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. �! (25©) �äÀJK.

(1) �{N(t), t ≥ 0}´��rÝ�λ > 0�PoissonL§,

a. {N(t), t ≥ 0}�½´²­L§; ( )

b. �½N(t) = n > 0, K1n�¯�����mÑl«m[0, t]þ�þ!©Ù; ( )

c. {M(t), t ≥ 0}´,��rÝ�γ > 0�PoissonL§,K{N(t) +M(t), t ≥ 0}´��rÝ�λ+ γ

�Poisson L§; ( )

(2) b���ê¼ó�¤kG�Ñ´~��,iÚj´ü�G��i→ j,K

a. j → i; ( )

b. Pij > 0 ½Pji > 0; ( )

c.
∑∞
i=1 P

(i)
jj <∞; ( )

(3) e�'uτ�¼êR(τ)´Ä�U��²­L§½S�����¼ê

a. R(τ) = e−|τ |(τ2 + 2|τ | − 1); ( )

b. R(τ) =




1/|τ |, τ 6= 0

1, τ = 0

; ( )

c. R(τ) = |τ |e−τ2/2; ( )

(4) � {Xn, n ∈ N} ´��ê¼ó§G��m� S. e¡`{´Ä�(.

a. P
(n)
ij ≥ fnij , Ù¥ i, j ∈ S, n ∈ N ; ( )

b. XJG� i, j ´p��, K�3 n ¦� P
(n)
ij > 0, P

(n)
ji > 0; ( )

c. XJ=£Ý
�¤k1�Ó§K¤kG�´áu�Ó�a; ( )

d. XJ fij < 1, fji < 1, K i, j Ø´p��¶ ( )

(5) �ko� � 1, 2, 3, 43�±þ_��ü�§�âf3ùo� �þ�ÅiÄ§âfl?Û��

 �§±VÇ 2/3_��iÄ��� �§±VÇ 1/3^��iÄ��� �§± X(n) = j L

«�� n?3 � j (j = 1, 2, 3, 4). K P (X(n+ 3) = 3, X(n+ 1) = 1|X(n) = 2) = .

(6) �X1, X2, . . . , Xn �pÕá§�Xi ∼ Exp(λi), i = 1, . . . , n, KVÇ P (Xi = min{X1, . . . , Xn}) =
.
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�! (15©) ²Lp�ú´Â¤Õ�,Ô6úi�$À�ýêN(t)(t ≥ 0)��rÝ�100�ÑtL§"

�Túi�$À�©��!¥!�n�a.§na��êþ'~�2:3:5§q�²LÂ¤Õ�zý�á

u=�a´�pÕá�"y©O±N1(t)!N2(t)ÚN3(t)�L�t����²LÂ¤Õ��!¥!�na

��ê8§

(1) ¯N1(t)!N2(t)ÚN3(t)©O´�oL§º

(2) Áy²é�½�t > 0§N1(t)!N2(t)ÚN3(t)�pÕá¶

(3) e²LÂ¤Õ�§�!¥!�na�zýI�¤80�§50�Ú30�§Á¦���t��Túi$À

�¤�B�o¤^X(t)�Ï"Ú��"

n! (15©) � {Xn, n ≥ 0} ´��ê¼ó,Ù�Ú=£VÇXeã¤«.

(1) �ÑTó��da,�?Ø¤kG��±Ï,~�5Ú�~�5;

(2) é¤k�n > 0,O�G�1²nÚÄ�G�3�VÇf
(n)
13 ;

(3) O�lG� 6 ÑuÄg��G� 5 I��²þÚê"

CHAPTER 14. SOLVED PROBLEMS

Problem 14.39. Consider a Markov Chain whose transition graph is given below
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1. Identify the classes.
2. Find transient and recurrent states.
3. Find periods of all states.
4. Compute f (n)13 , for all n ∈ N.
5. Using Mathematica, we can get that, approximately,

P 20 =




0 0 0.15 0.14 0.07 0.14 0.21 0.29
0 0 0.13 0.15 0.07 0.15 0.21 0.29
0 0 0.3 0.27 0.15 0.28 0 0
0 0 0.27 0.3 0.13 0.29 0 0
0 0 0.29 0.28 0.15 0.28 0 0
0 0 0.28 0.29 0.14 0.29 0 0
0 0 0 0 0 0 0.43 0.57
0 0 0 0 0 0 0.43 0.57




,

where P is the transition matrix of the chain. Compute the probability P[X20 = 3], if the
initial distribution (the distribution of X0) is given by P[X0 = 1] = 1/2 and P[X0 = 3] = 1/2.

Solution:
1. The classes are T1 = {1}, T2 = {2}, C1 = {3, 4, 5, 6} and C2 = {7, 8}

2. The states in T1 and T2 are transient, and the others are recurrent.
3. The periods are all 1.
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Figure 1: 1nK

o! (15©) éu,à6zcÓÏ6þ�*ÿ��^��nG��ê¼ó {Xn, n ≥ 0} 5L«§Ù¥G
� −1L«“ZÂ0§“00L«�~§“1”L«öU"Á�âe�25cëY*	êâµ

−1, 0, 0, 1, 0, −1, −1, −1, 0, 0, −1, 0, −1, −1, −1, 0, 0, 1, 1, 1, 0, −1, 1, 1, 1

(1) (½Tê¼ó��Ú=£VÇÝ
 P (^=£ªÇ�O=£VÇ)¶

(2) y²Tê¼ó´Ø��H{�¶

(3) Á©O¦ÑöU�ZÂu)�²þm�£c¤.
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Ê! (15©) �Ä���ÅL§

X(t) = U cos(ωt) + V sin(ωt), −∞ < t <∞,

Ù¥ ω ´~ê§U ÚV ´�ÅCþ.

(1) y²XJX(t) ´°²­L§§@o E[U ] = E[V ] = 0;

(2) y² X(t) ´°²­L§��=�

E[UV ] = 0, E[U2] = E[V 2] <∞.

8! (15©) ®�²­L§ {X(t),−∞ < t <∞} �þ�¼ê� 0,Ì�Ý¼ê�

S(ω) =
ω2 + 5

ω4 + 9ω2 + 14
, −∞ < ω <∞.

(1) ¦X(t) ����¼ê R(τ);

(2) X(t)´Äkþ�H{5º��oº

(�)
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