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1

ò�É?1�.

�É´p��êp¡�Ä��õÅ, ô�þ·�vkØ���£Ø���Ñ�«

¤. �±`A�¤k�Ý
E|ÑlØm�É, ¤±N�rN§�­�5ÑØL©. e¡

ù�½nÒw�
·��o´�É.�
ä ½½½nnn1.1. �

M =
(

A B

C D

)

´���
, Ù¥ A ´�_�f�
, @ok(Ø

|M | = |A| · |D −C A−1B |.

(ØØJP, ^��r��Ò�±
.

y²g´Ò´|^ A ��_55“�É”, ZK B , C ��:(
A B

C D

)
1�1�¦± −C A−1 \�1�1−−−−−−−−−−−−−−−−−−−−−−−→

(
A B

0 D −C A−1B

)
,

�Ò´ (
In 0

−C A−1 Im

)(
A B

C D

)
=

(
A B

0 D −C A−1B

)
,

ü>¦1�ª=�.
�,, XJ´ B , C , D ���_��±aq/�É.
5¿�rþª�¤ (

A B

C D

)
=

(
In 0

−C A−1 Im

)−1 (
A B

0 D −C A−1B

)

�{, ùÒé���©¬�“ LU ©)”, ý�� LU ©)Ù¢Úù�´�£¯, ùpÒØäN
�
.

k�ÿ�â¯K�A:, r�É�L5^�ék^?:
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CHAPTER 1. ò�É?1�.

�
ä ½½½nnn1.2. � A ´ n ×m Ý
, B ´ m ×n Ý
, K AB Ú B A �A�õ�ª����Ï

f λn−m , =
λm |λIn − AB | =λn |λIm −B A|.

�I�y² λ 6= 0 ��¹. *	� λIn − AB = λIn − AI−1
m B , ùØ�Ð´ D −C A−1B �/

ªo? ¤±|^c¡�(Øk

|λIn − AB | = |Im | · |λIn − AI−1
m B | =

∣∣∣∣∣Im B

A λIn

∣∣∣∣∣ .

�´� λ 6= 0 � λIn �´�_�, ¤±£y3C¤l Im Ñu7��¤∣∣∣∣∣Im B

A λIn

∣∣∣∣∣= |λIn | · |Im −B
1

λ
In A| =λn−m · |λIm −B A|,

=

|λIn − AB | =
∣∣∣∣∣Im B

A λIn

∣∣∣∣∣=λn−m |λIm −B A|.

ùÒ�¤
y².
ù�g´��±æ^,�«Qã, ky² λ= 1 ��ÿ(Ø¤á, ,�^ A/λ O� A Ò

��(Øéu λ 6= 0 ��/Ñ¤á.
λ= 1 �{¯KÒC¤y²

|Im − AB | = |In −B A|.
J,±�Ò´ ∣∣∣∣∣Im B

A In

∣∣∣∣∣ .

¯�é{ü, (Øéw,.

�Ékéõéõéõ....­��A^, AO´� M ´é¡Ý
��ÿ, XJ\^ A �ü
gÉZK B Ú C Ò¬uyùTÐ´��ÜÓC�:(

In 0

−C A−1 Im

)(
A B

C D

)(
In −A−1B

0 Im

)
=

(
A 0

0 D −C A−1B

)
.

Ù¥�>1C��K C , m>�C��K B . ØJ�y� M é¡�k(
In 0

−C A−1 Im

)
=

(
In −A−1B

0 Im

)′
¤á. AOrN�´, é¡Ý
 M ��ÉkAO­��¿Â: du M �±w���“SÈ”�
ÝþÝ
, ¤±ü>�É¢SþÒ´3ù�“SÈ”e� Schmidt ��z. z�g.�IO/
���{ÚÝ
{Ñ
gud. ùp{�£ã�eÝ
�{��{, �[�Qã�����
Ö.
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CHAPTER 1. ò�É?1�.

�
ä ½½½nnn1.3. [z�g.�IO/��{] � A = (ai j ) ´�� n �é¡Ý
, y3�r§Ü

Ó�é�/.
(1) XJ a11 6= 0, @Ò^ a11 üg�É“ÜÓ”K1�1Ú1���Ù§��, ,��Äme�
� n −1 ��Ý
.
(2) XJ a11 = 0 �´,� ai i 6= 0, @Ò��1 i 1Ú1 1 1, ��1 i �Ú1 1 �, r ai i C
� a11 � �þ5, ,��1Ú½ (1).
(3) XJ A �é��þÑ´ 0, �´,� ai j (i < j ) Ø´ 0, @Òr1 j 1\�1 i 1, 1 j �
\�1 i �, ù� ai i � �þÒÑy
 2ai j , l
�±�1Ú½ (2), ?
�1Ú½ (1).

duz?1�gÚ½ (1) �?n�Ý
Ñü
��, ¤±²Lk�Ú±�Ò�±r A C
¤é�/.

ù��{`x
Ò´�é{: �E�"�é��5�É“ÜÓ”K�é��. Ù¢Ò´Ø
ä/� Schmidt ��z.

�½Ý
´�N´z�IO/�é¡Ý
. Ï��½Ý
�é��oØ´ 0£���,
��o? ¤, ¤±�I�Ú½ (1) Ò�±z�IO/. ��½Ý
��É�é{ü, �,
é���UÑy 0, �´·�ke¡�Ún:

ÚÚÚnnn1.4. XJ��½Ý
 A �,�é��´ 0, @oTé��¤3�1Ú�¤k��Ñ´ 0.

y²: du A ��½, ¤±k²��©) A = P ′P . P P = {v1, . . . , vn}, K A = (
(vi , v j )

)
.

ai i = 0 `² vi = 0, l
1 i 11 i �Ñ´ 0.
¤±��½Ý
z�IO/��þ��I�Ú½ (1), �ØLé��þ�� 0 ��ÿØ

^�É, gÄaL�UY�Äme��Ý
.

�
ä ½½½nnn1.5. �

M =
(

A B

C D

)

´����½Ý
, K�±^ÜÓC�ZK B , C , r M z�Oé�/

M =
(

A 0

0 ∗

)
.

5¿ØI� A �_�b�!

�n®²ùL
, r�{£ã�e:
(1) XJ a11 6= 0, K�É�� B �1�1Ú C �1��¿�Ä a22. XJ a11 = 0, �âÚn
1.4, B �1�1Ú C �1���5Ò´ 0, �o�Ø^Z, gÄ�Ä a22.
(2) ­Eþ¡��{, XJ a22 6= 0, K�É�� B �1�1Ú C �1��¿�Ä a33. XJ
a22 = 0, �o�Ø^Z, gÄ�Ä a33.
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CHAPTER 1. ò�É?1�.

. . .
ù�l a11 ��� ann , �õ n gÒUÜÓK B Ú C . 5¿ A ØC, 
 D 3C.

k
þ¡ù
O�, e¡ù�½nÒC�éN´
.�
ä ½½½nnn1.6. ü� n ���½Ý
 A, B �±Ó�ÜÓué�/, =�3�_Ý
 T ¦�

T ′AT , T ′BT Ñ´é�Ý
.

y²: Äk�ÜÓC�r A z¤IO/

A ∼
(

Er 0

0 0

)
,

ù� B E,´��½�. ¤±Ø�l�m©Òb� A Ò´Xþ�IO/, ¿�

B =
(

B11 B12

B21 B22

)
, B12 = B ′

21.

·��3�± A �/G�cJer B z¤IO/, �âþ¡�½n, �±^ B22 �é���
ÉÜÓK B21 Ú B12, r B z� (

∗ 0

0 B22

)
.

duz�ÚÑ´r�¡�1½�\�c¡�1½�þ�, ¤±þ�± A �/GØC. y3�
I�3�± (

Er 0

0 0

)
/G�cJer

B ∼
(
∗ 0

0 B22

)
é�z. éü�Ü·���Ý
 T , S, (

T 0

0 S

)
Ò�±��.

½ny�
. No�, ¬�É´Ø´éWQ? o�ù, �É�UU�, ���, �KÒ
�. AO´é¡Ý
��ÿ, vk^�ME^����.�

ä öööSSS1.1. � A ´�½Ý
, ¦y |A| ≤ a11a22 · · ·ann . ù�(Øk�oAÛ¿Â?�
ä öööSSS1.2. Öþkù���½n: é¡Ý
 A ´�½���=� A �^SÌfªÑ�u

0. wwù�´N��É�? Ú LU ©)½n'��e.
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2

Jordan ¬�$�

Jordan ¬/ª'�{ü, 
�k'�Ð�$�5K, ^§5?Ø  �±å�{z��
J, ¤±ÙG Jordan ¬�$�é­�. e¡´��{ü�0�.

Jordan ¬�õ�ª

�5\�½��ù��5Æ£Ø���^åòÞEpne ¤: �

N =


0 1

0
. . .
. . . 1

0


n×n

,

@o N 2 Ò´r N ¥� 1 �mþ�²£��, N k Ò²£ k −1 �, N n ÒC¤"Ý

. ^ù
�5Æ·��±é¯�Ñ��� Jordan ¬

J =


λ0 1

λ0
. . .
. . . 1

λ0


n×n

�õ�ª5: éu�½� m gõ�ª f (x), 3 λ0 :� f � Taylor Ðm: f (x) = a0 + a1(x −
λ0)+·· ·+am(x −λ0)m , @o

f (J ) =


a0 a1 · · · an−1

0 a0
. . .

...
...

. . . a1

0 0 · · · a0

 .

�� Jordan ¬�õ�ª´éÐ��, Ù/G´��þn��©�Ý
.
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CHAPTER 2. JORDAN ¬�$�

Jordan ¬õ�ª�IO/

UY, N�¦ Jordan ¬�õ�ª� Jordan IO/Q? ÷^þ��!�ÎÒ, P

A = f (J )− f (λ0)I =


0 a1 · · · an−1

0
. . .

...
. . . a1

0

 ,

�âO�úª·��� f (J ) � Jordan IO/¥�� i � Jordan ¬��ê´ r(Ai+1)+r(Ai−1)−
2r(Ai ), ¤±e¡�?ÖÒ´O� ri = r(Ai ). '�´5¿�þn�©�Ý
��d§��C
Ìé����"�@�“�”û½, ��p�“�”Ã'. � ak ¤3��´��CÌé����
"��, du A = ak N k +·· ·+an−1N n−1, ¤±

Ai = (ak N k +·· ·+an−1N n−1)i = ai
k N ki +·· ·£�pg�¤.

��{Ø{ n = qk + r , ùp 0 ≤ r < k. w,

ri = r(Ai ) =
{ n −ki 1 ≤ i ≤ q,

0 i > q.

@o�â Jordan ¬�ê�O�úª, f (J ) ��´ i � Jordan ¬��ê´ ri+1 + ri−1 −2ri , �
Ñe¡�L�:

�ê i ≤ q −1 i = q i = q +1 i ≥ q +1

�ê 0 k − r r 0

ù(Jék¿g, f (J ) ©)��ê��½ö�Ó��
 Jordan ¬, 
� λ0 ´ f (x)− f (λ0)

�A�": f (J ) Ò¬©)�A¬. e¡´ü���P4�(Ø:

íííØØØ2.1. �_Ý
 A �?¿g� Am � A k�Ó� Jordan /, ==ré���¤ λm
i .

ù´Ï�ù�ÿ k = 1, q = n, r = 0.

íííØØØ2.2. éuØ�_Ý
, XJA�� 0 éA� Jordan ¬Ñ´���, @o§�²�� A k
�Ó� Jordan /, ==ré���¤ λ2

i ; XJA�� 0 k�ê�u�u 2 � Jordan ¬, @o
XJù�¬´ 2q ��, Ò©)� 2 � q ��f¬, XJ§´ 2q +1 ��, Ò©)��� q �
Ú�� q +1 ��f¬.

ù´Ï� Jordan ¬�� n ≥ 2 ��ÿ a2 6= 0, k = 2, ¤±© n ´Ûóü«�U.
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CHAPTER 2. JORDAN ¬�$�

� Jordan ¬���Ý


�

Jn =


λ 1

λ
. . .
. . . 1

λ


n×n

, Jm =


λ 1

λ
. . .
. . . 1

λ


m×m

.

ù��!5)Ý
�§ Jn X = X Jm . � X = (xi j ), rÝ
�§�¤

λIn X + Jn(0)X =λX Im +X Jm(0),

=
Jn(0)X = X Jm(0).

du

[Jn(0)X ]i j =
{ xi+1, j i = 1,2, . . . ,n −1.

0 i = n.

[X Jm(0)]i j =
{ xi , j−1, j = 2,3, . . . ,m.

0 j = 1.

¤±XJ� X Öþ1 0 �Ú1 n +1 1, ¿5½ù��Úù�1��Ñ´ 0, @oÒk

xi+1, j+1 = xi j , i = 1,2, . . . ,n, j = 0,1, . . . ,m −1.

l
 X Ò/X

[0 Y ] ½ö
[

Y

0

]
.

ùp Y ´�� r = min{n,m} �þn�©��
, /G�

Y =


a0 a1 · · · ar−1

0 a0
. . .

...
...

. . . a1

0 0 · · · a0


r×r

.

"Ý
´ (n −m)×m ½ö n × (m −n) ��, éAu n ≥ m Ú n ≤ m ü«�/.
éN´wÑ5 X ¥¹k r ����ëê, ¤±Ý
�§ Jn X = X Jm �)�m´ r ��.

Ø=Xd, � m = n �,

X =


a0 a1 · · · an−1

0 a0
. . .

...
...

. . . a1

0 0 · · · a0


n×n

= a0I +a1(Jn −λI )+·· ·+an−1(Jn −λI )n−1

7



CHAPTER 2. JORDAN ¬�$�

´ Jn �õ�ª, ùÒ`²��� Jordan ¬ J ���Ý
�±L«� J �õ�ª.

¢ Jordan ¬m²�

ù�!?Ø�´ λ0 ´¢ê��ÿ J UÄ3¢ê��Sm²��¯K. =´Ä�3¢Ý

 A ¦� A2 = J . �½ J �� n > 1,·�ke¡�(Ø�

ä ½½½nnn2.3. � λ0 �u 0 � J �±3¢ê��m²�, �u�u 0 �KØU.

y²: � λ0 > 0 ��ÿk��|©��{�Ñ
¦ A ��{: PJ = λ0I +N , K N n = 0

�Ä
√

x +λ0 � n g Taylor õ�ª P (x), K P (x)2 − (x +λ0) = xnQ(x), 
� Q(x) �´��õ
�ª£Ø�±�´��?ê¤. ·��k P (x), Q(x) Ñ´¢Xê�. @o

P (N )2 = N +λ0I +N nQ(N ) = N +λ0I = J ,

¤± A = P (N ) ÷v�¦. � λ0 = 0 ��ÿ�±ù��, � A2 = N , @o A2n−2 = N n−1 6=
0, A2n = N n = 0. �´ A2n = 0 ¿�X An = 0£4�õ�ªgêØ¬�u n ¤, l
 n ≥ 2 �k
A2n−2 = An An−2 = 0, gñ!

��·�õ`�:¢{. Jordan IO/�nØw�·�Eê�þ��5C���þ�k
ü«, @Ò´ê¦C�Ú£ C�:

Aε1 = ε2, Aε2 = ε3, · · · , Aεn−1 = εn , Aεn = 0.

Eê�þ�?Û�5C�Ñ�±©)�ê¦C�Ú£ C��|Ü, 
ê¦C�´é
²��C�, ¤±�±`£ $�´�­���5C�. Halmos `L3�¼©Ûp¡�­�
��¼E,´£ $�£��\���;�f, Toeplitz �f, Hankel �f¤.

Ø`�¼
,·Ã�Øõ, 2`Ò³}
. ØL^£ �f5w Jordan ¬���Òé
g,
. 'X�� 2q �� 0 A��� Jordan ¬ A, §�;��5´D4�, �´ A2 �;�
K´3a:

A2ε1 = ε3, A2ε3 = ε5, · · ·, A2ε2n−3 = ε2n−1, A2ε2n−1 = 0.

A2ε2 = ε4, A2ε4 = ε6, · · ·, A2ε2n−2 = ε2n , A2ε2n = 0.

¤± A2 �;�kü^, �A/ Jordan ¬Òkü�.
w5�5C�Ú+38Üþ��^´é�q�, Ò´�
ØÄ:£��uA��þ¤

Ú�²��;�£Jordan ¬¤�|Ü. r�^��3f+þ£��uf� Ak¤;���±
UY©). k
Ý
ØUé�z��ÏÒ3u§�k�²��;�. ½ö`, |¤¤©p¹
k£ �f.

8



3

�Ø�ª

�Ø�ª¯Kk'��ªz�)û�{, Ò´|^©¬Ý
�Ð�C�, Ù�nÒ´e
¡ù�Ún:

ÚÚÚnnn3.1. �

M =
(

A 0

C B

)
,

Ù¥ A, B Ñ´�
, @o r(M) ≥ r(A)+ r(B).

y²g´Ò´kr A, B Ñz¤IO/: � P1 AQ1 = Er , P2BQ2 = Es , @o(
P1 0

0 P2

)(
A 0

C B

)(
Q1 0

0 Q2

)
=

(
Er 0

D Es

)
.

,�^ Er ZK D �c r �, ^ Es ZK D �� s 1, M ÒC¤
Er 0 0

0 ∗ 0

0 0 Es

 ,

ù�Òy²
Ún.
3y²k'��Ø�ª��ÿ, Ä�g´Ò´lOé�Ý
Ñu, ^Ð�C�z¤n�

/�©¬Ý
, 5A^þ¡ù�Ún.

e¡´�Ø�ªp¡�Ä��(Ø:�
ä ½½½nnn3.2 (Frobenius Ø�ª). � A ´ê� F þ� m×n Ý
, B ´ n×k Ý
, C ´ k × s

Ý
, K
r(AB)+ r(BC ) ≤ r(ABC )+ r(B).

y²: (
ABC 0

0 B

)
→

(
ABC AB

0 B

)
→

(
0 AB

−BC B

)
.

'�üã�Ý
��=�.

e¡´Ø�¥?ØL�'�k�L5�ü�¯K.
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CHAPTER 3. �Ø�ª

�
ä ~~~KKK(�®�Æ2005). � A ´ê� F þ n ��þ�mþ��5C�, ¦y

A3 = I ⇔ r(I − A)+ r(I + A+ A2) = n.

5¿��3 u(x), v(x) ¦� u(x)(1−x)+ v(x)(1+x2 +x) = 1, �Ä�� 2n ���
(
I − A 0

0 I + A+ A2

)
1��¦± u(A) \�1��−−−−−−−−−−−−−−−−−−−−→

(
I − A u(A)(I − A)

0 I + A+ A2

)
1�1¦± v(A) \�1��−−−−−−−−−−−−−−−−−−−−→

(
I − A I

0 I + A+ A2

)
^ I �ÉZKü>�Ý
−−−−−−−−−−−−−−−−−−→

(
0 I

A3 − I 0

)
.

¤±ù�Ý
��´ n ��=� A3 − I = 0, ùÒ��
y².�
ä ~~~KKK(���áSK). � A, B ´ê� F þ� n ��
�÷v AB = B A = 0, r(A) = r(A2),

¦y
r(A+B) = r(A)+ r(B).

g´: ��y² r(A+B) ≥ r(A)+ r(B) =�. ^P�{, l(
A+B 0

0 0

)
Ñu, ÏLÐ�C�z�/X (

B ∗
0 A

)
�Ý
, Ò��
(Ø. 3C�ck5¿ü::
(1) du A2 ���þÑ´ A ���þ��5|Ü, ¤± r(A) = r(A2) `² A ���þ|Ú A2

���þ|´�d�, �Ò´ A ���þ�±� A2 ���þ�5L«Ñ5. � αi ´ A �1
i ���þ, @o�5�§| A2X =αi k) Xi , - n ×n Ý
 P = {X1, . . . , Xn}, @o A2P = A.
(2) � r(A) = r(A2) �k r(A) = r(A2) = r(A3) = ·· ·
ù�3 Frobenius Ø�ª

r(B)+ r(ABC ) ≥ r(AB)+ r(BC )

¥- B =C = A =�.
e¡?1C�: (

A+B 0

0 0

)
1�1�¦± A \�1�1−−−−−−−−−−−−−−−−−−−→

(
A+B 0

A2 0

)
1��m¦± A \�1��−−−−−−−−−−−−−−−−−−−→

(
A+B A2

A2 A3

)
1��m¦± −P \�1��−−−−−−−−−−−−−−−−−−−−−→

(
B A2

0 A3

)
.
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CHAPTER 3. �Ø�ª

l
 r(A+B) ≥ r(B)+ r(A3) = r(B)+ r(A), �y.
e¡2��«){:
�±b� A ´ Jordan IO/, @o r(A) = r(A2) `² A � 0 A��éA� Jordan ¬Ñ´

���, l
 A /X (
A1 0

0 0

)
,

ùp A1 ´�_�. AB = B A = 0 `² B /X(
0 0

0 B1

)
,

ù�Ò��
y².
�[��±�ww�ÐØ�þ�?Ø:

http://old.math.org.cn/forums/index.php?showtopic=63488&hl=�
ä ½½½nnn3.3. � A1, . . . , Am � n ��
, ·Ü^� A1+A2+·· ·+Am = I . Áy²e¡n�^

��d:
(1) A1, . . . , Am Ñ´��Ý
;
(2) r(A1)+r(A2)+· · ·+r(Am) = n;
(3) � 1 ≤ i < j ≤ n �k Ai A j = A j Ai = 0.

y²: (1) ⇒ (2): ^Ù��(Ø, ��Ý
���u§�,, ��
m∑

i=1
r(Ai ) =

m∑
i=1

tr(Ai ) = tr(In) = n.

(2) ⇒ (3): �Ä��Oé��

0

A1

. . .

Am


Ñ\�1�1−−−−−−−−−→


0 A1 · · · Am

A1

. . .

Am


Ñ\�1��−−−−−−−−−→


In A1 · · · Am

A1 A1
...

. . .

Am Am



�ÉZK1�1Ú1��−−−−−−−−−−−−−−−−−−→


In 0 · · · 0

0 A1 − A2
1 · · · −A1 Am

...
...

. . .
...

0 −Am A1 · · · Am − A2
m


¤± r(A1)+ r(A2)+·· ·+ r(Am) = n ��=�me����Ý
�0, = Ai Ñ´��Ý

�
p���.

(3) ⇒ (1): too easy, �Ñ.
½n 3.3 ´é~����½n, Ï�§´ênÚO¥�éÄ�� Cochran ½n�Ý
�

�:

11
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CHAPTER 3. �Ø�ª

�
ä ½½½nnn3.4 (Cochran ½n). � X1, . . . , Xn ´�pÕá�Ñl��©Ù N (0,1) ��ÅCþ,

e

Q1+Q2+·· ·+Qk =
n∑

i=1
X 2

i ,

Ù¥ Qi ´�� ni � X1, . . . , Xn ��g., Ke¡n�^��d:
(1) Q1, . . . ,Qk �pÕá;
(2) Qi ∼χ2(ni ).

(3)
k∑

i=1
ni = n.

�
ä ~~~KKK(�®�Æ2007). A, B ´ü� n �Ý
÷v AB = B A. ¦y

r(A)+ r(B) ≥ r(A+B)+ r(AB).

y²: � X ´àg�5�§| AX = 0 �)�m, Y ´àg�5�§| B X = 0 �)�m,
Z ´àg�5�§| AB X = B AX = 0 �)�m, W ´àg�5�§| (A +B)X = 0 �)�
m, @o·�k X ⊂ Z , Y ⊂ Z . l
 X +Y ⊂ Z . 
� X ∩Y ⊂W . d�êúª,

dimX +dimY = dimX ∩Y +dim(X +Y ) ≤ dimW +dimZ .

l

n − r(A)+n − r(B) ≤ n − r(A+B)+n − r(AB),

= r(A)+ r(B) ≥ r(A+B)+ r(AB).

P�±c3Ø�þk��lu
��df, `¦�
��Ø©, y²
ù���(Ø:
� A,B Ñ´ n ��
, 
� AB = B A, @okXe�Ø�ª¤á:

r(A2)+ r(B 2) ≥ 2r(AB).


�¦`ù´þ�Ø�ª3Ý
p�í2. ��[g��eù�¯K, ww(Ø¤áØ?
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4

�(ê: �x�q§Ý�ØCþ

±eÑ�½ F ⊂ K ´ü�ê�, A, B ©O´ F þ� n �, m ��
. ù�!�?Ø�´
Ý
�§ AX = X B . äN�:, ´ù�Ý
�§)�m��ê. ù��êq�� A � B ��
(ê£interwine number¤, ^ i (A, B) 5L«. e¡Ò¬w�, �(ê´���x A Ú B �q
§Ý�þ, §�¹
é´L�&E.

Äk��Ñ�´�(ê´�Ø�6��Vg. �é{`, �

UF =
{

X ∈ Matn×m(F )
∣∣∣ AX = X B

}
,

UK =
{

Y ∈ Matn×m(K )
∣∣∣ AY = Y B

}
,

@o·�k
dimUF = dimUK = i (A, B).

ù��né{ü, )Ý
�§Ò´)àg�5�§|, �[¦Ä:)X�L§´���, 3 F

SÒU�¤. �ØL UF ´Ä:)X� F− �5|Ü, UK ´Ä:)X� K− �5|Ü.
dþ¡�?Ø�±���

ä ½½½nnn4.1. [�q5Ú�Ã'] XJ A, B 3 K þ�q, §�Ò3 F þ��q.

y²: A, B 3 K þ�q`²Ý
�§ AX = X B 3 K þk���_), y3�y²§3
F þ�k���_). � X1, . . . , Xs ´ UF ��|Ä, @o§���¤ UK ��|Ä. AX = X B

3 K þk���_)`²�3 X1, . . . , Xs � K− �5|Ü

a1X1 +a2X2 +·· ·+as Xs , ai ∈ K

¦� a1X1 +a2X2 +·· ·+as Xs �_. ·��y²�½k X1, . . . , Xs � F− �5|Ü

b1X1 +b2X2 +·· ·+bs Xs , bi ∈ F

¦� b1X1 +b2X2 +·· ·+bs Xs �_. g,·���	 s �C� t1, . . . , ts �õ�õ�ª

f (t1,t2, · · · ,ts) = det |t1X1 + t2X2 +·· ·+ ts Xs | .

f ´��ê� F þ�õ�õ�ª£�,�´ K þ�¤, f (a1,a2, · · · ,as) 6= 0 `² f Ø´"õ
�ª. duê�kÃ¡õ���, ¤±7½�3 F ¥� b1, . . . ,bs ¦� f (b1,b2, · · · ,bs) 6= 0£�
����o? ¤. ùÒ`²
 A, B 3 F þ�´�q�.
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CHAPTER 4. �(ê: �x�q§Ý�ØCþ

\�N�`, ý´�æ , ^ØCÏf��ØÒ�Ñ(Øí? �^ØXê��b�. �
´\2wwe¡ù�¯K:�

ä ½½½nnn4.2. � A1, . . . , Am , B1, . . . ,Bm ´ F þ� n ��
, XJ�3 K þ��_Ý
 S ¦�
S−1 Ai S = Bi (i = 1,2, . . . ,m), @o7�3 F þ��_Ý
 T ¦� T −1 Ai T = Bi (i = 1,2, . . . ,m).
ùpÓ�ØI� F ´ê��b�.

ù�½n5g+L«Ø, ¿ÂÒ´ü�L«3 K þ�dÒ3 F þ�d. w,ù��ÿØ
CÏf�VgÒØÐ¦
, Ï�v{`² T ´“ú�”�. �´�� F kÃ�õ���, ½n
4.1 ��{ÒU^, ¤±§�´ékA^cµ�.

y²: ÷^c¡�PÒ, �Ä�þ�m

UF =
{

T ∈ Matn(F )
∣∣∣ Ai T = T Bi , i = 1,2, . . . ,m

}
,

UK =
{

S ∈ Matn(K )
∣∣∣ Ai S = SBi , i = 1,2, . . . ,m

}
.

Ù¢Ò´r m ��5�§|éáå5. ¤±Úþ¡Ó���n, UF Ú UK ��ê´���.
� T1, . . . ,Ts ´ UF Ú UK �Ó��|Ä, �	õ�õ�ª

f (t1,t2, · · · ,ts) = det | t1T1 + t2T2 +·· ·+ tsTs | ,

S ��3`² f Ø´"õ�ª, Ä�kÃ�õ���Ò�y
�3 (a1, . . . , as) 6= (0, . . . ,0) ¦�
f (a1,a2, · · · ,as) 6= 0, ¤± T = a1T1 +a2T2 +·· ·+asTs ÷v�¦.

�u F ´k����/, �^�'����£,©�pÒØ�
.
�e5´�ék^�(Ø:�

ä ½½½nnn4.3. XJ A, B vk�Ó�A��, @oÝ
�§ AX = X B �k").

y²: � X ÷v AX = X B , @o A2X = AX B = X B 2, ^8B{��é?Û��ê k Ñk
Ak X = X B k . l
é?Ûõ�ª f (x) Ñk f (A)X = X f (B). AO- f (x) ´ A �A�õ�ª,
d Hamilton-Cayley ½n, f (A) = 0. �´ù� f (B) ´�_Ý
, 7k X = 0!£���,��o?

¤
ù�(Øk�éÐ�A^, Ò´���Ý
 A /X(

A1 0

0 A2

)

£A1 Ú A2 vk�Ó�A��¤��ÿ, � A ���Ý
 B �7,/X(
B1 0

0 B2

)
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CHAPTER 4. �(ê: �x�q§Ý�ØCþ

£�y�e!¤. �E/A^ù�(Ø�±í2�é��þk n �Ý
��/. �ó�, �r
A UA��?1©¬��ÿ� A ���Ý
 B �ÒÓ��©¬
, ùÒå�
{z¯K�
�^. ~K 3 �1��y²Ò´^�ù�ç, 
�ù�ç�¬�EÑy, ¤±�½�5¿.

��5�Ñ�(ê�(��:�
ä ½½½nnn4.4.

i (A, B) =
p∑

i=1

q∑
j=1

deg
(

fi (x), g j (x)
)
.

ùp fi (x) �H A �ØCÏf, g j (x) �H B �ØCÏf.

y²�¿: �±3 A,B Ñ´ Jordan IO.�cJe?1O�,�

A =


Jk1 (λ1)

Jk2 (λ2)
. . .

Jkr (λr )

 , B =


Lm1 (µ1)

Lm2 (µ2)
. . .

Lms (µs)

 .

�A/r X ©� r s �f¬ Xi j , Xi j ��´ ki ×L j . @o AX = X B ÒC¤


Ji Xi j = Xi j L j . i = 1,2, . . . ,r. j = 1,2, . . . , s.

��Ý
�§ AX = X B �)�m��êÒ´���§ Ji Xi j = Xi j L j �)�m�ê�Ú. �
â1 2 Ù�(Ø, Ý
�§ Ji Xi j = Xi j L j �)�m��ê´

gcd
(
(x −λi )ki , (x −µ j )m j

)
�gê. ¤±Ý
�§ AX = X B �)�m��êÒ´üü¦Ñ A Ú B �Ð�Ïf���ú
Ïª, ,�rgê\å5. ?�Úù�(J��uüü¦ÑØCÏf���úÏª, ,�r
gê�\, ùÒy²
½n.

�±w�, A Ú B “�q”§Ý�p, �(êÒ��, �±`�(ê�x
 A Ú B �m�
�q§Ý. ^���ó�±�Ð�)º�Ù: �(êÒ´l A− � V � B− � W ��Ó�|
¤��þ�m��ê. �u½n 4.3, �±)º��Ý
�§k�")��ÿ, d�Ó�Ä�
½n, k�Ó�

W /KerX ∼= ImX .

= B 3,�û�mþ�p�C�Ú A 3,�f�mþ���´�q�, l
 A, B k�Ó�
A��.�

ä öööSSS4.1. ®��
 A, B �A��Ñ´�ê�÷v A2 = B 2, ¦y A = B .

�N�­��Ø´�Y, 
´�{, ïÆ�[w�eØ�þ�?Ø:

http://old.math.org.cn/forums/index.php?showtopic=63012

ww\é�
õ�«y².
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5

CX½n

�
ä ½½½nnn5.1. �Ä� F kÃ¡õ���£'Xê�¤, @o F þ�k���þ�m V ØU

�§�k��ýf�mCX. �Ò´Ø�3ýf�m V1, . . . ,Vm ¦� V ⊆V1∪V2∪·· ·∪Vm .

y²: � ε1, . . . ,εn ´ V ��|Ä, �	

αi = ε1 + iε2 +·· ·+ i n−1εn ,

d Vandermonde 1�ª��£��Ã¡�þS� α1,α2, · · · ,αn · · · ¥?Û n �Ñ�¤ V ��
|Ä. 
k�õ�ýf�m�U�¹Ù¥k�õ��þ, l
kÃ¡õ� αi ØU�CX.

ù�½n^��/�é�, ØLzgA^Ñ�±�5¯U. ±e´ü�~f.

09 cHm�ïp����K�
ä ~~~KKK(2009Hm�Æ). � F ´��ê�, T ´ Matn(F ) þ��5C�÷vé?Û

A, B ∈ Matn(F ), T (AB) = T (A)T (B) Ú T (AB) = T (B)T (A) ��k��¤á. ¦y: �oé
¤k� A, B ∈ Matn(F ) Ñk T (AB) = T (A)T (B) ¤á, �oé¤k� A, B ∈ Matn(F ) Ñk
T (AB) = T (B)T (A) ¤á.

y²: éu���½�Ý
 A, XJé?ÛÝ
 B Ñk T (AB) = T (A)T (B) ¤á, Ò¡ A

´�Ã.�. �A/, XJé?ÛÝ
 B Ñk T (AB) = T (B)T (A) ¤á, Ò¡ A ´�Ã.�.
y²©üÚ, Äky² Matn(F ) ¥��
7,´�Ã.½ö�Ã.��, Ùgy²�Ã.Ú
�Ã.ØUÓ�Ñy, Ò�¤
y².

Äké?�Ý
 A, � UA ´¤k÷v T (AB) = T (A)T (B) ��
 B �¤�8Ü, WA ´
¤k÷v T (AC ) = T (C )T (A) ��
 C �¤�8Ü, ØJ�y UA , WA Ñ´ Matn(F ) �f�
m. 
��â®�, Matn(F ) =UA ∪WA . l
 UA , WA Ø�UÑ´ Matn(F ) �ýf�m, ¤±
7k UA = Matn(F ) ½ö WA = Matn(F ) ��¤á. l
 A Ø´�Ã.Ò´�Ã..

Ùg, � U1 ´�N�Ã.� A �¤�8Ü, U2 ´�N�Ã.� A �¤�8Ü, w,
U1, U2 �Ñ´f�m. 5¿dffy��(Ø, Matn(F ) =U1 ∪U2, l
 U1, U2 ØUÑ´ýf
�m, ¤±�o U1 = Matn(F ), �o U2 = Matn(F ). XJcö¤á£Ñ´�Ã.�¤, @oé
?Û A, B Ñk

T (AB) = T (A)T (B). £Ï� A ´�Ã.�¤
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CHAPTER 5. CX½n

ÓnXJ�ö¤á£Ñ´�Ã.�¤, K

T (AB) = T (B)T (A). £Ï� A ´�Ã.�¤

ù�Ò��
y².
ù�y²é|j? ·ßHm�P���Ò´ù�y².

4�"zõ�ª=4�õ�ª��þ�
ä ½½½nnn5.2. � A ´ n ��þ�m V þ��5C�, K�3 V ¥��þ v , Ù4�"zõ

�ªTÐ�u A �4�õ�ª m(x).

y²: Ù� V ¥?��� v �4�"zõ�ª mv (x) �Ø A �4�õ�ª m(x).
�´ m(x) �kk�õ�Ïf, ¤±� v �H V �, mv (x) �kk�õ�ØÓ��U
m1(x), m2(x), . . ., mk (x). �Ä

Vi =
{

v ∈V
∣∣∣ mi (A)v = 0

}
,

@o V áu V1, . . . ,Vk �¿, l
 V1, . . . ,Vk ØUÑ´ýf�m, ¤±7k,� Vi ¦� V =Vi ,
@oÒk m(x) = mi (x), �y.

A� = 4�

��C��A�õ�ªÚ4�õ�ª��´��é­���/, ���ÖAÖ��. e
¡ù�¯K3Ø�þ²~�¯å:�

ä ½½½nnn5.3. A �A�õ�ª f (x) �4�õ�ª m(x) ���¿�^�´�3 v ∈V ¦�
v, Av, . . . , An−1v �¤ V ��|Ä.

7�5: d®�, m(x) �gê´ n, �â½n 5.2, k���þ v �4�"zõ�ª mv (x)

�u m(x), l
 v, Av, . . . , An−1v 7,�5Ã'. ÄK�{�

a0v +a1 Av +·· ·+an−1 An−1v = 0,

ùÒ`² v �� mv (x) �gê�u�u n −1, gñ!
¿©5: w, mv (x) ´ n g�, 
 mv q´4�õ�ª m(x) �Ïf, ¤± m(x) �´ n

g�, l
 m(x) � f (x) ��.�
ä ½½½nnn5.4. Ý
 A �A�õ�ª f (x) �4�õ�ª m(x) ���¿�^�´ A �?Û

A��éA�A�f�mÑ´���.

Ù¢ù�½né�*, A �A�õ�ª�4�õ�ª���du A � Jordan IO.p
¡?ÛA��éA� Jordan ¬Ñ�k�¬, �Ò�du?ÛA���mÑ´���.
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6

r��Ý
L«�õ�ª

Û�?Û�Ý
 A ���Ý
oUL«� A �õ�ª? e¡òlC�ÚÝ
ü��Ý
\Ã, éù�¯K?1�e�\�&?, å¦r�{��Ù.

C���Ý

XJ?Û� A ���C� B oUL«� A �õ�ª, @o A ATkN��5�? Äk
du A �ØCf�m�´ f (A) �ØCf�m, ¤±XJ V k A− ØCf�m��Ú©)

V =V1
⊕

V2
⊕ · · ·⊕Vs

�{, @o§7,�´ V � B− ØCf�m�Ú©). �é{`, ?Û� A ���C� B Ø
Ur Vi ¥��þN�O� V j ¥�. l
·���1��k^�&E: �

V =V1
⊕

V2
⊕ · · ·⊕Vs

´ V � A− ØCf�m�Ú©), @o� i 6= j �Ø�3�"C� C : Vi →V j ¦� AC =C A.
eØ,, kù�� C �3, @o� k Ø�u i �½Â B 3¤k� Vk þÑ´0, 3 Vi þÒ

½Â� C , KØJ�y AB = B A, �´ Vi Ø´ B �ØCf�m, B ´ØUL«� A �õ�ª
�. ù´��­��uy, ù4·��å ?? ?ØL�:

� A, B ©O´Eê�þk���þ�m V Ú W þ��5C�, @o�3�"��5N
�C : V →W ¦� C A = BC �¿�^�´ A Ú B k�Ó�A��.

¤±·���Xe­�(Ø: � A kØCf�m�Ú©)�, A 3?Ûü�ØCf�
mþ���ØUk�Ó�A��. ?�Ú, du A o´�±©)�Ì�ØCf�m��Ú,
z�f�me¥ Jordan /,·�á��� A � Jordan IO/¥?ÛA�� λ éA� Jordan
¬�Uk�¬, ½ö` A �4�õ�ª�A�õ�ª�Ó, =�3 V ¥��þ v þ¦�
v, Av, · · · , An−1v �¤ V ��|Ä.

y3·�®²é�
 A AT÷v�7�^�: A k��Ì��þ. @où�^�´Ø´
¿©�Q? �Y´�½�:

y²: � V 3 A ��^e¤���Ì��m, v ´��)¤�, ·�äóÌ��mþ
��� A ���C� B d§3)¤� v ?�� B v ��û½: du V ¥�?Û�þ m

�±L«� v, Av, · · · , An−1v ��5|Ü, �Ò´�3õ�ª f (x) ¦� m = f (A)v . AOk
B v = f (A)v . ØJ�yÒk B = f (A) ¤á. l
·�®²lC���Ý��)û
ù�¯K.
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CHAPTER 6. r��Ý
L«�õ�ª

�
ä ½½½nnn6.1. ?Û� A ���Ý
ÑU�¤ A �õ�ª�¿�^�´ V 3 A ��^ek

��Ì��þ.

Ý
��Ý

3½n 4.4 ¥- A = B , @o i (A, A) Ò´� A ���Ý
�¤��m��ê.

i (A, A) =
p∑

i=1

p∑
j=1

deg
(

fi (x), f j (x)
)
≥

p∑
i=1

deg
(

fi (x), fi (x)
)
=

p∑
i=1

deg fi (x) = n.

�Ò��=� p = 1 �¤á. ù��ÿ A �k��ØCÏf, = A �A�õ�ª�uÙ4�
õ�ª, l
 I , A, A2, . . . , An−1 �5Ã', A �õ�ª�¤�� n ���m, TÐ�u� A �
��Ý
�¤��m��ê, ùÒlÝ
��Ýy²
½n 6.1.�

ä ~~~KKK. XJÝ
 A k n �pØ�Ó�A��, @o� A ���Ý
�½�±L«� A

�õ�ª.

y²: � Avi =λi vi , @o v1+v2+·· ·+vn Ò´��Ì��þ.
��±ù��, A 7,´�±é�z�, @o� A ���Ý
7,�´é�Ý
£UA

��©¬��E|¤, ¤±¯KÒ´��3 n �:?é��õ�ª�¯K, �e�ÒØ�
.

A V¥%zf½n�
ä ½½½nnn6.2 (V¥%zf). � A ´?��½��
, XJ�
 C Úz��� A �����


Ñ���, K C �±L«� A �õ�ª.

y²: Äkr A, C Ñw¤,��þ�mþ��5C�. XJ(Ø¤á�{, w,e¡�
^�´7L÷v�:

ÚÚÚnnn6.3. A �ØCf�m�Ú©)7½�´ C �ØCf�m�Ú©).

Ún�y²: � V 3 A ��^e©)�ØCf�m��Ú

V =V1⊕V2⊕·· ·⊕Vr ,

P ´l V � V1 þ�ÝK, Kk AP = PA, @o�â®�k C P = PC , ¤± V1 �´ C �ØCf
�m, aq/¤k Vi Ñ´ C �ØCf�m, Ún�y.

y3á���^þ½n 6.1 �(Ø, �â Frobenius knIO/�nØ, V �±©)�Ì
�ØCf�m��Ú

V = {v1}⊕ {v2}⊕·· ·⊕ {vr },
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CHAPTER 6. r��Ý
L«�õ�ª


 C 3z� {vi } þ���� A 3 {vi } þ�����, ¤±�±L«� A �õ�ª C = gi (A).
¯K´ù
 gi (x) ��í? XJ´Ó��õ�ª g (x) @¯KÒOK
, 3z��ØCf�m
þÑk C = g (A), �,��m�´. �´ù�Ø@ow,, ¤±�©Û�2[�:. �½z�
{vi } éA�4�õ�ª fi (x) ´ A �1 i �ØCÏf, gêl���ü�. ·�k

ÚÚÚnnn6.4. �3� A ���C� B ¦� B v1 = v2.

·Ø���Ñ�[�y²L§, 
´r�{��Ù. z� {vi } Ñ´��“Ì�+”, )¤�
´ vi , �´ fi (x), AO v2 ��´ v1 ���Ïf. ��ìe¡ù�¯K?1a'5�¤Ún
�y²:

ÚÚÚnnn6.5. � G = <g> Ú H = <h> ´ü�Ì�+, � |H | ´ |G| �Ïf, K�3l G � H �+
Ó� ϕ ÷v ϕ(g ) = h.

���y²: ·�k
v1

B−−−−−→ v2
C−−−−−→ g2(A)v2,

v1
C−−−−−→ g1(A)v1

B−−−−−→ g1(A)v2.

du C B = BC ¤±ü^´»�(JAT´���. �Ò´ g1(A)v2 = g2(A)v2. 2Ú^�H
@é{: Ì��mþ��� A ���C�d§3)¤� v ?����û½. ¤± g1(A) Ú
g2(A) ��£3 {v2} þ¤, @o g1(x) Ú g2(x) �±�¤�Ó�õ�ª. aq/, ¤k� gi (x)

�Ü�±�¤Ó��õ�ª.

ù�½n�¿ÂÒ´3� Endk (V ) ¥, éC� A )¤�f� R ¦üg¥%zf±�q
��
 R, ¤±��V¥%zf½n. 3�ü�ê(�½n¥�¬��V¥%zf½n��
K.

20



7

©)�J,

�m�©)�J,´p��ê¥�­��g�, ?n��5C�k'�¯K��ÿ, Ä
���{Ò´kéÜ·�f�m¢yü�, ,�=£�û�m£¦^8Bb�¤, ��.£
���m�Ñ(Ø. Ù¢�áþ�éõ½n®²Ny
ù�:.

Hamilton-Cayley ½n�
ä ½½½nnn7.1. � A ´ê� F þ� n ��
, f (x) ´ A �A�õ�ª, K f (A) = 0.

ù�ü�¿ØJ, r A w¤ C þ�Ý
, �A��þ Aα= λα ¿*¿��|Ä, K3ù
|Äe A �Ý
/X (

λ C

0 B

)
.

Ù¥ B ´ A 3û�m
−
V =V /{α} þ�p�C�éA�Ý
. � B �A�õ�ª� g (x), @o

f (x) = (x −λ)g (x). éü���Ý
 B ¦^8Bb�: g (B) = 0, @o

f (A) = (A−λ)g (A) =
(

0 C

0 B −λ

)(
g (λ) ∗

0 0

)
= 0.

¤± Hamilton-Cayley ½n´�{ü�ü�.

Ó�þn�z�
ä ½½½nnn7.2. XJ C þ��
 A, B ÷v AB = B A, K A, B �±Ó��quþn�/. =�

3�_Ý
 T ¦� T −1 AT , T −1BT Ñ´þn�Ý
.

ù�ü�Úþ¡����, Ò´é�Ó�A��þ, mÿ��|Ä±�éû�mþ�p
�C�¦^8Bb��Ñ(Ø.

aq��k�
ä ½½½nnn7.3. XJ A, B Ñ´�é�z�Ý
, 
� AB = B A, K A, B �±Ó�é�z. =

�3�_Ý
 T ¦� T −1 AT , T −1BT Ñ´é�Ý
.
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CHAPTER 7. ©)�J,

�n����, Ò´r�m©)� A �A�f�m��Ú, 3z��f�mþ¦^8B
b�=�. ØLùpk������²: 7LØy���é�z�C�3Ù?�ØCf�m
þ���E,´���é�z�C�£�,{ü�¿Øw,¤.�

ä ½½½nnn7.4. � r(AB −B A) ≤ 1� A, B �±Ó�þn�z.

Äk·��±b� A Ø´�_�, ÄK�{Ò± A −λI �O A. ù�b½�8�Ò
´�y KerA Ú ImA Ñ´�²�� A− ØCf�m. ·��Øy KerA Ú ImA ¥��k�
�´ B �ØCf�m, ù�Ò�±ü$�m��ê, BuA^8B{. Pàg�5�§|
(AB −B A)X = 0 �)�m� X , ©ü«�¹?Ø:
(1) KerA ⊂ X . �x ∈ KerA, á�k AB x = B Ax = 0. l
 KerA �´ B �ØCf�m.
(2) KerA * X . l
�3�þ x ∈ KerA �´ y = (AB −B A)x 6= 0. 5¿� r(AB −B A) = 1, ¤±
Im(AB −B A) = {y}. �´

y = (AB −B A)x = AB x −B Ax ∈ ImA

ùÒ`² Im(AB −B A) ⊂ ImA. @oé?Û u = Av ∈ ImA,·�k

B Av = AB v − (AB −B A)v ∈ ImA.

l
 ImA (¢´ B �ØCf�m.
�e�Ò�±é�m��ê?18B5y²(Ø
, Ø�� ImA ´ A,B �Ó�ØCf

�m, @o� ImA ��|Ä,�mÿ, A Ú B �Ý
Ò/X(
A1 A3

0 A2

)
Ú

(
B1 B3

0 B2

)
.

w,
r(AB −B A) ≥ r(A1B1 −B1 A1)+ r(A2B2 −B2 A2),

¤±d8Bb� A1 Ú B1 �±Ó�þn�z, A2 Ú B2 �±Ó�þn�z, ùÒ�¤
y².

�5Ý
�(�

�5Ý
kéÐ�IO/�'�Ò3u� M ´§�ØCf�m��ÿ, M⊥ �´ÙØ
Cf�m. ùÒ�±r V ©)��
“Ø��”�ØCf�m��Ú, =z���Ú�Ø2¹
k����"ØCf�m£ÄKù��Ú�Ò�±2?1�Ú©)¤. ¤±éuj�mþ
��5Ý
 A, du“Ø��”�ØCf�m7L´���A��þ, ¤± A �±é�z. î
ª�mþ��5Ý
 A �“Ø��”ØCf�m´��½ö���, ���´ê¦, ���´
���� Ïf�^=£��²¡þEê¦{�AÛ¿Â¤, ¤± A �IO/´�


λ Ú
(

a b

−b a

)
£� Ïf

√
a2 +b2, =� cosθ = ap

a2 +b2
¤

��Ú.
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CHAPTER 7. ©)�J,

A Frobenius IO/�
ä ½½½nnn7.5. � A ´ F þ n ��þ�m V þ��5C�, K�3Ä 1 �gê�õ�ª

p1,p2, · · · ,pm ∈ F [x] ±9 A− Ì�ØCf�m V1,V2, · · · ,Vm ¦�

V =V1⊕V2⊕·· ·⊕Vm ,

¿� pi TÐ´ A 3 Vi þ��� A |Vi �4�õ�ª£�,�´A�õ�ª¤. d	�k
(1) p1(x)p2(x) · · ·pm(x) = f (x), ùp f (x) ´ A �A�õ�ª.
(2) p1(x) = m(x) ´ A �4�õ�ª, pm |pm−1 | · · · |p2 |p1.

Frobenius IO/´�UNy©)�J,g��½n, §JÒJ3���Ú�“.£”þ.
�áþ�y²(¢ØN´ÖÃ£'X���áþ�Qã¤. ùkü�¡��Ï, ��´y²
Ø^���ó5Lã�{(¢´æ�, ,��Ò´�övkrg´ù�Ù. e¡Ì�ùg´,
[!�[gC�w.

�´é�m��ê8B, Äk�â½n 5.2, k���þ v1 �4�z"õ�ªTÐ�u
A �4�õ�ª m(x), � v1 )¤�Ì�f�m� V1,·��g´Ò´3û�m V /V1 ¥¦^
8Bb�, 2.£� V ¥5�Ñ(Ø. äNù, Ò´�â8Bb�, V /V1 �±©)�Ì�Ø
Cf�m��Ú

V /V1 = V̄2 ⊕ V̄3 ⊕·· ·⊕ V̄m .

ùp V̄i d v̄i )¤, z� v̄i 3 V /V1 ¥�4�z"õ�ª´ pi (x) (i ≥ 2), �k pm |pm−1 | · · · |p2.
�, pi |m(x) = p1(x) �´w,�. y3�¯K´No.£��m V Q? w,AT� v̄i ��
L� vi , � vi )¤� A− ØCf�m� Vi , �y²ù�� Vi ÎÜ�¦. �´ù��L�ØU
�B�,·�ke¡�Ún:

ÚÚÚnnn7.6. éu i ≥ 2, �3 v̄i 3 V ¥��L� vi ¦� vi 3 V ¥�4�z"õ�ª�u v̄i 3
V /V1 ¥�4�z"õ�ª.

4·�k«@Ún 7.6 ��(5, ry²UYe�:
� vi )¤� A− ØCf�m� Vi , e¡�I�y²

V =V1⊕V2⊕·· ·⊕Vm .

Äk�y²
V =V1+V2+·· ·+Vm .

ù�{ü, '�´y²
V1+V2+·· ·+Vm

´�Ú, ="�þ�L«{��. du Vi ¥��þÑ�±L«� vi �“õ�ª”\þ�� v1

�“õ�ª”, ¤±�±b��3 r1(x),r2(x), . . . ,rm(x) ∈ F [x] ¦�

r1v1 + r2v2 +·· ·+ rm vm = 0,
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CHAPTER 7. ©)�J,

=£�û�m V /V1 ¥�:
r2v̄2 +·· ·+ rm ¯vm = 0̄.

,
d8Bb�,
V̄2

⊕ · · ·⊕V̄m

´�Ú, ¤±7L
ri v̄i = 0, i ≥ 2.

qdu pi ´ v̄i �4�"zõ�ª, ¤±

pi (x) |ri (x)

,
 vi �4�z"õ�ª�´ pi , l


ri vi = 0,

l
z��Ú�Ñ´"�þ, ùÒy²
�Ú.
Ún 7.6 �y²: pi v̄i = 0 `² pi vi ∈V1, =�3õ�ª fi (x) ¦�

pi vi = fi v1.

du pi |m(x), ¤±�±� m(x) = pi (x)qi (x), 3ü>Ó�¦± qi (x):

0 = fi qi v1.

du m(x) ´ v1 �4�z"õ�ª, ¤±

m(x) | fi (x)qi (x).

=
pi (x) | fi (x).

- fi (x) = pi (x)li (x), @o
pi (x)(vi − li v1) = 0,

N´�y vi − li v1 ��Ò´ pi (x), ùÒ�¤
Ún 7.6 �y².
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�5Ý


�5Ý
�Ì��û½
§�(�, ù´�5Ý
kéÐ�5�����Ï. ù�ÙÂ
¹A�Ú�5Ý
k'�¯K.�

ä ½½½nnn8.1. y² A ´�5C���=� A∗ �±L«� A �õ�ª.

y²: � λ1, . . . ,λs ´ A ��ÜØÓ�A��, V1, . . . ,Vs ´éA�A�f�m, P1, . . . ,Ps

´ V � V1, . . . ,Vs ��K, K P 2
i = Pi , Pi P j = 0(i 6= j ).

·�k
A =λ1P1 +λ2P2 +·· ·+λsPs ,

@o
A2 =λ2

1P1 +·· ·+λ2
s Ps .

��é?Û��ê k,
Ak =λk

1 P1 +·· ·+λk
s Ps ,

l
é?Ûõ�ª f (x),
f (A) = f (λ1)P1 +·· ·+ f (λs)Ps .

� p(x) ´ Lagrange ��õ�ª

p(λ) = ∏
i 6=1

λ−λi

λ1 −λi
, p(λ1) = 1, p(λi = 0), i = 2, · · · , s.

K p(A) =
s∑

i=1
p(λi )Pi = P1, = P1 �±L«� A �õ�ª, Ónz� Pi Ñ�±L«� A �õ

�ª, l

A∗ = λ̄1P1 +·· ·+ λ̄sPs

�±L«� A �õ�ª.

ÚÚÚnnn8.2. � A ´�5Ý
, B ´�
. XJ AB = B A, @ok A∗B = B A∗.

y²: r A, B Ñw¤j�m V þ��5C�, du V �±©)� A �A�f�m��
Ú, ¤± A, B ���du A �A�f�mÑ´ B �ØCf�m. �´ A �A�f�m�T
Ð´ A∗ �A�f�m, ¤± A∗ �A�f�m�Ñ´ B �ØCf�m, ¤± A∗ Ú B ��.

Ù¢ù�Ún��±dc¡�½n��:

AB = B A ⇒ f (A)B = B f (A) ⇒ A∗B = B A∗.
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CHAPTER 8. �5Ý


ÚÚÚnnn8.3. � A, B ´�5Ý

� AC =C B , @o A∗C =C B∗.

y²: �	

X =
(

A 0

0 B

)
, S =

(
0 C

0 0

)
.

@o X E´�5Ý

� X S = SX . ¤±dÚn 8.2, X ∗S = SX ∗, �Ò´ A∗C =C B∗.�
ä ½½½nnn8.4 (�5Ý
E�q�duj�q). � A, B ´�5Ý
��3�_Ý
 T ¦�

T −1 AT = B , K�3jÝ
 U ¦� U−1 AU = B .

g´: ��_Ý
 T ¦� T −1 AT = B , �é��jÝ
 U ¦� U−1 AU = B . No
l�qLÞ�j�qQ? ^4©), ��½ Hermite Ý
 S ÚjÝ
 U ¦� T = SU , @
oU−1(S−1 AS)U = B . XJUy² S � A ��, @(ØÒ¤á
. 
 S q´ T T ∗ �²��, ¤
±��y² A � T T ∗ ��. (ùp\I���, ��Ý
 A Ú���½Ý
 P ����=�
A Ú P �²����.)

y²: d®�, AT = T B , @o�âÚn 8.3 Òk

A∗T = T B∗.

ü>¦�ÝÝ
:
T ∗A = BT ∗.

@o
T (T ∗A) = T (BT ∗) = (T B)T ∗ = AT T ∗.

= A � T T ∗ ��, ùÒ�¤
y².�
ä ½½½nnn8.5 (¢Ý
j�q�du���q). � A, B ´¢Ý
, U ´jÝ
, U−1 AU = B ,

K�3��Ý
 O ¦� O−1 AO = B .

g´: � U = P + iQ, P , Q ´¢Ý
, @od AU =U B �±íÑ AP = PB , AQ =QB . l

é?Û¢ê λ Ñk A(P +λQ) = (P +λQ)B , AO���¢ê λ ¦� T = P +λQ �_, @oÒ
��
���_�¢Ý
 T ¦� T −1 AT = B . ¤±��y² A � T T ∗ ��, Ò�±E�þ
¡�4©)�Ãã
.

y²: Äkd U−1 AU = B �� U∗A = BU∗, l


(P∗+λQ∗)A = B(P∗+λQ∗),

�Ò´T ∗A = BT ∗. @o AT T ∗ = T BT ∗ = T T ∗A, �y.
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A«AÏ�Ý


�"Ý


Ý
�"�du¤k�A��Ñ´0, ��yù�:, ��y²é¤k� 1 6 k 6 n Ñk
trAk = 0. ��oQ? �Ï´,¼ê trA, trA2, · · · , trAn ��û½
 A �A�õ�ª. � σk ´
λ1, . . . ,λn � k gÐ�é¡õ�ª, @o

trAk =λk
1 +λk

2 +·· ·+λk
n = sk

�â Newton ð�ªk

σ1 = s1

s1σ1 −2σ2 = s2

s2σ1 − s1σ2 +3σ3 = s3

· · · · · ·
skσ1 − sk−1σ2 +·· ·+ (−1)k+1kσk = sk

^ Cramer {K�g)Ñ σ1, . . . ,σn 5:

σk = 1

k !

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

s1 1 0 0 · · · 0

s2 s1 1 0 · · · 0

s3 s2 s1 1 · · · 0
...

...
...

. . . . . .
...

sk−1 sk−2 · · · · · · . . . 1

sk sk−1 · · · · · · · · · s1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
l
 s1, . . . , sn ��û½
 σ1, . . . ,σn , �Ò��û½
 A �A�õ�ª.

Gram Ý


� α1, . . . ,αs ´ n �îª�m¥� s ��5Ã'��þ, ¡ s × s Ý


Gs =


(α1,α1) (α1,α2) · · · (α1,αs)

(α2,α1) (α2,α2) · · · (α2,αs)
...

...
. . .

...
(αs ,α1) (αs ,α2) · · · (αs ,αs)

=
(

Gs−1 x

x ′ (αs ,αs)

)
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CHAPTER 9. A«AÏ�Ý


��þ| α1, . . . ,αs � Gram Ý
.
e¡5� Gs �1�ª. ± α1, . . . ,αs ���þü¤ n × s Ý
 A, @o Gs = A′A. �

α1, . . . ,αs ��A��z�����þ� β1, . . . ,βs . ± β1, . . . ,βs ���þü¤ n× s Ý
 B , @
o B = AQ, ùp Q ´��é��þÑ´1�þn�Ý
. l
 B ′B =Q ′GsQ. 5¿ùp

B ′B =


(β1,β1) (β1,β2) · · · (β1,βs)

(β2,β1) (β2,β2) · · · (β2,βs)
...

...
. . .

...
(βs ,β1) (βs ,β2) · · · (βs ,βs)

=


(β1,β1)

(β2,β2)
. . .

(βs ,βs)



� |Q ′| = |Q| = 1. ¤,±3 B ′B =Q ′GsQ ü>¦1�ª=� |Gs | = ‖β1‖2‖β2‖2 · · ·‖βs‖2.

lþ¡�ªf�±wÑ5 Gs �1�ªÒ´ α1, . . . ,αs Ü¤�²1õ¡NNÈ�²�.

Ì�Ý


éu�½� Cn ¥��þ α= (a0, a1, · · · , an−1), ½Âd α )¤�Ì�Ý


ci r c[α] = ci r c[a0, a1, · · · , an−1] =


a0 a1 · · · an−1

an−1 a0 · · · an−2
...

...
. . .

...
a1 a2 · · · a0

 .

�¤kÌ�Ý
|¤�8Ü� S.�
ä ½½½nnn9.1. ¤kÌ�Ý
�±Ó�é�z.

y²: � π= ci r c[0,1, · · · ,0], �ó� π Ò´Ó� (123 · · ·n) éA���Ý
, @o πn = I ,
ØJ�y ci r c[α] = a0I +a1π+a2π

2 +·· ·+an−1π
n−1, l
¤kÌ�Ý
Ñ�±L«� π �õ

�ª, ¤±��r π é�z, ¤k�Ì�Ý
ÒÓ��é�z
. w, π ´�±�é�z�,
Ï� π �4�õ�ªvk­�, ùÒy²
(Ø.

AO5¿ S �����ê=d���� π )¤, �´w����þ�m%´ n ��. ù
´Ï� π �4�õ�ª� xn −1, ¤± I ,π, · · · ,πn−1 �5Ã'.

Hilbert Ý


�Ä R[x] �d1, x, · · · , xn−1 )¤� n �f�m V . 3SÈ

< f , g >=
∫1

0
f (x)g (x)dx

e V ¤���îª�m. ù�SÈ3Ä1, x, · · · , xn−1 e�ÝþÝ
�

G = (
1

i + j +1
), 0 ≤ i , j ≤ n −1.
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CHAPTER 9. A«AÏ�Ý


G q�� Hilbert Ý
, §´�½Ý
, Ï�SÈ�ÝþÝ
o´�½�.
e¡5� G �1�ª: ���/, �Ä n �Ý


G = (
1

αi +β j
), 1 ≤ i , j ≤ n

e¡y²

det(G) =

∏
1≤i< j≤n

(αi −α j )(βi −β j )∏
1≤i , j≤n

(αi +β j )

ù´Ï��
det(G)

∏
1≤i , j≤n

(αi +β j ) = F (α1, · · · ,αn ,β1, · · · ,βn)

@o F ´�� n2 −n g�õ�ª. XJ,� αi = α j , @o G �1 i , j ü1�Ó, det(G) = 0,
¤± F kÏf ∏

1≤i< j≤n
(αi −α j )

aq/, F �kÏf ∏
1≤i< j≤n

(βi −β j )


 ∏
1≤i< j≤n

(αi −α j )(βi −β j )

®²´�� n2 −n g�õ�ª, 2'��eÄ�XêÒ��y.
AO- αi = i + 1

2 ,β j = j + 1
2 , Ò��� G �1�ª�

det(G) =

∏
0≤i< j≤n−1

(i − j )2

∏
0≤i , j≤n−1

(i + j +1)
= [1!2! · · · (n −1)!]3

n!(n +1)! · · · (2n −1)!
.
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UA��©¬�E|3ù�©�p®²ÑyÐAg
, e¡UY0�ü�~f.�
ä ~~~KKK. ��Ý
 A∗ o�±L«� A �õ�ª.

ù�¯K3Ø�þÑyLõg
, �±ëw±ØÏP��df

http://old.math.org.cn/forums/index.php?showtopic=40761

ùp�Ñ^XÝ
�E|��«){. Äk r(A) < n −1 Ú r(A) = n ��/´éN´�,
r(A) = n −1 ��/â´'�. e¡Ò�Äù«�/.

w,��é A ´ Jordan IO/��¹\±y²=�. r A UA��©¬�

A =
(

B 0

0 J

)
,

ùp B ´ m ��_Ý
, J ´��A��� 0 � l � Jordan ¬, m + l = n. 5¿duk
r(A) = n −1 �cJ, ¤± A �Uk��A��� 0 � Jordan ¬.

y35w A∗. du A A∗ = A∗A = 0, ¤± A∗ ��Ó�©¬�

A∗ =
(

0 0

0 C

)
.

£Ï� B �_, ¤±�þ��AT´ 0¤�I�� C , �Ò´ J ���Ý
¦± |B |. 
 J �
k�e�� 0 ��ê{fª´ (−1)l+1|B |, Ù§�Ñ´ 0. ¤±

C = |B |J∗ = (−1)l+1|B |


0 0 · · · 1

0
. . .

...
. . . 0

0


l×l

= (−1)l+1|B |J l−1.

Ð
, y3�?Ö´é��õ�ª f (x) ¦�

f (B) = 0, f (J ) = (−1)l+1|B |J l−1.

� B �A�õ�ª´ g (x), @o

f (x) = (−1)n+1x l−1g (x)
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ÒÜ��¦£5¿ g (x) �~ê�´ (−1)m |B |¤.

ùp� f (x) �úwØ�Ñ5,·´ùoé�: �

f (x) = a0 +a1x +·· ·+al−1x l−1 +al x l +al+1x l+1 +·· ·

¿�\ f (J ) = (−1)m |B |J l−1 Ò¬uy a0 = a1 = ·· · = al−2 = 0, al−1 = (−1)l+1|B |, ¤±

f (x) = (−1)m+l+1x l−1
(

(−1)m |B |+al x +al+1x2 +·· ·
)
,

ù�ÒnÑ5
.

�
ä ~~~KKK. � A,B Ñ´ n �Ý
, C = AB −B A, XJ AC =C A, ¦y C ´�"�.

ù�¯K�DÚ){´8By² trC k = 0. ØL4·��Ä,	�«){: 3 C ´
Jordan IO.�cJe5�Ä¯K, ¿�r�ÓA��� Jordan ¬Ü¿3�å. =

C =


C1

C2

. . .

Cr

 .

ù�ØÓ� Ci vk�Ó�A��. ù��ÿ� A ��©¬�

A =


A1

A2

. . .

Ar

 .

XJù��ÿ2r B y©� r 2 �fÝ
 B = (Bi j ) �{, k¿g�¯�u)
:

Ci = Ai Bi i −Bi i Ai .

ù`² Ci �,´ 0. �´ Ci ´þn�Ý

�é��þ´§=k�A�� λi , ¤± λi = 0,
l
 C ¤kA��Ñ´ 0, l
�".

e¡ù�~f�){5g Halmos.�
ä ~~~KKK. A, B ´ê� F þ� n ��
, e I −B A �_, K I − AB ��_, ¿¦Ù_.

Äk^X/ª�í�éÑù�_5: rÝ
w¤ê, ��?êÐm:

(I − AB)−1 = I + AB + (AB)2 +·· ·
= I + A(I +B A+ (B A)2 +·· · )B

= I + A(I −B A)−1B.
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¤± (I − AB)−1 = I + A(I −B A)−1B , ùÒl/ªþéÑ5
(J, �e��´�y
®.
ù��{(¢é|©, 
�Ø^PÁ�Y, ^���ÿá�ÒUíÑ5.�

ä ~~~KKK. ¦y3 n �îª�m¥üüYð���þ��ê����´ n +1.

PK8
, ±c�L��)�:

http://old.math.org.cn/forums/index.php?showtopic=64867&hl=s

�
ä ~~~KKK. � A ´���½Ý
, ¦y A ���¥���ö7,Ñy3é��þ.

�½Ý
�,��¶i´SÈ�ÝþÝ
, �½Ø�#Pù�:. 
SÈ´k Schwarz
Ø�ª�:

|(α, β)|2 ≤ (α, α)(β, β).

�Ò´ a2
i j ≤ ai i a j j . ¤± ai j ≤ max{ ai i , a j j }.

��ù�K85g Horn �Ö:�
ä ~~~KKK. � V ´���þ�m, ´Ä�3 V þ��5C� A,B ¦� AB −B A = I ?

�YØJ, V ´k���{Òvk, ü>¦,Ò�Ñgñ. V ´Ã���{�Uk, 'X
3 C 1(R) þ½Â

A f = f ′(x), B f = x f (x),

ØJ�yÒk AB −B A = I ¤á.
H.Wielandt �Ñ
Xey²:
XJk÷v^�� A,B �3, ØJ^8Bb�y²

Ak+1B −B Ak+1 = (k +1)A.

� ∥ · ∥ ´ Matn(F ) þ?��ê, @o

(k +1) ∥ Ak ∥≤ 2 ∥ Ak+1 ∥ · ∥ B ∥≤ 2 ∥ Ak ∥ · ∥ A ∥ · ∥ B ∥ .

ù�7k,� k ¦� ∥ Ak ∥= 0. �´þ¡1��Ø�Òw�·� Ak−1 ��ê� Ak ��ê
¤“��”, ¤± Ak = 0 ⇒ Ak−1 = 0 ⇒···⇒ A = 0, ùÒ�Ñ
gñ.

ù�y²�Ð?Ò3u§�±A^� Banach �mþ�, 3þfåÆ¥kXe�§

X P −P X = i h

2π
I .

X ´ ��f, P ´Äþ�f, h ´ÊK�~ê. Wielandt �y²w�·�ù���f�½Ø
´k.�f, ù)û
��ÔnÆ¥�È±5]
�û�¯K.
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�P

²L�E�g�Ú?U,©�ªu½v
. £�����L§, ý´é"£. �ÐÈ\�
�ákéõ, ²L�c�m�|�!U�!M�Ú2M�, �ªß ¤
ù�����;.
�,�káá�n�A�, SN��À�
A�k�L¿Â��K, �´·�®²r·��
L�Ú��L��Ñ�¹3S
. �Ùéþ�G�,­, �ØXA�°���è5�k_�.

�©��8�Ò´�Ï�[�Ð�n)p��ê�g�Ú�{, Ó�o�AéïÄ)
\Æ�Á. F"^�á��Ì, �{'��ó3�á��mS�ÏÖöJpp��ê�Y².
�,ù�©��´ùã
·@�'�­��Ü©, �ÆÐp�½ö�Ðï=wù
´Ø

�.

w,·�Y²¦·�U��ù�§Ý
, éõ°ç�SNÃ{ùã, �Ø�´3¤J�.
é�H�[5&��: zlxida@sina.com.

��AOa�±ØÏP�, ´¦�¯õdf�Ï·r?
p��ê���.
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