
1. Let a = (a1, . . . , ak)T , η = (η1, . . . , ηk)T , 1 = (1, . . . , 1)T ,W = (W1, . . . ,Wk)T

and Ik be the identity matrix of order k, the MSE of ŝ is

Q(a) := E(ŝ− s)2 = E(ηTa− s)T (ηTa− s)
= aTE(ηηT )a− 2aTEηs+ Es2

= aTE(s1 +W )(s1 +W )Ta− 2aTE(s1 +W )s+ σ2
s

= σ2
sa

T11Ta+ σ2
Wa

Ta− 2σ2
sa

T1 + σ2
s .

Letting ∂Q(a)
∂a = 0, we have

a = σ2
s(σ2

s11
T + σ2

W Ik)−11

=
σ2
s

σ2
W + kσ2

s

1.

The resultant MSE is
σ2
sσ

2
W

σ2
W +kσ2

s
.

2. (1)

σ2
n = E(Xt − aTXn)(Xt − aTXn)

= EX2
t − 2aTE(XtXn) + aTE(XnXn

T )a

Letting
∂σ2

n(a)
∂a = 0, we have a = Γ−1

n E(XtXn), which yields

σ2
n = EX2

t − E(XtXn)TΓ−1
n E(XtXn)

By the stationarity of {Xn}, we have

Γn+1 =

[
EX2

t E(XtXn
T )

E(XtXn
T ) Γn

]
.

Thus,

det(Γn+1) =

∣∣∣∣ EX2
t − E(XtXn

T )Γ−1
n E(XtXn) E(XtXn

T )
0 Γn

∣∣∣∣
= det(Γn) · [EX2

t − E(XtXn
T )Γ−1

n E(XtXn)].

That is σ2
n = det(Γn+1)

det(Γn) .

(2)

lim
n→∞

σ2
n = lim

n→∞

det(Γn+1)

det(Γn)

= exp( lim
n→∞

log(det(Γn+1))− log(det(Γn)))

= exp
(

lim
n→∞

log(det(Γn+1))− log(det(Γn))

(n+ 1)− n

)
By Stolz’s theorem, lim

n→∞
σ2
n = exp( lim

n→∞
1
n log(det(Γn))
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3. (1) Since {W (n)} are i.i.d, the innovation of X(n) is

X(n)− L(X(n)|X(n− 1), . . .) = −
n∑
k=1

(
k + 2

2

)
X(n− k) +W (n)−

(
−

n∑
k=1

(
k + 2

2

)
X(n− k)

)
= W (n).

(2) Since the equation holds clearly when n = 0, the proof completes using
mathematical induction.

(3) Let X = (X(1), . . . , X(10))T and W = (W (0),W (1), . . . ,W (10))T ,
we have

X = AW ,

where

A =


−3 1 0 0 · · · 0
3 −3 1 0 · · · 0
−1 3 −3 1 · · · 0
...

...
...

... · · ·
...

0 0 0 0 · · · 1

 .

Hence, Γ := Cov(X) = ACov(W )AT = AAT

Solving Γa = E(XX(12)) = (0, . . . , 0,−1, 6)T with respect to a, we con-
clude from Property 1 (textbook p.146) that

L(X(12)|X) = aTX

The corresponding prediction error is E(aTX −X(12))2.

4. (1) The best linear predictions are

L(Yt+1|Yt, . . .) = L(40 + εt+1 − 0.6εt + 0.8εt−1|εt, εt−1) = 40− 0.6εt + 0.8εt−1 = 35.6

L(Yt+2|Yt, . . .) = L(40 + εt+2 − 0.6εt+1 + 0.8εt|εt) = 40 + 0.8εt = 40 + 0.8εt = 41.6

(2) Since
Yt+1 − L(Yt+1|Yt, . . .) = εt+1 ∼ N(0, 20)

and
Yt+2 − L(Yt+2|Yt, . . .) = εt+2 − 0.6εt+1 ∼ N(0, 27.2),

the 95% confidence intervals for Yt+1 and Yt+2 are respectively

35.6± 1.96
√

20, 41.6± 1.96
√

27.2.

(3) According to the spectral density of MA processes, the spectral density
of Yt is

f(λ) =
20

2π
|1− 0.6e−iλ + 0.8e−2iλ| = 10

π
(1− 2.16 cosλ+ 1.6 cos 2λ).
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5. (1) Let γk = Cov(Xt, Xt−k), k ∈ Z and X = (Xt, Xt−1)T , then

E(Yt+1X) =
1

2
E[(Xt+1 +Xt)X] =

1

2
(γ0 + γ1, (1 + φ1)γ1)T

Solving E(XXT )a = E(Yt+1X), we have

a = (E(XXT ))−1E(Yt+1X)

=
1

2(γ2
0 − γ2

1)
(γ2

0 + γ0γ1 − (1 + φ1)γ2
1 , φ1γ0γ1 − γ2

1)T ,

from which the best linear prediction of Yt+1 is L(Yt+1|Xt, Xt−1) = aTX.

Its MSE is

E(aTX − Yt+1)2 =
1

4
E(−Xt+1 +

γ0γ1 − γ2
1

γ2
0 + γ2

1

Xt +
φ1γ0γ1 − γ2

1

γ2
0 + γ2

1

Xt−1)2

=
1

4
bTE[(Xt+1, Xt, Xt−1)T (Xt+1, Xt, Xt−1)]b

where b = (−1,
γ0γ1−φ1γ

2
1

γ2
0+γ2

1
,
φ1γ0γ1−γ2

1

γ2
0+γ2

1
)T .

Substituting in γ0 =
1+2φ1θ1+θ21

1−φ2
1

σ2, γ1 =
φ2
1θ1+φ1θ

2
1+θ1+φ1

1−φ2
1

σ2 and γ2 =

φ2
1+φ3

1θ1+φ2
1θ1+φ1θ1

1−φ2
1

σ2 yields the final result.

(2) According to the spectral density of time-invariant linear filter, the
spectral density of {Yt} is

fY (λ) = |1
2

(1 + e−iλ)|2fX(λ)

=
σ2

8π
· (1 + cosλ)(1 + 2θ1 cosλ+ θ2

1)

1− 2φ1 cosλ+ φ2
1
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