1. Leta = (ar,...,ax)t,m=(n,....,n)T, 1=(1,..., )T, W = (Wy,..., Wp)T

and I be the identity matrix of order k, the MSE of § is

Qa) = E(— )* = E(n"a—s)"(n"a - 5)

aTE(mnT)a — 2aT Ens + Es?
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Letting %&“) =0, we have

a=occ11" + o, 1)1

2

— Ts

0% + ko2

The resultant MSE is ;’za"z"/ -
oy tko?
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02 = EB(X; —a" X,)(X; —a’ X,,)
= EX?-2d"E(X;X,)+ a"E(X, X, a

9oz (a)
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Letting =0, we have a = I'; L E(X; X,,), which yields

02 = EX? - E(X;X,) T, 'BE(X; X,,)

By the stationarity of {X,}, we have

ro EX?  BE(X,X,")
T B(xGx,T) T, '
Thus,
EX? - E(X, X, ")I'J'E(X,X,) EX.X,")
det(l—‘nJrl) = n
0 T,

=det(T,) - [EX? — E(X: X, )[', ' E(X, X,,)).
That is 02 = 9500
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) . det(Tpi1)
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Jm o= I )

= exp(nlgn;o log(det(T'41)) — log(det(T,)))

. log(det(Tp41)) — log(det(T',))
= exp (_Jim = ) —n )

By Stolz’s theorem, li_>m 02 = exp( li_}rn Llog(det(T'y))



3. (1) Since {W(n)} are i.i.d, the innovation of X (n) is

X(n) - LX(n)|X(n—1),..) ==Y (k ;r 2>X(n — k) +W(n) - <— 3 (k ;r 2>X(n = k))

k=1

(2) Since the equation holds clearly when n = 0, the proof completes using
mathematical induction.

(3) Let X = (X(1),...,X(10))T and W = (W(0),W(1),...,W(10))T,
we have

X =AW,
where
-3 1 0 O 0
3 -3 1 0 0
A= -1 3 =3 1 0
0 0 0 0 1

Hence, I' := Cov(X) = ACov(W)AT = AAT

Solving I'a = E(X X (12)) = (0,...,0,—1,6)” with respect to a, we con-
clude from Property 1 (textbook p.146) that

L(X(12)|X)=a’X

The corresponding prediction error is F(a” X — X (12))2.
4. (1) The best linear predictions are

L(th+1|Y;5, .. ) = L(40 + €t+1 — 0.6€t + O.8Et,1‘€t, 6t71) =40 — 0.66t + 0.861571 = 35.6
L(Yt+2|}/t, .. ) = L(4O + €t42 — 0.6€t+1 + O.8€t|€t) =40 + 0.8€t =40 + 0.8615 =41.6

(2) Since
Yit1 — L(Yea|Ye, .. .) = €41 ~ N(0,20)

and
Y—t+2 - L(Y;+2|th, .. ) = €42 — 0.66t+1 ~ N(O, 272),

the 95% confidence intervals for Y;11 and Y10 are respectively

35.6 + 1.96v/20, 41.6 + 1.96v/27.2.

(3) According to the spectral density of MA processes, the spectral density
of Y; is

20 : : 10
fN) = 2—|1 —0.6e7* +0.8¢72* = —(1 —2.16cos A + 1.6 cos 2)).
e
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5. (1) Let v, = Cov(Xy, X¢—x), k€ Z and X = (X;, Xy_1)T, then
1 1
B(Yen1X) = 5E[(Xewr + X)X] = 500 + 31, (1 + d0)m)”

Solving E(X XT)a = E(Y;11X), we have

a=(B(XX") ' E(Yi11X)

1
= 272)(73 + 0 — (1 + ¢1)’)’127 d1v071 — 712

)T
2('70 -7

)

from which the best linear prediction of Y; 1 is L(Y; 11| X, X;—1) = aT X.
Its MSE is

t
1é+ 2 5+ 91

1
= b El(Xi1, Xp, Xi) " (Xi1, Xp, Xy )b

1 A2 A2
E(CLTX - }/t+1)2 — ZE(fo-i,-l + Y071 71 X + d)lf)/ofyl 71 Xt—1)2

_ 2 A2
where b — (_1, Yovi—o1Yi P1Yovi—Yi )T.
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Substituting in vy = %@%‘Wlag, T %Wag and v, =
2 3 2
¢1+¢1911tq;1201+¢101 o? yields the final result.
1

(2) According to the spectral density of time-invariant linear filter, the
spectral density of {Y;} is

Fr) = 5 (1+ e Erx (V)

2
_ 0% (14cosA)(1 4261 cos A +67)
- 87 1 —2¢1 cos A + ¢3



