1. (1) Let {A;}2_; be zero-mean uncorrelated r.v.s, VarA; = 1.
Define

X, = Ay + Agcos(nm/2) + Az cos(nm/4) + Agsin(nm/2) + As sin(nw/4)

then EX,, =0 and Cov(X,,, Xpnin) = f(h).

(2) Since f(4) =3 > f(0) =1, f(h) can not be the autocovariance function
of a stationary series.

(3) Vn € N, consider

The eigenvalues of ¥, are

k
A =1—2x0.4cos( il

n+1
3, is positive definite.
(4) Yn € N, consider
1 06
06 1 06
Y = .
06 1 0.6

The eigenvalues of 3, are

km
Ak =1-2x0.6
k X COS(n 1

Y., is not positive definite.

2. (1)

1
VI-2t
(2) By the independence,
tH(Z3++20) _ . tZ7 _ . tZ7 _ #
FEe'o1 Eil;[le Zll;[lEe (A= 20772

(3) Since X is non-singular, it must be positive-definite.



So we have
E _ (21/2)27
which yields
271 — (271/2)2’

where ©~1/2 = (21/2)~1,

Hence,
SV2(X —p) ~ N(0,1).

(X —p)/S (X —p) = [23X - p)][E7VHX - p)]
~x*(n).

. (The last two were calculated using MATLAB)

. T

Blt1,ta, t3) = &t P

(4B +15) o
2

D3¢(t1,ta2,t3)
E(X 1 XoX3) =i 30— ) ot
( 142 3) 1 Ot, 02015 |t170,t270,t370

= exp{— — titao1o — tit3o1g — tatzoas}.

=0.

OOP(ty,ta,t3)
B(XIX3X35) =i 0 —— 2y 20,430,150
ot2ot2012 e

= 0%+ 20%(0%) + 025 + 023) + 8012013023.
B[(X} — 0*)(X3 — 0*)(X5 — 0%)] = BXT X3 X5 + 0" (X} + XJ + X3)
- o* (X7 X3 + X7 X3 + X5 X3) — 09

= 8012013023.

F(y1,y2) = P(X1 < y1,|Xa| <y2, X1 > 0) + P(X7 < y1,—|X2| <92, X1 <0)
(@(y1) —1/2)(2@(y2) — 1) +1/2, y1 > 0,92 >0

D(y2), y1>0,y2 <0

=49 2(y1), Y1 < 0,52 >0
29 (y1)@(y2), y1 < 0,52 <0
0, else

Hence, F1(y1) = F'(y1,00) = ®(y1), Fa(y2) = F(00,y2) = ®(y2).
Since f(y1,y2) = 0 when y1y2 < 0, (Y7,Y2) must be non-normal as the
support of a bivariate normal distribution (nondegenerate) is R2.

.a.

Eey, t is even
‘ {E(ef_l —~1)/V2, tisodd

17 ty = t27
0, else.



b.
nis even: E(Xp41]|X1,...,Xn) = E((2 — 1)/vV2|X,) = (
nis odd: E(Xp41|X1,...,Xn) = E(ent1|Xn, ..., X1) =0.

Xy —1)/V2.
LIfs=t

P(Xt < anS < y) = P(Xt < mln{xvy})
= P(X¢_12 + & < min{x,y})
min{x,y
—o(mpiny)

VIt/12]0"

Assume s > t, then

PX; <z, X;<y)=PXi12+e <2, Xs_120+e, < y)

t/12] o/12]
= P( Z E(t mod 12)+12k = T, Z E(s mod 12)+12k < y)
— —~
{G(a:,y), (t mod 12) = (s mod 12)
— ; ,
@(\/W]U)@(\/Wmo), (t mod 12) # (s mod 12)

where G(-,-) is the cdf of N(0,%) and

L (Tt12] 12
2‘“<wm1(wm0'

2v6/3 V6/3 V6/3
V2= V6/3 V6/6 6/6
V6/3  V6/6 6/6

solvng ©/2a = 0, we have Var(Y?_, a;X;) = a”Sa = 0.

- (a)
Bexp(Y_ NiXi) = Eexp(>_ Ni(Zi+0Zi_1))
i=1 i=1
n—1
= Eexp(>_ (i + 0Xi1)Zi + AnZn + 001 Zo)
1=1

n—1
=m(\)m(OA1) [T m(\i +0Xiy).

(b)
By the result in (a), Vn € N, t1,...,t,, the moment-generating function
of (Xi,,...,Xy,) is irrelevant to (t1,...,tn).

HGHCG, Vk € Za (tha cee aXt ) i (th-‘rka v 7th+k)'

n



