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1.1 Principle of relativity 7

Velocity addition law

dr’ dr v—1 dr
dr’ _ dr ar 1.1
TR AR PR (113)
/ ’}/—1

Eu’ =utyvt— (u-v)v (1.14)

dt’/dt =~ (1 + %)

Poincare transformations connect inertial frames in special relativity

Poincare transformations = inhomogeneous Lorentz transformations

1 temporal translation: ¢ =t + ¢

3 spatial translations: ' =r + ¢

3 rotations: ' = Or, O being SO(3) matrix,

3 Lorentz boosts: ' =r + vt + 'Yv—gl(r Vv, =5 (t+ 2—;’)

Lorentz transformations = rotations + Lorentz boosts
Lorentz boosts are called Lorentz transformations in narrow sense
Lorentz transformations are linear transformations
As we will see more clearly later, Lorentz boosts being the right symmetry implies
that: In SR, we have isotropy of (4 dimensional) spacetime, instead of isotropy
of space + Galilean boosts as in Newtonian mechanics.

of course we still have homogeneity of spacetime, same as in Newtonian mechan.

Einstein’s relativity principle

For an isolated system in inertial frames, its action is invariant under Poincare
transformations.

aka Poincare invariance or often Lorentz invariance

Lagrangian in inertial frames
One free massive particle:

we still have homogeneity of space and time and isotropy of space

We can arrive at L = L(r?) = L(u?)



1.1 Principle of relativity 8

v=€e—0
Now, consider a small Lorentz boost: u ———— u

frame K has velocity v relative to frame K’

Note that dt’ # dt, so we should look at u = f‘j—g/’, u=%

55 = / [ d—t/dt—L(u2) dt] = [Eyar-r@)a), i)

/5 ) dt) /5 dt+/ (u?) 6 (dt) (1.16)

alternatively, consider S = ijF dtL = fTTF detL with proper time 7
for action to be invariant, must be that 5(%11) =d(...)/dr = J(dtL) =d(...)
btw, we typically comnsider t; — —o00, tp — 00, :171[ — —00, m}, — 00

Since v = 1 4 = + O(e*), keeping only O(e) terms,

Lorentz boost formula u =u+ye+ S(u-€e, dtf =~ (1+ %) dt

b _u-ey - u-e
ju=u —u=(u+e (1 2 ) u=e-—-u (1.17)
e
oL oL u?
2 e — . f— —_ _ .
5 (L () = o2 du =20 <1 02>u ; (1.18)
5(dt) = dt’ — dt = = Zat (1.19)
c
therefore

65:/dt<2% (1—2—22)+%Z2>>u-e (1.20)

For the integrand to be a total derivative, we need

oL u? L(u?)
28(u2) (1 - ?) + 2 = A = const (1.21)
here 0 is actually d in the usual notation
—
2 2 u?
L(u?) = Ac* + By[1 - — (1.22)

B is a constant
If we choose A =0, then Ldt is invariant under Lorentz boosts

So for a free massive relativistic particle, we can choose action

S =—-mc /dt\/l—g /dt( mc® + mr +W+ ) (1.23)



1.2 Principle of relativity 9

EoM:
d mr . L
T =0 = r(t) =ro+vot = existence of inertial frame  (1.24)
2
1-%
C
Exercise: derive the Hamiltonian/energy of massive relativistic particle
Can L =,/ ——%;——‘/Oyt) be Poincare invariant or Lorentz invariant?
Remark:

This is for massive particles. As we see later, in relativity there are massless particles.
mass measures inertia; no massless particles in Newtonian physics
in Newtonian physics, massless particle would have infinite acceleration

in SR, massless particles such as photons play a central role

Lorentz force (interacting with Lorentz invariant fields):

"2
L:—mc2\/1—2—2—q¢+qf-A (1.25)

d
= 5 (mAr) =¢E+qr x B (1.26)

this is Lorentz invariant, as we will see later
Curvilinear frames
mechanical laws can be very complicated in an arbitrary frame
use simplest frames to deduce physical laws, then transform to other frames
In a curvilinear coordinate system, which is not an inertial frame, the Lagrangian for a free

relativistic particle is

L= 1= ;)i (1.27)
i

We get a nontrivial metric g;;(y), which will be similar to curved space.

For example, in spherical coordinates L = \/1 — 72 — 202 — r25in? G2
We usually avoid these frames for the sake of simplicity and not punishing ourselves,
but in curved spaces we are forced to work with these frames.

We can only locally choose inertial frames, which underlines the equivalence principle.
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