
EX 3, 2020.3.24

1. Let {Xn} be a sequence of random variables such that EXn = m and Var (Xn) = σ2n > 0

for all n, where σ2n → 0 as n→∞. Define

Zn = σ−1n (Xn −m) ,

and let f be a function with non-zero derivative f ′(m) at m.

(a) Show that Zn = Op(1) and Xn = m+ op(1).

(b) If Yn = [f (Xn)− f(m)] / [σnf
′(m)] , show that Yn − Zn = op(1).

(c) Show that if Zn converges in probability or in distribution then so does Yn.

(d) If Sn is binomially distributed with parameters n and p, and f ′(p) 6= 0, use the pre-

ceding results to determine the asymptotic distribution of f (Sn/n).

2. Suppose that Xn is AN
(
µ, σ2n

)
where σ2n → 0. Show that Xn

P→ µ.

If Xn−µn
σn

d→ N(0, 1), denote Xn ∼ AN
(
µ, σ2n

)
3. If Xn is AN

(
µn, σ

2
n

)
, show that

(a) Xn is AN
(
µ̃n, σ̃

2
n

)
if and only if σ̃n/σn → 1 and (µ̃n − µn) /σn → 0, and

(b) anXn + bn is AN
(
µn, σ

2
n

)
if and only if an → 1 and (µn (an − 1) + bn) /σn → 0.

(c) If Xn is AN(n, 2n), show that
(
1− n−1

)
Xn is AN(n, 2n) but that

(
1− n−1/2

)
Xn is

not AN(n, 2n).

4. If X1, X2, . . . , are iid normal random variables with mean µ and variance σ2, find the

asymptotic distributions of X̄2
n =

(
n−1

∑n
j=1Xj

)2
(a) when µ 6= 0, and

(b) when µ = 0.
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E (X1X2X3X4) = E (X1X2)E (X3X4) + E (X1X3)E (X2X4) + E (X1X4)E (X2X3)

E (X1X2X3) = E (X1X2)E (X3) + E (X1X3)E (X2) + E (X1)E (X2X3)
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