
1. (1) Let {Ai}5i=1 be zero-mean uncorrelated r.v.s, V arAi = 1.

Define

Xn = A1 +A2 cos(nπ/2) +A3 cos(nπ/4) +A4 sin(nπ/2) +A5 sin(nπ/4)

then EXn = 0 and Cov(Xn, Xn+h) = f(h).

(2) Since f(4) = 3 > f(0) = 1, f(h) can not be the autocovariance function
of a stationary series.

(3) ∀n ∈ N , consider

Σn =


1 0.4

0.4 1 0.4
. . .

. . .
. . .

0.4 1 0.4
0.4 1


The eigenvalues of Σn are

λk = 1− 2× 0.4 cos(
kπ

n+ 1
) > 0, k = 1, . . . , n.

Σn is positive definite.

(4) ∀n ∈ N , consider

Σn =


1 0.6

0.6 1 0.6
. . .

. . .
. . .

0.6 1 0.6
0.6 1


The eigenvalues of Σn are

λk = 1− 2× 0.6 cos(
kπ

n+ 1
), k = 1, . . . , n.

Σn is not positive definite.

2. (1)

EetZ
2

=

∫ ∞
−∞

etz
2 1√

2π
e−

z2

2 dz

=
1√

1− 2t

(2) By the independence,

Eet(Z
2
1+···+Z

2
n) = E

n∏
i=1

etZ
2
i =

n∏
i=1

EetZ
2
i =

1

(1− 2t)n/2

(3) Since Σ is non-singular, it must be positive-definite.
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So we have
Σ = (Σ1/2)2,

which yields
Σ−1 = (Σ−1/2)2,

where Σ−1/2 = (Σ1/2)−1.

Hence,
Σ−1/2(X − µ) ∼ N(0, I).

(X − µ)′Σ−1(X − µ) = [Σ−1/2(X − µ)]′[Σ−1/2(X − µ)]

∼ χ2(n).

3. (The last two were calculated using MATLAB)

φ(t1, t2, t3) = eit
Tµ− tT Σt

2

= exp{− (t21 + t22 + t23)

2
σ2 − t1t2σ12 − t1t3σ13 − t2t3σ23}.

E(X1X2X3) = i−3
∂3φ(t1, t2, t3)

∂t1∂t2∂t3
|t1=0,t2=0,t3=0

= 0.

E(X2
1X

2
2X

2
3 ) = i−6

∂6φ(t1, t2, t3)

∂t21∂t
2
2∂t

2
3

|t1=0,t2=0,t3=0

= σ6 + 2σ2(σ2
12 + σ2

13 + σ2
23) + 8σ12σ13σ23.

E[(X2
1 − σ2)(X2

2 − σ2)(X2
3 − σ2)] = E[X2

1X
2
2X

2
3 + σ4(X2

1 +X2
2 +X2

3 )

− σ2(X2
1X

2
2 +X2

1X
2
3 +X2

2X
2
3 )− σ6]

= 8σ12σ13σ23.

4.

F (y1, y2) = P (X1 ≤ y1, |X2| ≤ y2, X1 ≥ 0) + P (X1 ≤ y1,−|X2| ≤ y2, X1 < 0)

=



(Φ(y1)− 1/2)(2Φ(y2)− 1) + 1/2, y1 > 0, y2 > 0

Φ(y2), y1 > 0, y2 < 0

Φ(y1), y1 ≤ 0, y2 ≥ 0

2Φ(y1)Φ(y2), y1 ≤ 0, y2 < 0

0, else

Hence, F1(y1) = F (y1,∞) = Φ(y1), F2(y2) = F (∞, y2) = Φ(y2).

Since f(y1, y2) = 0 when y1y2 < 0, (Y1, Y2) must be non-normal as the
support of a bivariate normal distribution (nondegenerate) is R2.

5. a.

EXt =

{
Eεt, t is even

E(ε2t−1 − 1)/
√

2, t is odd
= 0.

Cov(Xt1 , Xt2) =

{
1, t1 = t2,

0, else.
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b.

n is even: E(Xn+1|X1, . . . , Xn) = E((ε2n − 1)/
√

2|Xn) = (X2
n − 1)/

√
2.

n is odd: E(Xn+1|X1, . . . , Xn) = E(εn+1|Xn, . . . , X1) = 0.

6. If s = t

P (Xt ≤ x,Xs ≤ y) = P (Xt ≤ min{x, y})
= P (Xt−12 + εt ≤ min{x, y})

= Φ(
min{x, y}√
dt/12eσ

).

Assume s > t, then

P (Xt ≤ x,Xs ≤ y) = P (Xt−12 + εt ≤ x,Xs−12 + εs ≤ y)

= · · ·

= P
( dt/12e∑

k=0

ε(t mod 12)+12k ≤ x,
ds/12e∑
k=0

ε(s mod 12)+12k ≤ y
)

=

{
G(x, y), (t mod 12) = (s mod 12)

Φ( x√
dt/12eσ

)Φ( y√
ds/12eσ

), (t mod 12) 6= (s mod 12)

where G(·, ·) is the cdf of N(0,Σ) and

Σ = σ2

(
dt/12e dt/12e
dt/12e ds/12e

)
.

7.

Σ1/2 =

 2
√

6/3
√

6/3
√

6/3√
6/3

√
6/6

√
6/6√

6/3
√

6/6
√

6/6


solvng Σ1/2a = 0, we have V ar(

∑3
i=1 aiXi) = aTΣa = 0.

8. (a)

E exp(

n∑
i=1

λiXi) = E exp(

n∑
i=1

λi(Zi + θZi−1))

= E exp(

n−1∑
i=1

(λi + θλi−1)Zi + λnZn + θλ1Z0)

= m(λn)m(θλ1)

n−1∏
i=1

m(λi + θλi−1).

(b)

By the result in (a), ∀n ∈ N, t1, . . . , tn, the moment-generating function
of (Xt1 , . . . , Xtn) is irrelevant to (t1, . . . , tn).

Hence, ∀k ∈ Z, (Xt1 , . . . , Xtn)
d
= (Xt1+k, . . . , Xtn+k).
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