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《理论力学 A》期末考试参考答案（20200108）
一、第一题

1.

L =
1

2
mv2 − e(ϕ− v⃗ · A⃗) = 1

2
m

(
ṙ2 + r2θ̇2 + r2 sin2 θφ̇2

)
+ ev⃗ · A⃗

=
1

2
m

(
ṙ2 + r2θ̇2 + r2 sin2 θφ̇2

)
+ eb(1− cos θ)φ̇ (1)

运动积分:
(1) φ 为循环坐标，所以与其共轭的广义动量为运动积分：

pφ =
∂L

∂φ̇
= mr2 sin2 θφ̇+ eb(1− cos θ) = const. (2)

(2) L 不显含时间，所以广义能量（哈密顿量）为运动积分：

H = pr ṙ + pθθ̇ + pφφ̇− L =
1

2
m

(
ṙ2 + r2θ̇2 + r2 sin2 θφ̇2

)
= const (3)

2. 直角坐标系与球坐标系的关系有 x = tanφ，所以有 φ̇ = xẏ−ẋy
x2+y2

。因此直角坐标系下拉

格朗日函数为：

L =
1

2
m

(
ẋ2 + ẏ2 + ż2

)
+ eb

r − z

r

xẏ − ẋy

x2 + y2
=

1

2
m

(
ẋ2 + ẏ2 + ż2

)
+
eb

r

xẏ − ẋy

r + z
(4)

其中 r =
√
x2 + y2 + z2。可得

px = mẋ− eb

r(r + z)
y, py = mẏ +

eb

r(r + z)
x, pz = mż (5)

不难获得哈密顿函数

H =
1

2m

[(
px +

eb

r(r + z)
y

)2

+

(
py −

eb

r(r + z)
x

)2

+ p2z

]
(6)

所求正则方程组为

ż =
∂H

∂pz
=
pz
m

(7)

ṗz = −∂H
∂z

= −eb
m

[(
px +

eb

r(r + z)
y

)
y −

(
py −

eb

r(r + z)
x

)
x

]
∂

∂z

1

r(r + z)

=
eb

m

[
ypx − xpy +

eb(r − z)

r

]
z(2r + z) + r2

r3(r + z)2

=
eb

mr3

[
ypx − xpy +

eb(r − z)

r

]
(8)

二、第二题

(a) 变换关系 {
x = x0 +

p0
m
t+ 1

2
gt2

p = p0 +mgt
(9)

{
x0 = x− p

m
t+ 1

2
gt2

p0 = p−mgt
(10)
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判断可积性

δF = pδx− p0δx0 = pδx− (p−mgt)δ

(
x− p

m
t+

1

2
gt2

)
= mgtδx+

( p
m
t− gt2

)
δp (11)

即：

F = mgxt+
p2

2m
t− pgt2 (12)

所以是正则变换。或者：
∂(x0, p0)

∂(x, p)
= 1 (13)

因此是正则变换。

(b) 第三类生成函数 F3(p, x0, t)

∂x0
∂x

= 1 ̸= 0 (14)

所以 F3(p, x0, t) 存在，生成函数为

F3 (t, p, x0) = F − xp = mgxt + p2

2m
t− pgt2 − xp

x = x0 +
p
m
t− 1

2
gt2

}
⇒ (15)

F3 (t, p, x0) = − p2

2m
t+

1

2
gt2p− px0 +mgtx0 −

1

2
mg2t3 (16)

旧的哈密顿函数为：

H =
p2

2m
−mgx (17)

新的哈密顿函数为：

H̃ = H +
∂F3

∂t
= −mg2t2 (18)

第四类生成函数 F4(p, p0, t)
∂p0
∂x

= 0 (19)

所以第四类生成函数 F4(p, p0, t) 不存在。

三、第三题

(a) 系统的拉格朗日量为：

L =
I1
2

(
θ̇2 + φ̇2 sin2 θ

)2

+
I3
2

(
ψ̇ + φ̇ cos θ

)2

−mgl cos θ (20)

广义动量为：

Pθ = I1θ̇

Pφ = (I1 sin2 θ + I3 cos2 θ)φ̇+ I3 cos θψ̇

Pψ = I3(ψ̇ + cos θφ̇) (21)

系统存在三个运动积分：E,Pφ, Pψ。

通过勒让德变换，得到系统的哈密顿量：

H =
1

2I1

[
(Pφ − Pψ cos θ)2

sin2 θ
+ P 2

θ

]
+
P 2
ψ

2I3
+mgl cos θ (22)
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令：

S = −Et+ Pφφ+ Pψψ +Wθ(θ) (23)

代入哈密顿-雅可比方程，得：

E =
1

2I1

[
(Pφ − Pψ cos θ)2

sin2 θ
+

(
∂Wθ

∂θ

)2
]
+
P 2
ψ

2I3
+mgl cos θ (24)

求得：

dWθ

dθ
= ±

√
2I1

(
E −

P 2
ψ

2I3
−mgl cos θ

)
− (Pφ − Pψ cos θ)2

sin2 θ
≡ ±

√
∆(θ;E,Pφ, Pψ)

(25)
最终得到：

S = −Et+ Pφφ+ Pψψ ±
∫ θ√

∆(θ′;E,Pφ, Pψ)dθ
′ (26)

由 Qα = ∂S
∂Pα

= const.，Pα 分别取 (E,Pφ, Pψ)，得到如下的运动方程：

0 =
∂S

∂E
= −t±

∫ θ I1√
∆(θ′;E,Pφ, Pψ)

dθ′

0 =
∂S

∂Pφ
= −t±

∫ θ − (Pφ − Pψ cos θ′) / sin2 θ′√
∆(θ′;E,Pφ, Pψ)

dθ′

0 =
∂S

∂Pψ
= −t±

∫ θ − I1
I3
Pψ +

(Pφ−Pψ cos θ′)
sin2 θ′

cos θ′√
∆(θ′;E,Pφ, Pψ)

dθ′ (27)

(b)

四、第四题

方法一

(a)
[x1, L1] = [x1, x2p3 − x3p2] = 0

[x1, L2] = [x1, x3p1 − x1p3] = [x1, x3p1] = x3

[x1, L3] = [x1, x1p2 − x2p1] = − [x1, x2p1] = −x2

(28)

同理可证：
[x2, L1] = −x3, [x2, L2] = 0, [x2, L3] = x1

[x3, L1] = x2, [x3, L2] = −x1, [x3, L3] = 0
(29)

即：

[xi, Lj ] = εijkxk (30)

[p1, L1] = [p1, x2p3 − x3p2] = 0

[p1, L2] = [p1, x3p1 − x1p3] = −p3 [p1, x1] = p3

[p1, L3] = [p1, x1p2 − x2p1] = p2 [p1, x1] = −p2

(31)

同理可证：
[p2, L1] = −p3, [p2, L2] = 0, [p2, L3] = p1

[p3, L1] = p2, [p3, L2] = −p1, [p3, L3] = 0
(32)

Highlight
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即：

[pi, Lj ] = εijkpk (33)

[L1, L1] = [x2p3 − x3p2, x2p3 − x3p2]

= [x2p3,−x3p2]− [x3p2, x2p3] = 0
(34)

[L1, L2] = [x2p3 − x3p2, x3p1 − x1p3]

= [x2p3, x3p1] + [x2p3,−x1p3] + [−x3p2, x3p1] + [x3p2, x1p3]

= x2p1 [p3, x3] + 0 + 0 + x1p2 [x3, p3]

= −x2p1 + x1p2 = L3

(35)

同理可证：

[L1, L3] = −L2, [L2, L3] = L1 (36)

即：

[Li, Lj ] = εijkLk (37)

(b)

[ji, jj ] =
1√
GMa

1√
GMa

[Li, Lj ]

=
1√
GMa

· 1√
GMa

εijkLk

=
1√
GMa

εijkjk (38)

[j1, e1] =
1√
GMa

[
L1,

1

GM
(p2L3 − p3L2)−

x1
r

]
(39)

先计算：

[L1, p2L3 − p3L2] = [L1, p2L3]− [L1, p3L2]

= [L1, p2]L3 + p2 [L1, L3]− [L1, p3]L2 − p3 [L1, L2]

= p3L3 − p2L2 + p2L2 − p3L3 = 0 (40)[
L1,

x1
r

]
=

1

r
[L1, x1] + x1

[
L1,

1

r

]
= x1

[
L1,

1

r

]
(41)

[
L1,

1

r

]
=

∂

∂x1

(
1

r

)
[L1, x1] +

∂

∂x2

(
1

r

)
[L1, x2] +

∂

∂x3

(
1

r

)
[L1, x3]

= 0 +

(
− 1

r3

)
x2x3 +

(
− 1

r3

)
x3 (−x2) = 0 (42)

同理可证： [
L2,

1

r

]
=

[
L3,

1

r

]
= 0 (43)

因此：

[j1, e1] = 0 (44)

[j1, e2] =
1√
GMa

[
L1,

1

GM
(p3L1 − p1L3)−

x2
r

]
(45)

先计算：

[L1, p3L1 − p1L3] = [L1, p3]L1 − p1 [L1, L3] = −p2L1 + p1L2 = (p⃗× L⃗)3 (46)
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[
L1,−

x2
r

]
= −x2

[
L1,

1

r

]
+

1

r
[L1,−x2] = −x3

r
(47)

即：

[j1, e2] = e3 (48)

同理可证：

[j1, e3] = −e2, [j2, e3] = e1 (49)

即：

[ji, ej ] = εijkek (50)

[e1, e2] =

[
1

GM
(p2L3 − p3L2)−

x1
r
,

1

GM
(p3L1 − p1L3)−

x2
r

]
(51)

先计算：

[p2L3 − p3L2, p3L1 − p1L3]

= [p2L3, p3L1]− [p2L3, p1L3]− [p3L2, p3L1] + [p3L2, p1L3]

= p2 [L3, p3L1] + [p2, p3L1]L3 − p2 [L3, p1L3]− [p2, p1L3]L3

−p3 [L2, p3L1]− [p3, p3L1]L2 + p3 [L2, p1L3] + [p3, p1L3]L2

= p2p3L2 + (−p3) p3L3 − p22L3 − p21L3

−p3 [L2, p3]L1 − p23 [L2, L1]− p2p3L2 + p3 [L2, p1]L3 + p3p1 [L2, L3]

= p2p3L2 − p23L3 − p22L3 − p21L3

−p1p3L1 + p23L3 − p2p3L2 + p3 (−p3)L3 + p1p3L1

= −p2L3 (52)

继续计算： [
p2L3 − p3L2,

x2
r

]
= [p2L3 − p3L2, x2]

1

r
+

[
p2L3 − p3L2,

1

r

]
x2

= {−L3 − p2x1}
1

r
+

{
L3

[
p2,

1

r

]
− L2

[
p3,

1

r

]}
x2

= {−L3 − x1p2}
1

r
+

1

r3
{x2L3 − x3L2}x2 (53)

[x1
r
, p3L1 − p1L3

]
=

1

r
[x1, p3L1 − p1L3] + x1

[
1

r
, p3L1 − p1L3

]
=

1

r
{−L3 + x2p1}+ x1

{
L1

[
1

r
, p3

]
− L3

[
1

r1
, p1

]}
=

1

r
{−L3 + x2p1}+ x1

1

r3
{−L1x3 + L3x1} (54)
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两式相加：

1

r
{−2L3 + p1x2 − p2x1}+

1

r3
{
(x21 + x22)L3 − x1x3L1 − x2x3L2

}
=

1

r
{−3L3}+

1

r3
{
(x21 + x22)L3 − x1x3L1 − x2x3L2

}
= −2

r
L3 −

x3
r3

{x3L3 + x1L1 + x2L2}

= −2

r
L3 −

x3
r3
r⃗ · L⃗ (55)

因此，

[e1, e2] =
1

(GM)2
(
−p2L3

)
+

1

GM

{
2

r
L3 +

x3
r3
r⃗ · L⃗

}
=

L3

(GM)2

(
−p2 + 2GM

r

)
+

1

GM
· x3
r3

(r⃗ · L⃗)

=
L3

(GM)2
(−2E) +

1

GM

x3
r3

(r⃗ · L⃗) (56)

利用：

E = −GM
2a

, r⃗ · L⃗ = 0 (57)

可得：

[e1, e2] =
L3

GMa
=

1√
GMa

j3 (58)

同理可证：

[e1, e3] = − 1√
GMa

j2, [e2, e3] =
1√
GMa

j1 (59)

即：

[ei, ej ] =
1√
GMa

εijkjk (60)

方法二

(a)
[xi, Lj ] = [xi, εjlmxlpm]

=
∂

∂pi
[εjlmxlpm]

= εjlmxlδim

= εjlixl = εijlxl

(61)

[pi, Li] = − ∂

∂xi
Lj = − ∂

∂xi
εjlmxlpm

= −εjlmpmδil
= −εjimpm = εijmpm

(62)
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[Li, Lj ] = [εilmxlpm, Lj ] = εilmxl [pm, Lj ] + εilm [xl, Lj ] pm

= εilmεmjnxlpn + εilmεljnxnpm

= εilmεmjnxlpn + εimnεmjlxlpn

= (εmilεmjn + εmniεmjl)xlpn

= (δijδln − δinδlj + δnjδil − δnlδij)xlpn

= (δilδnj − δinδlj)xlpn

= εijkεlnkxlpn

= εijkLk

(63)

(b)

[ji, jj ] =
1√
GMa

1√
GMa

[Li, Lj ]

=
1√
GMa

· 1√
GMa

εijkLk

=
1√
GMa

εijkjk (64)

[ji, ej ] =
1√
GMa

[
Li,

1

GM
εjlmplLm − xj

r

]
=

1√
GMa

1

GM
[Li, εjlmplLm]−

1√
Gma

[
Li,

xj
r

] (65)

分别计算第一项：

[Li, εjlmplLm] = εjlm [Li, pl]Lm + εjlmpl [Li, Lm]

= εjlmεilnpnLm + εjlmεimnplLn

= (εjmnεiml + εjlmεimn) pkLn

= (δjiδnl − δjlδni + δjnδli − δjiδln) plLn

= (δjnδli − δjlδni) plLn

= εijkεklnplLn = εijk(p⃗× L⃗)k

(66)

第二项： [
Li,

xi
r

]
= 1

r
[Li, xj ] + xj

[
Li,

1
r

]
= 1

r
εijkxk + xj

(
−∂Li
∂pk

) (
∂
∂xk

1
r

)
= εijk

xk
r
+ xj · 1

r3
· xk ∂Li∂pk

= εijk
xk
r
+ xj

1
r3

· xk [xk, Li]
= εijk

xk
r
+ xj · 1

r3
εilkxlxk

= εijk
xk
r

(67)

因此，

[ji, ej ] =
1√
GMa

1

GM
[Li, εjlmplLm]−

1√
Gma

[
Li,

xj
r

]
=

1√
GMa

(
1

GM
εijk(p⃗× L⃗)k − εijk

xk
r

)
= εijkek (68)

五、第五题



8

先建立坐标系。在某时刻实验室坐标系与随体惯性系重合。选 A 为坐标原点，A⃗B 轴

为 z 轴，y 轴垂直向上，A− xyz 形成右手坐标系。

根据无滑滚动条件，考虑 B 点的速度，得到自转角速度 ω 为：

ω0l = ωr ⇒ ω =
l

r
ω0 (69)

刚体的三个惯量主轴分别为：

I3 =
1

2
mr2, I1 = I2 =

1

4
mr2 +ml2 (70)

刚体的角速度的角加速度分别为：

ω1 = 0, ω2 = ω0, ω3 = −ω = − l

r
ω0 (71)

方法一：在实验室坐标系中讨论

N⃗ =
dL⃗

dt
=

d

dt
[I2ω2e⃗y′ + I3ω3e⃗z′ ] = I3ω3

d

dt
e⃗z′ = I3ω3ω2e⃗x′ = −1

2
mrlω2

0 e⃗x′ (72)

由 N1 = −F2l − rF3, F2 = N −mg, F3 = 0，得：

N =
1

2
mrω2

0 +mg (73)

方法二：在随动惯性系中讨论

ω̇1 = ω2ω3, ω̇2 = ω̇3 = 0 (74)

代入欧拉方程：

N1 = I1ω̇1 − (I2 − I3)ω2ω3 = I3ω2ω3 = −1

2
mrlω2

0 (75)

N2 = N3 = 0 (76)

由 N1 = −F2l − rF3, F2 = N −mg, F3 = 0，得：

N =
1

2
mrω2

0 +mg (77)


