 23

BMWE f(V2+v3)=0.

§8.3 RR¥

EE 8.5 (Hilbert BEEIE) & F RARKAR, L £ Flzy,--- ,z0] 89—
ANEEKE NELE (a1, ,an) € F* 184% f(a1, - ,a,) =0 A fe L AL
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FREEMNTREIUMARANERERE. EAZMEY, XERMNSGH—H
BUFE R Bl R BLAIER

5|3 8.6 (Noether MIE{LSIIE) & F RARMRIK, f & Flz1, - ,2,) T
—AREAH dHEAX, n>2,d>1, WAL A, A mqu&ﬁﬁzﬁ&

f(ml +/\lmn,"' sy Tn—1 +/\n—lznvxn) (82)

 od 8RBT HE.

iERR % fa 2 F ) IRFFIRERSY, WS (8.2) 1, =8 MREE fa(h, -,
An1,1). BR fa(@1, -, 2no1,1) & Flz1, ,2a—1] PRIEFZHAIH F BER
B, FIE F* L FR— (A, Anct) B8 fa(Or, -, dam1, 1) # 0, X ATRAXTAE &
BN B EIRGAIER. O

REAE—E R IR FELE, |/ K = {ag,a1, - ,am} B NEMRE, a1 # 0,
WEHRX f(z) = a1 + l:[ (z —a;) 7 K PEAER.

EHE 8.5 MYIERR (Arrondo [7]) AMBIR L # {0}, BN NHBSL. XF n
YRR, n = 1 BB RBRM, BN Flo) FUEM—ANETEEE L #2713k
HENESTRER, MXE—MERITE F A — MR o, BN F 2REAM. B
A, f(a) =0 %t Vf € L BLOL.

BIER n > 2, F ABILEHEN n - 1 NMEBRMNEBTAABOL. RIESIHE 8.6, &
AVEETEHRSIF ARSI AFU—MNEZT, RATTLUMERE L 65— WK
g HBEER

g =90 + 9g1Zn +-- gk— lx + zn)

Her g, € Flz1, -+ ,2n-1],7=0,1,-- ,k—1L. A L' iC L PABEZE z, WETXH
E£45 WL R Flz, -, 2n] EI’J—AEE*.E HISABE, FE—5S (a1, ,an1) €
Frt #118 L' PRSI EX SBUER 0. BRITWF

G:{f(alv"' ’a’n—lyx’n) | feL}

B Flz,) B—1EHEE. G BRE Flz,) WHEAE, Bk G AREEHE, A feLfE
1% f(a’lv‘ o ,an_l,ilJn) =1 ){g f Eﬂz

f=fo+ fign+ -+ fazl,
ﬁ*ﬁ)fﬁ fi € F[ml,"‘ 7-7311,—1]’

fo(a'lv' o )an——l) = 17 f].(al" o )an—l) == fd(aly' o )a’n—l) =0.
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XZ5E k+d BrERE ”

fo £ fia 0 0 0\
0 fo fa-1 fa O 0

0 0 _

A((El,"' yzn—l)z fO fl fd 1 fd ,

do 91 grk-1 1 o -~ 0

0 go k-2 gk—1 1 0

0 0 g9 @ gk-1 1 )

H A WSTALZER k4 fo, d 4 1. A BFTFIR
R(:El, e ,:En._l) = detA(:El, ce ,zn_l)

B f g KT 2, HER. BHBESRIE R & f 1 g MAREAS, IFE vwe
Flzy, - Zn_1] R R=uf+wg. TR, Re L, \Ifi Re L'. BH A(a1, - ,an-1)
B—MATEERN 1 T =AM, R(ar, - ,an—1)=1. X5 Re L' ¥&, BH
L' FRBANETRER (a1, ,an—1) BUEERR 0. FTLL G £ Flz,] F—/1EKEA.

YR Flz,) HEHEE, G HENBTR h(z,) £, degh > 1 HF h=0. K
h F RAEBAK, TieHHEREE o, € F §18 h(a,) = 0. BHEIA f €
L, f(a1,- - ,an-1,an) =0. O

§8.4 &IN5
AFBLE Kittaneh RIS [72]. BATEMITERBETHR

p(z)=2"+ 12"+ Far1z+ag
FIARBITERE, X B n > 2. Carmichael Fl Mason XF p(z) MR 2 AR

n—1 1/2
2] < (1 +Y lailz) (8.3)
=0
FRATHE A PR EAE R A FERBGHX AT p(2) FIIKHEFERER
—Qp-1 —Qp-2 *°* —G1 —0ap
lf 0 0 0 }
co=| o 1 0 0
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W21,y 20 5 p(2) BIIR, |21] > |22] = -+ 2 2] W 21, , 20 B C(p) RUSRAE(A.
g Cp) A FERN 51 > - > s, 1RIE Weyl EH (EH 4.10), FH

k k
H|Zi|<]:[3i, k=1,---,n, (8.4)
i=1 i=1
IIVA?fi&, k=1,---,n. (8.5)
1=k i=k
THEBIERE Cp) WERE si,i=1,--- ,n (XNHTEBT Roger A. Horn).
ic
n—1
v = Z |ai12~
i=0
ny
/1 -~ Gp_1 Qnp_2 01\
Gn_1 O 0 0
I-CP)CP)*=|d2 0 O 0 |- (8.6)
\a o0 o 0 )

(8.6) HHI Hermite SEREELHPIFILIT X, FIUUEHBELZ N 2, ANERELD
n— 2 NEBEE. TE, Co)Cp)* HEL n— 2 MHMEESET 1. & C)CO)* M
HABAFEER )\, u. BITAE
n—2+A+pu=trC(P)C(P)* =CE)F=n-1+7,
Mp-1---1=du=det C(p)C(p)* = | det C(p)|* = |ao|?

n—2

AT p B 22 — (v + 1)z + |aol? = 0 HIMR. XEERATHER T
S| 8.7 C(p) HWHFAER

1/2
\ {’Y+1+[(’Y+1)2—4|a0|2]1/2}
1= )

2

1/2
s —{7+1—[(7+1)2—4|ao|2]1/2}
n — 2 b

si=1, 1=2,---,n—1

% (8.4), (8.5) FI5|H 8.7 AEFKFKANTBZ
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EE 8.8
k
lei| <s, k=1,---,n—-1,
i=1
n
leilzsn; k=2>"'>n'
i=k

i%, %E 8.8 qu:#%‘%% lzll < S1 (&ﬁﬁ lz‘il < 31>i = 17 e ,'Il) ﬁtﬂ:ﬁ' (83)
FIA (8.4) #1513 8.7 F H FEH 3.23 152

T 8.9 sMEATEM t A

k
Ylalf<st+k—1, k=1,---,n—-1
=1

§8.5 HRJL{A

ATHLE Houck 1 Paul 3L [60], (HXLLL5R/BTF de Bruijn M Erdés [31].
W3 [60] MIFTHZALLE T ER RS AR TER.

B S B—MERES, S FHTERNE, ' 51,5, -, 5= X S WFE, B4
S; BHEBLBWANE, XETE S, FRNK. RATHX L UM BL— A FRIJUAT, 10
REMHERE TE=FAH:

PNE 1 EAEWA, FE—FELETXWA.

PNE 2 FREHEXTELS A

N8 3 FEEDPERL.

NHE L FIAE 2 AEXERY: EAPIR, FAE—N—FLESEN 48
BRI G = (S; 81, ,8m), ’ S ={p1,p2,-- ,pn}. & pi R di EXNEE pi
HIRHIZE. F k; 18R S; BT & ML G IXRBRESR A = (ag)nxm =1 0-1 5
R, &S

0, &N
A BIFTXERL ST RIER. BsE X,

n
d; = Zaij 22, kj= Zaij.
=1

T 8.10 HANAMRIUTHEAFER Y FEHAK

{1,' EE p ER S, b,
Q5 =
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iERR ALERICS, BRITZEH m > o B J RFATRER 1 K5,
Hbrf BT 3CHE. BAiTA

=diag(d1—1,d2—1,--~ ,dn—l)-l-J.

HWHd > 2,i=1, - ,n AAT FF— IE BRI —A2 1F 8 5 0 B2 I 2 46
. FTLA
n = rankAAT = rankA.

HARAxmB, 8 m>n ]
BERNEZ BEBET S HNHEE.
EHE 8.11 Z—NMARIUTHEMF T A8, WEEHFEAER.
iE EALEMIES. REm=niEe B=J-AT. M
( 0 di—1d—1 - d1—1\
do—1 0 dp—1 - dy—1
AB=AJ—AAT=|dy—1 ds—1 0 - dzg—1|,

dn—1d,—-14dp,—-1 --- 0

det(AB) = f[(d,» —1)det(J — I) £0.
=1

FRLA det B # 0. NTii B H—4&) X%k LEM BN TEHAR 0. BN B £ 0-1
SERE, RS AL FHRMTESLN 1. TR A& ALK LR TES
J 0. A RAEBBIER P #18 PA MEXMAITEER 0. B SEFGERA]
FLMBSE A MEXFAITEN 0. EY, R p FER S; £, WK S LR E
—5585T ps LR, FFUA ks < dgyi=1,--- ,n. {BRE, z ki _zzla,, = Zd;, ®RA19E
Bki=di,i=1,---,n. .
EATRBAR R B S H RT3 . R B EX AR 8 S B AL T E—

M—%LLE, A
n L k.i _ 7 d,
() -20)-£()

=card{(z,j) |1 <i<j<n,SNS; #3},
HA card FRESHE. KMIFH TEER &R UK. 0
% T T RILTA AT
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PE 4 FEANR, EPEM 3 S REALE.

BRARILAT G EREASEER R n, RATHFRAFLR:

() F GAWRAHE 4, WHEH 8.11 FFFE—FLK Sj, kj, =n—1, Hfth k; = 2.
WEERDENSMEREF RS, BI1EF S = {p1,,p}, S = {p1,"* ,Pn-1},
So = {phpn} vty S = {pn—l,pn} .

(ii) & G WREATE 4, WA FEH 8.11 (JHTARERL, FE—BIEXFR
&b dXAMEREREH 8.11 FATHERT

ky=ky=-=ky=dy =dp = =dp.

IEXAASERECK £, M ER 8.11 WIERA n = k(k— 1)+ 1. ZEWHE, BRE& L
A EAR BOAAT b £LE



Bt KFERE B

XANMESRE E SCE (123), BJ5—TE TR MR 4R 21825 SO I SRR
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Sometimes solutions to challenging matrix problems can reveal connections be-
tween different parts of mathematics. Two examples of this phenomenon are the proof
of the van der Waerden conjecture on permanents (see [47] or [69]) and the recent proof
of Horn’s conjecture on eigenvalues of sums of Hermitian matrices (see [11] and [32]).
Difficult matrix problems can also expose limits to the strength of existing mathemat-
ical tools.

We will describe the history and current state of some open problems in matrix

theory, which we arrange chronologically in the following sections.

1. Existence of Hadamard matrices

A Hadamard matrix is a square matrix with entries equal to =1 whose rows and
hence columns are mutually orthogonal. In other words, a Hadamard matrix of order

n is a {1, —1}-matrix A satisfying
AAT =nl,

where I is the identity matrix. In 1867 Sylvester proposed a recurrent method for
construction of Hadamard matrices of order 2¥. In 1893 Hadamard proved his famous

determinantal inequality for a positive semidefinite matrix A :

detA < h(A),
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where h(A) is the product of the diagonal entries of A. It follows from this inequality

that if A = (as;) is a real matrix of order n with |a;;| < 1 then
| det A < n™/?;

equality occurs if and only if A is a Hadamard matrix. This result gives rise to the term
“Hadamard matrix”. In 1898 Scarpis proved that if p = 3 (mod4) or p = 1 (mod4) is
a prime number then there is a Hadamard matrix of order p+ 1 and p + 3 respectively.

In 1933 Paley stated that the order n (n > 4) of any Hadamard matrix is divisible
by 4. This is easy to prove. The converse has been a long-standing conjecture.

Conjecture 1 For every positive integer n, there exists a Hadamard fnatriz of
order 4n.

Conjecture 1 has been proved for 4n = 2¥m with m? < 2F. According to [68], the
smallest unknown case is now 4n = 668. See [34, 57, 58, 63, 64].

Hadamard matrices have applications in information theory and combinatorial
designs. See [1].

Let k& < n be positive integers. A square matrix A of order n with entries in
{0,—1,1} is called a weighted matriz with weight k if

AAT = kI.

Geramita and Wallis posed the following more general conjecture in 1976 [33].
Conjecture 2 If k < n are positive integers with n = 0 (mod 4), then there ezists
a weighted matriz of order n with weight k.

Note that Conjecture 1 corresponds to the case k = n of Conjecture 2.

2. Characterization of the eigenvalues of nonnegative matrices

In 1937 Kolmogorov asked the question: When is a given complex number an
eigenvalue of some (entrywise) nonnegative matrix? The answer is: Every complex
number is an eigenvalue of some nonnegative matrix [52, p.166]. Suleimanova [62]
extended Kolmogorov’s question in 1949 to the following problem which is called the
nonnegative inverse eigenvalue problem.

Problem 3 Determine necessary and sufficient conditions for a set of n complex
numbers to be the eigenvalues of a nonnegative matriz of order n.

Problem 3 is open for n > 4. The case n = 2 is easy while the case n = 3 is due
to Loewy and London [48]. :

In the same paper [62] Suleimanova also considered the following real nonnegative

inverse eigenvalue problem and gave a sufficient condition.
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Problem 4 Determine necessary and sufficient conditions for a set of n real
numbers to be the eigenvalues of a nonnegative matriz of order n.

Problem 4 is open for n > 5. In 1974 Fiedler [29] posed the following symmetric
nonnegative inverse eigenvalue problem.

Problem 5 Determine necessary and sufficient conditions for a set of n real
numbers to be the eigenvalues of a symmetric nonnegative matriz of order n.

Problem 5 is open for n > 5. There are some necessary conditions and many
sufficient conditions for these three problems. See the survey paper [27] and the book
[52, Chapter VII].

3. The permanental dominance conjecture

Let S, denote the symmetric group on {1,2,---,n} and M, denote the set of
complex matrices of order n. Suppose G is a subgroup of S, and x is a character of G.
The generalized matriz function dy : M, — C is defined by

dy(4) = Z x(o) Haia’(i)y

oc€G =1
where A = (a;;). Incidental to his work on group representation theory, Schur in-
troduced this notion. For G = §,, if x is the alternating character then d, is the

determinant while if x is the principal character then d, is the permanent

n
perA = Z Haw(i).
0€Sn i=1
When y is the principal character of G = {e} where e is the identity permutation in
Sn, dy is Hadamard’s function h(A).

In 1907 Fischer proved that if the matrix

A= A B
B* A,

is positive semidefinite with A; and A square, then
detA < (detA;)(detAz).

Hadamard’s inequality follows from this inequality immediately. In 1918 Schur ob-
tained the following generalization of Fischer’s inequality:

x(e)detA < dy(A)

for positive semidefinite A. Let G be a subgroup of S, and let x be an irreducible
character of G. The normalized generalized matrix function is defined as

dy(4) = dy(A)/x(e)-
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Since any character of G is a sum of irreducible characters, Schur’s inequality is equiv-
alent to

detA < dy(A)
for positive semidefinite A. In 1963, M. Marcus proved the permanental analog of
Hadamard’s inequality

perA > h(A)
and E.H. Lieb proved the permanental analog of Fischer’s inequality

perA > (perA;)(perAs)

three years later, where A is positive semidefinite. These results naturally led to the
following conjecture which was first published by Lieb [45] in 1966:

Conjecture 6 (The permanental dominance conjecture) Suppose G is a subgroup
of Sn and x is an irreducible character of G. Then for any positive semidefinite matriz
A of order n,

perA > d, (A).

A lot of work has been done on this conjecture. It has been confirmed for every
irreducible character of S, with n < 13. The reader is referred to [22, section 3] and
the references therein for more details and recent progress.

We order the elements of S,, lexicographically to obtain a sequence L,. For A =
(aij) € My, the Schur power of A, denoted by II(A), is the matrix of order n! whose
rows and columns are indexed by L, and whose (o, 7)-entry is ]_[?=1 Ao (),r(i)- Since
TI(A) is a principal submatrix of ®™ A, if A is positive semidefinite then so is II(A4). It
is not difficult to see that both perA and det A are eigenvalues of II(A). A result of
Schur asserts that if A is positive semidefinite then det A is the smallest eigenvalue of
II(A). In 1966, Soules [61] posed the following

Conjecture 7 (The “permanent on top” conjecture) If the matriz A is positive
semidefinite, then perA is the largest eigenvalue of II(A).

Conjecture 7, if true,‘implies Conjecture 6.

4. The Marcus-de Oliveira conjecture

Let S, denote the symmetric group on {1,2,---,n} and cof2 denote the convex
hull of a set 2 in the complex plane. In 1973 Marcus [50] and in 1982 de Oliveira [56]
independently made the following

Conjecture 8 Let A, B be normal complex matrices of order n with eigenvalues
Zi, - ,Zn and Y1, - ,Yn Tespectively. Then

det(A + B) € co {H (@i +Yow) O € Sn} )

=1
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It is known that Conjecture 8 is true in many special cases, e.g., (1) A, B are
Hermitian [30]; (2) all the eigenvalues have the same modulus, |z1| = -+ = |z,| =
ly1] = -+ = |yn| [8]; (3) A + B is singular [26]. See [6,7] for more verified cases.

5. Permanents of Hadamard matrices

In 1974 Wang [65] posed the following

Question 9 Can the permanent of a Hadamard matriz of order n wvanish for
n>2%

Wanless [66] showed that the answer is negative for 2 < n < 32.

6. The Bessis-Moussa-Villani trace conjecture

In 1975, while studying partition functions of quantum mechanical systems, Bessis,
Moussa and Villani [10] formulated the conjecture that if A, B are Hermitian matrices

of the same order with B positive semidefinite then the function
f(t) = Trexp(A — tB)

is the Laplace transform of a positive measure on [0, 00), where ¢ is a real variable and
Tr means trace. Recently, Lieb and Seiringer [46] has proved that this conjecture is
equivalent to the following

Conjecture 10 (Bessis-Moussa-Villani) Let A, B be positive semidefinite matrices
of order n and let k be a positive integer. Then the polynomial p(t) = Tr (A+tB)* has
all nonnegative coefficients.

The following cases of this conjecture are proved: (1) k < 5 and all n; (2) n =2
and any k. See [38] and the references therein for many partial results and recent

advances.

7. The S-matrix conjecture

An S-matrix of order n is a 0-1 matrix formed by taking a Hadamard matrix of
order n + 1 in which the entries in the first row and column are 1, changing 1’s to 0’s
and —1’s to 1’s, and deleting the first row and column. Let || - || r denote the Frobenius
norm. In 1976 Sloane and Harwit [60] made the following conjecture. See also (37,
p.59].

Conjecture 11 If A is a nonsingular matriz of order n all of whose entries are

in the interval [0, 1], then
2n

A Y p > —.
47 > =

Equality holds if and only if A is an S-matriz.
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I do not know of any results on Conjecture 11. This problem arose from weighing

designs in optics and statistics.
8. Ryser’s conjecture on minimum values of permanents
Let Ak be the set of those n x n 0-1 matrices with each row and column having

exactly £ 1’s. In 1978 Ryser (in [53]) posed the following
Conjecture 12 If A¥ contains incidence matrices of (v,k, \)-designs, then the

permanent takes its minimum in AX at one of these incidence matrices.
Wanless [67 | showed by computer enumeration that this conjecture is true for

v < 12.
9. Foregger’s conjecture on minimum values of permanents

A fully indecomposable square matrix A is called nearly decomposable if whenever
a nonzero entry of A is replaced with a 0, the resulting matrix is partly decomposable.

In 1980 Foregger [31] made the following
Conjecture 13 If A is a nearly decomposable doubly stochastic matriz of order

n, then
perA > 217"
Note that this lower bound can be attained at A = (I + P)/2 where P is the
permutation matrix corresponding to the permutation cycle (1234 - - - n). Foregger [31]

proved the cases 2 < n < 9.
10. Dittert’s conjecture on permanents
Let K,, be the set of n X n nonnegative matrices with the sum of their entries

equal to n. Define the function ¢ on n X n matrices by
n n
$(A) =[] ri + ][] ¢ — per4,
i=1 j=1

where 71, -+ ,7, and ¢, -+ ,c, are the row and column sums of A respectively. In

1983 Dittert (in [54]) posed the following

Conjecture 14
n!

S

max{¢(A) : A € K} o
and the mazimum is attained only for the matriz with each entry equal to 1/n.

Sinkhorn [59] proved the case n = 2 and Hwang [40] proved the case n = 3.

11. The Brualdi-Li conjecture on tournament matrices
A tournament matrix is a square 0-1 matrix A satisfying A+ AT = J — I where J

is the all ones matrix. Such matrices arise from the results of round robin competitions
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An n xn tournament matrix A is called regular if each of the row sums of A is (n—1)/2.
For even n, an n x n tournament matrix is called almost regular if half of its row sums
are (n — 2)/2 and the other half are n/2. It is known [19] that for odd n the regular
tournament matrices maximize the Perron root over the class of n x n tournament
matrices. For even n, it is not known which tournament matrices maximize the Perron
root. Let Uy be the strictly upper triangular matrix of order k£ with ones above the
main diagonal. In 1983, Brualdi and Li [20] made the following
Conjecture 15 For even n, the matriz

Uwyp  UZ,

n

Ug"/2 +1I Upnp2

mazimizes the Perron root over the class of tournament matrices -of order n.

See [28] and the references therein for some partial results. Kirkland [43] has

proved that for all sufficiently large even orders n the maximizers are almost regular.

12. A possible generalization of the Perron-Frobenius theorem

Let A = (Aij)nxn be a block matrix of order nm, where each A;; is a positive
semidefinite matrix of order m. Let us call such matrices block positive semidefinite
(BPSD). Note that when m = 1, A is a nonnegative matrix, while when n =1, A is
a positive semidefinite matrix. Thus BPSD matrices interpolate two familiar classes
of matrices. Both nonnegative matrices and positive semidefinite matrices have the
Perron-Frobenius property: The spectral radius is an eigenvalue.

Numerical experiments show that some BPSD matrices have the Perron-Frobenius
property while some others do not. In 1988, Roger A. Horn posed the following problem
in an unpublished note.

Problem 16 Let A be a BPSD matriz. Give necessary and/or sufficient condi-
tions on A such that the spectral radius p(A) is an eigenvalue of A. More generally,

study the properties of the eigenvalues and eigenvectors of BPSD matrices.

13. The Grone-Merris conjecture on Laplacian spectra

Let G be a graph of order n and let d(G) = (dy,- - - ,d,) be the degree sequence of
G, where dy, - - - ,d, are the degrees of the vertices of G. Let A(G) be the adjacency ma-
trix of G and denote D(G) = diag(ds, - - ,dn). Then the matrix L(G) = D(G) — A(G)
is called the Laplacian matriz of G, and s(G) = (A1,--- ,An) is called the Laplacian
spectrum, where Ay, - -, A, are the eigenvalues of L(G).

For a sequence z = (z1,- - ,Z,) with nonnegative integer components, the conju-
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gate sequence of x is z* = (z7,--- ,z}), where
z; = |{i: zi 2 5}

Denote by d*(G) the conjugate sequence of the degree sequence d(G). Use z < y
to mean that z is majorized by y. In 1994, Grone and Merris [35] made the following

Conjecture 17 Let G be a connected graph. Then s(G) < d*(G).

If we arrange the components of s(G) and d*(G) in decreasing order, then it is

known that

A <df, M+ <d]+d;.

14. The CP-rank conjecture

An n X n real matrix A is called completely positive (CP) if, for some m, there
exists an n x m nonnegative matrix B such that A = BBT. The smallest such m is
called the CP-rank of A. CP matrices have applications in block designs. In 1994,
Drew, Johnson and Loewy [25] posed the following

Conjecture 18 If A is a CP matriz of order n > 4, then
CP-rank (A) < |n?/4].

This conjecture is true in the following cases: (1) n =4 [51]; (2) n = 5 and A has
at least one zero entry [49]; (3) the graph of A does not contain an odd cycle of length
greater than 4 [24, 9]. It is known [25, p.309] that for each n > 4 the conjectured
upper bound |n2?/4] can be attained.

15. Bhatia-Kittaneh’s question on singular values

Denote by s1(X) > s2(X) > - the ordered singular values of a complex matrix
X. In 2000, Bhatia and Kittaneh [17] asked the following

Question 19 Let A, B be positive semidefinite matrices of order n. Is it true that
1 .
3;/2(AB)<§SJ(A+B), ]=1y2a""n?

The case n = 2 is known to be true [17]. Since the square function f(t) = t? is
operator convex on R, this inequality is stronger than the known inequality

2Sj(XY*) < Sj(X*X-{-Y*Y), 1=12,.---,n

for any complex matrices X, Y of order n due to the same authors [18].
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16. Convergence of the iterated Aluthge transforms

Every square complex matrix A has the polar decomposition A = UP where U is
unitary and P is positive semidefinite. The Aluthge transform of A is

A(A) = PY2Up/2,

Though the unitary factor in the polar decomposition is not unique when A is singular,
the Aluthge transform is well defined, that is, it does not depend on the choice made
for the unitary factor. If A is normal, then A(A) = A. For 0 < A < 1, the A-Aluthge

transform

Ax(A) = PAUPYA

is also well defined. Note that A = A, /5. Let B(H) be the algebra of bounded linear
operators on a Hilbert space H. The Aluthge transform can also be defined for operators
in B(H). In 2000, Jung, Ko and Pearcy [41] conjectured that for any T' € B(H), the
sequence {A™(T)}°_, is norm convergent to an operator. Here A(T) = A(T) and
A™(T) = A(A™Y(T)), m = 2,3,--- . However Cho, Jung and Lee [23] showed that
this conjecture is false for infinite dimensional Hilbert spaces. So there remains the
possibility that it holds in finite dimensions:

Conjecture 20 Let A be a square complez matriz. Then the sequence {A™(A)}3_,;
converges.

Note that A(A) and A have the same eigenvalues. It is known ([41, Prop. 1.10],
[42, Prop. 3.1], [2, Thm 1]) that if the Aluthge sequence of a matrix converges, then
the limit matrix is normal. These two properties make the Aluthge transform more
interesting.

Ando and Yamazaki [4] verified Conjecture 20 when A is of order 2. See [42] for
some special cases. Huang and Tam [39] proved that if the nonzero eigenvalues of A
have distinct moduli, then the A-Aluthge sequence {AT'(A)}3%_, converges. Huang
and Tam [39] also posed the following

Conjecture 21 For any square complex matriz A and 0 < A < 1,
|A*A — AA*||p 2 [|Ax(A)*Ax(A) — Ax(A)Ar(A)* | F-

17. Expressing real matrices as linear combinations of orthogonal ma-

trices

In 2002, Li and Poon [44] proved that every square real matrix is a linear com-
bination of 4 orthogonal matrices, i.e., given a square real matrix A, there exist real

orthogonal matrices @; and real numbers r;, i = 1,2,3,4 (depending on A, of course)
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such that
' A=71Q1+12Q2+ 13Q3 + 14Q4.

They asked the following
Question 22 Is the number 4 of the terms in the above expression least possible?

18. Sign patterns

Research on sign patterns of matrices is active now and there are many open
problems in that field. See [21] and (36].

Let f(A) be the number of positive entries of a nonnegative matrix A. In a talk
at the 12th ILAS conference (Regina, Canada, June 26-29, 2005) I posed the following

Problem 23 Characterize those sign patterns of square nonnegative matrices A
such that the sequence {f(A*)}$, is nondecreasing.

Sidak observed in 1964 that there exists a primitive nonnegative matrix A of order
9 satisfying

18 = f(A) > f(A?) = 16.

This is the motivation for Problem 23.
We may consider the same problem with “nondecreasing” replaced by “nonin-

creasing”. Perhaps the first step is to study the case when A is irreducible.

19. Monotonicity of a geometric mean of positive definite matrices

The following geometric mean of three or more positive definite matrices has
recently been defined in [55] and [15] independently using a geometric approach. See
also [12, 16]. Here we give only the basic idea. Denote by P, the set of positive definite
matrices of order n. We consider P, as a differentiable manifold. The distance 6(A, B)
between A, B € P, is the infimum of lengths of curves in P, that connect A to B.
It can be proved that 6(A4, B) = |log(A~2BA~2)|r. Given A; € Py, i = 1,2,--- ,k,

there is a unique matrix in P,, denoted G(As,- - - , Ax), that minimizes the function

k
f(X) =) 6%(4;, X).
i=1
Then G(Ay,--- , Ag) is called the geometric mean of A;,--- , Ax. This geometric mean
is symmetric, invariant under congruence, and continuous. Let “ < ” be the Loewner
partial order. In 2006, Bhatia and Holbrook [15, p.616] made the following
Conjecture 24 The mean G is monotone with respect to its arguments, i.e., if
A;, B; € P, satisfy A; < B;,i=1,--- ,k, then

G(Al"" aAk) < G(Bh )Bk)‘
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Another geometric mean of three or more positive definite matrices has been
defined in [3].
20. Eigenvalues of real symmetric matrices

Let Sp[a,b] denote the set of n x n real symmetric matrices whose entries are
in the interval [a, b]. For an n x n real symmetric matrix A, we always denote the
eigenvalues of A in decreasing order by A;(A) > --- > A,(A). The spread of an n x n
real symmetric matrix A is s(4) = A1(A4) — A, (4).

The following two problems were posed in [70].

Problem 25 For a given j with 2 < j < n— 1, determine

max{};(A) : A € Sy, b]},

min{\;(A) : A € Su[a, ]}

and determine the matrices that attain the mazimum and the matrices that attain the
minimum.

The cases j = 1, n are solved in [70].

Problem 26 Determine

max{s(A) : A € Sp[a,b]}

and determine the matrices that attain the mazimum.

The special case when a = —b is solved in [70].

21. Sharp constants in spectral variation

Let a; and Bj, j = 1,--- ,n, be the eigenvalues of n x n complex matrices A and

B, respectively, and denote
EigA = {ai, - ,an}, EigB= {61, ---,0:}
The optimal matching distance between the spectra of A and B is

d(EigA, EigB) = min max |a; — fo(;)|

1<5<
where o varies over all permutations of the indices {1,2,--- ,n}.
Let | - || be the spectral norm. It is known [13] that there exists a number ¢ with

1 < ¢ < 3 such that
d(EigA, EigB) < c|A — B]|

for any normal matrices A, B of any order. See [14] for the very interesting history of

this result.
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Bhatia [13, pp.154-155] posed the following natural
Problem 27 Determine the best possible constant ¢ such that

d(EigA, EigB) < ¢|| A — Bj|

for any normal matrices A, B of any order.

There are several other such constants whose exact values are not known [13].

22. Singular values of Heinz means
Let A, B be positive semidefinite matrices of order n. For 0 < ¢ < 1, the Heinz
mean of A and B is
Hy(A,B) = (A'B'~t + A'"tBY)/2.

Note that H; = H1_¢, and Hy = H; is the arithmetic mean.
Denote the ordered singular values of an n x n complex matrix X by s1(X) >
s2(X) > -+ 2 sp(X). It was conjectured in [71] that

sj(AtBl—t+A1_tBt)<3.’5(A+B)1 j=1-,n

and this has recently been proved by Audenaert [5]. Now I have the following further
Problem 28 Let A, B be positive semidefinite matrices of order n. For a fized j
with 1 < j < n, define the function

f@t) =s;(A*B'"t + A'7'BY), te|o, 1]

Determine the sub-intervals of [0, 1] on which f(t) is monotone. In particular, deter-
mine the values of t at which f(t) attains its minimum value.

The above inequality says that f(t) attains its maximum value at ¢ = 0, 1. An
example of A, B of order 3 is given in [5, p.280] such that for the second largest singular

value, f(t) does not attain its minimum value at ¢t = 1/2.

Acknowledgment. Iam grateful to Professors T. Ando, R. Bhatia, R.A. Brualdi,
S. Friedland, F. Hiai, R.A. Horn, C.-K. Li, T.-Y. Tam for their kind suggestions about
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