
1. Since
∞∑

h=−∞
|γ(h)| <∞, we have

∫ π

−π
eihλf(λ)dλ =

1

2π

∫ π

−π

∞∑
k=−∞

γ(k)ei(h−k)λdλ

= γ(h) +
1

2π

∫ π

−π

∑
k 6=h

γ(k)ei(h−k)λdλ

= γ(h) +
1

2π

∑
k 6=h

γ(k)

∫ π

−π
cos
(
(h− k)λ

)
+ i sin

(
(h− k)λ

)
dλ

= γ(h)

2. Observe that when h 6= 0

γ(h) =
sin(ah)

h

=
eiah − e−iah

2ih

=

∫ a

−a

eivh

2
dv

=

∫ π

−π

I[−a,a](v)

2
eivhdv

we have

f(v) =
I[−a,a](v)

2

hence, the spectral distribution function is

F (v) =

∫ λ

−π
f(v)dv =

I[−a,a](λ)

2
(λ+ a) + I(a,π](λ)a

3. Denote by Zt = A cos(πt/3) +B sin(πt/3)

∀s, t ∈ Z, the autocovariance function of Xt is

γ(t, s) = Cov(Xt, Xs)

= Cov(Zt + Yt, Zs + Ys)

= Cov(Zt, Zs) + Cov(Yt, Ys)

= v2(cos(πt/3) cos(πs/3) + sin(πt/3) sin(πs/3)) + Cov(Yt, Ys)

=


v2 + 7.25σ2, s = t

v2/2 + 2.5σ2, |s− t| = 1

v2 cos((s− t)π/3), else

That is

γ(h) = v2 cos
(
πh/3

)
+ σ2(I{0}(h) + 6.25I{0,1}(h))

1



The spectral density of Yt is

fY (λ) =
σ2

2π
(7.25 + 5 cosλ)

Hence, FY (λ) =
σ2

2π [7.25(λ+ π) + 5 sin(λ)]

The spectral distribution function of Zt is

FZ(λ) =
v2

2
[I[−π

3 ,π]
(λ) + I[π3 ,π](λ)]

So the spectral distribution function of Xt is

F (λ) = FZ(λ) + FY (λ)

=
v2

2
[I[−π

3 ,π]
(λ) + I[π3 ,π](λ)] +

σ2

2π
[7.25(λ+ π) + 5 sin(λ)]

4. Since |a| < 1, {Xt} is stationary, hence

EXt = 0, γ(0) = a2γ(0) + σ2

which yields that γ(0) = σ2

1−a2

γ(h) = E(Xt+hXt)

= E[(εt+h + aεt+h−1 + · · ·+ ahεt + · · · )
(εt + aεt−1 + · · · )]
= ah(1 + a2 + a4 + · · · )σ2

=
ah

1− a2
σ2

So the autocorrelation is ρ(h) = ah

The spectral density is

f(λ) =

∞∑
h=−∞

γ(h)e−ihλ

=
σ2

2π
(1− 2a cosλ+ a2)−1
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