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1. y², ¼ê f(x) =

0, x �knê

x, x �Ãnê
=3: x = 0 ?ëY.

y² é?¿ x0 6= 0, ©O�kn:� an → x0 (n → ∞) ÚÃn:� bn →
x0 (n→∞). @o

lim
n→∞

f(an) = 0; lim
n→∞

f(bn) = lim
n→∞

bn = x0

¤±f(x) 3 x0 vk4�, ÏdØëY.

� x0 = 0 �, é?¿ ε > 0, � δ = ε, K� |x− 0| < δ = ε �, k

|f(x)− f(0)| = |f(x)| =

0, x �knê

|x|, x �Ãnê
< ε,

¤±¼ê3 x = 0 ëY.

:µ �??ØëY�Dirichlet¼ê f(x) =

1, x �knê

0, x �Ãnê
�', T¼ê�3

�:ëY, Ù§:Ñmä.

2. � x1, x2, · · · , xn ∈ [0, 1],P f(x) =
|x− x1|+ · · ·+ |x− xn|

n
,y²: �3 x0 ∈ [0, 1],

¦� f(x0) =
1

2
.

y² Ï� f(x) ´ëY¼ê, �

f(0) =
x1 + x2 + · · ·+ xn

n
,

f(1) =
1− x1 + 1− x2 + · · ·+ 1− xn

n
,

=⇒ f(1) + f(0) = 1, ½
f(1) + f(0)

2
=

1

2
.

Ï

min{f(1), f(0)} 6 f(1) + f(0)

2
6 max{f(1), f(0)},

�â0�½n, �3 x0 ∈ [0, 1], ¦�

f(x0) =
f(1) + f(0)

2
=

1

2
.
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3. y²: ¼ê f(x) =
a1

x− λ1
+

a2
x− λ2

+
a3

x− λ3
(Ù¥ a1, a2, a3 > 0, � λ1 < λ2 < λ3)

3 (λ1, λ2) � (λ2, λ3) STÐ�k��":.

y² £�35¤�Ä f(x) 3 (λ1, λ2) ¥ü�à:�üý4�:

lim
x→λ+1

f(x) = +∞, lim
x→λ−2

f(x) = −∞,

¤±3 (λ1, λ2) k��":.

£��5¤b�3 (λ1, λ2) ¥kü�": x1 < x2µ λ1 < x1 < x2 < λ2, @ok

a1
x1 − λ1

+
a2

x1 − λ2
+

a3
x1 − λ3

= 0, =⇒ a1
x1 − λ1

=
a2

λ2 − x1
+

a3
λ3 − x1

a1
x2 − λ1

+
a2

x2 − λ2
+

a3
x2 − λ3

= 0, =⇒ a1
x2 − λ1

=
a2

λ2 − x2
+

a3
λ3 − x2

dλ1 < x1 < x2 < λ2 �

a1
x1 − λ1

>
a1

x2 − λ1
;

a2
λ2 − x1

<
a2

λ2 − x2
;

a2
λ3 − x1

<
a2

λ3 − x2

íÑgñ, Ïd":��. Ón�y3(λ2, λ3) Tk��":.

:µ ":���5��/Ï13Ù§3.5 !'u¼ê4�?Ø: ù´Ï�

f ′(x) = −
(

a1
(x− λ1)2

+
a2

(x− λ2)2
+

a3
(x− λ3)2

)
< 0, x 6= λ1, λ2, λ3,

�Ò´ f(x) 3z�m«mSî�üN~, ¤±":��.

4. � f(x)´��õ�ª, K7�3�: x0, ¦� |f(x0)| 6 |f(x)|é?¿¢ê x¤á.

y² Ø��õ�ª f(x) ��pg�Xê� 1µ

f(x) = xn + an−1x
n−1 + · · ·+ a1x+ a0

@o f(x) = xn
(
1 + an−1

1

x
+ · · ·+ a1

1

xn−1
+ a0

1

xn

)

=⇒ lim
x→+∞

f(x) = +∞, lim
x→−∞

f(x) =

+∞ � n ´óê;

−∞ � n ´Ûê,

� g(x) = |f(x)|, §´ëY¼ê z = |y| �ëY¼ê y = f(x) �EÜ, ÏdëY, �

lim
x→+∞

|f(x)| = +∞,
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¤±����½3k�?��, =�3 x0, ¦� |f(x0)| 6 |f(x)| ( x ∈ R) .

5. � f(x) 3«m [0, 1] þëY, � f(0) = f(1). y²: é?¿g,ê n, 3«m[
0, 1− 1

n

]
¥k�: ξ, ¦� f(ξ) = f

(
ξ +

1

n

)
.

y²� � F (x) = f(x)− f
(
x+ 1

n

)
x ∈

[
0, 1− 1

n

]
, K F (x)3

[
0, 1− 1

n

]
þëY

�3 n �: 0, 1
n
, 2
n
, · · · n−1

n
?�²þ��

1

n

n−1∑
k=0

F

(
k

n

)
=

1

n

n−1∑
k=0

[
f

(
k

n

)
− f

(
k + 1

n

)]
= 0

F (x) 3
[
0, 1− 1

n

]
þn �:�²þ��", 73,
:�K�, ,
:���, ¤±

min
x∈[0,1− 1

n ]
F (x) 6 0, max

x∈[0,1− 1
n ]
F (x) > 0,

Ïd�3 ξ ∈
[
0, 1− 1

n

]
, ¦�

F (ξ) = f(ξ)− f
(
ξ +

1

n

)
= 0.

y²�£�y¤ e F (x) = f(x) − f(x + 1
n
). 3 [0, 1 − 1

n
] þÃ":, Kd0�

½n�, F (x) 3 [0, 1− 1
n
] þØCÒ. Ø�� F (x) 3 [0, 1− 1

n
] þð��, Kk

F

(
j

n

)
= f

(
j

n

)
− f

(
j + 1

n

)
> 0, j = 0, 1, · · · , n− 1.

òþªé j = 0, 1, · · · , n− 1 ¦Ú, ��

f(0) > f(1).

ù�^�gñ!

6. y², �3��¢ê x, ÷v x5 +
cosx

1 + x2 + sin2 x
= 72.

y² Ï

lim
x→±∞

(
x5 +

cosx

1 + x2 + sin2 x
− 72

)
= ±∞,

¤±�3": x0.
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7. e f(x) 3 [a,+∞) þëY, � lim
x→+∞

f(x) �3, K f(x) 3 [a,+∞) þ½ök��

�, ½ök���.

y² e f(x) ´~�¼ê, (Øw,¤á. � lim
x→+∞

f(x) = l.

� l = +∞ �, �¿©�� M > 0 ¦Ù�u,:�¼ê� M > f(x0), K�3

A > 0, � x > A �, k

f(x) > M > f(x0).

w, x0 < A. �f(x) 3[a,A] þ����:� ξ ∈ [a,A], =é?¿ x ∈ [a,A], k

f(x) > f(ξ) . �´é x ∈ [A,+∞) , �k f(x) > f(x0) > f(ξ), Ïd f(ξ) ´ f(x) 3

[a,+∞) þ����.

� l = −∞ �, ÏLaqy²� f(x) 3 [a,+∞) þ�����.

� l ´k�ê�, e f(x) 3 [a,+∞) þ�Ø����, K�½k f(x) < l, x ∈
[a,+∞). �ε = l − f(x0) > 0, K�3 A > 0, � x > A �, k

f(x) > l − ε = f(x0),

¤± x0 ∈ [a,A]. � f(x) 3[a,A] þ����:� ξ, =é x ∈ [a,A], k f(x) > f(ξ),

�´é x > A, �k f(x) > f(x0) > f(ξ). = f(ξ) ´ f(x) 3 [a,+∞) þ����.

8. �¼ê f(x) ½Â3«m [a, b] þ, ÷v^�: a 6 f(x) 6 b ( x ∈ [a, b]), �é [a, b]

¥?¿� x, y k |f(x)− f(y)| 6 k|x− y|, ùp k ´~ê, 0 < k < 1. y²

(1) �3��� x0 ∈ [a, b], ¦� f(x0) = x0 (ØÄ:).

(2) ?� x1 ∈ [a, b], ¿½Âê� {xn} : xn+1 = f(xn), n = 1, 2, · · · , K lim
n→∞

xn = x0.

(3) �Ñ��3¢¶þ�ëY¼ê¦�é?¿ x 6= y k |f(x) − f(y)| < |x − y|, ��
§ f(x)− x = 0 Ã).

y²£1¤£�35¤� F (x) = f(x)− x, K

F (a) = f(a)− a > 0, F (b) = f(b)− b 6 0,

¤±�3 x0 ∈ [a, b], ¦� F (x0) = 0, = f(x0) = x0.

£��5¤e,k x′0 6= x0 ¦� f(x′0) = x′0, K|x0 − x′0| = |f(x0) − f(x′0)| 6
k|x0 − x′0|. íÑ k = 1, gñ. Ïd��.
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£2¤� xn+1 = f(xn), n = 1, 2, · · · , Ï x1 ∈ [a, b], ¤± xn ∈ [a, b], n = 1, 2, · · · .

=⇒ |xn+p − xn| = |f(xn+p−1)− f(xn−1)| 6 k|xn+p−1 − xn−1|

6 · · · 6 kn|xp − x1|

6 kn(b− a)→ 0 (n→∞),

é ∀p ¤á, �âCauchyÂñOK {xn} Âñ. P lim
n→∞

xn = x0, Ï a 6 xn 6 b, ¤

±a 6 x0 6 b. éxn+1 = f(xn)�4�¿�â f(x) �ëY5, � x0 = f(x0).

£3¤(�~) �

f(x) =

x+
1

1 + x
, x > 0

ex, x 6 0

K f(x) ëY£ lim
x→0±

f(x) = 1¤. � x, y > 0 �:

|f(x)− f(y)| 6 |x− y|+
∣∣∣∣ 1

1 + x
− 1

1 + y

∣∣∣∣ < |x− y|,
� x, y 6 0 �

|f(x)− f(y)| = |ex − ey| = ex|1− ey−x| < |x− y|,

� x > 0, y < 0 �

|f(x)− f(y)| 6 |f(x)− f(0)|+ |f(y)− f(0)| < x+ |y| = |x− y|.

Ïd f(x) ÷v |f(x)− f(y)| < |x− y|. �´ f(x) > x (x > 0), f(x) > 0 > x (x < 0),

¤± f(x) = x Ã).

5: ef(x) 3«� I ¥÷v |f(x) − f(y)| 6 k|x − y|, K¡ f(x) ÷v Lipschitz

^�. �KL²é f : [a, b] −→ [a, b] �ëYN�, e÷v Lipschitz ^�(0 < k < 1),

K�½�3ØÄ: x0 : f(x0) = x0.

9. y²: é?¿g,ê n, �§ xn + xn−1 + · · · + x = 1 Tk���� xn; ?�Úy

², ê� {xn}(n > 1) Âñ, ¿¦Ù4�.

y² � f(x) = xn + xn−1 + · · ·+ x− 1, Ké?¿� x > y > 0, k

f(x)− f(y) = (x− y)[(xn−1 + · · ·+ yn−1) + (xn−2 + · · ·+ yn−2) + · · · > 0,

Ïd f(x) 3 [0,+∞) þî�üNO, ëY, XJk��, K�½��. ,��¡�

n > 2 �

f(1) = n− 1 > 0, f

(
1

2

)
= − 1

2n
< 0,
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�3«m
(
1

2
, 1

)
S�3����, =�3 xn,

1

2
< xn < 1, ¦�

xnn + xn−1n + · · ·+ xn = 1, n = 2, 3, · · · ,

=⇒ xn(1− xnn) = 1− xn.

bX xn 6 xn+1, K

1 = xn+1
n+1 + xnn+1 + · · ·+ xn+1 > xn+1

n+1 + (xnn + xn−1n + · · ·+ xn) = xn+1
n+1 + 1

í� xn+1 6 0, gñ. Ïd7k xn > xn+1. =, ê� {xn} î�üN~��ê�. u´

§´Âñ�. � limxn = d. Ï 0 < xn < x2 < 1, � xnn < xn2 → 0 (n→∞), ¤±3

xn(1− xnn) = 1− xn

ü>- n→ +∞ �
d = 1− d, =⇒ d =

1

2
.

10. � a < b. f(x) 3 [a, b] þëY, �é?¿ x ∈ [a, b) �3 y ∈ (x, b) ¦�

f(y) > f(x). ¦y: f(b) > f(a).

y² Ïf(x) 3 [a, b] þëY, ¤±3 [a, b] þk���: x0.

e x0 < b , = x0 ∈ [a, b), d^��3 y ∈ (x0, b) ¦� f(y) > f(x0), ù� f(x0)

´���gñ. gñ`² f(x)3[a, b) þÃ���:, ¤± x0 = b, � f(b) > f(a)..
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